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Preface

Cover and Thomaswrote a book on informationtheory[49] tenyearsago
which covers mostof the major topics with considerabladepth. Their book
hassince becomethe standardextbook in the field, and it was no doubta
remarkablesuccesslnsteadbf writing anothercomprehense textbookonthe
subject,which hasbecomemore difficult asnew resultskeepemeging, my
goal is to write a book on the fundamental®f the subjectin a unified and
coherentmanner

Duringthelasttenyears significantprogressiasbeenmadein understand-
ing theentrofy functionandinformationinequalitiesof discreterandomvari-
ables. The resultsalongthis directionare not only of coreinterestin infor-
mationtheory but they alsohave applicationsn network codingtheoryand
grouptheory andpossiblyin physics.This bookis anup-to-datereatmenpf
informationtheoryfor discreterandomvariableswhich formsthe foundation
of thetheoryat large. Thereare eight chapterson classicaltopics (Chapters
1,2,3,4,5, 8,9, and10), five chapterson fundamentatools (Chapters, 7,
12,13, and 14), andthreechapterson selectedopics (Chaptersl1, 15, and
16). The chaptersare arrangedaccordingto the logical orderinsteadof the
chronologicabrderof theresultsin theliterature.

What is in this book

Out of the sixteenchaptersn this book, thefirst thirteenchaptersarebasic
topics,while thelastthreechaptersareadwancedtopicsfor the moreenthusi-
asticreader A brief rundavn of thechapterswill give a betterideaof whatis
in this book.

Chapterl is avery high level introductionto the natureof informationthe-
ory andthe mainresultsin Shannors original paperin 1948which founded
thefield. Therearealsopointersto Shannors biographiesandhis works.
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Xii AFIRSTCOURSHN INFORMATION THEORY

Chapter2 introducesShannors informationmeasureandtheir basicprop-
erties.Usefulidentitiesandinequalitiesn informationtheoryaredervedand
explained.Extracareis takenin handlingjoint distributionswith zeroprobabil-
ity massesThe chapterendswith a sectionontheentroyy rateof a stationary
informationsource.

ChapteR3is adiscussiorof zero-errodatacompressiofvy uniquelydecod-
ablecodeswith prefix codesasa specialcase.A proofof the entroy bound
for prefix codeswhich involvesneitherthe Kraft inequalitynor thefundamen-
tal inequalityis given. This proof facilitatesthe discussiorof theredundang
of prefix codes.

Chapterd is athoroughtreatmenbf weaktypicality. Theweakasymptotic
equipartitionpropertyandthe sourcecodingtheoremare discussed.An ex-
planationof the fact that a good datacompressiorschemeproducesalmost
i.i.d. bitsis given. Thereis alsoa brief discussiorof the Shannon-McMillan-
Breimantheorem.

Chapter5 introducesa new definition of strongtypicality which doesnot
involve thecardinalitiesof thealphabesets.Thetreatmenbdf strongtypicality
hereis moredetailedthanBemger[21] but lessabstracthanCsiszr andKorner
[52]. A new exponentialcorvergenceresultis provedin Theorenb.3.

Chapter6 is anintroductionto thetheoryof 7-Measurevhich establishes
one-to-onecorrespondencketweenShannors informationmeasuresindset
theory A numberof examplesaregivento shav how the useof information
diagramscansimplify the proofsof mary resultsin informationtheory Most
of theseexamplesarepreviously unpublishedIn particular Example6.15is a
generalizatiorof Shannors perfectsecreg theorem.

Chapter7 exploresthe structureof the I-Measurefor Markov structures.
Set-theoreticharacterizationsf full conditionalindependencand Markov
randomfield arediscussedThetreatmenbf Markov randomfield hereis per
hapstoo specializedor the averagereader but the structureof the 7-Measure
andthe simplicity of the informationdiagramfor a Markov chainis bestex-
plainedasa specialcaseof a Markov randomfield.

Chapte consistof anew treatmenbdf thechannetodingtheorem Specif-
ically, a graphicalmodelapproachs employed to explain the conditionalin-
dependencef randomvariables Greatcareis takenin discussingeedback.

Chapter9 is an introductionto rate distortiontheory The resultsin this
chapterarestrongetthanthosein a standardreatmenbf the subjectalthough
essentiallythe sametechniquesireusedin thedervations.

In Chapterl0, the Blahut-Arimoto algorithmsfor computingchannelca-
pacityandtheratedistortionfunctionarediscussedanda simplified prooffor
convergenceis given. Greatcareis taken in handlingdistributionswith zero
probabilitymasses.

DRAFT Septenber 13, 2001, 6:27pm DRAFT



PRERCE Xiii

Chapterllis anintroductionto network codingtheory Thesurprisingfact
thatcodingatthe intermediatenodescanimprove the throughputwhenanin-
formation sourceis multicastin a point-to-pointnetwork is explained. The
max-flov boundfor network codingwith a single information sourceis ex-
plainedin detail. Multi-sourcenetwork codingwill bediscussedh Chapterl5
afterthenecessaryoolsaredevelopedin the next threechapters.

Informationinequalitiesaresometimesgalledthelaws of informationtheory
becausehey governtheimpossibilitiesin informationtheory In Chapterl?2,
the geometricaimeaningof informationinequalitiesandthe relationbetween
informationinequalitiesandconditionalindependencareexplainedin depth.
The frameawork for informationinequalitiesdiscussedereis the basisof the
next two chapters.

Chapterl3 explainshow the problemof proving informationinequalities
canbeformulatedasa linearprogrammingproblem.This leadsto acomplete
characterizatioof all informationinequalitiesvhichcanbeprovedby conven-
tional techniquesThesearecalled Shannon-typénequalitieswhich cannow
be proved by the softwareITIP which comeswith this book. It is alsoshavn
how Shannon-typénequalitiescanbe usedto tackletheimplication problem
of conditionalindependencin probabilitytheory

All informationinequalitieswe usedto know were Shannon-typénequal-
ities. Recently a few non-Shannon-typ@equalitieshave beendiscoered.
This meanghatthereexist laws in informationtheorybeyondthoselaid down
by Shannon.Theseinequalitiesandtheir applicationsare explainedin depth
in Chapter14.

Network codingtheoryis further developedin Chapterl5. The situation
whenmorethanoneinformationsourceare multicastin a point-to-pointnet-
work is discussedT hesurprisingfactthatamulti-sourceproblemis notequi-
alentto a few single-sourceroblemseven whentheinformationsourcesare
mutually independents clearly explained. Implicit and explicit boundson
the achiezable coding rate region are discussed.Thesecharacterizationsn
the achievable codingrate region involve almostall the tools that have been
developedearlierin the book, in particular the framework for informationin-
equalities.

Chapterl6 explainsanintriguing relationbetweerninformationtheoryand
grouptheory Specifically for every informationinequality satisfiedby ary
joint distribution, thereis a correspondinggroup inequality satisfiedby ary
finite groupandits subgroupsandvice versa. Inequalitiesof the latter type
govern the ordersof ary finite group and their subgroups. Group-theoretic
proofsof Shannon-typénformationinequalitiesaregiven. At the endof this
chapter a group inequality is obtainedfrom a non-Shannon-typaequality
discussedn Chapterl4. The meaningandthe implication of this inequality
areyetto beunderstood.
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You are recommendedo readthe chaptersaccordingto the above chart.
However, you will not have too muchdifficulty jumping aroundin the book
becaus¢hereshouldbe sufiicientreferenceso the previousrelevantsections.

As arelatively slow thinker, | feeluncomfortablevhenaer| do notreason
in the mostexplicit way. This probablyhashelpedin writing this book, in
which all the derivationsare from the first principle. In the book, | try to
explain all the subtlemathematicatletailswithout sacrificingthe big picture.
Interpretation®f theresultsareusuallygiven beforethe proofsarepresented.
The book alsocontainsa large numberof examples. Unlike the examplesin
mostbookswhich aresupplementarythe examplesn thisbookareessential.

Thisbookcanbeusedasareferencéookor atextbook. For atwo-semester
courseon informationtheory this would be a suitabletextbook for the first
semester This would also be a suitabletextbook for a one-semestetourse
if only information theory for discreterandomvariablesis covered. If the
instructoralsowantsto include topics on continuousrandomvariables,this
book canbe usedas a textbook or a referencebook in conjunctionwith an-
othersuitabletextbook. The instructorwill find this book a good sourcefor
homevork problemsbecauseanary problemsheredo notappeain othertext-
books. Theinstructoronly needsto explain to the studentghe generalidea,
andthey shouldbe ableto readthe detailsby themseles.

Justlike ary otherlengthydocumentthis bookfor surecontainserrorsand
omissionslf youfind ary errororif youhave ary commenbnthebook,please
emailthemto me atwhyeung@ie.cuhk.edu.hk&n erratawill be maintained
atthebookwebsitehttp://wwwie.cuhk.edu.hk/ITbook/.

RayMoND W. YEUNG
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Chapterl

THE SCIENCE OF INFORMATION

In acommunicatiorsystemwe try to corvey informationfrom onepointto
anothervery oftenin anoisyernvironment.Considethefollowing scenario A
secretanneeddo sendfacsimilesregularly andshewantsto corvey asmuch
informationaspossibleon eachpage.Shehasa choiceof thefont size,which
meanghatmorecharacterganbe squeezedntoa pageif a smallerfont size
is used.In principle,shecansqueezeasmary charactergasdesiredon apage
by usingasmallenoughfont size.However, therearetwo factorsin thesystem
which maycauseerrors.First, thefax machinehasa finite resolution.Second,
thecharactersransmittednayberecevedincorrectlydueto noisein thetele-
phoneline. Thereforejf the font sizeis too small, the charactersnay not be
recognizableon the facsimile. On the otherhand,althoughsomecharacters
on thefacsimilemay not be recognizabletherecipientcanstill figure outthe
wordsfrom the context providedthatthe numberof suchcharacterss not ex-
cessve. In otherwords, it is not necessaryo choosea font sizesuchthatall
the charactersn the facsimilearerecognizablealmostsurely Thenwe are
motivatedto ask: Whatis the maximumamountof meaningfulinformation
which canbe corveyed on onepageof facsimile?

This questionmay not have a definite answerbecauseét is not very well
posed.In particular we do not have a precisemeasuref meaningfulinforma-
tion. Neverthelessthis questionis anillustration of the kind of fundamental
guestionsve canaskabouta communicatiorsystem.

Information,which is not a physicalentity but an abstracitoncept,s hard
to quantifyin general Thisis especiallythecasef humanfactorsareinvolved
whenthe informationis utilized. For example,whenwe play Beethaen’s
violin concertadrom a compactisc,we receve the musicalinformationfrom
the loudspea&rs. We enjoy this informationbecausét arousesertainkinds
of emotionwithin oursehes. While we receve the sameinformation every
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INFORMATION
SOURCE  TRANSMITTER RECEIVER DESTINATION
[
SIGNAL RECEIVED
MESSAGE SIGNAL MESSAGE

NOISE
SOURCE

Figure1.1. Schematiadiagramfor agenerapoint-to-pointcommunicatiorsystem.

time we play the samepieceof music,the kinds of emotionsarousedmay be
differentfrom time to time becaus¢hey depencbn our moodatthatparticular
moment. In otherwords, we can derive utility from the sameinformation
everytimein adifferentway. For thisreasonit is extremelydifficult to devise
ameasuravhich canquantifythe amountof informationcontainedn a piece
of music.

In 1948, Bell Telephond_aboratoriesscientistClaudeE. Shannon(1916-
2001) publisheda paperentitled“The MathematicalTheoryof Communica-
tion” [173] which laid the foundationof animportantfield now known asin-
formationtheory In his papey the modelof a point-to-pointcommunication
systemdepictedin Figurel.1lis consideredIn this model,a messagés gen-
eratedby theinformationsource. The messagés corvertedby thetransmitter
into a signalwhich s suitablefor transmissionIn the courseof transmission,
the signalmay be contaminatedby a noisesource so thatthe receved signal
may bedifferentfrom thetransmittedsignal. Basedon therecevedsignal,the
receverthenmakesanestimateof themessaganddeliverit to thedestination.

In thisabstractmodelof apoint-to-pointcommunicatiorsystemponeis only
concerneboutwhetherthemessaggeneratedby thesourcecanbedelivered
correctlyto the recever without worrying abouthow the messagés actually
usedby therecever. In away, Shannors modeldoesnot cover all theaspects
of acommunicatiorsystem However, in orderto developa preciseanduseful
theoryof information,the scopeof thetheoryhasto berestricted.

In [173], Shannonintroducedtwo fundamentalkconceptsabout‘informa-
tion’ from the communicatiorpoint of view. First,informationis uncertainty
Morespecifically if apieceof informationwe areinterestedn is deterministic,
thenit hasnovalueatall becausé is alreadyknown with nouncertainty From
this point of view, for example,the continuousransmissiorof a still picture
on a television broadcasthannelis superfluous.Consequentlyan informa-
tion sourceis naturally modeledas a randomvariableor a randomprocess,
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TheScienceof Information 3

andprobabilityis employedto developthetheoryof information. Secondjn-
formationto betransmitteds digital. This meanghattheinformationsource
shouldfirst be corvertedinto a streamof 0’s and1’s calledbits, andthere-
mainingtaskis to deliver thesebits to therecever correctlywith no reference
to their actualmeaning.This is the foundationof all moderndigital commu-
nication systems. In fact, this work of Shannonappeardo containthe first
publisheduseof thetermbit, which standsor binarydigit.

In the samework, Shannoralsoproved two importanttheorems.Thefirst
theorem,calledthe source codingtheoem introducesentopy asthe funda-
mental measureof information which characterizeshe minimum rate of a
sourcecoderepresentingninformationsourceessentiallyfree of error. The
sourcecodingtheoremis the theoreticabasisfor losslesslatacompressioh
The secondheorem calledthe channelcodingtheoem concernscommuni-
cationthrougha noisy channel.lt wasshavn thatassociatedavith every noisy
channelis a parametercalledthe capacity which is strictly positive except
for very specialchannelssuchthatinformationcanbe communicatedeliably
throughthe channelaslong asthe informationrateis lessthanthe capacity
Theseatwo theoremswhich give fundamentalimits in point-to-pointcommu-
nication,arethetwo mostimportantresultsin informationtheory

In sciencewe studythelaws of Naturewhich mustbe obeyedby ary phys-
ical systems.Theselaws are usedby engineergo designsystemdo achiee
specificgoals. Therefore scienceis the foundationof engineering.Without
scienceengineeringanonly bedoneby trial anderror

In informationtheory we studythe fundamentalimits in communication
regardlessof the technologiednvolved in the actualimplementationof the
communicatiorsystemsThesefundamentalimits arenotonly usedasguide-
lines by communicatiorengineershput they alsogive insightsinto whatopti-
mal codingschemesrelike. Informationtheoryis thereforethe scienceof
information.

SinceShannorpublishedhis original paperin 1948,informationtheoryhas
beendevelopedinto a majorresearcHield in bothcommunicatiortheoryand
appliedprobability After morethanhalfacenturysresearchit is quiteimpos-
sible for abookon the subjectto cover all the majortopicswith considerable
depth.Thisbookis amoderntreatmenof informationtheoryfor discreteran-
domvariableswhich is the foundationof the theoryat large. The book con-
sistsof two parts.Thefirst part,namelyChapterl to Chapterl 3, is athorough
discussiorof the basictopicsin informationtheory includingfundamentafte-
sults, tools, andalgorithms. The secondpart, namelyChapterl4 to Chapter
16, is a selectionof adwvancedtopics which demonstratehe useof the tools

1A datacompressioschemas losslessf the datacanberecaveredwith anarbitrarily small probability of
erroc
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4 AFIRSTCOURSHN INFORMATION THEORY

developedin thefirst partof the book. Thetopicsdiscussedi this partof the
bookalsorepresenhew researctuirectionsin thefield.

An undegraduatelevel courseon probability is the only prerequisitefor
this book. For a non-technicaintroductionto informationtheory we referthe
readerto EncyclopediaBritanica [62]. In fact, we stronglyrecommendhe
readerto first readthis excellentintroductionbeforestartingthis book. For
biographiesof ClaudeShannona legendof the 20th Centurywho hadmade
fundamentatontritution to the InformationAge, we referthereadergo [36]
and[185]. Thelatteris alsoa completecollectionof Shannors papers.

Unlike mostbranche®f appliedmathematicén which physicalsystemsre
studied abstracsystem®f communicatiorarestudiedin informationtheory
In readingthisbook, it is notunusuafor abeginnerto beableto understandll
thestepdan aproofbut hasnoideawhattheproofis leadingto. Thebestwayto
learninformationtheoryis to studythe materialfirst andcomebackat a later
time. Many resultsin informationtheoryarerathersubtle to theextentthatan
expertin the subjectmay from time to time realizethat his/herunderstanding
of certainbasicresultshasbeeninadequater evenincorrect. While a novice
shouldexpectto raisehis/herlevel of understandingf the subjectby reading
thisbook,he/sheshouldnotbediscouragedo find afterfinishingthebookthat
thereareactuallymorethingsyetto be understoodIn fact, thisis exactly the
challengeandthe beautyof informationtheory
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Chapter2

INFORMA TION MEASURES

Shannors informationmeasuesreferto entropy, conditionalentrory, mu-
tual information,andconditionalmutualinformation. They arethe mostim-
portantmeasure®f informationin informationtheory In this chapter we
introducethesemeasureandprove someof their basicproperties.The physi-
cal meaningof thesemeasuresvill be discussedn depthin subsequenthap-
ters.We thenintroduceinformationaldivergencewhich measureghedistance
betweentwo probability distributions and prove someuseful inequalitiesin
informationtheory The chapterendswith a sectionon the entroyy rateof a
stationaryinformationsource.

2.1 INDEPENDENCE AND MARK OV CHAINS

We begin our discussionin this chapterby reviewing two basicnotionsin
probability: independencef randomvariablesand Markov chain. All the
randomvariablesin this bookarediscrete.

Let X bearandomvariabletakingvaluesin analphabett'. Theprobability
distribution for X is denotedas{px(z),z € X'}, with px(z) = Pr{X = z}.
Whenthereis no ambiguity px (z) will be abbreiatedasp(z), and{p(z)}
will beabbreiatedasp(z). The supportof X, denotedby Sy, is the setof
all z € X suchthatp(z) > 0. If Sx = X, we saythatp is strictly positive
Otherwisewe saythatp is notstrictly positive, or p containszeroprobability
massesAll theabove notationsnaturallyextendto two or morerandomvari-
ables. As we will see,probability distributions with zero probability masses
arevery delicatein generalandthey needto be handledwith greatcare.

DEFINITION 2.1 TworandomvariablesX andY are independentgenoted
byX 1Y,if

p(z,y) = p(z)p(y) (2.1)
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6 AFIRSTCOURSHN INFORMATION THEORY

for all z andy (i.e,, for all (z,y) € X x )).

For morethantwo randomvariableswe distinguishbetweerntwo typesof
independence.

DEFINITION 2.2 (MUTUAL INDEPENDENCE) For n > 3, randomvari-

ablesX, X5, -, X,, are mutuallyindependenif
p(x13$21"'7$n) :p(xl)p(xz)p(:vn) (22)
forall z1,z9,- -, Zp.

DEFINITION 2.3 (PAIRWISE INDEPENDENCE) For n > 3, randomvari-
ablesXy, Xy, - -+, X, are pairwiseindependenif X; and X; areindependent
forall1 <i<j<n.

Notethatmutualindependencanplies pairwiseindependencélVe leave it
asanexercisefor thereaderto shav thatthe corverseis nottrue.

DEFINITION 2.4 (CONDITIONAL INDEPENDENCE) For randomvariables
X,Y,andZ, X isindependentf Z conditioningonY’, denotecby X L Z|Y,
if

p(z,y,2)p(y) = p(z,y)p(y, 2) (2.3)
for all z,y, andz, or equivalently

{ PEBP) — p(z,y)p(zly) if ply) > O (2.4)

T,Y,2) = .
p@,y,2) otherwise

The first definition of conditionalindependencabore is sometimesnore
convenientto usebecausét is not necessaryo distinguishbetweerthe cases
p(y) > 0 andp(y) = 0. However, the physicalmeaningof conditionalinde-
pendencés moreexplicit in the seconddefinition.

ProposiTION 2.5 ForrandonvariablesX,Y,andZ, X 1 Z|Y if andonly
if

p(z,y,2) = a(z,y)b(y, 2) (2.5)
for all z, y, andz sud thatp(y) > 0.

Proof The‘only if’ partfollowsimmediatelyfrom thedefinitionof conditional
independencem (2.4),sowe will only prove the‘if * part. Assume

p(z,y,2) = a(z,y)b(y, z) (2.6)
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for all z, y, andz suchthatp(y) > 0. Then

y) = plz,y,2) =Y alz,y)bly, 2) = a(z,y Zb y,2), (2.7)
Z) = Zp(xayaz) = Z (‘,'C y)b( ) - b(y’ )Za(a:,y), (28)
and
= Zp(yaz) = (Z a(x,y)) <Z b(y,Z)) . (2.9)
Therefore,
a(z, b by, z a(z,
p(w,yzp)(y,z) _ ( V2 : )> ( w )zx: ( y)> (2.10)
" (Seten) (£10)
= b(y, z (2.11)
= ( Y, 2). (2.12)

Hence X L Z|Y. Theproofis accomplisheda

DEFINITION 2.6 (MARKOV CHAIN) ForrandonvariablesX;, X, -- -, X,
wheen > 3, X; —» Xy — --- = X, formsa Markov chainif

p(‘rlaan T ,xn)p(wz)p(xg) o 'p(l'n—l)
= p(z1,72)p(z2,73) - P(Tp—1,Zn) (2.13)

forall z1, zo, - - -, z,,, OF equivalently

p(xla T2y axn) =
p(z1, z2)p(x3|2) - - p(@n|Tn-1) i p(z2),p(23), -, PlTN-1) >0
0 otherwise
(2.14)
We notethatX L Z|Y is equivalentto theMarkov chainX — Y — Z.

PROPOSITION 2.7 X; — X5 — --- = X, formsa Markov chain if and
onlyif X,, - X,,_1 — --- = X; formsa Markov chain.

Proof This follows directly from the symmetryin the definition of a Markov
chainin (2.13).o
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8 AFIRSTCOURSHN INFORMATION THEORY

In the following, we statetwo basicpropertiesof a Markov chain. The
proofsareleft asanexercise.

PROPOSITION 2.8 X; — X5 — --- = X, formsa Markov chain if and
onlyif

X1—>X2—>X3

(Xl,XQ) — X3 — X4
(2.15)

(X1,X2, s ,Xn_g) — Xn—l — Xn

form Markov chains.

PROPOSITION 2.9 X — X5 — ... = X, formsa Markov chain if and
onlyif

p(z1,22,+,2n) = fi(@1,22) f2(@2,23) -+ - fu—1(Tn-1,2)  (2.16)
forall 21,9, -, z, sudh thatp(zs),p(z3), -, p(zn_1) > 0.

NotethatPropositior2.9is ageneralizatiof Propositior2.5. FromPropo-
sition 2.9, onecanprove thefollowing importantpropertyof a Markov chain.
Again,thedetailsareleft asanexercise.

PROPOSITION 2.10 (MARKOV SUBCHAINS) LetN,, = {1,2,---,n} and
let X; - Xy — --- — X,, formsa Markov chain. For anysubsetx of N/,,,
denote( X;, i € a) by X,,. Thenfor anydisjointsubsetsyy, as, - - - , iy OF A,
sud that

ki <ke<---<knp (2.17)

forall k; € o, j =1,2,---,m,
Xo, = Xoy = -+ — Xa, (2.18)

formsa Markov chain. Thatis, a subtainof X; — Xy — --- — X, isalso
a Markov chain.

ExaMPLE 2.11 LetX; — X9 — --- = X; formsa Markov chain and
ar = {1,2}, as = {4}, a3 = {6,7,8}, and {10} be subsetof N1y. Then
Proposition2.10saysthat

Xa, = Xay =+ Xag = Xay (2.19)

alsoformsa Markov chain.
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InformationMeasues 9

We have beenvery carefulin handlingprobability distributions with zero
probability massesin therestof the section,we shav that suchdistributions
arevery delicatein general We first prove the following propertyof a strictly
positive probabilitydistrikution involving four randomvariables.

ProprosITION 2.12 Let Xy, Xy, X3, and X, berandomvariablessud that
p(x1, 2, 3, x4) IS Strictly positive Then

X1 L X4|(Xs, X3)

X1 L (X3,Xy)|Xo. 2.20
XlJ_X3|(X2,X4) }:> 1 ( 3 4)| 2 ( )

Proof If X; 1 X4|(X2, X3), we have

p(x1, z2, 23)p(T2, 3, Z4)

p($17$2ax371‘4) = p(fL‘g,.’I)g,) (221)
Ontheotherhand,if X; L X3|(X2,X4), we have
T1,%2,T T2,%3,%
p(:L‘1,£I?2,.’E3,£E4) _ p( 1542 4)p( 2543 4) (222)
p(x2, 4)
Equating(2.21)and(2.22),we have
To, T T1,%2,T
p(z1, 72, 73) _ pl@2 23)p(@1, 22, 74) (2.23)
p(z2,T4)
Then
p(z1,m2) = Y p(z1,32,23) (2.24)
3
_ Zp(x%x?))p(mlax%x‘l) (225)
T3 p($27$4)
— p($2)p($1,$2,$4)’ (226)
p($2’$4)
or
pl1,22,24) _ pla1, x2) (2.27)

p($27‘r4) p(xQ)
Hencefrom (2.22),
p($1,$2,$4)p($2,$3,$4) p($1,$2)p($2,3)3,$4)

p\T1,22,%3,%4) = =
(@1, 22,23, 74) p(r2,x4) p(2)

(2.28)

1proposition2.12is calledtheintersectionaxiomin Bayesiametworks. See[151].
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10 A FIRSTCOURSHN INFORMATION THEORY
for all z1,%2,T3, andw4, i.e.,X1 1 (X3,X4)|X2. 0

If p(x1,z2,z3,24) = 0 for somezy, zo, z3, andzy, i.e., p is not strictly
positive, theagumentsn theabove proofarenotvalid. In fact,the proposition
may not hold in this case. For instancelet X; = Y, Xy = Z, and X3 =
X4 = (Y, Z), whereY andZ areindependentandomvariables.ThenX; L
X4|(X2,X3), X; L X3‘(X2,X4), but X; ,K (X3,X4)|X2. Note that for
this construction,p is not strictly positve becausen(z1, z2, x3,24) = 0 if
x3 # (r1,22) Or x4 # (21, 22).

The abore exampleis somavhat countefintuitive becauset appearghat
Proposition2.12 shouldhold for all probability distributions via a continuity
algument. Specifically suchan agumentgoeslik e this. For ary distribution
p, let{px} beasequencef strictly positive distributionssuchthatp;, — p and
py, satisfieq2.21)and(2.22)for all k, i.e.,

(21, T2, T3, T4)pi (22, 3) = pr(21, T2, 23)Pk (T2, T3, T4) (2.29)

and

Dk ($17 z2,Z3, $4)pk ('1‘2’ .’L'4) = pk(mla x2, $4)pk($2, z3, .’L'4). (230)

Thenby the proposition p, alsosatisfieq2.28),i.e.,

pr(T1, T2, 13, 24)pr(22) = pr(z1, T2)pr (22, 23, 24). (2.31)

Lettingk — oo, we have

p(r1, T2, 3, T4)p(22) = p(21,72)p(22, T3, T4) (2.32)

forall z1,z9, 3, andzy, i.e., X1 L (X3, X4)|X2. Suchanagumentwouldbe
valid if therealwaysexistsa sequencdpy } asprescribedHowever, the exis-
tenceof thedistributionp(z1, 22, 23, z4) constructedmmediatelyafterPropo-
sition 2.12 simply saysthatit is not always possibleto find sucha sequence
{pr}-

Therefore,probability distributions which are not strictly positve canbe
very delicate. In fact, thesedistributions have very complicatedconditional
independencstructures. For a completecharacterizatiorof the conditional
independencstructuresf strictly positively distributions,we referthereader
to ChanandYeung[41].

2.2 SHANNON'S INFORMATION MEASURES

We beagin this sectionby introducingthe entropy of a randomvariable. As
we will seeshortly all Shannors informationmeasureganbe expresseds
linearcombination®of entropies.
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InformationMeasues 11
DEeFINITION 2.13 Theentiopy H (X)) of arandomvariable X is definedby

H(X) ==Y p(z)logp(z). (2.33)

T

In theabaove andsubsequerdefinitionsof informationmeasuresye adopt
thecorventionthatsummatioris takenoverthecorrespondingupport.Sucha
corventionis necessarpecause(z) log p(z) in (2.33)is undefinedf p(z) =
0.

The baseof the logarithmin (2.33) can be chosento be ary corvenient
real numbergreatthan1. We write H(X) as H,(X) whenthe baseof the
logarithmis a. Whenthe baseof thelogarithmis 2, theunit for entropy is bit.
Whenthe baseof the logarithmis aninteger D > 2, the unit for entrofy is
D-it (D-arydigit). In thecontet of sourcecoding,the bases usuallytakento
bethesizeof thecodealphabetThiswill bediscussedn Chapter3.

In computersciencea bit meansan entity which cantake the valueO or 1.
In informationtheory a bit is a measuref information,which depend®nthe
probabilitiesof occurrencef 0 and1. Thereadeishoulddistinguishthesetwo
meaning®f a bit from eachothercarefully

Let g(X) be ary function of a randomvariable X. We will denotethe
expectatiorof g(X) by Eg(X), i.e.,

Eg(X) =) p(z)g(z), (2.34)

wherethe summations over Sx. Thenthe definitionof theentrofy of aran-
domvariableX canbewrittenas

H(X) = —FElogp(X). (2.35)

Expression®f Shannors informationmeasure# termsof expectationswill
beusefulin subsequerdiscussions.

Theentropy H (X ) of arandomvariableX is afunctionalof the probability
distribution p(x) whichmeasuretheamountf informationcontainedn X, or
equivalently the amountof uncertaintyremoved uponrevealingthe outcome
of X. NotethatH (X) depend®nly onp(z) but notontheactualvaluesin X

For0 < p <1, define

hy(p) = —plogp — (1 — p)log(1 — p) (2.36)

with thecorvention0log 0 = 0, sothath;(0) = hy(1) = 0. With this corven-
tion, hy(p) is continuousatp = 0 andp = 1. hy is calledthe binary entropy
function. For abinaryrandomvariableX with distribution {p, 1 — p},

H(X) = hy(p). (2.37)
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12 AFIRSTCOURSHN INFORMATION THEORY

h(p)

p

0 05 1

Figure2.1. hy(p) versusp in thebase2.

Figure 2.1 shaws the graph hy(p) versusp in the base2. Note that hy(p)
achieesthemaximumvaluel whenp = 1.

For two randomvariablestheirjoint entiopyis definedasbelov. Extension
of this definitionto morethantwo randomvariableds straightforvard.

DEFINITION 2.14 Thejoint entopy H(X,Y") of a pair of randomvariables
X andY is definedby

H(X,)Y) Zp z,y) logp(z,y) = —Elogp(X,Y). (2.38)
7y

DEerINITION 2.15 For randomvariablesX andY’, the conditionalentropy
of X givenY is definedby

H(Y|X)= - p(z,y)logp(y|z) = —Elogp(Y|X). (2.39)
x,y

From(2.39),we canwrite
H(Y|X) = Zp — > (ylz) logp(y|z)| - (2.40)
Y

Theinnersumis theentrofy of Y conditioningon afixedz € Sx. Thuswe
aremotivatedto expressH (Y| X) as

H(Y|X) Zp H(Y|X = 1), (2.41)
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InformationMeasues 13

where
H(Y|X =z) = =) p(ylz) log p(y|z). (2.42)
Y
Similarly, for H(Y | X, Z), we write
H(Y|X, Z) Zp H(Y|X,Z = z), (2.43)
where
H(Y\|X,Z = 2z) Zp z,y|z) log p(y|z, 2). (2.44)
T,y
PRrROPOSITION 2.16
H(X,Y)=H(X)+ H(Y|X) (2.45)
and
H(X,Y)=H(Y)+ HX|Y). (2.46)
Proof Consider
H(X,Y) = —Elogp(X,Y) (2.47)
= —Elog[p(X)p(Y|X)] (2.48)
= —FElogp(X)— Elogp(Y|X) (2.49)
= H(X)+ H(Y|X). (2.50)

Notethat(2.48)is justified becausehe summatiorof the expectationis over
Sxy, andwe have usedthe linearity of expectatiof to obtain (2.49). This
proves(2.45),and(2.46)follows by symmetryo

This propositionhasthe following interpretation. Considerrevealing the
outcomeof X andY in two steps:first the outcomeof X andthenthe out-
comeof Y. Thenthe propositionsaysthat the total amountof uncertainty
removed uponrevealingboth X andY is equalto the sumof the uncertainty
removed uponrevealing X (uncertaintyremovedin thefirst step)andthe un-
certaintyremoveduponrevealingY onceX is known (uncertaintyremovedin
thesecondstep).

DEFINITION 2.17 For randomvariablesX andY’, the mutualinformation
betweenX andY is definedby

I(X;Y) :Zp(:v y)logM :Elogpp

2 P(m:u) 108 o) (251)

2SeeProblems atthe endof thechapter
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14 A FIRSTCOURSHN INFORMATION THEORY
Remark I(X;Y) is symmetricain X andY'.
ProrosiTioN 2.18 Themutualinformationbetweera randomvariable X

anditselfis equalto theentopyof X, i.e., I(X; X) = H(X).

Proof Thiscanbeseerby considering

p(X)

I(XX) = Blog (2.52)
= —Flogp(X) (2.53)
H(X). (2.54)

Thepropositionis proved.o

Remark Theentropy of X is sometimegalledtheself-informationof X .

PROPOSITION 2.19

I(X;Y) = H(X)-HX|Y), (2.55)
I(X;Y) = H(Y)-H(Y|X), (2.56)

and
I(X;Y)=H(X)+H(Y)—- H(X,Y). (2.57)

Theproofof this propositionis leaf asanexercise.

From(2.55),we caninterpret/ (X ;Y') asthereductionin uncertaintyabout
X whenY is given, or equivalently theamountof informationaboutX pro-
videdby Y. Sincel(X;Y) is symmetricain X andY’, from (2.56),we canas
well interpretZ (X; Y') astheamountof informationaboutY” providedby X.

Therelationsbetweerthe (joint) entropiesconditionalentropiesand mu-
tual informationfor two randomvariablesX andY aregivenin Propositions
2.16and2.19.Theseelationscanbesummarizedy thediagramin Figure2.2
whichis avariationof the Venndiagrani. Onecancheckthatall therelations
betweenShannors information measuregor X andY which are shawvn in
Figure2.2areconsistentvith therelationsgivenin Proposition®2.16and2.19.
Thisone-to-oneorrespondendeetweerShannors informationmeasureand

3Therectangleepresentinghe universalsetin a usualVenndiagramis missingin Figure2.2.
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InformationMeasues 15
H(X,Y)

HXIY) H(YIX)

H(X) 1X:Y) H(Y)

Figure2.2. Relationshifbetweerentropiesandmutualinformationfor two randomvariables.

settheoryis notjust a coincidencdor two randomvariables.We will discuss
thisin depthwhenwe introducethe I-Measurdn Chapter6.

Analogousto entropy, thereis a conditionalversionof mutualinformation
calledconditionalmutualinformation.

DEFINITION 2.20 For randomvariablesX, Y and Z, the mutualinforma-
tion betweenX andY conditioningon Z is definedoy

p(z,y|z) p(X,Y|2)
I(X;Y|2) p(z,y,2)log — 2 _ = Elog ——2- 120 __
? ; P8 palp(yle) 8 p(X12)p(Y|Z)

(2.58)

Remark I(X;Y|Z) is symmetricain X andY.

Analogougo conditionalentropy, we write

I(X;Y|Z) = Zp I(X;Y|Z = 2), (2.59)
where (z.9]2)
P\, Y|z
I(X;Y|Z=2) =) p(z,y|z) log———F7——. (2.60)
2 Pelop(ul?)
Similarly, whenconditioningon two randomvariableswe write
I(X;Y|Z,T) Zp I(X;Y|Z,T =1t) (2.61)
where
t
I(X;Y|Z,T=t)= Z p(z,y, z|t) log P, ylz,?) . (2.62)

ag p(z|z,t)p(y|z,t)
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16 AFIRSTCOURSHN INFORMATION THEORY

Conditionalmutualinformation satisfiesthe samesetof relationsgivenin
Proposition®.18and2.19for mutualinformationexceptthatall thetermsare
now conditionedon arandomvariableZ. We statetheserelationsin the next
two propositions The proofsareomitted.

ProOPOSITION 2.21 Themutualinformationbetweera randomvariable X
and itself conditioningon a randomvariable Z is equalto the conditional
entopyof X givenZ,i.e, I(X;X|Z) = H(X|Z).

PROPOSITION 2.22

I(X;Y|Z) = H(X|Z)-HX|Y,Z), (2.63)

I(X;Y|Z) = H(Y|Z)-H(Y|X,Z), (2.64)
and

I(X;Y|Z)=H(X|Z)+ H(Y|Z) — H(X,Y|Z). (2.65)

2.3 CONTINUITY OF SHANNON'S INFORMATION
MEASURES

This sectionis devotedto adiscussiorof the continuity of Shannors infor-
mationmeasuresTo bagin with, we first shav thatall Shannors information
measuresire specialcasesf conditionalmutualinformation. Let & beade-
generateandomvariable,i.e., ® takes a constantvalue with probability 1.
Considerthe mutualinformation I(X;Y|Z). WhenX =Y andZ = 9,
I(X;Y|Z) becomesheentroy H(X). WhenX =Y, I(X;Y|Z) becomes
the conditionalentroy H(X|Z). WhenZ = &, I(X;Y|Z) becomeshe
mutualinformationI(X;Y’). Thusall Shannors information measuresre
specialcasesof conditionalmutualinformation. Therefore we only needto
discusghe continuity of conditionalmutualinformation.

Recallthe definitionof conditionalmutualinformation:

p(z,yl2)
L,(X;Y|Z) = plz,y,z)log ——————, (2.66)
8 7 (xvyaz)ezSXYZ(p) ( ) gp(x|z)p(y|z)

wherewe have written I(X;Y'|Z) andSxyz asy(X;Y|Z) andSxyz(p),

respectiely to emphasizeheir dependencen p. Sinceloga is continuous
inafora > 0, I,(X;Y|Z) variescontinuouslywith p aslong asthe support
Sxvyz(p) doesnotchange Theproblemarisesvhensomepositive probability
massedecomezeroor somezeroprobability massebecomepositive. Since
continuityin theformercasampliescontinuityin thelattercaseandviceversa,
we only needto considerthe formercase.As p(z,y,z) — 0 andeventually
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InformationMeasues 17

become(syerofor somez,y, and z, the supportSxy z(p) is reduced,and
thereis a discretechangein the numberof termsin (2.66). Now for z, y, and
z suchthatp(z, y, z) > 0, consider

p(z,y,2)
p(a:,y|z) p(z)
p(z,y,z)log 2@2)p ) p(a,y,z)log S — (2.67)
p(z) p(2)
= pa,y,2) log 2ELEPE) 5 g
p(z,2)p(y, 2)
(

= p(z,y,2)[logp(z,y,z) + logp(z)
—logp(z,z) —logp(y, 2)]- (2.69)

It canreadybe verified by L'Hospital’s rule thatp(z, y, z) log p(x, y,2) — 0
asp(z,y,z) — 0. Forp(z,y,2)logp(z), sincep(z,y,2) < p(z) < 1, we
have

0> p(z,y, z)logp(z) > p(z,y,z)log p(z,y,z) — 0. (2.70)

Thusp(z,y, z) logp(z) — 0 asp(z,y,z) — 0. Similarly, we canshov that
both p(z,y, z) log p(z, z) andp(z,y,z)logp(y,z) — 0 asp(z,y,z) — 0.
Therefore,
p(z,y[2)
p(z,y,2z)log ———=—~— =0 (2.71)
(520108 (o)

asp(z,y,z) — 0. Hence,I(X;Y|Z) variescontinuouslywith p evenwhen
p(z,y,z) — 0 for somez, y, andz.

To concludefor ary p(z,y, z), if {px} is asequencef joint distributions
suchthatp, — p ask — oo, then

lim I, (X;Y|Z) = I,(X;Y|2). (2.72)

k—o00

2.4 CHAIN RULES

In this section,we presenta collectionof informationidentitiesknown as
thechainruleswhich areoftenusedin informationtheory

PROPOSITION 2.23 (CHAIN RULE FOR ENTROPY)

H(Xy, Xo,-+, Xp) =Y H(X;| Xy, -+, Xi ). (2.73)
i=1

Proof Thechainrule for n = 2 hasbeenproved in Proposition2.16. We
prove the chainrule by inductionon n. Assume(2.73)is true for n = m,
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18 AFIRSTCOURSHN INFORMATION THEORY
wherem > 2. Then

H(Xla Ut 7X’m7Xm+1)

= H(Xi, -, Xm) + HXps1| X1, Xm) (2.74)
m

= Y H(Xi| X1, -, Xic1) + H X1 | X1, -+, Xm) (2.75)
=1
m+1

= Z H(Xz‘Xla T ,Xi—l)a (276)

=1

wherein (2.74),we have used(2.45),andin (2.75),we have used(2.73)for
n = m. This provesthechainrule for entropy. o

Thechainrulefor entrogy hasthefollowing conditionalversion.

PROPOSITION 2.24 (CHAIN RULE FOR CONDITIONAL ENTROPY)

n
H(X1,Xo,-, X,|Y) = > H(X;|X1,--+, X;_1,Y). (2.77)
=1
Proof Thiscanbeprovedby considering

H(X13X27' 0T 7Xn|Y)

= Zp(y)H(XlaXQ""aXn|Y:y) (278)
Yy

= D> ply Z (Xil X1, -+, X210, Y =y) (2.79)
Yy =1
n

= DD p(yH(Xi| X1, -, Xi—1,Y =1y) (2.80)
i=1 ¥

= ZH(Xi|X17"'7Xi—17Y)a (281)

wherewe have used(2.41)in (2.78)and(2.43)in (2.81),and(2.79)follows
from Proposition2.23.co

PROPOSITION 2.25 (CHAIN RULE FOR MUTUAL INFORMATION)

n
(X1, Xo,-+, Xp; V) = D I(X35 Y[ X1, -+, Xi1). (2.82)
i=1
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InformationMeasues 19
Proof Consider

I(X15X2,' te ,Xn;Y)
= H(X1, Xz, -, Xp) — H(X1, Xo,- -+, Xp|Y) (2.83)

n
= Y [H(Xi| X1, , Xio1) — H(X| X1, -+, Xi1,Y)] (2.84)
=1
Zn
= Y I(X;Y|Xy,---, Xi 1), (2.85)
i=1
wherein (2.84),we have invoked both Proposition®2.23and2.24. The chain
rule for mutualinformationis proved.o

PROPOSITION 2.26 (CHAIN RULE FOR CONDITIONAL MUTUAL INFOR-

MATION) For randomvariablesX;, Xo,---, X,,,Y,andZ,
(X1, Xo, -+, Xp3 Y |2) = Y I(X3;Y|Xy,- -+, Xio1, Z)- (2.86)
i=1

Proof Thisis theconditionalversionof thechainrule for mutualinformation.
Theproofis similarto thatfor Proposition2.24. The detailsareomitted.no

2.5 INFORMATIONAL DIVERGENCE

Let p andg betwo probability distributionson a commonalphabetY. We
very oftenwantto measurdnonv muchp is differentfrom ¢, andvice versa.ln
orderto be useful,this measuranustsatisfythe requirementshatit is always
nonngative andit takesthe zerovalueif andonly if p = g. We denotethe
supportof p andg by S, andS,, respectiely. Theinformationaldivegence
definedbelow senesthis purpose.

DEerINITION 2.27 Theinformationaldiveigencebetweertwo probability dis-
tributionsp andg ona commoralphabetX is definedas

D(pllq) = gp(x) log% = Ejlog %, (2.87)

whee E, denotesxpectatiorwith respecto p.

In the abore definition,in additionto the corventionthatthe summations
takenover S, we furtheradoptthecorventionp(z) log % = oo if g(z) = 0.

In theliterature,informationaldivergenceis alsoreferredto asrelativeen-
tropyortheKullbad-Leiblerdistance We notethat D (p||q) is notsymmetrical

in p andgq, soit is notatruemetricor “distancé.
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20 AFIRSTCOURSHN INFORMATION THEORY

a-1

Ina

Figure2.3. Thefundamentainequalitylna < a — 1.

In the restof the book, informationaldivergencewill be referredto asdi-
vemencefor brevity. Beforewe prove thatdivergenceis alwaysnonngative,
we first establisithefollowing simplebut importantinequalitycalledthe fun-
damentainequalityin informationtheory

LEMMA 2.28 (FUNDAMENTAL INEQUALITY) Foranya > 0,
Ina<a-—1 (2.88)
with equalityif andonlyif a = 1.

Proof Let f(a) =Ina —a + 1. Thenf'(a) = 1/a — 1 andf"(a) = —1/a?.
Sincef(1) = 0, (1) = 0, and f"(1) = —1 < 0, we seethat f (a) attains
its maximumvalue 0 whena = 1. This proves(2.88). It is alsoclearthat
equalityholdsin (2.88)if andonly if ¢ = 1. Figure2.3is anillustrationof the
fundamentainequality o

COROLLARY 2.29 For anya > 0,

1
Ina>1-— - (2.89)
a

with equalityif andonlyif ¢ = 1.
Proof Thiscanbeprovedby replacinga by 1/a in (2.88).o

We canseefrom Figure 2.3 that the fundamentainequality resultsfrom
the corvexity of the logarithmicfunction. In fact, mary importantresultsin
informationtheoryarealsodirector indirectconsequencesf the cornvexity of
thelogarithmicfunction!
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THEOREM 2.30 (DIVERGENCE INEQUALITY) Foranytwo probabilitydis-
tributionsp andq ona commoralphabetX’,

D(pllg) >0 (2.90)
with equalityif andonlyif p = gq.

Proof If ¢(z) = 0 for somez € S,, thenD(p||q) = co andthe theoremis
trivially true. Thereforewe assumehatg(z) > 0 for all z € S,. Consider

_ . p(z)
D(pllq) = (log wgpp qx) (2.91)
_4(@)
= (59 2 2(2) ) (2.92)
= (loge) [Zp Zq(x)] (2.93)
T€Sp z€Sp
> (loge)(1—1) (2.94)
= 0, (2.95)

where(2.92)resultsfrom anapplicationof (2.89),and(2.94)follows from

D qlz) <1 (2.96)

T€ES)

This proves(2.90). Now for equalityto hold in (2.90),equalitymusthold in
(2.92)for all z € S, andequalitymustholdin (2.94). For theformer, we see
from Lemma2.28thatthisis thecasef andonlyif p(z) = ¢(z) forallz € S,.

Forthelatter i.e.,
Y alz) =1, (2.97)
TESp

thisis the caseif andonly if S, andS, coincide. Thereforewe concludethat
equalityholdsin (2.90)if andonly if p(z) = ¢(z) forallz € X, i.e.,p = q.
Thetheoremis proved.c

We now prove avery usefulconsequencef thedivegencenequalitycalled
thelog-suminequality

THEOREM 2.31 (LOG-SUM INEQUALITY) For positivenumbes a1, as, - - -
andnonn@ativenumbesby , bo, - - - suithat}; a; < coand0 < >, b; < oo,

Z a; log (Z az> log Ez “z (2.98)
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with the corventionthatlog % = oco. Moreover, equalityholdsif and only if

‘g—: = constant for all 3.
The log-suminequality can easily be understoody writing it out for the
casewhentherearetwo termsin eachof the summations:

a1 + ag

a a9
log — + a9 log — > + 1 .
aj log az 1og 2 ((11 a2) 0og by + by

b bo

(2.99)

Proof of Theorem 2.31 Leta; = a;/ >"; a; andb; = b;/ >°; b;. Then{a;}
and{ b} areprobabilitydistributions. Usingthedivergencenequality we have

!
0 < Za; log% (2.100)
i %
a; ai/ 2 g
= log (2.101)
; ja; b/ 35b

1 a; 2 a5
= a;log — — a; | lo
24 [zz: T8, (? Z) o

which implies (2.98). Equality holdsif andonly if o) = b} for all ¢, or o=
constant for all i. Thetheoremis proved.o

] , (2.102)

Onecanalsoprove thedivergenceinequalityby usingthelog-suminequal-
ity (seeProblem14), sothe two inequalitiesarein factequialent. The log-
suminequalityalsofinds applicationin proving the next theoremwhich gives
a lower boundon the divergencebetweentwo probability distributionson a
commonalphabein termsof the variational distancebetweerthem.

DEFINITION 2.32 Letp andg betwo probability distributionsona common
alphabetX. Thevariational distancebetweerp andgq is definedby

d(p,q) = Y Ip(z) — q(=)I. (2.103)

TEX
THEOREM 2.33 (PINSKER’S INEQUALITY)

D(pllq) d*(p,q)- (2.104)

>— 2
— 2In2

Theproofof thistheoremis left asanexercise(seeProbleml7). Wewill see
furtherapplication®f thelog-suminequalitywhenwe discusshecorvemgence
of someiterative algorithmsin Chapterl0.
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2.6 THE BASIC INEQUALITIES

In this section,we prove thatall Shannors informationmeasurespamely
entropy, conditionalentrogy, mutualinformation,and conditionalmutualin-
formationarealwaysnonngatie. By this, we meanthatthesequantitiesare
nonngative for all joint distributionsfor the randomvariablesinvolved.

THEOREM 2.34 For randomvariablesX, Y, andZ,
I(X;Y|Z) >0, (2.105)
with equalityif andonlyif X andY areindependentonditioningon Z.

Proof Thiscanbereadilyprovedby observinghat

I(X;Y|Z)

_ o ) loe PEYIZ)

= %zp( v2)log s ) (2.106)
_ p(z,yl2)

= ;p(Z)%p(w,yIZ)logm (2.107)
= ZP(Z)D(pXY|z||PX\sz|z)a (2.108)

z

wherewe have usedpxy |, to denote{p(z,y|z), (z,y) € X x Y}, etc. Since
for afixed z, bothpxy|, andpx|.py . arejoint probability distributions on
X x Y, wehave

D(pxy|:llpx|zPy|z) > 0. (2.109)

Therefore,we concludethat I(X;Y|Z) > 0. Finally, we seefrom Theo-
rem2.30thatI(X;Y|Z) = 0 if andonlyif forall z € S,,

p(z,ylz) = p(z]2)p(y|2), (2.110)

or
p(z,y,2) = p(z, 2)p(y|2) (2.111)

for all z andy. Therefore, X andY areindependentonditioningon Z. The
proofis accomplishedz

As we have seenn Section2.3thatall Shannors informationmeasuregare
specialcaseof conditionalmutualinformation,we alreadyhave proved that
all Shannors informationmeasuresrealwaysnonngative. The nonngatwv-
ity of all Shannors informationmeasurearecalledthebasicinequalities

For entroy and conditionalentropy, we offer the following more direct
prooffor theirnonngatiity. Considetheentroly H(X) of arandomvariable
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X. Forall z € Sx, sincel < p(z) < 1, logp(z) < 0. It thenfollows from
thedefinitionin (2.33)that H(X) > 0. For the conditionalentrofy H(Y | X)
of randomvariableY givenrandomvariableX, sinceH (Y |X = z) > 0 for
eachr € Sx, weseefrom (2.41)thatH (Y |X) > 0.

ProrosiTION 2.35 H(X) = 0if andonlyif X is deterministic.

Proof If X is deterministic,i.e., thereexistsz* € X suchthatp(z*) = 1
andp(z) = 0 for all z # z*, then H(X) = —p(z*)logp(z*) = 0. On
the otherhand,if X is not deterministic,.e., thereexists z* € X suchthat
0 < p(z*) < 1,thenH(X) > —p(z*) log p(z*) > 0. Thereforewe conclude
that H(X) = 0 if andonly if X is deterministicc

ProrosiTION 2.36 H(Y|X) = 0if andonlyif Y is a functionof X .

Proof From(2.41),weseethatH(Y|X) = 0if andonlyif H(Y|X =z) =0
for eachz € Sx. Thenfrom thelastpropositionthishappensf andonly if Y
is deterministidor eachgivenz. In otherwords,Y is afunctionof X . o

ProrosiTION 2.37 I(X;Y) = 0if andonlyif X andY areindependent.

Proof Thisis aspecialcaseof Theorem2.34with Z beinga degeneratean-
domvariable.o

One canregard (conditional)mutualinformation as a measureof (condi-
tional) dependengc betweentwo randomvariables. When the (conditional)
mutualinformationis exactly equalto 0, thetwo randomvariablesare (condi-
tionally) independent.

We refer to inequalitiesinvolving Shannors information measureonly
(possiblywith constanterms)asinformationinequalities The basicinequali-
tiesareimportantexamplesof informationinequalities.Likewise,we referto
identitiesinvolving Shannorsinformationmeasuresnly asinformationiden-
tities. Fromthe informationidentities(2.45), (2.55),and(2.63), we seethat
all Shannors informationmeasureganbe expressedaslinear combinations
of entropies Specifically

HY|X) = H(X,Y)-H(X), (2.112)
I(X;Y) = H(X)+H(Y)-H(X,Y), (2.113)

and
I(X;Y|Z)=H(X,Z)+ H(Y,Z) - HX,Y,Z) — H(Z). (2.114)

Therefore aninformationinequalityis aninequalitywhich involvesonly en-
tropies.
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In informationtheory informationinequalitiesform the mostimportantset
of toolsfor proving conversecodingtheoremsExceptfor afew so-calledhon-
Shannon-typénequalities,all knovn informationinequalitiesareimplied by
the basicinequalities.Informationinequalitieswill be studiedsystematically
in Chapterl2to Chapterl4 . In the next section,we will prove someconse-
guence®f thebasicinequalitieswhich areoftenusedin informationtheory

2.7 SOME USEFUL INFORMATION INEQUALITIES

In this section,we prove someusefulconsequencesf the basicinequali-
tiesintroducedin the last section.Note that the conditionalversionsof these
inequalitiescanbe proved by similar techniquessin Proposition2.24.

THEOREM 2.38 (CONDITIONING DOES NOT INCREASE ENTROPY)
H(Y|X) < H(Y) (2.115)
with equalityif andonlyif X andY are independent.
Proof Thiscanbeprovedby considering
H(Y|X)=HY)-I(X;Y)< H(Y), (2.116)

wherethe inequality follows becausel (X;Y') is always nonngatve. The
inequalityis tight if andonly if 7(X;Y) = 0, which is equivalentto that X
andY areindependenby Proposition2.37.co

Similarly, it canbe shavnthat H(Y | X, Z) < H(Y'|Z), whichis the con-
ditional versionof the abave proposition. Theseresultshave the following
interpretation. SupposeY” is a randomvariablewe are interestedn, and X
and Z areside-informatioraboutY’. ThenouruncertaintyaboutY cannotbe
increasedn the averageuponknowing side-informationX. Oncewe know
X, our uncertaintyaboutY againcannotbe increasedn the averageupon
furtherknowing side-informationZ.

Remark Unlike entropy, the mutualinformationbetweentwo randomvari-
ablescanbe increasedy conditioningon a third randomvariable. We refer
thereadeito Section6.4 for adiscussion.

THEOREM 2.39 (INDEPENDENCE BOUND FOR ENTROPY)
i=1

with equalityif andonlyif X;,7 = 1,2, .-, n are mutuallyindependent.
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Proof By thechainrulefor entropy,

n

H(X1,Xs,-+, X)) = Y H(Xi|X1, -, X 1) (2.118)
=1

< H(X;), (2.119)
=1

wherethe inequalityfollows becausave have provedin the lasttheorenthat
conditioningdoesnotincreasesntrofy. Theinequalityis tight if andonly if it
is tight for each, i.e.,

H(X;| Xy, -+, Xi1) = H(X;) (2.120)

for 1 < i < n. Fromthelasttheoremthisis equivalentto that X; is indepen-
dentof X1, X5,---, X; ;1 for eachi. Then

p($17$27 e 7~'En)
p(r1, %2, Tn—1)p(Ty) (2.121)
= p(p($13$2a tee ,$n72)p($n71)p($n) (2122)
= p(z1)p(z2) - p(2n) (2.123)
forall z1,z2, -, xn, OFr X1, Xo, - - -, X;, aremutuallyindependent.

Alternatively, we canprove thetheorenby considering

n

ZH(Xz-) — H(Xy,X3,---, Xp)

=1
n
= =) Elogp(X;) + Elogp(X1,Xa,- -+, Xp) (2.124)
i=1
= —FElog[p(X1)p(Xs) - p(Xn)] + Elogp(X1, X, -+, Xp) (2.125)
p(XlaXQ’ T 7Xn)
= FElo 2.126
B (X 0)p(X) - p(Xn) (2:426)
= D(px, x50 IPX1Px5 *  Px) (2.127)
> 0, (2.128)
whereequalityholdsif andonly if
p(.’ll'l,fL'Q,"',fEn) :p($1)p(x2)p($n) (2129)
forall 1,29, -, z,, 1., X1, Xy, -, X,, aremutuallyindependenta
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THEOREM 2.40
I(X;Y,Z) > I(X;Y), (2.130)

with equalityif andonlyif X — Y — Z formsa Markov chain.
Proof By thechainrule for mutualinformation,we have
I(X;Y,Z2)=I(X;Y)+ I(X; Z]Y) > I(X;Y). (2.131)

Theabove inequalityis tight if andonlyif I(X;Z]Y) =0,orX - Y — Z
formsaMarkov chain.Thetheoremis proved.o

LEMMA 2.41 If X - Y — Z formsa Markov chain, then
I(X;2) <I(X;Y) (2.132)

and
I(X;2) <I(Y;2). (2.133)

The meaningof this inequalityis the following. SupposeX is a random
variablewe areinterestedn, andY is anobseration of X. If we infer X
via Y, our uncertaintyabout X on the averageis H(X|Y). Now suppose
weprocesy” (eitherdeterministicallyor probabilistically)to obtainarandom
variable Z. If weinfer X via Z, our uncertaintyabout X on the averageis
H(X|Z). SinceX — Y — Z formsaMarkov chain,from (2.132),we have

H(X|Z) = H(X)-I(X;2) (2.134)
> H(X) - I(X;Y) (2.135)
= H(X|Y), (2.136)

i.e., further processingy” canonly increaseour uncertaintyaboutX on the
average.

Proof of Lemma 2.41AssumeX — Y — Z,ie., X L Z|Y. By Theo-
rem2.34,we have

I(X;Z|Y)=0. (2.137)
Then
I(X;2) = I(X;Y,Z)-1(X;Y|2) (2.138)
< I(X;Y,Z) (2.139)
= I(X; ) I(X;Z|Y) (2.140)
= I(X;Y). (2.141)
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In (2.138)and (2.140),we have usedthe chainrule for mutualinformation.
Theinequalityin (2.139)follows becausd (X;Y|Z) is alwaysnonngatie,
and(2.141)follows from (2.137).This proves(2.132).

SinceX — Y — Zisequvalentto Z -+ Y — X, we alsohave proved
(2.133).Thiscompletesheproof of thelemma.o

FromLemma2.41,we canprove themoregenerabataprocessingheorem.

THEOREM 2.42 (DATA PROCESSING THEOREM) If U - X - Y -V
formsa Markov chain,then

I(U;V) < I(X;Y). (2.142)

Proof Assumel/ -+ X — Y — V. Thenby Proposition2.10,we have U —
X - Y andU — Y — V. Fromthefirst Markov chainandLemma2.41,we
have

I(U;Y) <I(X;Y). (2.143)

FromthesecondViarkov chainandLemma2.41,we have
U;v) <I(U;Y). (2.144)
Combining(2.143)and(2.144),we obtain(2.142),proving thetheoremao

2.8 FANO’S INEQUALITY

In thelastsectionwe have proveda few informationinequalitiesnvolving
only Shannors informationmeasuresln this section,we first prove anupper
boundon the entrogy of a randomvariablein termsof the size of the alpha-
bet. This inequalityis thenusedin the proof of Fanos inequality which is
extremelyusefulin proving corversecodingtheoremsn informationtheory

THEOREM 2.43 For anyrandomvariable X,
H(X) <log|X|, (2.145)

whee | X| denoteghesizeof thealphabetX. Thisupperboundis tight if and
onlyif X distributesuniformlyon X'.

Proof Let  be the uniform distribution on X, i.e., u(z) = |Xx|! for all
z € X. Then

log |X| — H(X)
= — > p(@)log|X|7' + ) p(z)logp(z) (2.146)
TESx TESx
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= — > plx)logu(z) + > p(z)logp(z) (2.147)
T€ESX TE€Sx

_ p(z)

= mgs:xp(w) log (u(x)) (2.148)

= D(pllu) (2.149)

2 0, (2.150)

proving (2.145). This upperboundis tight if andif only D(p|lu) = 0, which
from TheorenR.30is equivalentto p(z) = u(z) for all z € X', completingthe
proof.o

COROLLARY 2.44 Theentopyof a randomvariablemaytake anynonnga-
tiverealvalue

Proof ConsiderarandomvariableX andlet |X| be fixed. We seefrom the
lasttheoremthat H(X) = log |X| is achi&zed when X distributesuniformly
on X. Ontheotherhand,H(X) = 0 is achizzedwhenX is deterministic.For
ary value0 < a < log|X/|, by theintermediatevaluetheorem thereexists a
distribution for X suchthat H(X) = a. Thenwe seethat H(X) cantake ary
positve valueby letting | X' | be suficiently large. Thisaccomplishetheproof.
]

Remark Let|X| = D, or therandomvariable X is a D-ary symbol. When
thebaseof thelogarithmis D, (2.145)becomes

Hp(X) < 1. (2.151)

Recallthat the unit of entropy is the D-it whenthe logarithmis in the base
D. This inequalitysaysthata D-ary symbolcancarry at mostl D-it of in-

formation. This maximumis achi&zedwhenX hasauniformdistribution. We

alreadyhave seerthebinarycasewvhenwe discusghebinaryentropy function
hy(p) in Section2.2.

We seefrom Theoren2.43thatthe entrofy of arandomvariableis finite as
long asit hasa finite alphabet.However, if arandomvariablehasaninfinite
alphabetijts entropy mayor maynot befinite. Thiswill be shavn in the next
two examples.

EXAMPLE 2.45 LetX bearandomvariablesud that
Pr{X =i} =27, (2.152)
1=1,2,---.Then
w .
Hy(X) =) i27"' =2, (2.153)

DRAFT Septenber 13, 2001, 6:27pm DRAFT



30 AFIRSTCOURSHN INFORMATION THEORY
whiah is finite.

EXAMPLE 2.46 LetY bearandomvariablewhich takesvaluein thesubset
of pairs of integers

2%
{(i,j):1§i<ooand1 gjgy} (2.154)
sud that

Pr{Y = (i,5)} =272 (2.155)

for all s andj. First,weched that

o 2220 0 (o
o> Py =(i,j)} =) 277 <?> =1. (2.156)

i=1 j=1 i=1

Then ,
0o 2220 .
Hy(Y)==Y Y 27%1og, 277 =) 1, (2.157)
i=1 j=1 i=1

which doesnot corvemge.

Let X bearandomvariableand X be anestimateof X which takesvalue
in thesamealphabetY. Let theprobabilityof error P, be

P, =Pr{X # X}. (2.158)

If P, =0, i.e., X = X with probability 1, then H(X|X) = 0 by Proposi-
tion 2.36. Intuitively, if P is small,i.e., X = X with probability closeto
1, then H(X|X) shouldbe closeto 0. Fanos inequalitymakesthis intuition
precise.

THEOREM 2.47 (FANO’S INEQUALITY) Let X and X berandomvariables
takingvaluesin thesamealphabetX. Then

H(X|X) < hy(Pe) + P log(|X| — 1), (2.159)
wheee hy is thebinary entropy function.

Proof Definearandomvariable

(2.160)

0 if X=X
1 if X #X.
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The randomvariableY is an indicator of the error event {X # X}, with
Pr{Y =1} = P, andH(Y) = hy(P,). SinceY isafunctionX andX,

H(Y|X,X)=0. (2.161)
Then
H(X|X)

— I(X;Y|X)+ H(X|X,Y) (2.162)
= H(Y|X)-H(Y|X,X)+ H(X|X,Y) (2.163)
- H(Y|X)+ H(X|X,Y) (2.164)
< H(Y)+HX|X,Y) (2.165)

= H(Y)+ Y [Pr{X =2,V = 0}H(X|X = 2,Y = 0)

TEX

+Pr{X =,V = 1}H(X|X =2,V =1)]. (2.166)

In the above, (2.164)follows from (2.161), (2.165) follows becausecondi-
tioning doesnot increaseentroyy, and(2.166)follows from an applicationof
(2.41). Now X musttake thevaluez if X = # andY = 0. In otherwords,
X is conditionally deterministicgiven X = # andY = 0. Therefore,by
Propositior2.35,

H(X|X =,Y =0) = 0. (2.167)

If X = 2 andY = 1, thenX musttake valuesin theset{z € X : z # &}
which containg X| — 1 elementsFromthelasttheoremwe have

H(X|X =2,Y =1) < log(|X| — 1), (2.168)
wherethis upperbounddoesnotdependn z. Hence,

H(X|X)

< hy(P,) + (Z Pr{X =%,V = 1}) log(|X| — 1) (2.169)

Tex
= hy(Pe) +Pr{Y =1}log(|X| — 1) (2.170)
— ho(Py) + Pulog(1 ] — 1), (2.171)

proving (2.159).Thisaccomplishethe proof.o

Very often, we only needthe following simplified versionwhenwe apply
Fanosinequality Theproofis omitted.

COROLLARY 2.48 H(X|X) <1+ P,log|X)|.
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Fanos inequalityhasthe following implication. If the alphabetX is finite,
asP, — 0, theupperboundin (2.159)tendsto O,WhichimpliesH(X|X') also
tendsto 0. However, thisis not necessarilyghe caseif X is infinite, which is
shawvn in thenext example.

EXAMPLE 2.49 Let X take the valueO with probability 1. Let Z bean in-
dependenbinary randomvariabletakingvaluesin {0, 1}. Definetherandom
variable X by

0 fZ=0
X = { Y ifZ-1, (2.172)
wheerY istherandomvariablein Example2.46whoseentopyis infinity. Let
P, =Pr{X # X} =Pr{Z =1}. (2.173)
Then
H(X|X) (2.174)
= H(X) (2.175)
> H(X|Z2) (2.176)
= Pr{Z=0}H(X|Z=0)+Pr{Z=1}H(X|Z=1) (2.177)
= (1-P)-0+P.-H(Y) (2.178)
= 00 (2.179)

for any P, > 0. Theefore, H(X|X) doesnottendto 0 as P, — 0.

2.9 ENTROPY RATE OF STATIONARY SOURCE

In the previous sections,we have discussedrarious propertiesof the en-
tropy of afinite collectionof randomvariables.In this sectionwe discusshe
entropy rateentiopy rate of a discrete-timenformationsource.

A discrete-timenformationsource{ Xy, k¥ > 1} is aninfinite collectionof
randomvariablesndexed by the setof positive integers.Sincetheindex setis
orderedjt is naturalto regardtheindicesastime indices.We will referto the
randomvariablesX, asletters.

We assumeéhat H(X;) < oo for all k. Thenfor ary finite subset4 of the
index set{k : k > 1}, we have

H(Xp, ke A) <> H(Xy) < oo. (2.180)
keA

However, it is not meaningfulto discussH (X, k > 1) becausehejoint en-
tropy of aninfinite collectionof lettersis infinite exceptfor very specialcases.
On the otherhand,sincethe indicesare ordered we cannaturallydefinethe
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entiopy rate of an information source,which gives the averageentroly per
letterof thesource.

DEFINITION 2.50 Theentopyrateof aninformationsource{ Xy} is defined
by
.1
Hx = lim —H(X1,Xp,+, Xn) (2.181)

whenthelimit exists.

We shaw in the next two examplesthatthe entropy rateof a sourcemayor
may not exist.

ExAaMPLE 2.51 Let{X}} beani.i.d. souce with genericrandomvariable
X. Then

1 H(X
lim —H (X1, Xo,-, Xn) = lim (X) (2.182)
n—o0 1 n—00 n
= lim H(X) (2.183)
= H(X), (2.184)

i.e., theentiopyrateof ani.i.d. souceis theentopyof a singleletter

ExXAMPLE 2.52 Let{X}} beasoucesud that X} aremutuallyindependent
andH (Xy) = kfork > 1. Then

.1 L1
nlggo EH(XI’XQ"“’X") = ”]grgoﬁkg:lk (2.185)
—  lim 1n(n+1) (2.186)
n—oo n 2
1.
= Enlggo(n+ 1), (2.187)

which doesnot corvemge although H(X) < oo for all k. Theefore, the
entiopyrateof { X } doesnotexist.

Towardcharacterizingheasymptotidoehaior of { X }, it is naturalto con-
siderthelimit

HS( :n]i_)noloH(Xn‘Xl,Xz,---,anl) (2188)

if it exists. The quantity H (X, | X1, Xo,---, X,_1) is interpretedasthe con-
ditional entrogy of thenext lettergiventhatwe know all the pasthistoryof the
sourceandHY; is thelimit of this quantityafterthesourcehasbeenrunfor an
indefiniteamountof time.
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DEeFINITION 2.53 Aninformationsource { Xy} is stationaryif
Xl,XZ,"'aXm (2189)

and
X1+laX2+la e aXm-H (2190)

havethe samejoint distribution for anym, ! > 1.

In therestof thesectionwe will shav thatstationarityis a sufficient condi-
tion for the existenceof the entrogy rateof aninformationsource.

LEMMA 2.54 Let{X}} beastationarysouce ThenH'; exists.

Proof SinceH(X,|X1,Xs,---,X,_1) is lower boundedby zerofor all n,
it sufiicesto prove that H (X, | X1, X2, -+, Xp—1) iS non-increasingn n to
concludethatthelimit H’ exists. Towardthis end,for n > 2, consider

H(Xn|X17X2a toc aXn—l)
S H(XH|X27X3""7X71—1) (2191)
= H(Xn_1|X1, X+, Xn_o), (2.192)

wherethe last stepis justified by the stationarityof {X;}. The lemmais
proved.co

LEMMA 2.55 (CESARO MEAN) Letay andb, berealnumbes. If a,, — a
asn — oo andb,, = % > %—1ak, thenb, — a asn — co.

Proof Theideaof thelemmais thefollowing. If a,, — a asn — oo, thenthe
averageof thefirst n termsin {ay }, namelyb,,, alsotendsto a asn — oc.

The lemmais formally proved asfollows. Sincea,, — a asn — oo, for
every e > 0, thereexists N(¢) suchthat|a, — a| < e for all n > N(e). For
n > N(e), consider

1 n
lbn —al = |=) ai—a (2.193)
i
_ lz(ai_a) (2.194)
i
1 n
< EZ|ai—a| (2.195)

ﬁ.
=2 =
—~
o

I
S|
VRS

ﬂ‘

la; — a| + Z |a; — a|) (2.196)

i=N(e)+1
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N(e) _
13y o 207
n = n
1 VO
— ;i — . 2.1
< nizzl|az al + € (2.198)

Thefirst termtendsto 0 asn — oo. Thereforefor ary e > 0, by takingn to
be suficiently large, we canmale |b, — a| < 2e. Henceb,, — a asn — oo,
proving thelemma.o

We now prove that HY is analternatve definition/interpretatio of the en-
tropy rateof { X} when{X}} is stationary

THEOREM 2.56 For a stationarysource { Xy}, the entiopy rate Hx exists,
andit is equalto H'.

Proof Sincewe have proved in LemmaZ2.54 that H; always exists for a
stationarysource{ X }, in orderto prove the theoremwe only have to prove
thatHx = HY. By thechainrule for entroyy,

1
EH(XlaXQa'“aXn) =

S|+

n
> H(Xp| X1, X, -+, Xg1). (2.199)
k=1

Since

lim H(Xk|X1,X2,,Xk,1) IHfX (2200)
k—o0
from (2.188),it follows from Lemma2.55that

1
Hx = lim —H(X1, Xy, -, Xn) = H. (2.201)

—0o0 T

Thetheoremis proved.o

In this theorem,we have proved that the entrogy rate of a randomsource
{X}} existsunderthefairly generabssumptiorthat{ Xy } is stationary How-
ever, theentropy rateof a stationarysource{ X } may notcarryary physical
meaningunless{ Xy } is alsoemgodic. Thiswill beexplainedwhenwe discuss
the Shannon-McMillan-Breimamheoremn Sectiond.4.

DRAFT Septenber 13, 2001, 6:27pm DRAFT



36 AFIRSTCOURSHN INFORMATION THEORY

PROBLEMS

1. Let X andY berandomvariableswith alphabetst = Y = {1,2,3,4,5}
andjoint distribution p(z, y) givenby

11111
21200
~ 120111
2103020

0011 3

DetermineH (X),H(Y),H(X|Y),H(Y|X),andI(X;Y).
2. Prove Proposition.8,2.9,2.10,2.19,2.21,and2.22.

3. Give anexamplewhich shavs that pairwiseindependencdoesnot imply
mutualindependence.

4. Verify thatp(z,y, z) asdefinedin Definition 2.4 is a probability distribu-
tion. You shouldexcludeall the zeroprobability massedrom the summa-
tion carefully

5. Linearity of Expectation It is well-knovn that expectationis linear, i.e.,
E[f(X) 4+ g(Y)] = Ef(X) + Eg(Y), wherethe summationin an ex-
pectationis taken over the correspondinglphabet.However, we adoptin
informationtheorythe corventionthatthe summatiorin anexpectationis
taken over the correspondingupport.Justify carefully the linearity of ex-
pectatiorunderthis convention.

6. LetC, = >

n=1 n(logn)* "

a) Provethat
C <o fa>1
|l =00 f0<a<l.

Then
Pa(n) = [Can(logn)a]_l, n=12---

is a probabilitydistribution for o > 1.
b) Provethat

<o ifa>2
H(p“){ =00 fl<a<2

7. ProvethatH(p) isconcaeinp, i.e.,

AH (p1) + AH (p2) < H(Ap1 + Apa).

8. Let(X,Y) ~ p(z,y) = p(z)p(y|z).
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10.
11.

12.

13.

14.
15.

16.

a) Provethatfor fixedp(z), I(X;Y") is aconvex functionalof p(y|z).
b) Provethatfor fixedp(y|z), I(X;Y) is aconcae functionalof p(x).

. DoI(X;Y) =0andI(X;Y|Z) = 0imply eachother?If so,give aproof.

If not, give acountergample.
Let X beafunctionof Y. ProvethatH (X) < H(Y'). Interpretthisresult.

Provethatfor ary n > 2,
=1
Provethat
1
§[H(X1,X2) + H(X2,X3) + H(Xl,Xg)] > H(XI,X2,X3).

Hint: Sumtheidentities
fori = 1,2, 3 andapplytheresultin Problem11.

LetN, = {1,2,---,n} anddenoteH (X;,i € «) by H(X,,) for ary subset
aof N,,. Forl < k <n,let

1

Hy, = > H(Xa).

—1
(2—1) ailal=k

Prove that
Hy>Hy >---> Hp.

This sequencef inequalities,dueto Han[87], is a generalizatiorof the
independencboundfor entropy (Theoren2.39).

Prove the divegenceinequalityby usingthelog-suminequality

Prove that D(p||q) is corvex in the pair (p, q), i.e.,if (p1,q1) and(p2, g2)
aretwo pairsof probabilitydistributionson acommonalphabetthen

D(Ap1 + Ap2||Aq1 + Ag2) < AD(p1lq1) + AD(p2|lq2)
forall0 < A\ <1,wherex =1— \.

Let pxy andgxy betwo probability distributionson X' x ). Prove that
D(pxvyllaxy) > D(pxllgx)-
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17. Pinsler’s inequality Let d(p,q) denoteghe variationaldistancebetween
two probability distributions p andg on a commonalphabetY. We will
determinghelargestc which satisfies

D(pllq) > cd®(p,q).

a)Llet A = {z : p(z) > q(=)}, p = {p(4),1 — p(4)}, andg§ =
{q(A),1—q(A)}. Shav thatD(pllg) > D(pl|¢) andd(p,q) = d(, q).

b) Shaw thattoward determiningthe largestvalueof ¢, we only have to
considetthecasewhenX’ is binary

¢) By virtue of b), it suficesto determinghelargestc suchthat

1_
plogZ 4+ (1 —p)log —2L
q 1—¢

for all 0 < p,q < 1, with the corventionthat0log ¢ = 0 for b > 0
andalog § = oo for a > 0. By observingthatequalityin the abose
holdsif p = ¢ andconsideringhe derivative of theleft handsidewith
respecto ¢, shav thatthelargestvalueof ¢ is equalto (21n 2) L.

—4c(p—q)* >0

18. Find anecessarandsuficient conditionfor Fanos inequalityto betight.

19. Let P = {plap% e apn} and q = {QIa q2,- - aqn} be two prObabIIIty
distributionssuchthatp; > py andg; > g for all i < @', and} /2, p; <
Yieigjforallm=1,2,---,n. ProvethatH (p) > H(q). Hint:

a) Show thatfor p # q, thereexist1 < j < k£ < n which satisfythe
following:
i) jisthelargestindex i suchthatp; < g;
i) kisthesmallestindex i suchthat: > j andp; > ¢;
i) p;=gq;forallj <i<k.
b) Considetthedistribution q* = {¢7, ¢35, -, ¢} definedby ¢ = ¢; for
i# 7,k and
(¢ qz) _ { (pjan + (Qj _pj)) ?f Pk — Gk = Q5 — Pj
I (9 — (P — k), pk)  1f P — gk < gj — pj.
Notethateitherq; = p; or g; = pg. Show that
) gf > g foralls <7
i) Yrmipi<>itg forallm=1,2,---,n
i) H(q") > H(q).
¢) Provetheresultby inductiononthe Hammingdistancebetweerp and
q, i.e.,thenumberof placeswherep andq differ.

(Hardy Littlewood,andPdlya [91].)
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HISTORICAL NOTES

Theconcepif entrofy hasits rootin thermodynamicsShannori173] was
thefirst to useentrofy asa measuref information. Informationaldivergence
wasintroducedby KullbackandLeibler [119], andit hasbeenstudiedexten-
sively by Csiszr [50] andAmari [11].

The materialin this chaptercanbefoundin mosttextbooksin information
theory The main conceptsandresultsare dueto Shannon173]. Pinsler’s
inequalityis dueto Pinsler [155]. Fanos inequalityhasits origin in the con-
verseproof of the channelcodingtheorem(to be discussedn Chapter8) by
Fano[63].
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Chapter3

ZERO-ERROR DATA COMPRESSION

In arandomexperimenta coinis tossed: times. Let X; bethe outcomeof
thesith toss,with

Pr{X; = HEAD} = p and Pr{X; = TAIL} = 1 — p, (3.1)

where0 < p < 1. It isassumedhat X; arei.i.d., andthevalueof p is knowvn.
We areasledto describehe outcomeof the randomexperimentwithout error
(with zeroerror) by usingbinary symbols. Oneway to do this is to encode
a HEAD by a ‘0’ anda TAIL by a ‘1. Thenthe outcomeof the random
experimentis encodednto a binary codevord of lengthn. Whenthe coinis
fair, i.e.,p = 0.5, thisis the bestwe cando becausehe probability of every
outcomeof the experimentis equalto 2", In otherwords,all the outcomes
areequallylikely.

However, if the coinis biasedj.e.,p # 0.5, the probability of anoutcome
of theexperimentdepend®nthenumberof HEADs andthe numberof TAILs
in theoutcome In otherwords,the probabilitiesof theoutcomesarenolonger
uniform. It turnsout that we cantake adwantageof this by encodingmore
likely outcomednto shortercodevords andlesslikely outcomesnto longer
codevords.By doingso, it is possibleto uselessthann bits ontheaveiage to
describethe outcomeof the randomexperiment.In particular whenp = 0 or
1, we actuallydo not needto describethe outcomeof the experimentbecause
it is deterministic.

At the beginning of Chapter2, we mentionedhatthe entroy H(X) mea-
suresthe amountof information containedin a randomvariable X. In this
chapterwe substantiatéhis claim by exploring therole of entrofy in thecon-
text of zero-errodatacompression.
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3.1 THE ENTROPY BOUND

In this sectionwe establishithat # (X') is afundamentalower boundonthe
expectedengthof thenumberof symbolsneededo describehe outcomeof a
randomvariableX with zeroerror Thisis calledthe entropy bound

DEFINITION 3.1 A D-ary source codeC for a source randomvariable X is
amappingfromX to D*, thesetof all finite lengthsequencesf symboldaken
froma D-ary codealphabet.

Consideraninformationsource{ Xy, k > 1}, whereX arediscreteran-
domvariableswvhichtake valuesin thesamealphabetWe applya sourcecode
C to eachX} andconcatenatéhe codavords. Oncethe codavordsare con-
catenatedthe boundariesf the codevords are no longer explicit. In other
words,whenthe code( is appliedto a sourcesequencea sequencef code
symbolsare producedandthe codevords may no longerbe distinguishable.
We arepatrticularlyinterestedn uniguelydecodablecodeswhich aredefined
asfollows.

DEFINITION 3.2 A codeC is uniquelydecodabldf for anyfinite source se-
guencethesequencefcodesymbolsorrespondingo thissouce sequences
differentfromthesequencef codesymbolsorrespondingo anyother(finite)
soucesequence

Supposeve usea codeC to encodea sourcefile into a codedfile. If C is
uniguelydecodablethenwe canalwaysrecover the sourcefile from thecoded
file. An importantclassof uniquelydecodableodes calledprefix codes are
discussedn the next section.But we first look at anexampleof a codewhich
is notuniquelydecodable.

ExaMPLE 3.3 LetX = {4, B,C, D}. ConsiderthecodeC definedby

Thenall thethreesource sequencesAD, ACA, and AABA producethe code
sequenc@010. Thusfromthecodesequenc@010,wecannottell which of the
threesouce sequences comedrom. Theefore, C is notuniquelydecodable

In the next theorem,we prove that for ary uniquely decodablecode,the
lengthsof thecodevordshave to satisfyaninequalitycalledthe Kraft inequal-

ity.
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THEOREM 3.4 (KRAFT INEQUALITY) LetC bea D-ary souce code and
letiy,ls,---, 1, bethelengthsof the codevords. If C is uniquelydecodable
then

m
> D <1 (3.2)
k=1

Proof Let N beanarbitrarypositive integer, andconsideitheidentity

m N m m m
<Z le> — Z Z ... Z D ey g+t ) (3.3)
k=1

k1=1ko=1 kn=1

By collectingtermson theright-handside,we write

m N Nimax )
(Z D—lk> = > AD™ (3.4)
k=1 i=1

where
Imax = IISI}CaéXm Ik (3.5)
. N
andA; isthecoeficientof D~ in (E,TZI D—lk) . Now obserethat A4; gives
the total numberof sequencesf N codevordswith atotal lengthof i code
symbols.Sincethe codeis uniquelydecodablethesecodesequencemustbe
distinct,andtherefored; < D' becausehereare D* distinct sequencesf i
codesymbols.Substitutinghis inequalityinto (3.4), we have

m N Nimax
(Z D—lk> < Z 1 = Nlmax, (3.6)
k=1

1=1
or
m
> D < (Nimax) V. (3.7)
k=1

Sincethis inequalityholdsfor ary N, uponletting N — oo, we obtain(3.2),
completingthe proof.o

Let X beasourcerandomvariablewith probabilitydistribution

{plap2,"' ,pm}a (38)

wherem > 2. Whenwe usea uniquely decodablecodeC to encodethe
outcomeof X, wearenaturallyinterestedn theexpectedengthof acodevord,
whichis givenby

L=Y pil. (3.9)
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We will alsoreferto L asthe expectedengthof the codeC. The quantity L
givesthe averagenumberof symbolswe needto describethe outcomeof X
whenthe codeC is used,andit is a measureof the efficiengy of the codeC.
Specifically the smallerthe expectedength L is, the betterthe codeC is.

In the next theorem,we will prove a fundamentalower boundon the ex-
pectedengthof ary uniquelydecodableD-ary code.We first explainwhy this
is the lower boundwe shouldexpect. In a uniquely decodablecode,we use
L D-ary symbolson the averageto describethe outcomeof X. Recallfrom
theremarkfollowing Theoren®.43thata D-ary symbolcancarryatmostone
D-it of information. Thenthe maximumamountof informationwhich canbe
carriedby the codevord on the averageis L - 1 = L D-its. Sincethe code
is uniquelydecodablethe amountof entroyy carriedby the codevord on the
averageis H(X). Thereforewe have

Hp(X) < L. (3.10)

In otherwords, the expectedlength of a uniquelydecodablecodeis at least
the entropy of the source.This argumentis rigorizedin the proof of the next
theorem.

THEOREM 3.5 (ENTROPY BOUND) LetC bea D-ary uniquelydecodable
codefor a soucerandomvariable X with entiopy Hp (X). Thentheexpected
lengthof C is lowerboundedy Hp(X), i.e.,

L > Hp(X). (3.11)
Thislower boundis tight if andonlyif I; = — logp p; for all 3.

Proof SinceC is uniquelydecodablethe lengthsof its codevordssatisfythe
Kraft inequality Write

L= Zpi log, DY (3.12)
andrecallfrom Definition 2.33tha;
Hp(X) == pilogp pi. (3.13)
%
Then
L—Hp(X) = Y pilogp(p;D") (3.14)
i
= (InD)" ") piIn(p;D") (3.15)
%
> (lnD)™! ;pi (1 — ﬁ) (3.16)
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(InD)* lZpi - Z Dli] (3.17)

> (InD)"}(1-1) (3.18)
= 0, (3.19)
wherewe have invoked the fundamentainequalityin (3.16)andthe Kraft in-
equalityin (3.18). This proves(3.11).In orderfor this lower boundto betight,

both (3.16)and (3.18) have to betight simultaneouslyNow (3.16)is tight if
andonlyif p;D% =1, orl; = — log, p; for all i. If thisholds,we have

ZD*” = Zpi =1, (3.20)

i.e.,(3.18)is alsotight. This completeghe proof of thetheoremo

Theentroy boundcanberegardedasa generalizatiorof Theorem?2.43,as
is seenfrom thefollowing corollary

COROLLARY 3.6 H(X) <log|X]|.

Proof Consideringencodingeachoutcomeof arandomvariableX by adis-
tinctsymbolin {1,2,---,|X|}. Thisisobviouslya|X|-aryuniquelydecodable
codewith expectedengthl. Thenby theentrofy bound,we have
Hix(X) <1, (3.21)
which becomes
H(X) <log|X| (3.22)
whenthe baseof thelogarithmis not specifiedo

Motivated by the entrofy bound,we now introducethe redundancyof a
uniguelydecodableode.

DEeFINITION 3.7 TheredundancyR of a D-ary uniquelydecodablecodeis
the differencebetweerthe expectedengthof the codeand the entiopy of the
souce

We seefrom the entrofy boundthatthe redundang of a uniquelydecodable
codeis alwaysnonngative.

3.2 PREFIX CODES
3.2.1 DEFINITION AND EXISTENCE

DEFINITION 3.8 Acodeis calleda prefix-freecodeif nocodevord is a prefix
of anyothercodevord. For brevity, a prefix-free codewill bereferredto asa
prefixcode
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ExAMPLE 3.9 ThecodeC in Example3.3is not a prefix codebecausahe
codevord 0 is a prefix of the codavord 01, and the codavord 1 is a prefix of
thecodevord 10. It caneasilybe chededthatthefollowingcodeC’ is a prefix
code

X | C'(x)
A
B
C | 110
D | 1111

A D-arytreeis agraphicalrepresentationf acollectionof finite sequences
of D-ary symbols. In a D-ary tree,eachnodehasat most D children. If a
nodehasatleastonechild, it is calledaninternalnode otherwiset is calleda
leaf. Thechildrenof aninternalnodearelabeledby the D symbolsin thecode
alphabet.

A D-ary prefix codecanberepresentetly a D-ary treewith the leaves of
thetreebeingthe codavords. Suchatreeis calledthe codetreefor the prefix
code.Figure3.1shavs thecodetreefor the prefix codeC’ in Example3.9.

As we have mentionedin Section3.1, oncea sequencef codeavordsare
concatenatedthe boundariesf the codevords are no longer explicit. Pre-
fix codeshave the desirablepropertythat the endof a codevord canbe rec-
ognizedinstantaneouslgo thatit is not necessaryo make referenceto the
future codevordsduringthedecodingorocessFor example for thesourcese-
quenceBCDAC - - -, thecodeC’ in Example3.9 produceshe codesequence
1011011110110 - -. Basedon this binary sequencethe decodercanrecon-
structthe sourcesequences follows. The first bit 1 cannotform the first
codevord becausd is nota valid codevord. Thefirst two bits 10 mustform
thefirst codevord becausdt is a valid codevord andit is notthe prefix of ary
othercodevord. The sameprocedurds repeatedo locatethe endof the next

10

110

1111

Figure3.1. Thecodetreefor thecodeC'.
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codevord, andthe codesequencés parsedas10,110,1111,0,110,---. Then
thesourcesequenc&CDAC - - - canbereconstructedorrectly

Sincea prefix codecanalwaysbedecodectorrectly it is auniquelydecod-
ablecode. Therefore by Theorem3.4,the codevord lengthsof a prefix code
alsosatisfieghe Kraft inequality In the next theoremwe shav thatthe Kraft
inequalityfully characterizethe existenceof a prefix code.

THEOREM 3.10 Thele existsa D-ary prefix codewith codevord lengthsiy,
la, - -+, 1y if andonlyif theKraftinequality

S D k< (3.23)

is satisfied.

Proof We only needto prove the existenceof a D-ary prefix codewith code-
wordlengthdy, ls, - - -, [, if thesdengthssatisfytheKraft inequality Without
lossof generalityassumehatl; <lp < .-+ <I,,.

Considerall the D-ary sequencesf lengthslessthanor equalto /,,, and
regardthemasthenodesof thefull D-arytreeof depthi,,,. We will referto a
sequencef length/ asa nodeof order . Our stratgy is to choosenodesas
codavordsin nondecreasingrderof the codevord lengths. Specifically we
choosea nodeof order!l; asthefirst codevord, thena nodeof orderl, asthe
seconccodevord, soon andsoforth, suchthateachnewly chosercodevordis
notprefixedby ary of thepreviously chosercodevords. If we cansuccessfully
choosaall them codevords,thentheresultansetof codevordsformsa prefix
codewith thedesiredsetof lengths.

Thereare D" > 1 (sincel; > 1) nodesof orderl; which canbe chosen
asthe first codevord. Thuschoosingthe first codevord is always possible.
Assumethatthefirst i codevordshave beenchosensuccessfullywherel <
i < m—1, andwewantto chooseanodeof orderl; ;; asthe(i+1)stcodevord
suchthatit is not prefixedby ary of the previously chosercodevords. In other
words, the (i + 1)st nodeto be chosencannotbe a descendantf ary of the
previously chosencodevords. Obsere thatfor 1 < j < 4, the codevord
with lengthl; hasD%+1~! descendentsf orderl;, ;. Sinceall the previously
chosencodavords are not prefecesof eachother their descendentsf order
l;+1 do notoverlap. Therefore uponnoting thatthe total numberof nodesof
orderl;, is D%+, the numberof nodeswhich canbe choserasthe (i + 1)st
codevordis

Dli+1 _ plivi—h _ . _ plit1—li_ (3.24)
If 11,15, -, 1, satisfytheKraft inequality we have
Db 4. 4 Dby Dl <, (3.25)

DRAFT Septenber 13, 2001, 6:27pm DRAFT



48 AFIRSTCOURSHN INFORMATION THEORY

Multiplying by D%+ andrearrangingheterms,we have
Dli+1 — plivi=h _ ... _ pliti=li > (3.26)

Theleft handsideis the numberof nodeswhich canbechoserasthe (i + 1)st
codevord asgivenin (3.24). Therefore,it is possibleto choosethe (i + 1)st
codavord. Thuswe have shavn the existenceof a prefix codewith codevord
lengthsly, s, - - -, I, completingthe proof.o

A probability distribution {p;} suchthatfor all i, p; = D%, wheret; is a
positve integer; is calleda D-adic distribution. WhenD = 2, {p;} is calleda
dyadicdistribution. From Theorem3.5 andthe above theoremwe canobtain
thefollowing resultasa corollary

COROLLARY 3.11 Thee existsa D-ary prefix codewhich achievesthe en-
tropyboundfor a distribution {p; } if andonlyif {p;} is D-adic.

Proof Considera D-ary prefix codewhich achiezesthe entropy boundfor a
distribution {p;}. Letl; bethelengthof the codevord assignedo the proba-
bility p;. By Theorem3.5,for all i, I; = —log, p;, or p; = D~%. Thus{p;}
is D-adic.

Conversely suppose€p; } is D-adic,andletp; = D% for all . Letl; = t;
for all . Thenby theKraft inequality thereexistsa prefix codewith codevord
lengths{/;}, because

2 D=3 D=3 p=1 (3.27)

i %

Assigningthe codevord with lengthl; to the probability p; for all ¢, we see
from Theorem3.5thatthis codeachieresthe entrogy bound.o

3.2.2 HUFFMAN CODES

As we have mentionedtheefficiency of auniquelydecodableodeis mea-
suredby its expectedength. Thusfor a givensourceX, we arenaturallyin-
terestedn prefix codeswhich have theminimumexpectedength.Suchcodes,
calledoptimalcodes canbe constructedy the Huffmanprocedue, andthese
codesarereferredto asHuffmancodes In generalthereexistsmorethanone
optimal codefor a source,andsomeoptimal codescannotbe constructedy
the Huffmanprocedure.

For simplicity, we first discussinary Huffmancodes A binaryprefix code
for a sourceX with distribution {p;} is representedby a binary codetree,
with eachleaf in the codetree correspondingo a codevord. The Huffman
procedures to form a codetree suchthat the expectedlengthis minimum.
Theproceduras describedy avery simplerule:
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p, codeword

035 00
0.6

op5—— 01 010

1 L 015 o011

o4 02 10

02 11

Figure3.2. TheHuffmanprocedure.

Keepmeging thetwo smallesiprobabilitymassesintil oneprobability
masg(i.e., 1) is left.

The meging of two probability massescorrespondgo the formation of an
internalnodeof thecodetree.We now illustratethe Huffmanproceduréy the
following example.

ExXAMPLE 3.12 Let X bethe souce with X = {A,B,C, D, E}, andthe
probabilitiesare 0.35,0.1, 0.15,0.2, 0.2, respectively The Huffman proce-
dure is shownin Figure 3.2. In the first step,we meige probability masses
0.1and0.15into a probability mass0.25. In the secondstep,we meige prob-
ability masse®.2 and 0.2 into a probability mass0.4. In the third step,we
meige probability masse®).35and 0.25into a probability mass0.6. Finally,
wemeige probability masse®.6and0.4into a probabilitymassl. A codetree
is thenformed.Uponassigning and1 (in anycorvenientway)to ead pair of
brandesat aninternalnode we obtainthe codavord assignedo ead souce
symbol.

In the Huffman procedue, sometimeshere are more than one choice of
meging the two smallestprobability masses.We can take any one of these
choiceswithoutaffectingthe optimality of the codeeventuallyobtained.

For an alphabetf sizem, it takesm — 1 stepsto completethe Huffman
procedurgor constructinga binary code,becauseve meige two probability
massesn eachstep.In theresultingcodetree,therearem leavesandm — 1
internalnodes.

In the Huffman procedurefor constructinga D-ary code,the smallestD
probabilitymassesaremeigedin eachstep.If theresultingcodetreeis formed
in k + 1 steps,wherek > 0, thentherewill be k¥ + 1 internalnodesand
D + k(D — 1) leaves,whereeachleaf correspondso a sourcesymbolin the
alphabetlf thealphabesizem hastheform D + k(D — 1), thenwe canapply
the Huffman proceduredirectly Otherwise,we needto add a few dummy
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symbolswith probability O to the alphabein orderto make the total number
of symbolshave theform D + k(D — 1).

ExaAMPLE 3.13 If wewantto constructa quaternaryHuffmancode(D = 4)
for thesourcein thelastexample weneedio add2 dummysymbolssothatthe
total numberof symboldbecomed§ = 4 + (1)3, whee k = 1. In geneal, we
needto addat mostD — 2 dummysymbols.

In Section3.1, we have provedthe entroy boundfor a uniquelydecodable
code. This boundalsoappliesto a prefix codesincea prefix codeis uniquely
decodableln particular it appliesto a Huffman code,which is a prefix code
by construction. Thusthe expectedlength of a Huffman codeis at leastthe
entrofy of thesource.ln Example3.12,theentroly H(X) is 2.202bits, while
theexpectedengthof the Huffmancodeis

0.35(2) + 0.1(3) + 0.15(3) + 0.2(2) + 0.2(2) = 2.25. (3.28)

We now turn to proving the optimality of a Huffman code. For simplicity,
we will only prove the optimality of a binary Huffman code. Extensiornof the
proofto thegenerakases straightforvard.

Withoutlossof generalityassumehat

pPL=>2P2 > 2 Dy (3.29)

Denotethe codevord assignedo p; by ¢;, anddenotets lengthby ;. To prove
thata Huffman codeis actuallyoptimal,we male thefollowing obserations.

LEMMA 3.14 In an optimal code shortercodevords are assignedo larger
probabilities.

Proof Considerl < < j < m suchthatp; > p,;. Assumethatin acode the
codevordsc; andc; aresuchthati; > I;, i.e., ashortercodevord is assigned
to asmallerprobability Thenby exchanginge; andc;, the expectedengthof
thecodeis changedy

(pil; + pjli) — (pili + pjl;) = (ps —pj)(l; —1;) <0 (3.30)

sincep; > p; andl; > [;. In otherwords,the codecanbe improved and
thereforeis notoptimal. Thelemmais proved.o

LEMMA 3.15 Thee existsan optimalcodein which the codevords assigned
to thetwo smallestprobabilitiesare siblings,i.e., thetwo codevords havethe
samedengthandthey differ onlyin thelastsymbol.

Proof Thereaderis encouragedo tracethe stepsin this proof by draving a
codetree. Considerary optimalcode.Fromthelastlemma,the codevord c,,
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assignedo p,, hasthe longestlength. Thenthe sibling of ¢, cannotbe the
prefix of anothercodevord.

We claim that the sibling of ¢,;, mustbe a codevord. To seethis, assume
thatit is not a codevord (andit is not the prefix of anothercodevord). Then
we canreplacec,, by its parentto improve the codebecausehelengthof the
codevord assignedo p,, isreducedy 1, while all theothercodevordsremain
unchangedThis is a contradictiornto the assumptiorthatthe codeis optimal.
Thereforethesibling of ¢,,, mustbeacodevord.

If thesiblingof ¢,, isassignedo p,,_1, thenthecodealreadyhasthedesired
propertyi.e., thecodavordsassignedo thetwo smallesfprobabilitiesaresib-
lings. If not,assumehatthesibling of ¢,, is assignedo p;, wherei < m — 1.
sincep; > pm_1, lm—1 > l; = l,,. Ontheotherhand,by Lemma3.14,1,, 1
is alwayslessthanor equalto/,,,, whichimpliesthati,, 1 = {,,, = ;. Thenwe
canexchangethe codevordsfor p; andp,, 1 without changingthe expected
lengthof the code(i.e., the coderemainsoptimal) to obtainthe desiredcode.
Thelemmais proved.o

Suppose; andc; aresiblingsin a codetree. Thenl; = ;. If wereplace
¢; andc; by acommoncodeavord at their parent,call it ¢;;, thenwe obtain
areducedcodetree, andthe probability of ¢;; is p; + p;. Accordingly the
probabilitysetbecomes reducedorobability setwith p; andp; replacedoy a
probabilityp; + p;. Let L andL’ bethe expectedengthsof the original code
andthereducedcode,respectrely. Then

L-L = (pili+pjl;)— (pi+pj)(li —1) (3.31)
= (pili +pjli) — (pi +p;)(l; = 1) (3.32)
= Pit+pj (3.33)
whichimplies
L =1L+ (p; +pj)- (3.34)

Thisrelationsaysthatthe differencebetweerthe expectedengthof the orig-
inal codeand the expectedlength of the reducedcodedependsonly on the
valuesof thetwo probabilitiesmeigedbut not on the structureof the reduced
codetree.

THEOREM 3.16 TheHuffmanprocedue producesan optimalprefixcode

Proof Consideranoptimalcodein which ¢, andc,,_1 aresiblings. Suchan
optimal codeexists by Lemma3.15. Let {p;} be the reducedprobability set
obtainedfrom {p;} by meging p,,, andp,,_1. From(3.34),we seethat L’ is
theexpectedengthof anoptimalcodefor {p}} if andonly if L is theexpected
lengthof anoptimalcodefor {p;}. Thereforejf we canfind anoptimalcode
for {p}, we canuseit to constructan optimal codefor {p;}. Note thatby
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meing p,, andp,,_1, the size of the problem,namelythe total numberof
probability massesis reducedby one. To find an optimal codefor {p}}, we
againmegethetwo smallesprobabilityin {p}. Thisis repeatedintil thesize
of the problemis eventuallyreducedo 2, whichwe know thatanoptimalcode
hastwo codevordsof lengthl. In thelaststepof the Huffmanproceduretwo
probability massesremeiged,which correspondso the formationof a code
with two codevordsof lengthl. Thusthe Huffmanproceduréndeedproduces
anoptimalcode.o

We have seenthatthe expectedengthof a Huffman codeis lower bounded
by theentropy of thesource Ontheotherhand it would be desirablgo obtain
anupperboundin termsof theentroy of thesource.Thisis givenin thenext
theorem.

THEOREM 3.17 Theexpectedengthof a Huffmancode denotedby Ly,
satisfies
Lywg < Hp(X) + 1. (3.35)

Thisboundis thetightestamongall theupperboundson Ly, Which depend
only onthe sourceentopy

Proof Wewill constructprefixcodewith expectedengthlessthanH (X)+1.
Then,becausea Huffman codeis an optimal prefix code,its expectedength
Lyyg is upperboundedoy H(X) + 1.

Considerconstructinga prefix codewith codevord lengths{i;}, where

li = [—log pi]- (3.36)
Then
—logpp; <1; < —logp p; + 1, (3.37)
or
p; > D7 > D p,. (3.38)
Thus
S Dh<Y =1, (3.39)
1 7

i.e., {l;} satisfieghe Kraft inequality whichimpliesthatit is possibleto con-
structa prefix codewith codevord lengths{/;}.

It remainsto shav that L, the expectedlength of this code,is lessthan
H(X) + 1. Towardthisend,consider

L = Zpili (340)
i

< Y pi(—logppi+1) (3.41)
i
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= —>_pilogppi+ pi (3.42)

= H(;() +1, Z (3.43)
where(3.41)follows from theupperboundin (3.37). Thuswe concludethat

Ly <L < H(X) +1. (3.44)

To seethatthis upperboundis thetightestpossible we have to shaw thatthere
existsa sequencef distributions P, suchthat Ly,¢ approache# (X) + 1 as
k — oo. This canbedoneby consideringhe sequencef D-ary distributions

D—-11 1
Pk_{l_T’E’“.,E}’ (345)

wherek > D. TheHuffman codefor eachP, consistsof D codevords of
lengthl. Thus Ly, isequalto 1for all k. Ask — oo, H(X) — 0, andhence
Ly.g approaches! (X)) + 1. Thetheoremss proved.o

The codeconstructedn the above proof is known asthe Shannoncode
Theideais thatin orderfor the codeto be nearoptimal, we shouldchoosé;
closeto — log p; for all i. When{p;} is D-adic,l; canbechoserto be exactly
— log p; becaus¢helatterareintegers.In this casetheentrogy boundis tight.

Fromtheentropy boundandtheabove theoremwe have

H(X) < Lyug < H(X) + 1. (3.46)

Now supposeve usea Huffmancodeto encodeX, Xo, - - -, X;, whicharen
i.i.d. copiesof X. Let usdenotethe lengthof this Huffman codeby L}, -
Then(3.46)becomes

nH(X) < Lg < nH(X) + 1. (3.47)

Dividing by n, we obtain
1 1
H(X) < ﬁLﬁuﬂ <HX)+ . (3.48)

Asn — oo, theupperboundapproachethelowerbound.Thereforen 1LY ¢,
the coding rate of the code, namelythe averagenumberof code symbols
neededo encodea sourcesymbol, approachedd (X) asn — oc. But of
courseasn becomedarge, constructinga Huffman codebecomesery com-
plicated.Neverthelessthis resultindicateshatentropy is afundamentamea-
sureof information.
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3.3 REDUNDANCY OF PREFIX CODES

The entroly boundfor a uniquelydecodableodehasbeenprovedin Sec-
tion 3.1. In this section,we presentn alternatve proof specificallyfor prefix
codeswhich offersmuchinsightinto theredundang of suchcodes.

Let X beasourcerandomvariablewith probabilitydistribution

{plap27"'apm}7 (349)

wherem > 2. A D-ary prefixcodefor X canberepresentetly a D-ary code
treewith m leaves,whereeachleaf correspondso a codevord. We denotethe
leaf correspondindo p; by ¢; andthe orderof ¢; by /;, andassumehatthe
alphabets

{0,1,---,D —1}. (3.50)

LetZ betheindex setof all theinternalnodes(includingtheroot)in the code
tree.

Insteadof matchingcodevordsby bruteforce, we canusethe codetree of
aprefix codefor moreefficientdecoding.To decodea codevord, we tracethe
pathspecifiedoy the codavord from theroot of thecodetreeuntil it terminates
attheleaf correspondingo thatcodevord. Let ¢;, bethe probability of reach-
ing aninternalnodeduringthe decodingprocess.The probability ¢, is called
thereading probability of internalnodek. Evidently g is equalto the sum
of the probabilitiesof all theleavesdescendindgrom nodek.

Let pr ; be the probability that the jth branchof nodek is taken during
the decodingprocess.The probabilitiespy ;,0 < j < D — 1, arecalledthe
branding probabilitiesof nodek, and

J

Oncenodek is reachedthe conditionalbranding distribution is
{M’ Pei . PkD-1 } (3.52)
9 4k qk

Thendefinethe conditionalentiopy of nodek by

hy = Hp ({IMMM}) (3.53)

9 Gk qk

wherewith a slight aluseof notation,we have usedH, (-) to denotethe en-
tropy in thebaseD of theconditionalbranchingdistributionin theparenthesis.

By Theoren®.43,h; < 1. Thefollowing lemmarelategheentropy of X with
the structureof the codetree.

LEMMA 3.18 HD(X) = ZkEIQkhk'
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Proof We prove the lemmaby inductionon the numberof internalnodesof
thecodetree. If thereis only oneinternalnode,it mustbetheroot of thetree.
Thenthe lemmais trivially true uponobservingthatthe reachingprobability
of therootis equalto 1.

Assumethe lemmais true for all codetreeswith n internalnodes. Now
considera codetreewith n + 1 internalnodes.Let k beaninternalnodesuch
thatk is the parentof aleaf ¢ with maximumorder The siblingsof ¢ may or
maynotbealeaf. If it is notaleaf, thenit cannotbethe ascendendf another
leaf becauseve assumehatc is a leaf with maximumorder Now consider
revealingtheoutcomeof X in two steps.n thefirst step,if theoutcomeof X is
notaleafdescendingrom nodek, we identify the outcomeexactly, otherwise
we identify the outcometo be a descendendf nodek. We call this random
variableV. If we do notidentify the outcomeexactly in the first step,which
happenswith probability g5, we further identify in the secondstepwhich of
the descendent(9)f nodek the outcomeis (nodek hasonly onedescendent
if all thesiblingsof ¢ arenotleaves). We call this randomvariableW . If the
secondstepis not necessarywe assumehat W takes a constantvalue with
probabilityl. ThenX = (V, W).

The outcomeof V' canberepresentethy a codetreewith n internalnodes
which is obtainedby pruningthe original codetree at nodek. Thenby the
inductionhypothesis,

HV)= Y aqwhp. (3.54)
K eT\{k}

By thechainrule for entropy, we have

H(X) = HV)+HW|V) (3.55)
= Y b+ (1 —qr) -0+ qrhs (3.56)
K eT\{k}
= Z qklhkl. (357)
k'eZ

Thelemmais proved.o

The next lemmaexpresseshe expectediength L of a prefix codein terms
of thereachingprobabilitiesof theinternalnodesof the codetree.

LEMMA 3.19 L=} 7q.

Proof Define

(3.58)

[ 1 if leafc; is adescenderdf internalnodek
@i = 0 otherwise.

DRAFT Septenber 13, 2001, 6:27pm DRAFT



56 AFIRSTCOURSHN INFORMATION THEORY

Then
li=)_ ap, (3.59)

keT

becausahereare exactly I; internalnodesof which ¢; is a descendenif the
orderof ¢; is l;. Ontheotherhand,

Gk =Y QkiDi- (3.60)

i
Then

i

= sz'zalci (3.62)
i k€T

= Y ) piag (3.63)
keT i

= > a (3.64)
keT

proving thelemma.o

Definethelocal redundancyf aninternalnodek by
i = qr(1 — hg)- (3.65)

This quantityis localto nodek in thesenseahatit depend®nly onthebranch-
ing probabilitiesof nodek, andit vanishesf andonly if § ; = D~ for all 4,
or thenodeis balanced Notethatr, > 0 becausé;, < 1.

Thenext theoremsaysthattheredundang R of aprefix codeis equalto the
sumof thelocal redundanciesf all theinternalnodesof the codetree.

THEOREM 3.20 (LocaL REDUNDANCY THEOREM) LetL betheexpected
lengthof a D-ary prefix codefor a souce randomvariable X, and R bethe
redundancyf thecode Then

R=)"r. (3.66)

Proof By Lemmas3.18and3.19,we have

R = L—Hp(X) (3.67)
= D oa— Y akhk (3.68)
keZ p
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= Y aqr(l—hy) (3.69)
kEeT

= ) 7 (3.70)
keZ

Thetheoremis proved.c

We now presentinslightly differentversionof the entrogy bound.

COROLLARY 3.21 (ENTROPY BOUND) LetR betheredundancyf a pre-
fix code ThenR > 0 with equalityif andonlyif all theinternal nodesin the
codetreeare balanced.

Proof Sincer, > 0 for all &, it is evidentfrom thelocal redundang theorem
thatR > 0. Moreover R = 0 if andonly if r, = 0 for all k£, which meanghat
all theinternalnodesn the codetreearebalanceda

Remark Beforethe entroy boundwasstatedin Theorem3.5, we gave the
intuitive explanationthat the entrofy boundresultsfrom the fact thata D-
ary symbolcancarry at mostone D-it of information. Therefore whenthe
entropy boundis tight, eachcode symbol hasto carry exactly one D-it of
information. Now considerrevealing a randomcodevord one symbol after
another The above corollary statesthatin orderfor the entropy boundto be
tight, all theinternalnodesin the codetreemustbe balancedThatis, aslong
asthe codavord is not completedthe next codesymbolto berevealedalways
carriesoneD-it of informationbecausd distributesuniformly onthealphabet.
Thisis consistentvith theintuitive explanationwe gave for theentroy bound.

ExAMPLE 3.22 Thelocal redundancyheoemallowsusto lower boundthe
redundancyf a prefixcodebasedon partial knowledg onthestructue of the
codetree More specifically

R>Y"r (3.71)

for anysubsefZ’ of Z.

Let p,,_1, pm bethe two smallestprobabilitiesin the source distribution.
In constructinga binary Huffmancode p,,, 1 andp,, are meiged. Thenthe
redundancyf a Huffmancodeis lower boundedoy

Pm—1 Pm
L+ pm)H <{ , }) , 3.72
(Pm—1+ pm)Hp P ——— (3.72)

the local redundancyof the parent of the two leavescorrespondingo p,,, 1
andp,,. SeeYeung[214] for progressivelower and upperboundson the re-
dundancyof a Huffmancode
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PROBLEMS

1. ConstructabinaryHuffmancodefor thedistribution {0.25, 0.05, 0.1, 0.13,
0.2,0.12,0.08,0.07}.

. ConstructaternaryHuffman codefor the sourcedistribution in Problem1.

w N

Construcianoptimalbinaryprefix codefor thesourcedistribution in Prob-
lem 1 suchthatall the codevordshave evenlengths.

4. Prove directly thatthe codevord lengthsof a prefix codesatisfythe Kraft
inequalitywithoutusingTheoren3.4.

5. Provethatif p; > 0.4, thentheshortestodevord of abinaryHuffmancode
haslengthequalto 1. Thenprove thatthe redundang of sucha Huffman
codeis lower boundedy 1 — hy(p1). (Johnseri103].)

6. Sufix codesA codeis a sufiix codeif no codevord is a sufix of ary other
codevord. Shav thata sufiix codeis uniquelydecodable.

7. Fix-free codesA codeis a fix-free codeif it is both a prefix codeanda
sufiix code.Letly,ls,- - -, bem positve integers.Prove thatif

m

Yoh< o,

k=1 2
thenthereexistsabinaryfix-free codewith codevordlengthdy, lo, - - -, 1.

(Ahlswedeetal. [5].)

8. Randontodingfor prefixcodes Constructa binary prefix codewith code-
word lengthsl; < Iy < --- < [,,, asfollows. For eachl < k < m, the
codavord with lengthi;, is choserindependentlyrom thesetof all 2 pos-
sible binary stringswith lengthl, accordingthe uniform distribution. Let
P,,(good) betheprobabilitythatthe codesoconstructeds a prefix code.

a) ProvethatPy(good) = (1 — 27'1)*, where

() —{ 0 ifz<0.

b) Prove by inductiononm that

m k-1 +
P, (good) = H (1 — Z s_lf> .
k=1 i

1

c) Obserethatthereexistsaprefixcodewith codevordlengthdy, s, - - -,
Iy, if andonly if P, (good) > 0. Shaw that P,,,(good) > 0 is equiva-
lentto theKraft inequality
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By usingthis randomcodingmethod,one canderive the Kraft inequality
withoutknowing theinequalityaheadf time. (YeandYeung[210].)

9. Let X beasourcerandomvariable.Suppose certainprobability masspy
in thedistribution of X is given. Let

l,:{ [—log pj ifj=k
! [—log(p; + ;)] ifj#Ek,

B pp — 27 [~ logpr]
AL 1—pg

where

forall j # k.

a) Shavthatl <[; < [—logp,]| for all 5.
b) Shaw that{l;} satisfiegsheKraft inequality

¢) Obtainanupperboundon Ly,g in termsof H(X) andpy which is
tighterthanH (X)) + 1. This shavs thatwhenpartialknovledgeabout
the sourcedistribution in additionto the sourceentropy is available,
tighterupperboundson Ly, canbeobtained.

(YeandYeung[211].)

HISTORICAL NOTES

The foundationfor the materialin this chaptercanbe foundin Shannors
original paper[173]. TheKraft inequalityfor uniquelydecodableodeswas
first proved by McMillan [142]. The proof given hereis dueto Karush[106].
TheHuffmancodingproceduravasdevisedandprovedto beoptimalby Huff-
man[97]. The sameprocedurewas devised independentlyby Zimmerman
[224]. Linder etal. [125] have provedthe existenceof an optimal prefix code
for aninfinite sourcealphabetwhich canbe constructedrom Huffmancodes
for truncationsof thesourcalistribution. Thelocalredundang theorems due
to Yeung[214].
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Chapterd

WEAK TYPICALITY

In the last chapter we have discussedhe significanceof entrofy in the
contet of zero-errodatacompressionln thischapterandthenext, weexplore
entrofy in termsof the asymptoticbehaior of i.i.d. sequencesSpecifically
two versionsof theasymptotieequipartitionproperty(AEP), namelytheweak
AEP andthestrongAEP, arediscussedT herole of theseAEP’sin information
theoryis analogougo therole of theweaklaw of large numbersn probability
theory In this chapterthe weak AEP andits relationwith the sourcecoding
theoremarediscussed All the logarithmsarein the base2 unlessotherwise
specified.

4.1 THE WEAK AEP

We consideraninformationsource{ X,k > 1} whereXj arei.i.d. with
distribution p(z). We useX to denotethegenericrandomvariableand H (X)
to denotethe commonentrogy for all X, where H(X) < oo. LetX =
(X1, X, -+, X,). SinceXy arei.i.d.,

p(X) = p(X1)p(X2) -+ p(Xn). (4.1)
Note that p(X) is a randomvariablebecauset is a function of the random
variables Xy, Xs,---, X,,. We now prove an asymptoticproperty of p(X)

calledtheweakasymptoticequipartitionproperty (weakAEP).
THEOREM 4.1 (WEAK AEP I)

—% log p(X) — H(X) 4.2)

in probabilityasn — oo, i.e., for anye > 0, for n suficientlylarge,

Pr{‘—%logp(X)—H(X)‘ <e}>1—e. (4.3)
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Proof SinceX;, Xo,---, X, arei.i.d., by (4.1),
1 1 &
——logp(X) = —= > log p(Xj). (4.4)
n n k1

Therandomvariableslog p(Xy) arealsoi.i.d. Thenby theweaklaw of large
numberstheright handsideof (4.4)tendsto

—Elogp(X) = H(X), (4.5)
in probability proving thetheoremao

The weak AEP is nothing more than a straightforvard applicationof the
weaklaw of large numbers However, aswe will seeshortly this propertyhas
significantimplications.

DEFINITION 4.2 Theweaklytypical setWx,. with respecto p(z) is theset
of sequences = (z1,z9,---,z,) € X" sut that

—% log p(x) — H(X)| < e, (4.6)

or equivalently
H(X)—eﬁ—%logp(x)ﬁH(X)#—e, 4.7)

whee e is an arbitrarily small positivereal number Thesequences W[}]e
are calledweaklye-typical sequences.

Thequantity

1 1 &
~logp(x) = —— 3 logp(z) (4.8)
n ogp n & Og P\ Tk

is calledthe empirical entopy of the sequencex. The empiricalentropy of
aweakly typical sequencés closeto the true entrofy H(X). Theimportant
propertiesof the setW[’;(]6 aresummarizedn the next theoremwhich we will
seeis equivalentto theweak AEP.

THEOREM 4.3 (WEAK AEP II) Thefollowingholdfor anye > 0:
1) Ifx € W[, then

2—n(H(X)+e) < p(X) < 2—n(H(X)—€)' (49)
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2) For n suficientlylarge,
Pr{X € Wi} >1—ce (4.10)

3) For n suficientlylarge,
(1 — 279 < Wy | < 2n(HEOHO), (4.11)

Proof Propertyl follows immediatelyfrom the definition of W[’;(k in (4.7).
Property2 is equivalentto Theoremd. 1. To prove Property3, we usethelower
boundin (4.9)andconsider

Wikl ") <Pr{Wi} <1, (+.12)

whichimplies
Wkl < 2ntHXte), (4.13)

Notethatthis upperboundholdsfor any n > 1. Ontheotherhand,usingthe
upperboundin (4.9)andTheorem4.1,for n suficiently large,we have

1— e < Pr{Wi} < (W20, (4.14)

Then
Wl > (1 — )2 HE079), (4.15)

Combining(4.13)and(4.15)givesProperty3. Thetheoremis proved.o

Remark 1 Theoremd.3is aconsequencef Theoremd.1. However, Property
2in Theorem4.3is equivalentto Theoremd.1. Therefore, Theorem4.1 and
Theoremd.3areequivalent,andthey will bothbereferredto astheweakAEP.

TheweakAEP hasthefollowing interpretation Suppos& = (X1, Xs,- - -,
X,,) isdrawn i.i.d. accordingto p(z), wheren is large. After the sequencés
drawn, we askwhattheprobabilityof occurrencef thesequencés. Theweak
AEP saysthatthe probability of occurrenceof the sequencelravn is closeto
2-"H(X) with very highprobability Suchasequencis calledaweaklytypical
sequenceMoreover, thetotal numberof weakly typical sequencess approx-
imately equalto 27#(X) | The weak AEP, hawever, doesnot saythat mostof
the sequencem X" areweaklytypical. In fact, the numberof weakly typ-
ical sequencess in generalinsignificantcomparedwith the total numberof
sequencegecause

wn nH(X)
| |A[-j|(7]lé| ~ 22n10g\/\7'\ — g nllog|X—H(X)) _, ¢ (4.16)
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asn — oo aslong as H(X) is strictly lessthanlog|X|. Theideais that,
althoughthesizeof theweaklytypical setmaybeinsignificantcomparedvith
thesizeof the setof all sequenceghe formerhasalmostall the probability

Whenn is large, onecanalmostthink of the sequenc& asbeingobtained
by choosinga sequencérom the weakly typical setaccordingto the uniform
distribution. Very often,we concentrat®n the propertieof typical sequences
becausary propertywhichis provedto betruefor typicalsequencewill then
be true with high probability Thisin turn determineshe averagebehaior of
alargesample.

Remark The mostlikely sequencés in generainot weaklytypical although
the probability of a weakly typical setis closeto 1 whenn is large. For ex-

ample,for Xy, i.i.d. with p(0) = 0.1 andp(1) = 0.9, (1,1,---,1) isthemost
likely sequencehut it is notweaklytypicalbecausés empiricalentropy is not
closeto thetrueentropy. Theideais thatasn — oo, the probability of every
sequencencludingthatof the mostlikely sequencetendsto 0. Thereforeijt

is notnecessarfjor aweaklytypical setto includethe mostlikely sequencén

orderto make up aprobabilitycloseto 1.

4.2 THE SOURCECODING THEOREM

To encodearandomsequenc&X = (X1, Xo,---, X,) drawni.i.d. accord-
ing to p(z) by ablodk code we construcia one-to-oneamappingfrom a subset
A of X™ to anindex set

7={1,2,---,M}, (4.17)

where|A| = M < |X|™. We do not have to assumehat |X| is finite. The
indicesin Z arecalledcodevords andtheintegern is calledthe blod length
of thecode.If asequencea € A occurs the encodeoutputsthe correspond-
ing codevord which is specifiedby approximateiog M bits. If a sequence
x ¢ A occurs,the encoderoutputsthe constanttodevord 1. In eithercase,
the codevord outputby the encoderis decodedo the sequencén A corre-
spondingto thatcodeavord by the decoder If a sequence € A occursthen
x is decodedcorrectly by the decoder If a sequencex ¢ A occurs,thenx
is not decodeccorrectlyby the decoder For sucha code,its performances
measuredby the codingratedefinedasn ! log M (in bits persourcesymbol),
andtheprobabilityof erroris givenby

P, =Pr{X ¢ A}. (4.18)

If the codeis not allowed to make ary error, i.e., P, = 0, it is clearthat
M mustbe taken to be | X|", or A = X™. In thatcase,the codingrateis
equalto log | X|. However, if we allow P, to beary smallquantity Shannon
[173] shawved that thereexists a block codewhaosecodingrate is arbitrarily

DRAFT Septenber 13, 2001, 6:27pm DRAFT



WeakTypicality 65

closeto H(X) whenn is suficiently large. Thisis thedirectpartof Shannors
source codingtheoem andin this sensehe sourcesequenc«& is saidto be
reconstructedlmostperfectly

We now prove thedirectpartof the sourcecodingtheoremby constructing
adesiredcode.First,wefix ¢ > 0 andtake

and
M = |A|. (4.20)

For sufiiciently large n, by theweakAEP,
(1—e2"079 < M = |A] = Wiy | < 20X+, (4.21)

Thereforethecodingraten—! log M satisfies

%log(l—e)—I—H(X)—eS%logMSH(X)—I—e. (4.22)
Also by theweakAEP,
P, = Pr{X ¢ A} = Pr{X ¢ Wi} < e. (4.23)

Lettinge — 0, thecodingratetendsto H (X ), while P, tendsto 0. Thisproves
thedirectpartof the sourcecodingtheorem.

The conversepartof the sourcecodingtheoremsaysthatif we useablock
codewith block lengthn andcodingratelessthan H (X)) — ¢, where¢ > 0
doesnotchangewith n, thenP, — 1 asn — oc. To prove this, considerary
codewith block lengthn andcodingratelessthan H(X) — ¢, sothat M, the
total numberof codavords,is at most2™(#(X)=¢)  We canusesomeof these
codevordsfor thetypical sequences € W[g’(]e, andsomefor the non-typical
sequences ¢ W}k. Thetotal probability of the typical sequencesovered
by thecode by theweakAER, is upperboundedoy

gn(H(X)—¢)9—n(H(X)—€) _ 9—n(C—¢€) (4.24)
Thereforethetotal probabilitycoveredby the codeis upperboundedoy
27 M) L Pr{X ¢ Wik } <29 te (4.25)

for n suficiently large, againby the weak AEP. This probability is equalto
1 — P, becausé?, is the probabilitythatthe sourcesequenc& is notcovered
by thecode.Thus

1—P, <279 4 ¢ (4.26)
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or
P,>1— (279 4 o). (4.27)

This inequalityholdswhenn is suficiently large for ary € > 0, in particular
for e < ¢. Thenfor ary ¢ < (, P. > 1 — 2e whenn is suficiently large.
Hence,P, — 1 asn — oo andthene — 0. This provesthe conversepart of
thesourcecodingtheorem.

4.3 EFFICIENT SOURCECODING

THEOREM 4.4 LetY = (Y1,Ys,---,Y,,) bearandombinary sequencef
lengthm. ThenH(Y) < m with equalityif and only if Y; are drawni.i.d.
accoding to theuniformdistribution on {0, 1}.

Proof By theindependencboundfor entropy,
H(Y) <Y H(Y) (4.28)
=1

with equalityif andonly if Y; aremutuallyindependentBy Theorem?.43,
H(Y;) <log2=1 (4.29)

with equalityif andonly if Y; distributes uniformly on {0,1}. Combining
(4.28)and(4.29),we have

H(Y) < S H(Y) <m, (4.:30)
i=1

wherethis upperboundis tight if andonly if Y; aremutuallyindependenand
eachof themdistributesuniformly on {0, 1}. Thetheoremis proved.o

LetY = (Y1, Y2, --,Y,) beasequencef lengthn suchthatY; aredravn
i.i.d. accordingto the uniform distribution on {0,1}, andlet Y denotethe
genericrandomvariable. Then H(Y') = 1. Accordingto the sourcecoding
theoremfor almostperfectreconstructiorof Y, the codingrateof the source
codemustbe at leastl. It turnsoutthatin this caseit is possibleto usea
sourcecodewith codingrateexactly equalto 1 while the sourcesequencé&y”
canbereconstructeavith zeroerror. This canbe doneby simply encodingall
the 2" possiblebinary sequencesf lengthn, i.e., by taking M = 2". Then
thecodingrateis givenby

n tlog|M| =n"ltlog2" = 1. (4.31)

Sinceeachsymbolin Y is abit andtherateof thebestpossiblecodedescribing
Y is 1 bit persymbol,Y1,Ys, - - -, Y, arecalledraw bits, with theconnotation
thatthey areincompressible.
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It turnsoutthatthewholeideaof efficient sourcecodingby a block codeis
to describethe information sourceby a binary sequencesonsistingof “ap-
proximatelyraw” bits. Considera sequencef block codeswhich encode
X =(X1,Xy,-+,X,)int0Y = (Y1,Ys,---,Y,,), where X, arei.i.d. with
genericrandomvariableX, Y is abinarysequencevith lengthm ~ nH (X),
andn — oo. For simplicity, we assumethatthe commonalphabetX is fi-
nite. Let X € X™ bethereconstructiorof X by the decoderand P, bethe
probabilityof error i.e.

P, = Pr{X # X}. (4.32)

FurtherassumeP, — 0 asn — oo. We will shav thatY consistof approxi-
matelyraw bits.
By Fanosinequality

H(X|X) <1+ P,log|X|" =1+ nP.log|X|. (4.33)

SinceX is afunctionof Y,

H(Y) = H(Y,X) > HX). (4.34)
It follows that
H(Y) > H(X) (4.35)
> I(X;X) (4.36)
= H(X) - H(X|X) (4.37)
> nH(X) - (1+nP.log|X|) (4.38)
= n(H(X)— P.log|X|) — 1. (4.39)

Ontheotherhand,by Theoren¥.4,

H(Y) < m. (4.40)

Combining(4.39)and(4.40),we have
n(H(X) — P.log|X|) —1 < H(Y) <m. (4.41)

SinceP, — 0 asn — oo, theabove lower boundon H(Y) is approximately
equalto
nH(X)~=m (4.42)

whenn is large. Therefore,
H(Y) = m. (4.43)

In light of Theorem4.4,Y almostattainsthe maximumpossibleentrogy. In
this sensewe saythat’Y consistsof approximatelyraw bits.
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4.4 THE SHANNON-MCMILLAN-BREIMAN
THEOREM

For ani.i.d. informationsource{ X } with genericrandomvariableX and
genericdistribution p(z), theweakAEP stateghat

—% log p(X) — H(X) (4.44)

in probabilityasn — oo, whereX = (X, Xo,---, X,,). HereH(X) is the
entropy of the genericrandomvariablesX aswell asthe entrogy rate of the
source{ Xy }.

In Section2.9,we shavedthattheentroyy rate H of asource{ X} } existsif
the sourceis stationary The Shannon-McMillan-Brimantheoem stateshat
if {X} is alsoergodic then

.1
Pr {— nhﬂngo - logPr{X} = H} =1. (4.45)

This meansthatif {X} is stationaryand egodic, then—1 log Pr{X} not
only almostalwayscorverges,but it alsoalmostalwaysconvergesto H. For
thisreasonthe Shannon-McMillan-Breimatheorems alsoreferredto asthe
weakAEP for stationaryergodic sources.

Theformaldefinitionof anemodicsourceandthestatemenof theShannon-
McMillan-Breimantheorenrequiretheuseof measurgéheorywhichis beyond
thescopeof thisbook. We pointoutthattheeventin (4.45)involvesaninfinite
collectionof randomvariableswhich cannotbe describeddy a joint distribu-
tion unlessfor very specialcases Without measureheory the probability of
this eventin generalcannotbe properlydefined. However, this doesnot pre-
ventusfrom developingsomeappreciatiorof the Shannon-McMillan-Breiman
theorem.

Let X be the commonalphabetfor a stationarysource{Xy}. Roughly
speaking,a stationarysource{ X} } is ergodic if the time averageexhibited
by a single realizationof the sourceis equalto the ensembleaveragewith
probability 1. More specifically for ary k1, ko, - -+, kypy,

. 1 n—1
Pr{ lim — Z F(Xky 05 Xigtts 5 Xk 11)

n—)oonl 0

:Ef(XkUsza"'anm)} :17 (446)

wheref is afunctiondefinedon X™ which satisfiessuitableconditions. For
the specialcasethat{ X} } satisfies

1L
Pr {,}E& n l; X = EXk} =1, (4.47)
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we saythat{ Xy} is meanergodic

ExAMPLE 4.5 Thei.i.d. souce {X}} is meanergodicundersuitablecondi-
tionsbecauseghestronglaw of thelarge numbes stateghat (4.47)is satisfied.

ExaMPLE 4.6 Considerthe souce {X}} definedas follows. Let Z be a
binary randomvariableuniformlydistributedon {0, 1}. For all k, let X, = Z.
Then

1 g 1
Pr {nlggo - ;Xl = 0} =5 (4.48)
and

Pr{ li lnX—l—l 4.49
Pl o xi=1 =g (449

SinceEXy, = 3,

1 n

Pr {n“i& El—ZIXl = EXk} =0. (4.50)

Theefore, { X} } is notmeanergodicandhencenotergodic.

If aninformationsource{ X} } is stationaryandergodic, by the Shannon-
McMillan-Breimantheorem,

1
—log Pr{X} ~ 27 (4.51)
n

whenn is large, i.e., with probability closeto 1, the probability of the se-
quenceX which occursis approximatelyequalto 2="#. Thenby meansof
agumentssimilarto the proof of Theoremé.3, we seethatthereexist approx-
imately2"# sequences X™ whoseprobabilitiesareapproximatelyequalto
2-"H “andthe total probability of thesesequences almostl. Therefore by
encodingthesesequencewith approximaten H bits, the sourcesequenc&
canberecoveredwith anarbitrarily small probability of errorwhentheblock
lengthn is sufiiciently large. This is a generalizatiorof the directpartof the
sourcecodingtheoremwhich givesa physicalmeaningto the entropy rate of
a stationaryergodic sources.We remarkthatif a sourceis stationarybut not
ergodic,althoughthe entrofy ratealwaysexists,it maynotcarryary physical
meaning.
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PROBLEMS
1. Shaow thatfor ary € > 0, W[’;qg is nonemptyfor sufiiciently largen.

2. Thesoure codingtheoemwith a generl blodk code In proving the con-
verseof the sourcecodingtheorem,we assumehat eachcodeavord in 7
correspond4o a uniquesequencen X™. More generally a block code
with block lengthn is definedby anencodingfunctiong : X™* — 7 anda
decodindgfunctionf : Z — X™. ProvethatP, — 0 asn — oo evenif we
areallowedto useagenerablock code.

3. Following Problem2, we furtherassumehatwe canusea block codewith
probabilisticencodinganddecoding.For sucha code,encodings defined
by atransitionmatrix F' from X™ to Z anddecodings definedby atransi-
tion matrix G from Z to X™. ProvethatP, — 0 asn — oo evenif we are
allowedto usesuchacode.

4. In thediscussionn Section4.3,we madetheassumptiorthatthecommon
alphabetX is finite. Canyoudrawv the sameconclusiorwhenX is infinite
but H(X) is finite? Hint: useProblem2.

5. Let p andq betwo probability distributionson the samefinite alphabet¥
suchthatH (p) # H(q). Shaw thatthereexistsane > 0 suchthat

p" ({w” €a": —%logp"(w”) - H(q)‘ < e}) =0

asn — 0. Give anexamplethatp # ¢ but theabove corvergencedoesnot
hold.

6. Letp andq betwo probability distributionson the samefinite alphabett
with the samesupport.

a) Provethatforarny § > 0,

o ({o e ani |- Liogan @) - () + DGl | < 6}) 1
asn — oo.
b) Provethatfor ary § > 0,

{w"eX“:

1 log ¢"(z™) — (H(p) + D(p||q))| < 5}‘ < on(H(p)+D(pllg)+9)
n

7. Universal soucecoding Let F = {{X,SS),k > 1} : s € S} beafamily of
i.i.d. informationsourcesndexedby afinite setS with acommonalphabet
X. Define

H = max H(X®))
SES

whereX () is thegenericrandomvariablefor {X{" k > 1}, and

A2(8) = U Wk

SES
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wheree > 0.

a) Provethatfor all s € S,

Pr{X® € 4.(8)} = 1

asn — oo, whereX(®) = (x{¥ x{ ... x{).
b) Provethatfor any ¢ > e,

|AP(S)| < 2 +e),

c) Supposewne know that aninformation sourceis in the family F but
we do not know which oneit is. Devise a compressiorschemefor
theinformationsourcesuchthatit is asymptoticallyoptimalfor every
possiblesourcein F.

8. Let{Xy,k > 1} beani.i.d. informationsourcewith genericrandomvari-
able X andfinite alphabett. Assume

§:p )log p(z))* < oo
anddefine . X
NLD
formn = 1,2,---. Provethat Z, — Z in distribution, where Z is the

Gaussiamandomvariablewith mean0 andvariancey”,, p(z)[log p(z)]? —
H(X)2.

HISTORICAL NOTES

Theweakasymptoticequipartitionproperty(AEP), whichis instrumentain
proving thesourcecodingtheoremwasfirst provedby Shannornn hisoriginal
paper[173]. In this paper he also statedthat this propertycanbe extended
to a stationaryergodic source. SubsequentjyMcMillan [141] and Breiman
[34] provedthis propertyfor a stationaryergodic sourcewith afinite alphabet.
Chung[44] extendedhethemeto a countablealphabet.
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Chapteib

STRONG TYPICALITY

Weaktypicality requireshattheempiricalentrofy of asequences closeto
thetrue entrogy. In this chapter we introducea strongemotion of typicality
whichrequireshattherelative frequenyg of eachpossibleoutcomeis closeto
the correspondingprobability As we will seelater, strongtypicality is more
powerful andflexible thanweaktypicality asa tool for theoremproving for
memorylesgproblems. However, strongtypicality canbe usedonly for ran-
domyvariableswith finite alphabetsThroughoutthis chaptertypicality refers
to strongtypicality andall the logarithmsarein the base2 unlessotherwise
specified.

5.1 STRONG AEP

We consideraninformationsource{ X,k > 1} whereXj arei.i.d. with
distribution p(z). We useX to denotethegenericrandomvariableand H (X)
to denotethe commonentrogy for all X, where H(X) < oo. LetX =
(X15X27 T 1Xn)

DEFINITION 5.1 Thestronglytypical setT s with respecto p(z) is theset
of sequences = (z1, 9, -, z,) € X™ sud that

D |=N(;x) —p(z)| <6, (5.1)

whee N (z;x) is the numberof occurencesof z in the sequencex, andd is
an arbitrarily small positivereal number Thesequencem T[’}q ; are called
strongly é-typical sequences.

Throughoutthis chapter we adoptthe conventionthatall the summations,
products,unions,etcaretaken over the correspondingupports.The strongly
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typical setT[’;q s Sharessimilar propertieswith its weakly typical counterpart,
which is summarizedasthe strong asymptoticequipartitionproperty (strong
AEP) belov. Theinterpretatiorof thestrongAEP is similarto thatof theweak
AEP.

THEOREM 5.2 (STRONG AEP) Inthefollowing n isasmallpositivequan-
tity sudh thatn — 0 asd — 0.

1) Ifxe T[}]J, then

9—n(H(X)+n) < p(x) < 9—n(H(X)-n) (5.2)

2) For n suficientlylarge,

3) For n suficientlylarge,

(1 — §)2nH X)) < |T[73(]5| < guHE(X)+n) (5.4)

Proof To prove Propertyl, we write

p(x) = l;[p(w)N (), (5.5
Then
log p(x)
= " N(;x)logp(a) (5.6)
= Xm:(N (z;x) — np(z) + np(z)) log p(z) (5.7)

— 1Y pla)logp(e) ~n Y (1 Nwsx) ~plo) ) (- logp(s)  (6.8)

= - [H(XHZ (3N @x) - pe)) (—1ogp<x)>]. (5.9)

If x € Ty, then

) (5.10)
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whichimplies

"N (%) - pla)

< log (minpla)) ¥

T

< —dlog (minp(z))

= 1
where
n=—0log (n;mp(a:)) > 0.
Ontheotherhand,
5 (5N @ix) — pla) ) (- logp(x)
> =3 |- N(ax) - pl)| (—log p(a)
>~ log (minp(s)) (—Z N(@i%) - p(o) )
= tog (minp(s)) | -N (i) — p()
> §log (minp(z))
_

Combining(5.13)and(5.19),we have

1< 3 (N wsx) ~p(o) ) (~loga(a)) <o

It thenfollows from (5.9) that
—n(H(X) +n) <logp(x) < —n(H(X) —n),

or
9= n(HX)4n) < p(x) < 2~n(HX) =),

wheren — 0 asd — 0, proving Propertyl.
To prove Property2, we write

N(z;X) =} By(a),
k=1

75

(5.11)

(5.12)
(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)
(5.19)

(5.20)

(5.21)

(5.22)

(5.23)
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where ¢
(1 it Xg=12
By(z) = { 0 X 2 (5.24)
ThenBy(z),k = 1,2,---,n arei.i.d. randomvariableswith
Pr{By(z) = 1} = p(x) (5.25)
and
Pr{By(z) =0} = 1 — p(x). (5.26)
Notethat
EBi(z) = (1 —p(z)) - 0+ p(z) - 1 = p(=). (5.27)
By theweaklaw of large numbersfor ary § > 0 andfor ary z € X,
1 & ) d
Pr{|— Y Bilz)—px)| > = < = (5.28)

for n suficiently large. Then

Pr {‘%N(m; X) - p(z)

> i for somex }
| X

= Pr{ %éBk(x) —p(z)| > % for somex } (5.29)
1 & )
= Pr{g{‘ﬁklek(x)—p(x) >W}} (5.30)
< ZPr{ 1 ZBk(iE) —p(z)| > i} (5.31)
~ n = | X|
)
— 5.32
< L 532
= 0, (5.33)
wherewe have usedthe unionbound to obtain(5.31). Since
) %N(x;x) —p(z)| > 6 (5.34)
implies
‘%N(m;x) —p(z)| > % for somezr € X, (5.35)

1Theunionboundrefersto Pr{A U B} < Pr{A} + Pr{B}.
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we have

Pr{X € T[’;(]J}

= Pr {Z %N(w;X) —p(z)| < 5} (5.36)
= 1—Pr{z %N(x;X)—p(w) >5} (5.37)

v

1- Pr{‘lN(x; X) —p(z)| > % for somezx € X} (5.38)
n

> 1-94, (5.39)

proving Property2.
Finally, Property3 follows from Propertyl andProperty2 in exactly the
sameway asin Theoren¥.3,soit is omitted.o

Remark Analogousto weak typicality, we note that the upperboundon
|T[7;(](5| in Property3 holdsfor all » > 1, andfor ary § > 0, thereexists at
leastonestronglytypical sequenc&henn is suficiently large. SeeProbleml
in Chapted.

In the restof the section,we prove an enhancementf Property2 of the
strongAEP which givesan exponentialboundon the probability of obtaining
anon-typicalvectof. This result,however, will notbeuseduntil Chapterl5.

THEOREM 5.3 For suficientlylarge n, there existsp(d) > 0 sud that

Pr{X ¢ Tfy;,} < 270, (5.40)

The proof of this theoremis basedon the Chernof bound[43] which we
provein thenext lemma.

LEMMA 5.4 (CHERNOFF BOUND) LetY beareal randomvariableand s
beanynonngativereal number Thenfor anyreal numbera,

log Pr{Y > a} < —sa + log E[2°"] (5.41)

and
log Pr{Y < a} < sa+ log E[2°Y]. (5.42)

2Thisresultis dueto Ning CaiandRaymondW. Yeung.An alternatie proof basecdn Pinsler’s inequality
(Theorem2.33)andthemethodof typeshasbeengiven by PrakastNarayan(privatecommunication).
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2S(y-2)

u(y-a)

a y

Figure5.1. Anillustrationof u(y —a) < 259,

Proof Let
(1 ify>0
u(y) = { 0 ify<0. (5.43)
Thenfor ary s > 0,
u(y —a) < 22079, (5.44)
Thisis illustratedin Fig. 5.1. Then
E[u(Y —a)] < E[25(Y~9)] = 2730 g[25Y], (5.45)

Since
Eu(Y —a)]=Pr{Y >a}-14+Pr{Y <a}-0=Pr{Y >a}, (5.46)
we seethat
Pr{Y > a} < 2750 E[25Y] = 2-setlog B[] (5.47)

Then(5.41)is obtainedby takinglogarithmin the base2. UponreplacingY
by —Y anda by —a in (5.41),(5.42)is obtained.Thelemmais proved.o

Proof of Theorem5.3 Wewill follow thenotationin theproofof Theorenb.2.
Considerz € X suchthatp(z) > 0. Applying (5.41),we have

log Pr {i By(z) > n(p(z) + 5)}

k=1
< —sn(p(z)+6)+1logE [25 2=t B’C(w)] (5.48)
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e

—sn (p(z) + 6) + log (ﬁ E [233’“(5”)])

k=1

—sn (p(z) +0) + nlog(1 — p(z) + p(z)2°)

INS ||

—sn (p() +6) +n(In2) "} (~p(x) + p(z)2°)
—n [s(p(x) + 6) + (In2) 'p(a) (1 - 27)],

where

a) follows becausdB;(z) aremutuallyindependent;

79

(5.49)

(5.50)

(5.51)
(5.52)

b) is a direct evaluationof the expectationfrom the definition of By (z) in

(5.24);
c) follows from thefundamentainequalitylna < a — 1.
In (5.52),upondefining
Ba(s,6) = s (p(z) + 8) + (In2)~'p(z)(1 - 2°),

we have

logPr{zn: )+5)} < —nf(s,d),

or
{Z By(z (z) + 5)} < 2 ha(s0),

It is readilyseenthat
B2(0,6) = 0.
Regardingd asfixed anddifferentiatewith respecto s, we have
Be(s,0) = p(z)(1 — 2°) + 0.

Then
B(0,8) =30 >0

andit is readilyverifiedthat
B(s,6) >0

for

Ogsglog(l—l-L).
p(z)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)
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Thereforewe concludethat g, (s, §) is strictly positive for

0<s<log (1 + Z%> . (5.61)

On the otherhand,by applying (5.42), we canobtainin the samefashion
thebound

log Pr {Zn: By(z) < n(p(z) — 5)} < —nog(s, ), (5.62)

k=1
or
Pr {Z Bi(w) < n (p(z) — 6)} < 9mnoe(sd), (5.63)
k=1
where
04(s,0) = —s (p(z) — 6) + (In2) " 'p(z)(1 — 27°). (5.64)
Then
04(0,68) =0, (5.65)
and
0y(s,0) =p(z)(27° = 1) +4, (5.66)
whichis nonngative for
0<s< —log (1—L>. (5.67)
p(z)
In particular
a.(0,6) = 4§ > 0. (5.68)
Thereforewe concludethato, (s, §) is strictly positive for
0<s< —log <l—i). (5.69)
p(z)

By choosings satisfying

0 <s<min [log <1+1%> ,— log (1—%)] , (5.70)

both 8, (s, d) ando,(s, ) arestrictly positve. From (5.55)and (5.63), we

have
Pr{ > (5}
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where

>

- e

< nf$

k=

k=1

>

1

By,(z) — np(x)

Zné}

Bi(z) = n (p(z) + 5)}

Pr {z By(s) < n (plx) — 6)}
k=1

(VANRVAN

2—nﬂz(s,5) + 2—nam(s,6)
9.9 n min(B:(s,9),02(s,0))

9—n[min(Bz(s,8),0(s,6)) — ]
P ZION

1

#o(6) = min(By(s, 8),04(s,6)) — .

Theny,(§) is strictly positive for suficiently large n becauséoth G, (s, §)
ando, (s, d) arestrictly positive.
Finally, consider

PI‘{X S Tﬁ(]é}

Pr{z

T

N (%) — pl)

Pr { ‘%N(w; X) — p(z)

1—Pr{‘%N(x;X) —p(x)
1—;Pr{‘%N(ac;X) — p(z)
1—%:131‘{‘%;&(95) - p(z)

-y

z:p(z)>0

z:p(z)>0

-}

1 n

Pr {‘— > Bi(z) — p(x)
" k=1

1— Z 2‘”@@(6)’

wherethelaststepfollows from (5.76). Define

1

|

min @,
z:p(z)>0

gdforallmeX}

> ¢ for somez € X}
>6}
>5}

-}

@ (5)] -
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(5.71)

(5.72)

(5.73)
(5.74)

(5.75)
(5.76)

(5.77)

(5.78)

(5.79)
(5.80)

(5.81)

(5.82)

(5.83)

(5.84)

(5.85)
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Thenfor suficiently largen,
Pr{X € Tfx)5} > 1 — 270, (5.86)

or
Pr{X ¢ Tfy;} < 27, (5.87)

wherep(4) is strictly positve. Thetheoremis proved.o

5.2 STRONG TYPICALITY VERSUSWEAK
TYPICALITY

As we have mentionedat the beginning of the chapter strongtypicality is
morepowerful andflexible thanweaktypicality asatool for theoremproving
for memorylesgroblems,but it canbe usedonly for randomvariableswith
finite alphabetsWe will prove in the next propositionthatstrongtypicality is
strongetthanweaktypicality in the sensahattheformerimpliesthelatter

PROPOSITION 5.5 Foranyx € X", if x € T{yy;, thenx € Wi, , whee
n—0asd — 0.

Proof By Propertyl of strongAEP (Theorenb.2),if x € Tixs0 then
o—n(H(X)+n) < p(x) < g—n(H(X)=n) (5.88)

or
1
H(X) —n < ——logp(x) < H(X) +n, (5.89)
wheren — 0 asd — 0. Thenx € W[’;Qn by Definition4.2. The propositionis
proved.o

We have provedin this propositionthat strongtypicality impliesweaktyp-
icality, but the converseis nottrue. The ideacaneasilybe explainedwithout
ary detailedanalysis. Considera distribution p’(z) on X differentfrom the
distribution p(z) suchthat

- Zp )logp(z) = H(X), (5.90)

i.e., thedistribution p’(z) hasthe sameentropy asthe distribution p(z). Such
a distribution p'(z) canalwaysbe found. For example,the two distributions
p(z) andp’(z) on X = {0, 1} definedrespectiely by

p(0) =0.3, p(1)=0.7; (5.91)

and
p'(0)=0.7, p'(1)=0.3 (5.92)
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have the sameentropy h;(0.3). Now considera sequence& € X" suchthat
therelative occurrencef eachz € X is closeto p'(z). By theabove theorem,
the empirical entrofy of x is closeto the entropy of the distribution p'(z),
i.e., H(X). Thereforex is weakly typical with respecto p(z), but it is not
stronglytypical with respecto p(x) becausehe relative occurrenceof each
z € X iscloseto p'(z), whichis differentfrom p(z).

5.3 JOINT TYPICALITY

In this section,we discussstrongjoint typicality with respecto a bivariate
distribution. Generalizationo a multivariatedistribution is straightforvard.

Considera bivariateinformationsource{ (X, Yx), k > 1} where(Xj, Yx)
arei.i.d. with distribution p(z, y). Weuse(X,Y") to denotethe pair of generic
randomvariables.

DEFINITION 5.6 Thestronglyjointly typicalsetl“[’;(y] s Withrespectop(z,y)
isthesetof (x,y) € X™ x Y™ sud that

z y
whee N(z,y;x,y) is the numberof occurencesof (z,y) in the pair of se-

quenceqx,y), andé is an arbitrarily small positivereal number A pair of
sequencegx,y) is calledstronglyjointly J-typicalif it isin T[’;(Y]o-.

1

Strongtypicality satisfieghefollowing consistencyroperty

THEOREM 5.7 (CONSISTENCY) If (x,y) € Tixys0 thenx € x5 and
y € T[T}L/]a'

Proof If (x,y) € T{ky,s then
»

Uponobservinghat

1

N(z;x) =Y N(z,y;x,y), (5.95)
Yy
we have
S| N ;%) pla)
x Y y
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= 2 Z(%N(%y;xy)—p(w,y))‘ (5.97)
z |y

< 2 %N(w,y;X,y)—p(w,y)‘ (5.98)
Ty

< 4 (5.99)

ie.,x € T[’}(](s. Similarly, y € T[’;/]J. Thetheoremis proved.o

For a bivariatei.i.d. source{(Xy, Yx)}, we have the strong joint asymp-
totic equipartitionproperty (strongJAEP), which canreadily be obtainedby
applyingthe strongAEP to thesource{ (X, Yx)}.

THEOREM 5.8 (STRONG JAEP) Let
(XaY) = ((Xla Y1)7 (XQa Y2)a Ty (Xna Yn))a (5100)

whee (X;,Y;) arei.i.d. with genericpair of randomvariables(X,Y’). In the
following A is a smallpositivequantitysud that A — 0 asd — 0.

1) If (x,y) € T{xyy, then

2 MHXY)+A) < p(x,y) < 9—n(H(X,Y)=A) (5.101)

2) For n suficientlylarge,
Pr{(X,Y) € T['}(Y]d} >1—4. (5.102)

3) For n suficientlylarge,
(1 _ 5)2n(H(X,Y)f)\) < |T[7;(Y}6| < on(H(X,Y)+A) (5.103)

Fromthe strongJAEP, we canseethe following. Sincethereareapproxi-
mately2n#(X:Y) typical (x,y) pairsandapproximatel2™(X) typical x, for
atypicalx, thenumberof y suchthat(x, y) isjointly typicalis approximately

onH(X,Y) Y )
— 9n
A = 2 (5.104)

on the average. The next theoremrevealsthat this is not only true on the
averageput it is in facttruefor every typical x aslong asthereexists at least
oney suchthat(x,y) isjointly typical.

TueoreM 5.9 Foranyx € Tjy,;, define

T 1x16(%) = {y € Tiyjs : (%,3) € Txyys}- (5.105)
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If |T[7§/|X1<s(x)| > 1, then
on(H(Y|X)—v) < |T[7}L/\X](5(X)| < 2n(H(Y\X)+1/)’

wheerv — 0 asn — oo andd — 0.

85

(5.106)

We first prove the following lemmawhich is along the line of Stirling’s

approximatior{67].
LEmMmA 5.10 Foranyn > 0,

nlnn —n<lnn!<(n+1)In(n+1) —n.

Proof First,wewrite
Inn!=Inl+mn2+---+1Inn.

Sinceln z is amonotonicallyincreasingunctionof z, we have

k k+1
/ ln$d$<lnk</ Inz dzx.
k—1 k

Summingover1 < k < n, we have

n n+1
/ Inz dz < Inn! </ Inz dz,
0 1

or
nlnn —n <lnn! < (n+1)In(n+1) —n.

Thelemmais proved.o

(5.107)

(5.108)

(5.109)

(5.110)

(5.111)

Proof of Theorem 5.9 Let § beasmallpositive realnumberandn bealarge

positive integerto be specifiedater Fix anx € T[’}(]J, sothat

1
> |=N(X;x) —plz)| <6
n
xr
Thisimpliesthatfor all z € X,
1
NXx) - pla)| <5

or 1
p(z) =8 < —N(z;x) < p(z) +0.

(5.112)

(5.113)

(5.114)
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Assumethat|T[’;,|X]6(x)| > 1, andlet

{K(z,y), (z,y) € X x Y} (5.115)
beary setof nonngative integerssuchthat
1.
> K(z,y) = N(z;x) (5.116)
Yy
forallz € X, and

2. if
N(z,y;%,y) = K(z,y) (5.117)
for all (z,y) € X x Y, then(x,y) € Tfxy1;-

Thenfrom (5.93),{ K (z, y)} satisfy

Ty
whichimpliesthatfor all (z,y) € X x Y,
K@) = pla,y)| <8 (5.119)

VK (.~ pla,y)| <8 (5118)

or
1
p(z,y) —6 < EK(w,y) < p(z,y) + 0. (5.120)

Suchaset{K(z,y)} exists becausd“[’;/‘x]é(x) is assumedo be nonempty

Straightforvard combinatoricgevealsthatthe numberof y which satisfythe
constraintsn (5.117)is equalto

N(z;x)!
M{K) = 1;[ Iy I(((z,)y)!'

UsingLemma5.10,we canlower boundln M (K) asfollows.

(5.121)

In M(K)
> Z {N(m;x) In N(z;x) — N(z;x)

x

e

z [N(x; x) In N (z; x)

x
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- (K(z,y) + 1) In(K (z,y) + 1)] (5.123)

Y

Y {N(z;%) In(n (p(z) — 6))

_Z ln[ ( (w,y)-l—é-l—%)]}. (5.124)

In the abore, a) follows from (5.116), and b) is obtainedby applying the
lowerboundonn !N (z; x) in (5.114)andtheupperboundonn ' K (z, ) in
(5.120).Also from (5.116),the coeficientof Inn in (5.124)is givenby

> lN(ﬂc;X) — Y (K(z,y) +1)

T Y

= —|X|VI. (5.125)

Let ¢ besuficiently smallandn be suficiently large sothat

0<p(z)—d<1 (5.126)
and .
p(z,y) + 6+ o< 1 (5.127)
for all z andy. Thenin (5.124),boththelogarithms
In(p(z) — 6) (5.128)
and )
In (p(.I, y) 45+ —) (5.129)
n

arenegative. Note thatthe logarithmin (5.128)is well-definedby virtue of
(5.126).Rearranginghetermsin (5.124),applyingtheupperboundin (5.114)
andthelower bound in (5.120),anddividing by n, we have

n~'In M(K)

> Z(()+6)ln ZZ( z,7) —5+1>

«In (p(:v,y) np %) - @ (5.130)
_ _H(X) + H(X,Y) + Ly(n, 6) (5.131)
— H.(Y|X) + Li(n, 6), (5.132)

3For the degenerateasewhenp(z, y) = 1 for somez andy, p(z,y) + 6 + % > 1, andthelogarithmin
(5.129)is in factpositve. Thenthe upperboundinsteadof thelower boundshouldbe applied. The details
areomitted.
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whereL;(n, §) denotesafunctionof n andd whichtendsto 0 asn — oo and
0 — 0. Usinga similar method,we canobtaina correspondingipperbound
asfollows.

In M(K)
< L {0 + DN + 1) - Nwix)
- Y [K(z,y) n K (z,y) — K(z, y)]} (5.133)
Y
= Z (N(z;x) + 1) In(N(z;x) + 1)
- K(z,y) n K (z, y)] (5.134)
Y
< Z {(N(m;x) +1)In [n (p(:c) +4d+ %)]
Y
In theabove, thecoeficient of Inn is givenby
> l(N(x; x)+ 1) — ZK(m,y)] = |X|. (5.136)
T Y
We let § besufiiciently smallandn besuficiently large sothat
p(z)+ 4+ % <1 (5.137)
and
0<plz,y) —d<1 (5.138)
for all z andy. Thenin (5.135),boththelogarithms
In (p(x) +0+ %) (5.139)
and
In(p(z,y) — 0) (5.140)

arenegative, andthelogarithmin (5.140)is well-definedby virtue of (5.138).
Rearranginghetermsin (5.135),applyingthelowerbound in (5.114)andthe

Y p(z) = 1, p(x) + 6 + % > 0, andthelogarithmin (5.139)is in factpositive. Thenthe upperbound
insteadof thelower boundshouldbeapplied. The detailsareomitted.
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upperboundin (5.120),anddividing by n, we have
n~ln M(K)

< z<p(w)—5+%)ln(p(x)+5+%)

x

—ZZ z,y) +0)In(p(z,y) — ) + |X|:1n (5.141)
_ —He(X) + H(X,Y) + Ly(n, ) (5.142)
= H.(Y|X)+ Lu(n, 0), (5.143)

whereL, (n, §) denotesafunctionof » andd whichtendsto 0 asn — oo and
0 — 0.

Now from (5.132)and(5.143)andchangingthe baseof the logarithmto 2,
we have

H(Y|X) + Li(n,0) <n 'log M(K) < HYY|X) 4 Ly(n,8). (5.144)
Fromthelower boundabore, we immediatelyhave
log|Ty|X (x)| > HY|X) + Li(n, 6). (5.145)

Toupperbound|TY‘X] (x)|, wehaveto considethattherearein generamore

thanonepossiblesetof { K (z, y) }. Towardthisend,by observinghatK (z, )
takesvaluesbetweer0 andn, the total numberof possiblesetsof { K (z,y)}
is atmost

(n 4 1)I*IV, (5.146)

Thisis avery crudeboundbut it is goodenoughfor our purpose.Thenfrom
theupperboundin (5.144),we obtain

“og [Ty x5 ()] < n”tlog(n+1)¥IPN 4+ H(Y|X) + Lu(n,6). (5.147)

Sincethefirst termof theabove upperboundtendsto 0 asn — oo, combining
(5.145)and(5.147),it is possibleto choosea v (dependingonn andé) which
tendsto 0 asn — oo andé — 0 suchthat

In™"log [Try x1m ()| = H(Y | X)| < v, (5.148)

or
(HYIX) ) < |7, ()] < 2nHOYX) ), (5.149)

Thetheoremis proved.o

Theabove theorenmsaysthatfor ary typicalx, aslongasthereis onetypical
y suchthat(x, y) is jointly typical, thereareapproximately2"# (' X) y such
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2MHM Y € S,

. N
oMK | : : w\;> PPH(X.Y)
xeshy,| 1 - o | GwESk,

Figure5.2. A two-dimensionastrongjoint typicality array

that(x,y) is jointly typical. Thistheoremhasthefollowing corollarythatthe
numberof suchtypical x grows with n at almostthe samerate asthe total
numberof typical x.

COROLLARY 5.11 For ajoint distributionp(z,y) onX x Y, let S[’}(]J bethe
setof all sequences € T[" X6 sud thatTmX] (x) isnonemptyThen

|75l > (1 = 6)2nHX)=9), (5.150)
whee — 0 asn — oo andd — 0.

Proof By the consisteng of strongtypicality (Theorem5.7), if (x,y) €

Tys0 thenx € Ty 5. In particularx € Sy ;- Then
Ty = U {(y) ¥ € T x(x)} (5.151)
XES"

[X15
Using the lower boundon |T” 5\ in Theorem5.8 andthe upperboundon
T v|x]6 s(X)[in thelasttheoremweha/e

(1= 82N < T ] < [SPggf2 OO (5.152)

whichimplies
|55l = (1 — §)2nHE)I =), (5.153)

Thetheoremis proveduponlettingy = A + v. o
In this section,We have establishedh rich setof structuralpropertiesfor
strongtypicality with respecto a bivariatedistribution p(z, y), whichis sum-

marizedin the two-dimensionaktrong joint typicality array in Figure5.2. In
this array the rows andthe columnsarethetypical sequences € S[@(]é and

DRAFT Septenber 13, 2001, 6:27pm DRAFT



Strong Typicality 91

2nH(Z)
zZ€ 31“ i
715
2y~
aneo | 1 E
y € S{Y]o‘ H i (XOJY())
N
2090 x € 8§

Figure5.3. A three-dimensionatrongjoint typicality array

y € S[”Y]J, respectiely. The total numberof rows andcolumnsareapproxi-
matelyequalto 2" (X) and2"#(¥) respectiely. An entryindexedby (x,y)
recevesadotif (x,y) is stronglyjointly typical. The total numberof dots
is approximatelyequalto 2#(X;Y) The numberof dotsin eachrow is ap-
proximatelyequalto 27 (Y1X) while the numberof dotsin eachcolumnis
approximatelyequalto 2m# (XY)

For reasonsvhichwill becomeclearin Chapterl6, the strongjoint typical-
ity arrayin Figure5.2is saidto exhibit anasymptotiqquasi-uniformstructure.
By atwo-dimensionahsymptotiaquasi-uniformstructurewe meanthatin the
array all the columnshave approximatelythe samenumberof dots, and all
the rows have approximatelythe samenumberof dots. The strongjoint typ-
icality arrayfor a multivariatedistribution continuego exhibit an asymptotic
quasi-uniformstructure. The three-dimensionastrongjoint typicality array
with respecto adistribution p(z, y, ) is illustratedin Figure5.3. As before,
anentry (x,y,z) recevesadotif (x,y,z) is stronglyjointly typical. Thisis
not shavn in thefigure otherwiseit will be very confusing.Thetotal number
of dotsin the whole arrayis approximatelyequalto 2#(X:¥:2) ' Thesedots
aredistributedin the arraysuchthatall the planesparallelto eachotherhave
approximateljthe samenumberof dots,andall the cylindersparallelto each
otherhave approximatelythe samenumberof dots. More specifically thetotal
numberof dotson the planefor ary fixedzg € S["Z]J (asshawn) is approxi-

matelyequalto 277 (X;Y12) andthetotalnumberof dotsin thecylinderfor ary
fixed (xo, o) pairin 575 (@sshawn) is approximatelyequatto 2n#(1X.Y),
soonandsoforth.
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5.4 AN INTERPRETATION OF THE BASIC
INEQUALITIES

Theasymptotiaqquasi-uniformstructureexhibitedin a strongjoint typicality
arraydiscussedn the lastsectionis extremelyimportantin informationthe-
ory. In this section,we shav how the basicinequalitiescan be revealedby
examiningthis structure.It hasfurther beenshavn by Chan[39] thatall un-
constrainednformationinequalitiescanbe obtainedfrom this structure thus
giving aphysicalmeaningo thesenequalities.

ConsiderrandomvariablesX,Y, and Z anda fixedz € S["Z]J. By the
consisteng of strongtypicality, if (x,y,z) € T[’;(YZ]J, then(x,z) € T[T)l(z]a
and(y,z) € T}y ,;,- Thus

whichimplies
Tixv1216(2)| < [T1x| 215(2) [T} 236 (2)]- (5.155)

Applying thelower boundin Theorens.9t0 Tf.| ;;(z) andtheupperbound
t0 Tk 15(2) andTy, ,15(2), we have

gn(H(X.Y|2)~0) < gn(H(X|Z)+7) qn(H(Y|2)+6) (5.156)

where(¢, vy, — 0 asn — oc andé — 0. Takinglogarithmto the base2 and
dividing by n, we obtain
H(X,Y|Z) < H(X|Z)+ H(Y|Z) (5.157)
uponlettingn — oo andé — 0. Thisinequalityis equialentto
I(X;Y|Z) > 0. (5.158)

Thus we have proved the nonngativity of conditional mutual information.
Sinceall Shannors informationmeasurearespecialcase®f conditionalmu-
tual information,we have provedthe nonngatvity of all Shannors informa-
tion measuresyamelythe basicinequalities.

PROBLEMS
1. Show that (x,y) € Tk yy5 @and (y,z) € T}y, 7)5 do notimply (x,2) €
Ti%, 215°
2. LetX = (X1, Xy, -+, X,,), whereXj, arei.i.d. with genericrandomvari-
ableX. Provethat
3
Pr{X € Tk} 21— %
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for ary n andé > 0. ThisshavsthatPr{X ¢ T[’;(]J} — lasé — 0 and
n — oo if y/nd — oc.

3. Provethatfor adiscreterandomvariableX with aninfinite alphabetProp-
erty 2 of thestrongAEP holds,while Propertiesl and3 do nothold.

4. Considemsequenca = (z1, 2, - -, T) Wherez; is in somefinite alpha-
bet X for all i. Thetype Py of thesequence is the empiricalprobability
distributionover X' in x, i.e., Px(z) = N(z|x)/n forallz € X. Provethat

therearea total of (""1*1™1) distincttypesPy. Hint: Thereare (“*2~1)
waysto distritute o identicalballsin b boxes.

5. Shaw thatfor ajoint distribution p(z, y), for ary § > 0, thereexists0 <
) suchthatT{y,; C Sy, for sufficiently largen.

6. Let P(X) bethesetof all probabilitydistributionsover afinite alphabett’.
Find a polynomial Q(n) suchthatfor ary integer n, thereexists a subset
Pn(X) of P(X) suchthat

a) |Pn(X)| < Q(n);
b) forall P € P(X), thereexists P, € P,(X) suchthat

[Pala) = P@)] < -

forallz € X.

Hint: Let P,,(X) bethesetof all probabilitydistributionsover X’ suchthat
all the probability masseganbe expressedasfractionswith denominator
n.

7. Let p be ary probability distribution over a finite set X andn be a real
numberin (0, 1). Prove thatfor ary subsetd of X™ with p™(A4) > n,

|ANTyl > on(H(p)=d")
whered’ — 0 asd — 0 andn — oc.

HISTORICAL NOTES

Bemger[21] introducedstrongtypicality which wasfurther developedinto
themethodof typesin thebookby Csiszr andKorner[52]. Thetreatmenof
thesubjectherehasalevel betweerthetwo, while avoiding the heary notation
in [52]. Theinterpretatiorof thebasicinequalitiesn Section5.4is apreamble
to therelationbetweerentrofy andgroupsto be discussedh Chapterl6.
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Chaptel6

THE I-MEASURE

In Chapter2, we have shawvn the relationshipbetweenShannors informa-
tion measurefor two randomvariablesby thediagramin Figure2.2. For con-
venienceFigure2.2is reproducedn Figure6.1with therandomvariablesX
andY replacedby X; and X5, respectiely. Thisdiagramis veryilluminating
becausét suggestshat Shannors informationmeasuregor ary n > 2 ran-
domvariablesmayhave a set-theoretistructure In this chapterwe developa
theorywhich establishesa one-to-onecorrespondenceetweenShannors in-
formationmeasureandsettheoryin full generality With this correspondence,
manipulation®f Shannors informationmeasuresanbeviewedassetopera-
tions,thusallowing therich setof toolsin settheoryto be usedin information
theory Moreover, the structureof Shannors informationmeasuresaneasily

H(X,X5)

H(X1X;) /\ H(X21X1)

106 HOG)

I(X;Xz)

Figure6.1. Relationshifbetweerentropiesandmutualinformationfor two randomvariables.
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bevisualizedby meansof aninformationdiagramif four randomvariablesor
lessareinvolved.

Themainconceptdo beusedn thischaptearefrom measureheory How-
ever, it is not necessaryor the readerto knov measureheoryto readthis
chapter

6.1 PRELIMIN ARIES

In this sectionwe introducea few basicconceptsn measureheorywhich
will beusedsubsequentlyTheseconceptwill beillustratedby simpleexam-
ples.

DEFINITION 6.1 Thefield 7, geneatedby setsX;, X5, - -, X, is the col-
lection of setswhich canbe obtainedby any sequencef usualsetopemtions
(union,intersection,complementanddifference)on X1, X5, -, X,.

DEFINITION 6.2 Theatomsof 7, are setsof the form N},Y;, wheeY; is
either X; or X7, thecomplemenof X;.

Thereare2™ atomsand22” setsin F,,. Evidently all the atomsin %, are
disjoint,andeachsetin F;,, canbeexpressediniquelyastheunionof a subset
of the atomsof F,1. We assuméhatthesetsX;, X, ---, X,, intersectwith
eachothergenericallyi.e., all theatomsof F,, arenonemptyunlessotherwise
specified.

EXAMPLE 6.3 ThesetsX; and X, genentethefield F,. Theatomsof 7,
are

leXQ,XmeQ,Xl ﬂXQC,chﬂXQC, (61)
which are representedy thefour distinctregionsin the Venndiagramin Fig-
ure 6.2. Thefield F» consistsof the unionsof subsetof the atomsin (6.1).

Thee are atotal of 16 setsin F,, which are preciselyall the setswhich canbe
obtainedfrom X; and X, by theusualsetopetions.

DEerINITION 6.4 Arealfunctiony definedon 7, is calleda signedmeasue
if it is set-additivei.e., for disjoint A and B in F,,,

#(AU B) = u(A) + u(B). (6.2)
For asignedmeasure:, we have

1We adoptthe corventionthatthe unionof the emptysubsebf theatomsof F,, is theemptyset.
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Figure6.2. TheVenndiagramfor X; andXo.

which canbe seenasfollows. Forary A in F,,
p(A) = u(AUD) = p(A) + p(®) (6.4)

by set-additrity becaused and(} aredisjoint,whichimplies(6.3).
A signedmeasure; on F,, is completelyspecifiedoy its valuesontheatoms
of F,. Thevaluesof ; ontheothersetsn F,, canbeobtainedvia set-additiity.

EXAMPLE 6.5 A signedmeasue i on 7, is completelyspecifiedoy the val-
ues

p(X1 N Xo), p(XF N Xo), u(Xy N X5), p(XF N X5). (6.5)
Thevalueof x on X7, for example canbeobtainedas

p(X1) = p((X1nXz)U(X1nXs) (6.6)

= p(X1NX2) + p(X1NX3). (6.7)

6.2 THE I-MEASURE FOR TWO RANDOM
VARIABLES

Tofix ideaswefirstformulatein this sectiontheone-to-oneorrespondence
betweerShannors informationmeasureandsettheoryfor two randomvari-
ables.For randomvariablesX; and X», let X1 and X, besetscorresponding
to X, andX,, respeciiely. ThesetsX; and X, generateshefield F, whose
atomsarelisted in (6.1). In our formulation, we setthe universalset(2 to
X, U X, for reasonsvhich will becomeclearlater With this choiceof €, the
Venndiagramfor X and X, is representedly the diagramin Figure6.3. For
simplicity, the setsX; and X, arerespeciiely labeledby X; and X in the
diagram. We call this the informationdiagram for the randomvariablesX;
andXs. In thisdiagramtheuniversalset,whichis the unionof X1 andXz, is
not shavn explicitly asin a usualVenndiagram.Notethatwith our choiceof
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1 X,

Figure6.3. Thegenericinformationdiagramfor X; andX5.

theuniversalset,theatom X¢ N X§ is degeneratedo the emptyset,because
XN XS = (XU Xp)® = Qf =0. (6.8)

Thusthis atomis notshavn in theinformationdiagramin Figure6.3.
ForrandomvariablesX; and Xs, the Shannors informationmeasureare

H(X,),H(X2),H(X1|X2), H(X2|X1),H(X1,X5),I(X1; X2).  (6.9)

Writing A N B¢ asA — B, we now definea signedmeasure.* by

pr(X: — Xo) = H(X1|Xo) (6.10)
p(Xe — X1) = H(Xo|X1), (6.11)

and } }
pH (X1 N Xp) = I(X1; X). (6.12)

Thesearethe valuesof y* on the nonemptyatomsof 7, (i.e., atomsof 7,
otherthanX{ N X§). Thevaluesof * ontheothersetsin 7, canbeobtained
via set-additrity. In particular therelations

,u*(XHUXQ) = H(Xl,XQ) (613)
w(X) = H(X), (6.14)

and 3
pt(Xs) = H(X2) (6.15)

canreadilybe verified. For example,(6.13)is seento betrueby considering

wH (X1 U Xo)
= (X = Xo) +pi (X — X1) + pf (X1 N Xp) (6.16)
= H(X1|X2) + H(X2|X1) + I(X1; Xa) (6.17)
— H(X),Xs). (6.18)
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The right handside of (6.10) to (6.15) arethe six Shannors information
measurefor X; andXs in (6.9). Now obsere that(6.10)to (6.15)areconsis-
tentwith how the Shannors informationmeasure®sn theright handsideare
identifiedin Figure6.1,with theleft circle andtheright circle representinghe
setsX; and X, respectiely. Specifically in eachof theseequationsthe left
handsideandthe right handside correspondo eachothervia the following
substitutionof symbols:

*

H/I

bl

ORRORIG
D C X

_ (6.19)

| <& —.

Note that we make no distinctionbetweenthe symbolsH and in this sub-
stitution. Thusfor two randomvariablesX; and X5, Shannors information
measuresanformally beregardedasa signedmeasureon F,. We will refer
to u* asthel-Measue for therandomvariablesX; andX»2.

Upon realizing that Shannors information measuresan be viewed as a
signedmeasurewe canapply the rich setof operationsn settheoryin in-
formationtheory This explainswhy Figure 6.1 or Figure 6.3 representshe
relationshipbetweerall Shannors informationmeasurefor two randomvari-
ablescorrectly As an example,considerthe following setidentity which is
readilyidentifiedin Figure6.3:

pH (X1 U X) = p(X1) + p(X2) — (X1 N Xo) (6.20)

Thisidentity is a specialcaseof theinclusion-&clusionformulain settheory
By meansof the substitutionof symbolsin (6.19),we immediatelyobtainthe
informationidentity

H(X1,Xo) = H(X1) + H(X2) — I(X1; Xo). (6.21)

We endthis sectionwith aremark. Thevalueof x* ontheatom X¢ N X§
hasno apparentnformation-theoreti meaningIn ourformulation,we setthe
universalsetQ to X; U X, sothatthe atom X¢{ N X is degeneratedo the
emptyset. Theny*(X¢ N X%) naturallyvanishesecause:* is ameasureand
w* is completelyspecifiedby all Shannors information measuresnvolving
therandomvariablesX; andXs.

2Thereadershouldnotconfuseu* with theprobabilitymeasurelefiningtherandonvariablesX; and Xs.
Theformer, however, is determinedy thelatter

DRAFT Septenber 13, 2001, 6:27pm DRAFT



100 AFIRSTCOURSHN INFORMATION THEORY

6.3 CONSTRUCTION OF THE I-MEASURE p*

We have constructedhe I-Measurefor two randomvariablesin the last
section. In this section,we constructthe 7-Measurefor ary n > 2 random
variables.

Considem randomvariablesXy, Xo, - - - , X,. For ary randomvariable X,
let X beasetcorrespondingo X. Let
N, ={1,2,--- ,n}. (6.22)
DefinetheuniversalsetQ to betheunionof thesetsX;, Xo, - -, X,,, i.e.,
o= x. (6.23)
iENn

We useF, to denotethefield generatedy X, X, - -, X,,. Theset

Ao= () Xf (6.24)
1EN,

is calledthe emptyatomof F,, because

N X;= ( U XZ-) =Q°=0. (6.25)

’iENn ieNn

All theatomsof F,, otherthan Ay arecallednonemptyatoms

Let A bethesetof all nonemptyatomsof F,,. Then|A|, the cardinalityof
A, is equalto 2™ — 1. A signedmeasures on F,, is completelyspecifiedby
thevaluesof x onthenonemptyatomsof F,,.

To simplify notation,we will use X to denote(X;,i € G) and X to
denoteU;c ¢ X; for ary nonemptysubsetG of A,.

THEOREM 6.6 Let

B= {XG : Glis anonemptysubsebf/\/n} . (6.26)
Thena signedmeasue . on F, is completelyspecifiecby {u(B), B € B},
whidch canbe anysetof realnumbes.

Proof Thenumberof elementsn B is equalto the numberof nonemptysub-
setsof AV,,, whichis 2" — 1. Thus|A| = [B] = 2" — 1. Letk = 2™ — 1.
Let u bea columnk-vectorof u(A), A € A, andh be a columnk-vectorof
u(B), B € B. Sinceall thesetsin B canexpressediniquelyasthe union of
somenonemptyatomsin A, by the set-additity of p, for eachB € B, u(B)
canbeexpressediniquelyasthe sumof somecomponentsf u. Thus

h=C,u, (6.27)
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whereC,, is auniquek x k matrix. Onthe otherhand,it canbe shavn (see
Appendix6.A) thatfor eachA € A, ;(A) canbe expressedasa linearcom-
binationof u(B), B € B by applicationsjf necessaryof the following two
identities:
p(ANB—-C) = p(A-C)+u(B-C)—pu(AUB—-C) (6.28)
u(A—B) = p(AUB)—pu(B). (6.29)
However, the existenceof the saidexpressiondoesnot imply its uniqueness.

Neverthelesswe canwrite
u=D,h (6.30)

for somek x k matrixD,,. Uponsubstituting(6.27)into (6.30),we obtain
u=(D,C,)u, (6.31)

which impliesthatD,, is the inverseof C,, as(6.31) holdsregardlessof the
choiceof u. SinceC,, is unique,sois D,,. Therefore,u(A),A € A are
uniquelydeterminednceu(B), B € B arespecified.Hence,a signedmea-
sureu on F,, is completelyspecifiecby {u(B), B € B}, whichcanbeary set
of realnumbersThetheoremis proved.o

We now prove thefollowing two lemmaswhich arerelatedby the substitu-
tion of symbolsin (6.19).

LEMMA 6.7

w(ANB—-C)=pu(AUC)+u(BUC) —pu(AUBUC) — u(C). (6.32)

Proof From(6.28)and(6.29),we have

u(ANB—C)
— WA-C)+u(B—C)—u(AUB—C) (6.33)
= (AU C) —u(C) + (u(BUC) —u(C))
—(u(AUBUC) —u(C)) (6.34)
= p(AUC)+u(BUC)—u(AUBUC) — u(C). (6.35)

Thelemmais proved.o
LEMMA 6.8

I(X;Y|Z)=H(X,Z)+ HY,Z)— HX,Y,Z) - H(Z).  (6.36)
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Proof Consider

I(X;Y|2)
H(X|Z) - H(X|Y, Z) (6.37)
= H(X,Z)-H(Z)— (H(X,Y,Z) - H(Y, Z)) (6.38)
H(X,Z)+ H(Y,Z) - H(X,Y,Z) — H(Z). (6.39)

Thelemmais proved.o

We now constructhe I-Measureu* on F,, usingTheorem6.6 by defining
w(Xe) = H(Xc) (6.40)

for all nonemptysubsetss of A,,. In orderfor u* to be meaningful,it hasto
be consistentvith all Shannors informationmeasuregvia the substitutionof
symbolsin (6.19)).In thatcasethefollowing mustholdfor all (notnecessarily
disjoint) subsets7, G', G" of N,, whereG andG’ arenonempty:

p(Xe N Xer — Xan) = I(Xa; Xer| Xan). (6.41)
WhenG" = (), (6.41)becomes
w(XeNXer) = I(Xg; Xar)- (6.42)
WhenG = G’, (6.41)becomes
w(Xg — Xgn) = H(Xg| Xan). (6.43)
WhenG = G' andG"” = 0, (6.41)becomes
w(Xa) = H(Xg). (6.44)

Thus(6.41)coversall thefour case®f Shannors informationmeasuresandit
is the necessarpandsuficient conditionfor u* to be consistentvith all Shan-
non’s informationmeasures.

THEOREM 6.9 p* is the uniquesignedmeasue on F,, which is consistent
with all Shannors informationmeasues.

Proof Consider

p(Xe N X — Xgn)
= p*(Xeuar) + 1" Xauar) — 1w (Xauaruar) — w*(Xgr)  (6.45)
= H(Xcue) + HXgue) — H(Xcuerugr) — H(Xgr)  (6.46)
= I(Xg; Xa'| Xar), (6.47)
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where(6.45) and (6.47) follow from Lemmas6.7 and 6.8, respeciiely, and
(6.46)follows from (6.40),the definitionof p*. Thuswe have proved (6.41),
i.e.,u* is consistentith all Shannors informationmeasures.

In orderthat ™ is consistentvith all Shannors informationmeasuresior
all nonemptysubsetss of N, u* hasto satisfy (6.44), which in factis the
definitionof x* in (6.40). Therefore x* is the uniquesignedmeasureon 7,
whichis consistentvith all Shannors informationmeasuresa

6.4 u CAN BE NEGATIVE

In theprevioussectionsye have beencautiousn referringto the/-Measure
p* asasignedmeasureénsteadof ameasurg. In this sectionwe shaw that ;.*
in factcantake negative valuesfor n > 3.

Forn = 2, thethreenonemptyatomsof F, are

leXQ,Xl—XQ,XQ—Xl. (648)
Thevaluesof p* ontheseatomsarerespeciiely
I(Xl;XQ),H(X1|X2),H(X2|X1). (649)

Thesequantitiesare Shannors informationmeasuresindhencenonngative
by the basicinequalities.Therefore* is alwaysnonngatve for n = 2.
Forn = 3, thesevennonemptyatomsof F3 are

XZ'—X{j’k},XiﬂXj—Xk,XlﬂXQQXP,, (6.50)
wherel <7 < j < k < 3. Thevaluesof p* onthefirst two typesof atomsare
W (Xi — Xijny) = H(Xil X, X¢) (6.51)

and
wH (X 0 X5 — Xi) = I(Xi; X5 X), (6.52)

respectiely, which are Shannors information measuresand thereforenon-
negative. However, u*(X; N X, N X3) doesnot correspondo a Shannors
informationmeasureln the next example,we shaw that * (X, N X5 N X3)
canactuallybe negative.

EXAMPLE 6.10 In this example all the entiopiesare in the base2. Let X;
and X, beindependenbinary randomvariableswith

Pr{X; = 0} = Pr{X; = 1} = 0.5, (6.53)

3A measureanonly take nonngjative values.
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i=1,2. Let
X3 = X1 + X9 mod 2. (654)

It is easyto ched that X3 hasthe samemarginal distribution as X; and X5.
Thus,
H(X;)=1 (6.55)

fori = 1,2,3. Moreover, X1, X5, and X3 are pairwiseindependentThele-
fore,

H(X;,X;) =2 (6.56)
and

I(X;;X;)=0 (6.57)

for1 <i < j < 3. Wefurther seefrom (6.54)that eadr randomvariableis a
functionof theothertworandomvariables.Thenbythechainrule for entiopy,
wehave

H(X1,X5,X3) = H(X1,X2)+ H(X3|X1,Xs) (6.58)
= 240 (6.59)
2. (6.60)

Nowforl <i<j<k <3,

I(X;5 X;] Xy)
= H(X;, Xy)+ H(Xj,Xk) — H(X1, X2, X3) — H(X}) (6.61)
— 242-2-1 (6.62)
_— (6.63)

where wehaveinvoked Lemmab.8. It thenfollowsthat

p(XiNXonXs) = pf(XinXy) —p (XinX;—X3)  (6.64)
= I(X1; Xp) — I(X1; X[ X;) (6.65)
— 0-1 (6.66)
" (6.67)

Thusy* takesa negativevalueon theatom X; N X, N X3.

Motivatedby the substitutionof symbolsin (6.19)for Shannors informa-
tion measuresye will write p* (X1 N Xy N X3) asI(X1; X9; X3). In general,
we will write B B ~ B

p(Xe, N Xg, N---NXg,, — XF) (6.68)

as
I(Xey3Xasi 3 X6, | XF) (6.69)
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I(Xq; Xo; X3 )

(X1 X X3 ) H (X2 X;)

H(X,)

H(X:| Xz, X3 ) I(X1; X3)
Figure6.4. Thegenericinformationdiagramfor X, X», andXs.

andreferto it asthe mutualinformationbetweenX¢, , Xg,, - - -, Xq,, condi-
tioningon X . Then(6.64)in theabore examplecanbewritten as

I(X1; X5 X3) = I(X1; Xo) — I(X1; X2|X3). (6.70)
For thisexample,I(X;; Xo; X3) < 0, whichimplies
I(X1; X2|X3) > I(X1; Xo). (6.71)

Therefore unlike entropy, the mutualinformationbetweenwo randomvari-
ablescanbeincreasedy conditioningon a third randomvariable. Also, we
notein (6.70)thatalthoughthe expressioron the right handsideis not sym-
bolically symmetricain X, X», and X3, we seefrom theleft handsidethat
it is in factsymmetricain X, X5, and X3.

6.5 INFORMATION DIAGRAMS

We have establishedn Section6.3 a one-to-onecorrespondencbetween
Shannors informationmeasureandsettheory Thereforeijt is valid to usean
informationdiagram, whichis a variationof a Venndiagramto representhe
relationshipbetweerShannors informationmeasures.

For simplicity, asetX; will belabeledby X; in aninformationdiagram We
have seenthe genericinformationdiagramfor » = 2 in Figure6.3. A generic
information diagramfor n = 3 is shawvn in Figure 6.4. The information-
theoreticlabeling of the valuesof u* on someof the setsin F3 is shavn in
the diagram. As an example,the informationdiagramfor the 7-Measurefor
randomvariablesX, X5, and X3 discussed Example6.10is shavn in Fig-
ure6.5.

Forn > 4, it is notpossibleto displayaninformationdiagramperfectlyin
two dimensions.In general,an informationdiagramfor n» randomvariables
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needsn — 1 dimensiondo be displayedperfectly Neverthelessfor n = 4,
aninformationdiagramcanbe displayedin two dimensionsalmostperfectly
asshavn in Figure6.6. This informationdiagramis correctin thattheregion
representinghesetX, splitseachatomin Figure6.4into two atoms.However,
the adjacenyg of certainatomsarenot displayedcorrectly For example,the
set X1 N Xy N X§, which consistsof the atomsX; N X, N X3 N X§ and
X1NXyNXS§N XY, is notrepresentetly aconnectedegion because¢hetwo
atomsarenotadjacento eachother

Wheny* takesthevaluezeroonanatomA of F,,, wedonotneedto display
theatomA in aninformationdiagrambecaus¢he atom A doesnot contritute
to p*(B) for ary setB containingthe atom A. As we will seeshortly this
canhappernif certainMarkov constraintareimposedontherandomvariables
involved, and the information diagramcan be simplified accordingly In a
genericinformationdiagram(i.e., whenthereis no constrainton the random
variables) however, all the atomshave to be displayed,asis implied by the
next theorem.

THEOREM 6.11 If ther is no constaint on X7, Xo,---, X,,, theny* can
take any setof nonn@ativevalueson the nonemptyatomsof F,.

Proof We will prove thetheoremby constructinga u* which cantake ary set
of nonngatve valuesonthenonemptyatomsof 7,,. Recallthat.A is thesetof
all nonemptyatomsof F,,. LetY4, A € A bemutuallyindependentandom
variables.Now definetherandomvariablesX;,i = 1,2,---,n by

X;=(Ya:Ac AandA C X;). (6.72)

We determinethe 7-Measureyu* for X, X»,---, X, so definedas follows.
SinceY, are mutually independentfor all nonemptysubsetsa of N,,, we
have

H(Xg)= >, H(Ya). (6.73)
Ae A:ACXq

X

Figure6.5. Theinformationdiagramfor X;, X», and X3 in Example6.10.
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Figure6.6. Thegenericinformationdiagramfor X, X5, X3, andXj4.

Ontheotherhand,

H(Xg)=p"(Xe)= Y. u*(A). (6.74)
AcA:ACX

Equatingtheright handsidesof (6.73)and(6.74),we have
Y O HIa)= Y w4, (6.75)

AcA:ACX AcA:ACXq

Evidently we canmale the above equalityhold for all nonemptysubsets7 of
N, by taking
w*(A) = H(Y,) (6.76)

for all A € A. By theuniquenessf *, thisis alsotheonly possibilityfor z*.
SinceH (Y 4) cantake ary nonngative valueby Corollary 2.44, * cantake
ary setof nonn@atie valueson the nonemptyatomsof F,,. The theoremis
proved.c

In therestof this sectionwe explorethestructureof Shannors information
measuresvhenX; — Xy — --- — X,, formsaMarkov chain. To startwith,
we considem = 3, i.e., X1 — X5 — X3 formsaMarkov chain.Since

pt (X1 N XS5 N X3) = I(X1; X3 X,) =0, (6.77)

theatomX; N X$N X3 doesnothaveto bedisplayedn aninformationdiagram.
As such,in constructingheinformationdiagram theregionsrepresentinghe
randomvariablesX;, X5, and X3 shouldoverlapwith eachothersuchthatthe
region correspondindo the atom X; N X$ N X3 is empty while the regions
correspondindo all othernonemptyatomsare nonempty Figure6.7 shavs
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% X

Figure6.7. Theinformationdiagramfor theMarkov chainX; — X, — X3.

sucha constructionjn which eachrandomvariableis representetdy a moun-
tain®. FromFigure6.7,we seethatX; N X, N X3, astheonly atomonwhich
w* may take a negative value,now becomesdenticalto the atom X; N Xs.

Thereforewe have

I(X1; X5 X3) = p(X1N XN Xy) (6.78)
= u*(X; N Xs) (6.79)
= I(X1;X3) (6.80)
> 0. (6.81)

Hence we concludethatwhen X; — Xy — X3 formsaMarkov chain,u* is
alwaysnonngatie.

Next, we considern = 4, i.e., X; — Xy — X3 — X, formsa Markov
chain. With referenceto Figure 6.6, we first shav that underthis Markov
constrainty* alwaysvanisheson certainnonemptyatoms:

1. TheMarkov chainX; — X, — X3 implies

I(Xl;Xg;X4|X2) + I(Xl;X3|X2,X4) = I(Xl;X3|X2) = 0 (682)

2. TheMarkov chainX; — X, — X, implies

I(Xl;Xg;X4|X2) —I— I(Xl;X4|X2,X3) = I(Xl;X4|X2) = 0 (683)

3. TheMarkov chainX; — X3 — X, implies

I(Xl;XQ;X4|X3) + I(Xl;X4|X2,X3) B I(Xl;X4|X3) =0. (684)

4This form of aninformationdiagramfor a Markov chainfirst appearedn Kawabatg[107].
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4. TheMarkov chainX, — X5 — X, implies

I(Xl;XQ;X4|X3) + I(XQ;X4‘X1,X3) = I(XQ;X4|X3) = 0 (685)

5. TheMarkov chain(X1, X3) — X3 — X4 implies

I(Xl;XQ;X4|X3)+I(X1;X4|X2,X3)—|—I(X2;X4|X1,X3)
= I(Xl,XQ;X4|X3) (686)
Y (6.87)

Now (6.82)and(6.83)imply

I(X1; X4| X2, X3) = I(X1; X3| X2, Xy), (6.88)
(6.84)and(6.88)imply
I(X1; Xo; X4|X3) = —1(X1; X3]|Xo, Xy), (6.89)

and(6.85)and(6.89)imply
I(Xo; X4| X1, X5) = I(X1; X3 X2, Xa). (6.90)

Thetermsontheleft handsidesof (6.88),(6.89),and(6.90)arethethreeterms
ontheleft handsideof (6.87). Thenwe substitutg6.88),(6.89),and(6.90)in
(6.87)to obtain

,u*(X'l ﬂXQCﬂXgﬂXE) :I(Xl;X3|X2,X4) =0. (691)
From(6.82),(6.88),(6.89),and(6.90),(6.91)implies

pt (X1 N XS5 N X3 N Xy) = I(X15 X35 X4|X2) =0 (6.92)
pH (X1 N X5 N X5 N Xy) = (X5 Xa| X2, X3) =0 (6.93)
Pt (X1 N Xy N X5 N Xy) = I(X1; Xo; X4|X3) =0 (6.94)
pH(XE N Xo N X5 N Xy) = I(Xo; Xa| X1, X3) =0 (6.95)

From(6.91)to (6.95),we seethaty* alwaysvanishentheatoms

X, NX5NX3NX§
XinX5NXsnXy
XN XsNX5n Xy (6.96)
X10X2ﬂX§ﬂX4
XeNXoNX5N Xy
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X,

a5

4

Figure 6.8. Theatomsof F, onwhich y* vanishesvhenX; — X, — X3 — X4 formsa
Markov chain.

of F4, whichwe markby anasteriskin theinformationdiagramin Figure6.8.
In fact,thereadercanbenefitby letting I(X1; X3| X2, X4) = a > 0in (6.82)
andtracethe subsequergtepdeadingto the abose conclusionin theinforma-
tion diagramin Figure6.6.

It is not necessaryo displaythefive atomsin (6.96)in aninformationdi-
agrambecauseg:* alwaysvanisheson theseatoms. Therefore,in construct-
ing the information diagram,the regions representinghe randomvariables
shouldoverlapwith eachothersuchthat the regions correspondindgo these
five nonemptyatomsareempty while the regionscorrespondindo the other
tennonemptyatoms,namely

X NnX$nX5n X§
XN Xy N X§N XS
X1 NnXoNX3N XS
XiNnXoNnXsnN X,y
X¢n X, N XS5n XS
Xen XN X3 N XS
XenX,nXsn Xy
XeNnX§N X3 N X§
XN X5N X3n Xy
XenXSn XN Xy,

(6.97)

arenonempty Figure6.9 shavs sucha construction.Thereadershouldcom-
paretheinformationdiagramsn Figures6.7and6.9andobsere thatthelatter
is anextensionof theformer
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XX X X

Figure6.9. Theinformationdiagramfor theMarkov chainX; — X, — X3 — X4.

FromFigure6.9, we seethatthevaluesof x* onthetennonemptyatomsin
(6.97)areequialentto

H(X1|X2, X3, X4)
I(X1; X2| X3, X4)
I(X1; X3]X4)
I(X1: X4)
H(X2| X1, X3, X4)
I(Xy; X3]X1; X4)
I(Xo; X4|X1)
H(X3|X1, X2, X4)
I(X3; X4| X1, X2)
H(X4| X1, X2, X3),

(6.98)

respectiely’. Sincetheseareall Shannors information measuresaind thus
nonn@atie, we concludethat.* is alwaysnonngatie.

WhenX; — Xp — .-+ — X, formsa Markov chain,for n = 3, there
is only one nonemptyatom, namely X; N X§ N X3, on which p* always
vanishes.This atom canbe determineddirectly from the Markov constraint
I(X1; X3|X2) = 0. Forn = 4, thefive nonemptyatomson which p* always
vanishesarelisted in (6.96). The determinatiorof theseatoms,aswe have
seenjs notstraightforvard. We have alsoshawn thatfor n = 3 andn = 4, u*
is alwaysnonn@atie.

We will extendthis themein Chapter7 to finite Markov randomfield with
Markov chainbeinga specialcase.For a Markov chain,the informationdia-
gramcanalwaysbe displayedin two dimensionsandy* is alwaysnonnga-
tive. Thesewill beexplainedin Chapter7.

5A formal proofwill begivenin Theoremni7.30.
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6.6 EXAMPLES OF APPLICATIONS

In this section,we give a few simpleapplicationf informationdiagrams.
The useof informationdiagramssimplifiesmary difficult proofsin informa-
tion theoryproblems.More importantly theseresults which may be difficult
to discover, caneasilybe obtainedby inspectionof aninformationdiagram.

The useof an information diagramis very intuitive. To obtain an infor-
mationidentity from aninformationdiagramis WYSIWYG®. However, how
to obtainaninformationinequalityfrom aninformationdiagramneedssome
explanation.

Very often, we usea Venndiagramto represent measureu which takes
nonngative values. If we seein the Venndiagramtwo setsA and B such
that A is a subsebf B, thenwe canimmediatelyconcludethatu(A) < u(B)
because

u(B) — p(4) = p(B — A4) > 0. (6.99)

However, an I-Measureu* cantake negative values. Thereforewhenwe see
in aninformationdiagramthat A is a subsebf B, we cannotbaseon this fact
aloneconcludethat u*(A) < p*(B) unlesswe know from the setupof the
problemthat* is nonngative. (For example,u* is nonngatve if therandom
variablesinvolved form a Markov chain.) Instead,informationinequalities
can be obtainedfrom an information diagramin conjunctionwith the basic
inequalities.Thefollowing exampleswill illustratehow it works.

EXAMPLE 6.12 (CONCAVITY OF ENTROPY) LetX; ~ pi(z) and Xy ~
pa(z). Let B
X ~p(z) = Ap1(z) + Ap2(2), (6.100)

whee0 < X < 1andX =1 — \. Wewill showthat
H(X) > MH(X1) + MH(X3). (6.101)

Considerthe systenin Figure 6.10in which the positionof the switd is deter
minedby a randomvariable Z with

Pr{Z =1} =X and Pr{Z =2} =}, (6.102)

whee Z is independenbf X; and X5. Theswitt takespositions if Z = 1,
i = 1,2. Figure 6.11showstheinformationdiagramfor X and Z. Fromthe
diagram,weseethat X — Z is a subsebf X. Sincey* is nonngativefor two
randomvariables,we canconcludethat

wH(X) > pr(X - 2), (6.103)

6Whatyou seeis whatyou get.
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Figure 6.10. Theschematiaciagramfor Example6.12.

which is equivalento

H(X) > H(X|Z). (6.104)

Then
H(X) > H(X|Z) (6.105)
= Pr{Z=1}H(X|Z=1)+Pr{Z=2}H(X|Z=2) (6.106)
= AH(X1)+ MH(X>), (6.107)

proving (6.101).Thisshowshat H (X)) is a concaveunctionalof p(z).

EXAMPLE 6.13 (CONVEXITY OF MUTUAL INFORMATION) Let

(X,Y) ~ p(z,y) = p(z)p(y|z)- (6.108)

We will showthatfor fixedp(z), I(X;Y") is a corvex functionalof p(y|z).

Let p1(y|z) and pa(y|z) be two transitionmatrices. Considerthe system
in Figure 6.12in whidh the positionof the switdh is determinedoy a random
variable Z asin thelastexample whee Z is independentf X, i.e.,

I(X;2)=0. (6.109)

Figure6.11. Theinformationdiagramfor Example6.12.
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z=1
: '

X c o Y
- ;
z=2

Figure6.12. Theschematiaciagramfor Example6.13.
In theinformationdiagramfor X, Y, and Z in Figure 6.13,let
I(X;Z]Y)=a>0. (6.110)

Sincel (X; Z) = 0, weseethat

I(X;Y;Z) = —a, (6.111)

because
I(X;2)=1(X;Z|Y)+ I(X;Y; 2). (6.112)

Then
I(X;Y)

< I(X;Y|Z) (6.113)
= Pr{Z=1}I(X;Y|Z=1)+Pr{Z=2}1(X;Y|Z=2) (6.114)
= M(p(z),p1(y|z)) + M (p(x), p2(ylz)), (6.115)

whee I(p(z), pi(y|z)) denoteghe mutualinformationbetweertheinputand
outputof a channelwith input distribution p(z) andtransitionmatrix p; (y|x).
Thisshowsthatfor fixedp(z), I(X;Y) is a corvex functionalof p(y|x).

X v Z

Figure6.13. Theinformationdiagramfor Example6.13.
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p,(x) ©
Z=2

Figure6.14. Theschematiaciagramfor Example6.14.

EXAMPLE 6.14 (CONCAVITY OF MUTUAL INFORMATION) Let

(X,Y) ~ p(z,y) = p(z)p(y|z). (6.116)

We will showthatfor fixedp(y|z), I(X;Y) is a concaveunctionalof p(z).

Considerthesystenin Figure 6.14,wheke thepositionof theswitd is deter
minedby a randomvariable Z asin thelastexample In this systemwhenX
is given,Z isindependentdfY, or Z — X — Y formsa Markov chain. Then
w* is nonn@ative andtheinformationdiagramfor X, Y, and Z is shownin
Figure 6.15. o o

FromFigure6.15,sinceX NY — Z isasubsebf X NY andy* is nonng-
ative weimmediatelyseethat

I(X;Y)
> I(X;Y|Z) (6.117)
= P{Z=1M(X;Y|Z=1)+Pr{Z=2}(X;Y|Z=2) (6.118)
= M(pi(2),p(y|z)) + M (p2(z), p(y|z))- (6.119)

Thisshowsthatfor fixedp(y|z), I(X;Y) is a concaveunctionalof p(z).

EXAMPLE 6.15 (IMPERFECT SECRECY THEOREM) Let X be the plain
text, Y betheciphertext, and Z bethekey in a secetkey cryptosystemSince

VA X Y

Figure6.15. Theinformationdiagramfor Example6.14.
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ARV

Figure6.16. Theinformationdiagramfor Example6.15.

X canberecorerdfromY and Z, wehave
H(X|Y,Z)=0.
We will showthatthis constaint aloneimplies

I(X;Y) > H(X) — H(Z).

Let
I(X;Y|Z)=a>0
I(Y;Z]X)=b>0
H(Z|X,Y)=¢>0,
and

I(X;Y;Z)=d.
(SeeFigure 6.16.)Sincel (Y; Z) > 0,
b+d>0.

(6.120)

(6.121)

(6.122)
(6.123)
(6.124)

(6.125)

(6.126)

In comparingH (X') with H(Z), we do not haveto consider/(X; Z|Y') and
I(X;Y; Z) sincethey belongto both H(X) and H(Z). Thenwe seefrom

Figure 6.16that
H(X)—-H(Z)=a—-b—c.

Theefor,

I(X;Y) a+d
a—>
a—b—c

H(X) - H(Z),

v v

(6.127)

(6.128)
(6.129)
(6.130)
(6.131)

whee (6.129)and (6.130)follow from (6.126)and (6.124),respectivelyprov-

ing (6.121).
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Figure6.17. Theinformationdiagramfor theMarkov chainX — Y — Z.

ThequantityI(X;Y") is a measue of thesecuritylevel of the cryptosystem.
In generl, we wantto male I(X;Y) small so that the evesdoper cannot
obtaintoo mud informationaboutthe plain text X by observingthe cipher
text Y. Thisresultsaysthat the systencan attain a certain level of security
onlyif H(Z) (oftencalledthekey length)is suficientlylarge. In particular, if
perfectsececyisrequired,i.e., I(X;Y) = 0, thenH (Z) mustbeatleastequal
to H(X). Thisspecialcaseis knownas Shannors perfectsececytheoem
[174].

Notethatin derivingour result,theassumptionshat (Y| X, Z) = 0, i.e,,
theciphertextis a functionof theplain text andthekey, andI(X; Z) = 0, i.e.,
theplain text andthe key are independentare not necessary

ExXAMPLE 6.16 Figure 6.17 showsthe informationdiagram for the Markov
chain X — Y — Z. Fromthis diagram, we can identify the following two
informationidentities:

I(X;Y) = I(X;Y,Z2) (6.132)
H(X|Y) = H(XIY,Z). (6.133)

Sinceu* is nonngativeand X N Z is a subsebf X N Y, wehave
I(X;Z) < I(X;Y), (6.134)
whidch hasalreadybeenobtainedin Lemma2.41. Similarly, wecanalsoobtain
H(X|Y)< H(X|Z). (6.135)

EXAMPLE 6.17 (DATA PROCESSING THEOREM) Figure6.18showsghein-
formationdiagram for the Markov chain X — Y — Z — T. Sinceu* is

“Shannoruseda combinatorialagumentto prove this theorem. An information-theoretiqroof canbe
foundin Massg [133].
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X Y VA T

Figure 6.18. Theinformationdiagramfor theMarkov chainX - Y — Z — T.

nonngativeand X N T is a subsebfY N Z, wehave

1(X;T) < I(Y; 2), (6.136)
whidh is thedataprocessingheoem(Theoem?2.42).
APPENDIX 6.A: A VARIATION OF THE INCLUSION-
EXCLUSION FORMULA

In this appendixwe shav thatfor eachA € A, u(A) canbeexpressedasa linearcombi-
nationof u(B), B € B via applicationsf (6.28)and(6.29). We first prove by using(6.28)the
following variationof theinclusive-exclusive formula.

THEOREM 6-6.A.18 For aset-additivefunction,
o((Va-n) = ¥ wamm- 3 waon -
k=1 1<i<n 1<i<j<n

4o (1) (A UAs U--- U A, — B). (6.A.1)

Proof Thetheoremwill beprovedby inductiononn. First,(6.A.1)is olviouslytruefor n = 1.
Assume(6.A.1)is truefor somen > 1. Now consider

(-

I (ﬁ A — B) 4+ uw(Apn+1 — B) — ((ﬁ Ak> UAnt1 — B) (6.A.3)

k=1

{Z“(Ai—B)— Z w(AiUA; —B)+ -

1<i<n 1<i<j<n

DRAFT Septenber 13, 2001, 6:27pm DRAFT



APPENDIX6.A: A Variation of the Inclusion-Exclusiofformula 119

+(-1)"Tp(A1UAU---U A, — B)} + pu(Any1 — B)

—u (ﬂ (AxUAnp) — B) (6.A.4)
k=1
= {Zu(Ai—B)— > wAiUA; -B)+--
1<i<n 1<i<j<n

+ (=1)""M (A1 U AU U A, — B)} + p(Ant1 — B)

—{ > wAiUAnii—B)— Y p(AiUA;UAny - B)

1<i<n 1<i<j<n
4o ()" (AL UAS U UA, UAp — B)} (6.A.5)
= > wWAi-B) - > pAiUA-B)+--
1<i<n+1 1<i<j<n+1
+(=1)"’u(A1UA2U---U Apqq — B). (6.A.6)

In the above, (6.28) was usedin obtaining(6.A.3), andthe inductionhypothesisvas usedin
obtaining(6.A.4) and(6.A.5). Thetheoremis proved.o

Now anonemptyatomof F,, hastheform
Ny (6.A.7)

whereY; is either X; or X¢, andthereexists at leastonei suchthaty; = X;. Thenwe can
write theatomin (6.A.7) as

N x-{ U x| (6.A.8)

iY;=X; 3Y; =5"§

Notethattheintersectiorabove is alwaysnonempty Thenusing(6.A.1) and(6.29),we seethat
for eachA € A, u(A) canbeexpressedsalinearcombinatiorof u(B), B € B.

PROBLEMS
1. Shaow that

p(X,Y)p(Y, 2)p(X, Z)
p(X)p(Y)p(Z2)p(X,Y, Z)

andobtainageneraformulafor I(X1; Xo,;---; X,,).

I(X;Y;Z)=FElog
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2. Shav thatI(X;Y; Z) vanishedf atleastoneof the following conditions
hold:

a) X,Y, andZ aremutuallyindependent;
b) X - Y — Z formsaMarkov chainandX andZ areindependent.

3. a) VerifythatI(X;Y; Z) vanishedor thedistribution p(z, y, z) givenby

p(0,0,0) = 0.0625, p(0,0,1) = 0.07719, p(0,1,0) = 0.0625
p(0,1,1) = 0.0625, p(1,0,0) =0.0625, p(1,0,1) = 0.1103
p(1,1,0) = 0.1875, p(1,1,1) = 0.0375.

b) Verify thatthe distribution in partb) doesnot satisfythe conditionin
parta).

4. WeakindependenceX is weaklyindependenof Y if therows of thetran-
sitionmatrix [p(z|y)] arelinearly dependent.

a) Show thatif X andY areindependenthenX is weaklyindependent
of Y.

b) Shaw thatfor randonvariablesX andY’, thereexistsarandomvariable
7 satisfying
) X—>Y—>2Z
i) X andZ areindependent
iii) Y andZ arenotindependent

if andonly if X is weaklyindependenof Y.
(BemgerandYeung[22].)
5. Provethat
a) I(X;Y;Z) > —min{I(X;Y|2),1(Y; Z|X), I(X, Z|Y)}
b) I(X;Y;Z) < min{I(X;Y),1(Y;Z),I(X; Z)}.

6. a) Provethatif X andY areindependenthenl(X,Y;Z) > I(X;Y|Z).

b) Shaw thatthe inequalityin parta) is not valid in generalby giving a
countergample.

7. In Example6.15, it wasshavn that I(X;Y) > H(X) — H(Z), where
X istheplaintext, Y is the ciphertext, and 7 is the key in a secretkey
cryptosystem@Give anexampleof a secrekey cryptosystensuchthatthis
inequalityis tight.
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8. Secet sharing For a given finite set’? anda collection A of subsetf
P, asecretsharingschemas arandomvariableS anda family of random
variables{ X, : p € P} suchthatfor all A € A,

H(S‘XA) =0,
andfor all B ¢ A,
H(S|Xp)=H(S).

Here, S is the secet and P is the setof participantsof the scheme. A
participantp of the schemepossessea shae X,, of the secret. The set
A specifiesthe accessstructue of the scheme:For a subsetA of P, by
pooling their sharesjf A € A, the participantsin A canreconstructsS,
otherwisethey canknow nothingaboutS.

a) i) Provethatfor A,B C P,if B¢ AandAU B € A, then
H(X4|Xp)=H(S)+ H(X4|XB5,59).
ii) Provethatif B € A, then
H(X4|Xp) = H(X4|Xp,S5).

(Capocellietal. [37].)

b) Prove thatfor A, B,C C P suchthatAUC € A, BUC € A, and
C ¢ A, then
I(X4; XB|Xc) > H(S).

(vanDijk [193].)

9. Considerfour randomvariablesX, Y, Z, andT which satisfythe follow-
ing constraints:H(T|X) = H(T), H(T|X,Y) =0, HT|Y) = H(T),
H(Y|Z)=0,andH(T|Z) = 0. Provethat
a) H(T|X,Y,Z) =1(Z;T|X,Y) =0.

b) I(X;T|Y,Z) = I(X;Y;T|Z) = I(Y;T|X, Z) = 0.
c) I(X;Z;T)=I1(Y;Z;T) = 0.

d HY|X,Z,T)=1(X;Y|Z,T) = 0.

e) I(X;Y;Z)>0.

f) I(X;Z)> H(T).

Theinequalityin f) findsapplicationin asecresharingproblemstudiedby
Blundoetal. [32].
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In the following, we useX | Y|Z to denotethat X andY areindependent
givenZ.

10. a) Prove thatunderthe constraintthat X — Y — Z forms a Markov
chain, X L Y|ZandX L Zimply X LY.

b) Provethattheimplicationin a)continuego bevalid withouttheMarkov
chainconstraint.

11. a) ShavthatY L Z|T doesnotimply Y L Z|(X,T) by giving a coun-
terexample.

b) ProvethatY L Z|T impliesY L Z|(X,T) conditioningon X —
Y>Z-T.

12. Provethatfor randomvariablesX, Y, Z, andT,

X 12Zzy

(X,Y)LT|Z

Y 1L Z|T SY 12z
Y L Z|X

X1T

Hint: ObserethatX L Z|Y and(X,Y) L T|Z areequivalentto X —
Y — Z — T anduseaninformationdiagram.

13. Provethat

X1lY ZL1T
x1v(zm) | ] z2L7IX,Y)
Z1TIX X1Y|Z
Z1T)Y X LY|T.

(Studen [189].)

HISTORICAL NOTES

The original work on the set-theoretistructureof Shannors information
measuress dueto Hu [96]. It wasestablishedh this paperthateveryinforma-
tion identity implies a setidentity via a substitutionof symbols. This allows
thetoolsfor proving informationidentitiesto beusedin proving setidentities.
Sincethe paperwaspublishedn Russianjt waslargely unknavn to the West
until it wasdescribedn Csiszar andKaérner [52]. Throughoutthe years,the
useof Venndiagramdo representhestructureof Shannors informationmea-
suredor two or threerandonvariableshasbeensuggestethy variousauthors,
for example Reza[161], Abramsor{2], andPapoulis[150], but noformaljus-
tification wasgivenuntil Yeung[213] introducedthe 7-Measure .Most of the
examplesin Section6.6 werepreviously unpublished.
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McGill [140] proposeda multiple mutualinformationfor ary numberof
randomvariableswhich is equivalentto the mutualinformationbetweenwo
or morerandomvariablesdiscussedhere.Propertieof this quantityhave been
investigatedy Kawabatg107] andYeung[213].

Along a relateddirection, Han [86] viewed the linear combinationof en-
tropiesasa vectorspaceanddevelopeda lattice-theoretidescriptionof Shan-
non'sinformationmeasures.
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Chapter7

MARK OV STRUCTURES

We have proved in Section6.5thatif X; — X — X3 — X, formsa
Markov chain,the I-Measureu* alwaysvanishen thefive atoms

X NnX5n XN XS

Xl N XQC N Xg N j(;4

X nXsNnX5n X, (7.1)

Xl N XQ N X; N X4

X¢N Xy N X5N Xy
Consequentlythe I-Measurey* is completelyspecifiedby the valuesof p*
on the otherten nonemptyatomsof F,, andtheinformationdiagramfor four
randomvariablesorming a Markov chaincanbedisplayedn two dimensions
asin Figure6.10.

Figure 7.1 is a graphwhich representshe Markov chain X; — X, —
X3 — X4. The obserant readerwould notice that u* always vanisheson
a nonemptyatom A of F, if andonly if the graphin Figure 7.1 becomes
disconnectedupon remaoving all the verticescorrespondingo the comple-
mentedset variablesin A. For example, 4* always vanisheson the atom
XN X2 NXsN X4, andthegraphin Figure?. 1become$1|sconnected|pon
removing vertices2 and4. Onthe otherhand,s* doesnot necessarilywanish
ontheatomX{n X, N X3N X§, andthegraphin Figure7.1remainsconnected

O—E0—CE—®

Figure7.1. Thegraphrepresentinghe Markov chainX; — X, — X3 — Xa4.
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uponremoring verticesl and4. This obserationwill be explainedin amore
generakettingin the subsequergections.

Thetheoryof I-Measureestablishes one-to-onecorrespondenceetween
Shannors information measuresand settheory Basedon this theory we
developin this chaptera set-theoreticharacterizatiomf a Markov structure
calledfull conditionalmutualindependenceA Markov chain,andmoregener
ally aMarkov randomfield, is a collectionof full conditionalmutualindepen-
denciesWewill shaw thatif acollectionof randomvariableformsa Markov
randomfield, thenthestructureof the 7-Measurecanbe simplified. In particu-
lar, whentherandomvariablesorm a Markov chain,the I-Measuresxhibits a
very simplestructuresothattheinformationdiagramcanbe displayedn two
dimensiongegardlesof thelengthof the Markov chain.

Thetopicsto becoveredin this chaptermrefundamentalUnfortunatelythe
proofsof theresultsarevery heary. At first reading,the readershouldstudy
Example7.8 at the end of the chapterto develop someappreciationof the
results.Thenthereademaydecidewhetherto skip thedetaileddiscussiongn
this chapter

7.1 CONDITION AL MUTUAL INDEPENDENCE

In this sectionwe exploretheeffectof conditionalmutualindependencen
the structureof the I-Measurey*. We begin with a simpleexample.

ExaMPLE 7.1 LetX,Y, andZ bemutuallyindependentandomvariables.
Then
I(X;Y)=1(X;Y;Z2)+ I(X;Y|Z) =0. (7.2)

Sincel (X;Y|Z) > 0, welet

I(X;Y|Z)=a>0, (7.3)
sothat
I(X;Y;Z) = —a. (7.4)
Similarly,
I(V;2)=1(X;Y;Z)+ 1(Y; Z|X) =0 (7.5)
and
I(X;2)=I(X;Y;Z) + I(X; Z|Y) = 0. (7.6)

Thenfrom(7.4),weobtain
I(Y;Z|X) =1(X;Z]Y) = a. (7.7)

Therelations(7.3), (7.4),and (7.7) are shownin the informationdiagramin
Figure 7.2,which indicatesthat X, Y, and Z are pairwiseindependent.
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Figure7.2. X,Y,andZ arepairwiseindependent.

We haveprovedin Theoem?2.39that X, Y, andZ are mutuallyindependent
if andonly if

H(X,Y,Z)=H(X)+ H(Y) + H(Z). (7.8)

By countingatomsin theinformationdiagram, we seethat

0 = H(X)+HY)+H(Z) - HX,Y,Z) (7.9)
IX;Y|Z)+ 1(Y; Z| X))+ I(X; Z|Y) + 2I(X;Y; Z) (7.10)
- a (7.11)

Thusa = 0, which implies
I(X;Y|Z),I(Y; Z|X),[(X; Z|Y),[(X;Y; Z) (7.12)
are all equalto 0. Equivalently x* vanishen
XNY-Z,YNnZ-X,XNnZ-Y,XNnYNZ, (7.13)

whicdh are preciselytheatomsin theintersectionof anytwo of thesetvariables
X,Y,andZ.

Cornversely if 4* vanisheonthesetsin (7.13),thenweseefrom(7.10)that
(7.8)holds,i.e.,, X, Y, and Z are mutuallyindependentTheefore, X, Y, and
Z are mutuallyindependenif and only if x* vanisheson the setsin (7.13).
Thisis shownin theinformationdiagramin Figure 7.3.

Thethemeof this examplewill beextendedo conditionalmutualindepen-
denceamongcollectionsof randomvariablesin Theorem7.9, which is the
mainresultin this section.In therestof the section,we will developthe nec-
essarytoolsfor proving this theorem At first reading thereadershouldtry to
understandheresultsby studyingtheexampleswithoutgettinginto thedetails
of the proofs.
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Y

&

Figure7.3. X,Y,andZ aremutuallyindependent.

In Theorem2.39,we have provedthat X, X, - - -, X, aremutuallyinde-
pendentf andonly if

H(X1, Xg,-++, Xn) = Y H(X;). (7.14)

By conditioningon arandomvariableY’, onecanreadily prove thefollowing.

THEOREM 7.2 X1, Xo,---, X, aremutuallyindependentonditioningonY
if andonlyif

n
H(X1, Xg,--+, Xn|Y) = Y H(X;|Y). (7.15)
=1

We now prove two alternatve characterizationsf conditionalmutualinde-
pendence.

THEOREM 7.3 X1, X,, .-+, X, aremutuallyindependentonditioningonY
if andonlyif forall 1 <17 <n,

i.e., X; and(Xj}, j # ¢) areindependentonditioningonY’.

Remark A conditionalindependengis a specialcaseof aconditionalmutual
independenc However, this theoremsaysthata conditionalmutualindepen-
deng is equivalentto asetof conditionalindependencies.

Proofof Theorem 7.3 It sufficesto provethat(7.15)and(7.16)areequivalent.
Assume(7.15)is true,sothat X, X», - - -, X, aremutuallyindependenton-
ditioningonY". Thenfor all 7, X; is independendf (X, j # i) conditioning
onY. Thisproves(7.16).
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Now assumehat(7.16)is truefor all 1 < 1 < n. Consider

0 = I(X4;X),5 #4]Y) (7.17)
= I(X; X1, Xo,-+, X;1]Y)
+I( X5 Xig1, -, XY, X1, Xo, -+, Xi1). (7.18)

Sincemutualinformationis alwaysnonngative, thisimplies
I(Xi;Xl,---,XZ'_ﬂY) :O, (719)

or X; and(Xy, Xo,---, X;_1) areindependentonditioningonY . Therefore,
X1, X,,--+, X, aremutuallyindependentonditioningonY (seethe proof of
Theorem2.39),proving (7.15).Hence thetheoremnis proved.o

THEOREM 7.4 X1, Xs,---, X, aremutuallyindependentonditioningonY
if andonly if

n
H(X1,Xg,-+, X,|Y) =Y H(Xi|Y, X;,5 # i) (7.20)
=1

Proof It sufiicesto prove that(7.15)and(7.20)areequivalent. Assumeg(7.15)

is true, sothat X1, X5, - - -, X,, aremutuallyindependentonditioningonY".
Sincefor all 4, X; is independentf X, j # ¢ conditioningonY’,
H(X;|Y) = H(X;|Y, X;,j #1) (7.21)

Therefore(7.15)implies(7.20).
Now assumehat(7.20)is true. Consider

H(X1, X3, , XnlY)

n
= Y H(X|Y,X1,---, Xi 1) (7.22)
=1

n
= M [H(XGY,X;,j #4) + I(Xi; Xig1, -+, Xn|Y, X1, 0+, Xiz1)]

=1
(7.23)
n n
= D H(X|Y, X5 #4) + Y I(Xi; Xig1,--, Xn|V, X1, -+, Xi1).
=1 =1
(7.24)
Then(7.20)implies
n
> I(Xi; Xy, -, XnlY, X1, -+, X 1) = 0. (7.25)

=1
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Sinceall the termsin the above summatiorare nonngative, they mustall be
equalto 0. In particular for 7 = 1, we have

I(X1; Xo,--+, X,|Y) = 0. (7.26)
By symmetryit canbeshavn that
I(X3; X;,§ #4[Y) =0 (7.27)

forall 1 < i < n. Thenthisimplies(7.15)by thelasttheoremcompletingthe
proof.o

THEOREM 7.5 LetC andQ); bedisjointindex setsand W; bea subsedf Q;
for1 < i <k, wheek > 2. Assumehatthere exist at leasttwo ; sud that
W; # 0. LetXQl. = (Xl,l € Qi),l <i<kandXqg = (Xl,l € C) be
collectionsof randomvariables.If Xg,,1 < ¢ < k are mutuallyindependent
conditioningon X¢, then Xy, sud that W; # () are mutuallyindependent
conditioningon (X¢, Xg,—w;, 1 <1 < k).

Wefirst give anexamplebeforewe prove thetheorem.

EXAMPLE 7.6 SupposeXy, (X2, X3, X4), and (X5, Xg) are mutuallyinde-
pendentconditioningon X7. By Theoem 7.5, X3, X, and (X5, X¢) are
mutuallyindependentonditioningon (X3, X4, X7).

Proof of Theorem 7.5 AssumeXy,,1 < i < k aremutuallyindependent
conditioningon X¢, i.e.,

k
H(Xq,,1<i<k|Xe)=> H(Xq|Xc) (7.28)
=1

Consider

H(Xw,,1<i<klXc,Xg,—w;,1<i<k)
= H(Xq;,1<i<kXc)-H(Xq w1 <i<klXc) (7.29)
k
= ZH(XQz‘XC)
=1
k
— > H(Xq-w;|Xc,Xq;-w;, 1 < j <i—1) (7.30)
=1
k
ZH(XQZ"XC’XQ]‘_WJ" 1<j<i—-1)
=1

v

k

i=1
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k
= Y H(Xw;|Xc,Xq;-w;,1 < j <) (7.32)
i=1
k
> Y H(Xw,;|Xc, Xq,-w;,1 <j <k). (7.33)
i=1
In thesecondstepwe have used(7.28),andthetwo inequalitiedollow because
conditioningdoesnot increaseentrofy. On the otherhand,by the chainrule
for entropy, we have

H(Xw,,1<i<k|Xc,Xg,—w;,1<i<k)
k
= Y HXw,|Xc,(Xg,-w;, 1 <j<k),(Xw,1<1<i—1)).
=1

(7.34)
Thereforejt follows from (7.33)that
k
i=1
< H(XWpl SiSlec,XQi—Wi,l SZSk) (736)

k
Y H(Xw,|Xc, (Xq;—w; 1 < j < k), (Xw;, 1 <1<i—1)).
=1

(7.37)

However, sinceconditioningdoesnotincreasesntroyy, theith termin thesum-
mationin (7.35)is lower boundedoy theith termin the summationin (7.37).
Thuswe concludethattheinequalityin (7.36)is anequality Hence the con-
ditional entrogy in (7.36)is equalto the summatiorin (7.35),i.e.,

H(Xw, 1< i < kX, Xorwi, 1 <i < k) (7.38)
k
i=1

Thetheoremis proved.o

Theorem?.5 specifiesa setof conditionalmutualindependencie€CMI’s)
whichisimplied by a CMI. Thistheoremis crucialfor understandingheeffect
of aCMI onthestructureof the I-Measurew*, which we discusaext.

LEMMA 7.7 Let(Z;,---,Zy,),1 < i < r ber collectionsof randomvari-
ables,wheer > 2, andletY bearandomvariable sud that(Z;,- -, Z,),

DRAFT Septenber 13, 2001, 6:27pm DRAFT



132 A FIRSTCOURSHN INFORMATION THEORY
1 < i < r are mutuallyindependentonditioningonY. Then

r ot
u* (ﬂ N Zij - ff) =0. (7.40)

i=1j=1
We first prove thefollowing setidentity which will be usedin proving this

lemma.

LEMMA 7.8 LetS andT bedisjointindex sets,and A; and B besets.Let i
bea set-additivdfunction.Then

(o) (3+)-

=3 3 ()T (uw(Ag — B) + u(Ap — B) — p(Agrur — B)),

(7.41)
whee Ag denotesJ;csr A;.

Proof Theright handsideof (7.41)is equalto

S S U - B 4 S ) B

S'cST'CT S'cST'CT
-3 N )T (A — B). (7.42)
S'cST'CT
Now
> > ()T uAs = B) = 37 (=) u(4s = B) 37 (-)IT.
S'CST'CT s'cs T'CT
(7.43)
Since
| d T k
3 ()T = Z( ! )(—1) ~0 (7.44)
T'CcT k=0
by the binomialformulal, we concludethat
> Y (- HTuAg - B) =0. (7.45)
S'cST'CT
1This canbeobtainedby letting e = 1 andb = —1 in thebinomialformula
||
(a+0)7l = Z ( E' )akblTl_k.
k=0
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Similarly,

>3 N ()T (A — B) = 0. (7.46)

§'cST'CT
Therefore(7.41)is equvalentto

T —
€S JET S'CST'CT
(7.47)

which can readily be obtainedfrom Theorem6.A.1. Hence,the lemmais
proved.co

Proof of Lemma 7.7 We first prove thelemmafor » = 2. By Lemma7.8,

e (ﬁ fﬁz,-_fz) _

i=14=1
> > EET (U Zu—ff>
jes’

S'C{1l, 01} T'C{1,--,t2}

+u* U sz -Y —u* U le U U sz> —f’) . (7.48)
keT! jes’ keT'
Theexpressiorin thesquarebracletis equalto
H(Z1,j € S'Y)+ H(Zog, k € T'Y)
~H((Z1j,5 € 8"), (Zog, k € T')|Y), (7.49)

whichis equalto 0 becaus€ Z,;, j € S’) and(Zy, k € T') areindependent
conditioningon Y. Thereforethelemmais provedfor r = 2.
Forr > 2, wewrite

r ot r—1 t; tr
/1,* (m ﬂZw—?> :,L,l,*((ﬂ mZZJ)ﬂ(ﬂ Z”>—}~/> (7.50)
1=1j=1 =1 75=1 j=1

Since((Zi1,---, Zi;),1 < i <r —1)and(Z.,---,Z.,) areindependent
conditioningonY’, uponapplyingthelemmafor r = 2, we seethat

(ﬂ ﬂ Zi; — ) =0. (7.51)

i=1j=1

Thelemmais proved.o
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THEOREM 7.9 LetT and@);,1 < i < k bedisjointindex setswhee k > 2,

andlet Xo, = (X;,l € Q;),1 <i < kandXy = (X;,l € T) becollec-

tions of randomvariables. ThenXg,,1 < i < k are mutuallyindependent
conditioningon X if andonlyif for anyWy, Wa, - - -, Wy, whee W; C Q;,

1 <1 < k, if there exist at leasttwo : sud that W; # (), then

((ﬂ N X) Xy s (Qi_wi))> = 0. (7.52)

i=1j€eW;

Wefirst give anexamplebeforeproving this fundamentatesult. Thereader
shouldcomparethis examplewith Example?.6.

ExAMPLE 7.10 SupposeX, (X2, X3, X4), and (X5, Xs) are mutuallyin-
dependentonditioningon X7. By Theoem7.9,

p (X1 NXoNX5NXe— (X3UX,UX7)) =0. (7.53)
However, thetheoemdoesnot say for instancethat
pf(Xe N Xy — (X1 UX3U X5 U Xg U X7)) (7.54)
is equalto 0.
Proof of Theorem 7.9 We first prove the ‘if ' part. Assumethat for ary

Wi, Wy, -+, Wy, whereW; C Q;, 1 < i < k, if thereexist at leasttwo i
suchthatW; # 0, then(7.52)holds.Then

H(Xg,1<i<klXp) = pu* (X'UleQi _ XT) (7.55)
= Y u(B) (7.56)
BeS

wheresS consistof setsof theform

(ﬂ N X) X0k, (Qi—wi)) (7.57)

i=1jEW;

with W; C Q; for 1 < 1 < k andthereexistsatleastone: suchthatW; # 0.
By ourassumptionif B € S is suchthatthereexist at leasttwo 4 for which
W; # 0, thenp*(B) = 0. Therefore,if u*(B) is possiblynonzerothen B
mustbesuchthatthereexistsauniquei for whichW; # 0. Nowfor1 <1 < k,
definethe set S; consistingof setsof the form in (7.57)with W; C @Q; for
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1< <k, W, #0,andW; = 0 for s # 1. In otherwords,S; consistof atoms

of theform
( ﬂ X) U(Uia Qi) U(Q—W1)" (7.58)
JEW;

Then i
Y (B) =Y w(B) (7.59)
BeS I=1 BES,

Now

XQi = Xru(Uj @)

= U [( ﬂ X) U(Ui1 Qi) U(Q1—W1) (7.60)

wicQ JEW;
VVI7é

= U B. (7.61)

BeS,;

Sincey* is set-additre, we have

u (5(@ — Xru(0;.40,) ) B;g ( (7.62)
1

Hencefrom (7.56)and(7.59),we have
H(Xg,,1<i<k|Xr)

k

= Y. > (B (7.63)
i=1 BES;
k

- ;/‘* (X = Xruu; 01)) (7.64)
k

= Y H(Xq:|Xr, Xq;,j # i), (7.65)

~
Il
—

where (7.64) follows from (7.62). By Theorem7.4, Xq,,1 < i < k are
mutuallyindependentonditioningon X.

We now prove the ‘only if’ part. AssumeXg,,1 < ¢ < k aremutually
independentonditioningon X. For ary collectionof setsWy, Ws, - - -, Wy,
whereW; C Q;, 1 < i < k, if thereexist at leasttwo i suchthatW; # 0,
by Theorem7.5, Xy,,1 < ¢ < k aremutually independentonditioningon
(X1, Xq,—w;,1 <1 < k). By Lemma7.7,we obtain(7.52). Thetheoremis
proved.o
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7.2 FULL CONDITION AL MUTUAL INDEPENDENCE

DEFINITION 7.11 A conditionalmutualindependencgn X, Xo,---, X, is
full if all X1, X,,---, X, areinvolved. Sut a conditionalmutualindepen-
dencyis calleda full conditionalmutualindependenc{FCMI).

EXAMPLE 7.12 Forn =5,
X1, X9, X4, and X5 are mutuallyindependentonditioningon X3
isan FCMI. However,
X1, X5, and X5 are mutuallyindependentonditioningon X3

is notan FCMI becauseX, is notinvolved.

As in thepreviouschaptersye let
N, =A{1,2,--- ,n}. (7.66)

In Theorem?.9,if

k
TU (U Qz) = N, (7.67)
i=1
thenthetuple (T, Q;,1 < i < k) defineghefollowing FCMI on X, X, - - -,
Xn:

K : Xg,,Xq,, -, Xg, aremutuallyindependentonditioningon X.
Wewill denoteK by (T, Q;,1 <i < k).

DEFINITION 7.13 LetK = (T,Q;,1 <i < k) beanFCMI on X1, X5, ---,
Xn. Theimage of K, denotedby Im (K), is the setof all atomsof F,, which
hastheformof thesetin (7.57),whee W, C Q;, 1 < i < k, andther existat
leasttwoi sud that W; # 0.

PROPOSITION 7.14 LetK = (T,Q1,Q2) beanFCI (full conditionalinde-
pendencypn Xq, Xo,---, X,,. Then

Im(K)={Aec A: AcC (Xg, N Xg, — X1)}. (7.68)

PROPOSITION 7.15 LetK = (T,Q;,1 < i< k) beanFCMlon X1, Xs,---,
X,. Then

Im(K) = {A cA:AC U (XQz N XQj — XT)} . (769)

1<i<j<k
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Thesetwo propositionsgreatly simplify the descriptionof Im(K). Their
proofsareelementaryandthey areleft asexercises.We first illustratethese
two propositionsn thefollowing example.

ExAMPLE 7.16 Considern = 4 andFCMI's K3 = ({3},{1},{2,4}) and
Ky = (Q)a {1}a{2a3}a{4}) Then

Im(Ky)={A€A: AC (X1NXpaq —X3)} (7.70)
and
Im(KQ) = {A ceA:AC (XlﬂX{Q,;;})U(X{2’3}QX4)U(X1QX4)}. (7.71)

THEOREM 7.17 Let K bean FCMI on X1, X,,---, X,,. ThenK holdsif
andonlyif z*(A) =0forall A € Im(K).

Proof First, (7.67)is trueif K is an FCMI. Thenthe setin (7.57) canbe
writtenas

N X | = Xn—oe,mis (7.72)
jeuk_ w;

whichis seerto beanatomof F,,. Thetheoremcanthenbeprovedby adirect
applicationof Theorem7.9to theFCMI K. o

LetA = ﬂ?zlffi beanonemptyatomof F,. Definetheset
Us={i € N,:Y; = X¢}. (7.73)

Notethat A is uniquelyspecifiedby U4 because

A= ( ﬂ Xz) N ( ﬂ szc) = ( ﬂ Xz) _XUA- (7.74)
1ENL—Uy 1€U4 1ENR—Uy

Definew(A) = n — |U4| astheweightof theatom A4, thenumberof X; in A
which arenot complementedWe now shav thatanFCMI K = (T, Q;,1 <
i < k) is uniquelyspecifiedby Im (K). First,by lettingW; = @Q; for1 <i <
k in Definition 7.13,we seethattheatom

N X;|-Xr (7.75)
jeuleQi

isin Im(K), andit is theuniqueatomin Im(K) with thelargestweight. From
this atom, T canbe determined.To determine;,1 < ¢ < k, we definea
relationg onT¢ = N,\T asfollows. Fori,l' € T¢, (I,1') isin ¢ if andonly if
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i) I =10r
i) thereexistsanatomof theform

Xl N Xll N ﬂ ?} (7.76)
1<j<n
J#LY

in A — Im(K), whereY; = X; or X¢.

Recallthat A is the setof nonemptyatomsof F,,. Theideaof ii) is that(l, ')
isin ¢ if andonly if I,I" € Q; for somel < i < k. Theng is reflexive
and symmetricby constructionandis transitive by virtue of the structureof
Im(K). In otherwords,q is anequivalenceelationwhich partitions7¢ into
{Qi,1 < i < k}. Therefore K andIm(K) uniquelyspecifyeachother
Theimageof anFCMI K completelycharacterizethe effect of K onthe
I-Measurdfor X1, X,, -+, X,,. Thejoint effect of morethanone FCMI can
easilybedescribedn termsof theimagesof theindividual FCMI’s. Let

I={K,1<l<m} (7.77)

be a setof FCMI's. By Theorem?.9, K; holdsif andonly if x4* vanisheson
theatomsin Im(K;). ThenK;,1 <[ < m hold simultaneouslyf andonly if
p* vanisheontheatomsin Uf_; Im(K;). Thisis summarizedsfollows.

DEFINITION 7.18 Theimage of a setof FCMI'SII = {K;,1 < < m}is

definedas
k

Im(W0) = | J Im(K;). (7.78)
=1

THEOREM 7.19 LetIl beasetof FCMI'sfor X, Xs, - - -, X,,. ThenII holds
if andonlyif z*(A) = 0 for all A € Im(II).

In probability problems,we are often given a setof conditionalindepen-
denciesandwe needto seewhetheranothergiven conditionalindependenc
is logically implied. Thisis calledtheimplication problemwhich will be dis-
cussedin detail in Section12.5. The next theoremgives a solutionto this
problemif only FCMI's areinvolved.

THEOREM 7.20 LetIl; andIl, betwo setsof FCMI's. ThenIl; impliesTI,
if andonlyif Im(Il) C Im(I1;).

Proof Wefirst prove thatif Im(IIy) C Im(II;), thenIl; impliesIl,. Assume
Im(Ily) C Im(II;) andIl; holds. Thenby Theorem7.19,u*(A) = 0 for all
A € Im(IIy). Sincelm(Ily) C Im(Il), thisimpliesthatu*(A) = 0 for all
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A € Im(Ily). Againby Theorem7.19,this impliesII, alsoholds. Therefore,
if Im(I13) C Im(I1), thenIl; impliesII,.

We now provethatif IT; impliesIly, thenIm(IIy) C Im(I14). Toprovethis,
we assumehatIl; impliesIly but Im(Ily) ¢ Im(II;), andwe will shav that
this leadsto a contradiction.Fix a nonemptyatom A € Im(Ily) — Im(I1;).
By Theorem6.11, we canconstructrandomvariablesXy, X5, ---, X, such
thaty* vanisheson all theatomsof F,, exceptfor A. Theny* vanishesonall
the atomsin I'm(II;) but noton all the atomsin Im(II,). By Theorem?7.19,
thisimpliesthatfor X, X5, ---, X,, soconstructedlI; holdsbut IT; doesnot
hold. Therefore]I; doesnotimply II,, whichis acontradiction.Thetheorem
is proved.o

Remark In the courseof proving this theoremandall its preliminaries,we
have usednothingmorethanthe basicinequalities. Therefore we have shavn
thatthe basicinequalitiesare a sufiicient setof tools to solve the implication
problemif only FCMI's areinvolved.

COROLLARY 7.21 Two setsof FCMI’'s are equivalenif andonlyif theirim-
agesareidentical.

Proof Two setof FCMI'sTI; andTl, areequialentif andonly if
II;, = II, and II, = II;. (779)

Thenby thelasttheoremthisis equivalentto Im(Ily) C Im(I1;) andIm(I1;)
C Im(I1y), i.e., Im(Ily) = Im(I1;). Thecorollaryis proved.o

Thusa setof FCMI's is completelycharacterizedy its image. A setof
FCMI's is a set of probabilistic constraints,but the characterizatiorby its
imageis purely set-theoretic! This characterizatioroffers an intuitive set-
theoreticinterpretationof the joint effect of FCMI's on the I-Measurefor
X1, X9,--+,X,. Forexample, Im(K;) N Im(K>) is interpretedasthe ef-
fect commonlydueto K; and Ko, Im(K;) — Im(K5) is interpretedasthe
effectdueto K, but not Ky, etc. We endthis sectionwith anexample.

EXAMPLE 7.22 Considern = 4. Let
K, = (Q)a {1’ 2, 3}a {4})a Ky = (@, {1a 2, 4}7 {3}) (7-80)

K3 = (Q)a {1’ 2}’ {3’ 4})1 Ky = ((Z), {1a 3}’ {2’ 4}) (7-81)
andletIl; = {K;, K>} andll; = {K3, K4}. Then

Im(ITy) = Im (K1) U Im(K) (7.82)
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and
Im(Ily) = Im(K3) U Im(K,), (7.83)
whee
Im(K)) = {A€A:AC (X0 NXy)} (7.84)
Im(Ko) {Ae A: AC (X{i04 NX3)} (7.85)
Im(K3) = {AcA:AC (XpnXpay)l (7.86)
Im(K,;) = {A€eA:AC (X{l 33 N X{2 )} (7.87)

It canreadilybeseerbyusinganinformationdiagramthat Im (I1; ) C Im(Il).
Theefor, I, impliesIl;. Notethat no probabilisticargumentis involvedin
this proof.

7.3 MARK OV RANDOM FIELD

A Markov randomfield is a generalizatiorof a discretetime Markov chain
in the sensdhatthetime index for thelatter, regardedasa chain, is replaced
by a generalgraphfor the former Historically the studyof Markov random
field stemdrom statisticaphysics.Theclassicalsingmodel,whichis defined
onarectangulatattice,wasusedto explain certainempiricallyobseredfacts
aboutferromagnetianaterials.In this section we explore the structureof the
I-Measurdor a Markov randomfield.

Let G = (V, E) beanundirectedyraph,whereV is the setof verticesand
E is the setof edges.We assumehatthereis noloopin G, i.e., thereis no
edgein G which joins averte to itself. For ary (possiblyempty)subsetU of
V, denoteby G\U the graphobtainedfrom G by eliminatingall the vertices
in U and all the edgesjoining a vertex in U. Let s(U) be the numberof
distinctcomponentsn G\U. Denotethe setsof verticesof thesecomponents
by Vi(U), Va(U), -+, Vsan (U)- If s(U) > 1, we saythatU is acutsetin G.

DEFINITION 7.23 (MARKOV RANDOM FIELD) LetG = (V, E) beanundi-
rectedgraphwith V. = N,, = {1,2,---,n}, andlet X; be a randomvari-
ablecorrespondingo vertexi. ThenX, X, ---, X,, forma Markov random
field representedy G if for all cutsetsU in G, the setsof randomvariables
Xy s Xvauy ,XVS(U)(U) are mutuallyindependentonditioningon X;.

Thisdefinitionof aMarkov randonfield is referredto astheglobal Markov
propertyin theliterature.If X7, X, ---, X, form aMarkov randomfield rep-
resentedy agraphG, we alsosaythat X, Xs, - - - , X, form aMarkov graph
G. WhenG is achain,we saythat X, X, - - -, X,, form aMarkov chain.
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In the definitionof a Markov randomfield, eachcutsetUU in G specifiesan
FCMlon X, X, ---, X, denotedby [U]. Formally,

(U] : Xvy @y« s XV, 0 @) aremutuallyindependentonditioningon Xy;.
For acollectionof cutsetd/;, Us, - - -, U, in G, we introducethe notation
[Ula U27 ) Uk] = [Ul] A [UQ] ARERRA [Uk] (788)

where' A’ denoteslogical AND.” Usingthis notation, X, X, ---, X,, forma
Markov graphG if andonly if

[UcCV:U#Vands(U) > 1]. (7.89)

ThereforeaMarkov randomfield is simply a collectionof FCMI’'sinducedby
agraph.

We now definetwo typesof nonemptyatomsof F,, with respecto agraph
G. Recallthedefinitionof thesetU4 for anonemptyatomA of F,, in (7.73).

DEFINITION 7.24 For a nonemptyatomA of F,,, if s(Ua) = 1,i.e,, G\Ua
is connectedthen A is a Typel atom,otherwiseA is a Typell atom.Thesets
of all Typel andTypell atomsof F,, are denotedby 77 andT5, respectively

THEOREM 7.25 Xi, Xo,---, X, forma Markov graph G if andonly if u*
vanisheonall Typell atoms.

Beforewe prove thistheoremywe first statethefollowing propositiorwhich
is thegraph-theoretianalogof Theorem?7.5. Theproofis trivial andis omit-
ted. This propositionand Theorem?.5 togetherestablishan analogybetween
the structureof conditionalmutual independencand the connectiity of a
graph.Thisanalogywill playakey rolein proving Theorem7.25.

PROPOSITION 7.26 LetC and(@); bedisjointsubset®fthevertex setV of a
graphG andW; bea subsebf Q; for 1 < i < k, whee k > 2. Assumehat
there exist at leasttwo i sud that W; # 0. If Q;,1 < ¢ < k are disjointin
G\C, thenthoseW; which are nonemptyare disjointin G\(C U U¥_,(Q; —
Wi)).

ExaAMPLE 7.27 InthegraphG in Figure 7.4, {1}, {2,3,4}, and{5,6} are
disjointin G\{7}. ThenProposition7.26saysthat {1}, {2}, and {5,6} are
disjointin G\{3,4, 7}.

Proof of Theorem 7.25 Recallthe definition of the setUy4 for a nonempty
atomA in (7.73).Wenotethat{Uy4, A € A} containgpreciselyall the proper
subset®f V,,. Thusthesetof FCMI's specifiecby thegraphG canbewritten
as

[Ug: Ae Aands(Uy) > 1] (7.90)
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Figure7.4. ThegraphG in Example7.27.

(cf. (7.89)).By Theorem?.19,it suficesto prove that

Im([Us : A€ Aands(Uga) > 1]) = To. (7.91)
Wefirst prove that
Ty CIm([Us: A€ Aands(Ua) > 1]). (7.92)

ConsideranatomA € T, sothats(U,4) > 1. In Definition 7.13,let T = U4,
k = s(Ua), andQ; = Vi(Ua) for 1 < i < s(Ua). By considering; =
Vi(Ua) for1 < i < s(Uy), weseethatA € Im([Uy4]). Therefore,

Ty, = {AeA:s(Ua) >1} (7.93)

C U Im([U4) (7.94)
AcA:s(Uyg)>1

= Im([Ua: A€ Aands(Ua) > 1)). (7.95)

We now prove that
Im([Ua: A€ Aands(Ua) > 1)) C T. (7.96)

Considerd € Im([Us : A € Aands(Uy) > 1]). Thenthereexists A* € A
with s(Ua~) > 1 suchthatA € Im([U4-+]). FromDefinition7.13,

A= X | -X . , 7.97
SQA*) T e (A s -w) (7:97)
JEU, 1 W;
whereW,; C V;(Uya-), 1 < i < s(Uy+) andthereexist atleasttwo ¢ suchthat
W; # 0. It follows from (7.97)andthe definitionof U 4 that

s(Uax)
Ur=Us-U |J (Vi(Uar) - Wi). (7.98)

=1
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:’e 0

Figure7.5. ThegraphG in Example7.28.

With U 4~ playingtherole of C' andV;(U 4+ ) playingtherole of Q; in Proposi-
tion 7.26,we seeby applyingthepropositiorthatthose(atleasttwo) W; which
arenonemptyaredisjointin

s(Uax)
G\ (UA* U ( U (Vi(Ua-) —Wi))> = G\Ua. (7.99)

=1

Thisimpliess(Uy4) > 1, i.e., A € T,. Thereforewe have proved(7.96),and
hencethetheoremis proved.o

ExXAMPLE 7.28 Wth respecto thegraphG in Figure 7.5,the Typell atoms
are

XiNnXoNnX{NnXy, XENXoNXS5N Xy, X1 NXSNXSN Xy, (7.100)

while the othertwelvenonemptyatomsof F, are Typel atoms. Therandom
variablesX, X5, X3, and X, forma Markov graph G if andonlyif p*(A) =
0 for all Typell atomsA.

7.4 MARK OV CHAIN

WhenthegraphG representingMarkov randonfield is achain,theMarkov
randomfield becomes Markov chain. In this section,we furtherexplorethe
structureof the I-Measurefor a Markov randomfield for this specialcase.
Specificallywe will shav thatthe 7-Measureu* for aMarkov chainis always
nonn@ative, andit exhibits a very simple structureso that the information
diagramcanalwaysbe displayedn two dimensions.The nonngatiity of p*
facilitatestheuseof theinformationdiagrambecausé B is seerto beasubset
of B" in theinformationdiagramthen

W*(B') = u*(B) + u*(B' — B) > 1i*(B). (7.101)

Thesepropertiesare not possessetly the 7-Measurefor a generalMarkov
randomfield.
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Figure7.6. ThegraphG representinghe Markov chainX; — Xp — -+ = X,,.

Withoutlossof generality we assumehatthe Markov chainis represented
by the graphG in Figure7.6. This correspondso the Markov chain X; —
X9 — --- = X,,. Wefirst prove the following characterizatiof a Type|
atomfor a Markov chain.

LEMMA 7.29 FortheMarkov chainrepresentedbythegraphG in Figure 7.6,
anonemptyatomA of F,, is a Typel atomif andonly if

No\U4 = {I,1+1,--,ul}, (7.102)

wheel <[ < u < n,i.e, theindicesof the setvariablesin A which are not
complementedre consecutive

Proof It is easyto seethatfor anonemptyatomA, if (7.102)is satisfiedthen
G\U,4 is connectedi.e., s(U4) = 1. Therefore,A is a Typel atomof F,.
Ontheotherhand,if (7.102)is not satisfiedthenG\U4 is notconnectedi.e.,
s(Ua) > 1, or AisaTypell atomof F,,. Thelemmais proved.o

We now shav how the informationdiagramfor a Markov chainwith ary
lengthn > 3 canbe constructedn two dimensions. Sincey* vanisheson
all the Typell atomsof F,, it is not necessaryo displaytheseatomsin the
informationdiagram.In constructingheinformationdiagram theregionsrep-
resentingherandomvariablesX, X, - - - , X,, shouldoverlapwith eachother
suchthatthe regionscorrespondingo all the Type Il atomsareempty while
the regions correspondingo all the Type | atomsare nonempty Figure7.7
shaws sucha construction.Note that this informationdiagramincludesFig-
ures6.7 and6.9 asspecialcasesyhich areinformationdiagramsor Markov
chainswith lengths3 and4, respectiely.

Xl XZ Xn-l Xn

Figure 7.7. Theinformationdiagramfor theMarkov chainX; — X; — --- — X,,.
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We have alreadyshavn that 4* is nonn@ative for a Markov chain with
length3 or 4. Toward proving thatthisis truefor ary lengthn > 3, it sufiices
to shav thatu*(A) > 0 for all Typel atomsA of F,, because.*(A) = 0 for
all Typell atomsA of F,,. We have seenin Lemma7.29thatfor a Typel atom
A of F,, Ua hastheform asprescribedn (7.102).Considerary suchatomA.
Thenaninspectiorof theinformationdiagramin Figure7.7 revealsthat

prA) = prXnXgn---nX, - Xy,) (7.103)
= I(Xp; Xu|Xv,) (7.104)
> 0. (7.105)

Thisshavsthaty* is alwaysnonngative. However, sinceFigure7.7 involves
anindefinitenumberof randomvariableswe give aformal proof of thisresult
in thefollowing theorem.

THEOREM 7.30 ForaMarkovchainX; — Xy — -+ = X, p* isnonng-
ative

Proof Sincep*(A) = 0 for all Typell atomsA of F,, it suficesto shaw that
p*(A) > 0 for all Typel atomsA of F,,. We have seenin Lemma7.29that
for aTypel atomA of F,, U4 hastheform asprescribedn (7.102).Consider
ary suchatomA anddefinethe set

W={l+1,---,u—1}. (7.106)
Then
I(Xl;Xu|XUA)
= WX NX, - Xy,) (7.107)
_ ( U ()Zl n (m Xt> N %, —XUAU(W\S)» (7.108)
SCcw tesS
= S (X, N (ﬂ Xt> NX, — XUAU(W\S)> : (7.109)
SCcw tesS

In theabore summationgxceptfor theatomcorrespondingo S = W, namely
(XinXyp1n---nX, — Xy,), all theatomsareTypell atoms.Therefore,

(X Xu|Xv,) = (XN Xy N -+ N Xy — Xpy)- (7.110)
Hence,

prA) = pXinXpn---nX, - Xp,) (7.111)

= I(Xp; Xu|Xv,) (7.112)

> 0. (7.113)
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Figure 7.8. Theatomsof H(Y) + H(T).

Thetheoremis proved.c

We endthis sectionby giving anapplicationof this informationdiagramfor
n = 5.

ExamPLE 7.31 (MurTiPLE DESCRIPTIONS) In this example we prove
withthehelpofaninformationdiagramthatfor fiverandonmvariablesX, Y, Z,
T,andU suhthatX - Y — Z — T — U formsa Markov chain,

H(Y)+ H(T) =

I(Z;X,Y,T,U) + I(X,Y;T,U) + HY|Z) + H(T|Z). (7.114)

In theinformationdiagramfor X, Y, Z, T, andU in Figure 7.8,wefirstidentify
the atomsof H(Y') andthenthe atomsof H(T') by markingead of themby
adot. If anatombelongsto both H(Y') and H(T'), it receiveswo dots. The
resultingdiagramrepresents

H(Y)+ H(T). (7.115)
By repeatinghe sameprocedue for
I(Z; X, Y, T,U)+ I(X,Y;T,U)+ H(Y|Z)+ H(T|Z), (7.116)

we obtain the information diagram in Figure 7.9. Comparingthesetwo in-
formationdiagrams, we find that they are identical. Hence the information
identityin (7.114)alwaysholdsconditioningonthe Markov chain X — Y —
Z — T — U. Thisidentity is critical in proving an outer boundon the
achievablecodingrateregion of themultipledescriptiongroblemin Fu etal.
[73]. It is virtually impossibleto discorer this identity withoutthe help of an
informationdiagram!
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Figure7.9. Theatomsof I(Z; X,Y,T,U) + I(X,Y;T,U) + H(Y|Z) + H(T|Z).

PROBLEMS
1. Prove Proposition7.14andProposition7.15.

2. In Example7.22,it wasshawvn thatIl, impliesII;. Shav thatIl; doesnot
imply II,. Hint: Useaninformationdiagramto determine/m (I1z)\ Im (I1;).

3. Alternative definition of the global Markov property: For ary partition
{U, V1, Va} of V suchthatthe setsof verticesV; andV; aredisconnected
in G\U, thesetsof randomvariablesXy, and Xy, areindependentondi-
tioningon Xy .

Shaow that this definition is equivalentto the global Markov propertyin
Definition 7.23.

4. Thelocal Markov property: For1 < i < n, X; and Xy _y,_; areindepen-
dentconditioningon X y,, whereN; is the setof neighbor% of vertex 7 in
G.

a) Show thatthe globalMarkov propertyimpliesthelocal Markov prop-
erty.

b) Shaw thatthelocal Markov propertydoesnotimply theglobalMarkov
propertyby giving a countergample. Hint: Considera joint distribu-
tion whichis notstrictly positive.

5. Constructa Markov randomfield whosel-Measureu* cantake negative
values.Hint: Considera Markov “star”

6. a) ShowvthatX;, X,, X3, andX, aremutuallyindependenif andonly if
X1 L (Xo, X3,X4), Xo L (X3, X4)|X1, X3 L Xu|(X1,X2).

Hint: Useaninformationdiagram.

2Verticesi andj in anundirectecgraphareneighborsf i and; areconnectedy anedge.
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b) Generalizeheresultin a) to n» randomvariables.

7. Determinethe Markov randomfield with four randomvariablesX;, Xo,
X3, and X4 which is characterizedby the following conditionalindepen-
dencies:

(X1, X2, X5) L X4| X3
Xo L (X4, X5)|(X1,X3)
X1 L (X3, X4)|[(X2, X5).

What are the other conditionalindependenciepertainingto this Markov
randomfield?

HISTORICAL NOTES

A Markov randomfield canbe regardedas a generalizatiorof a discrete-
time Markov chain.Historically, the studyof Markov randomfield stemsrom
statisticalphysics.Theclassicalsingmodel,whichis definedonarectangular
lattice,wasusedto explain certainempiricallyobseredfactsaboutferromag-
netic materials.The foundationof the theoryof Markov randomfields canbe
foundin Prestor{157] or Spitzer[188].

The structureof the I-Measurdor a Markov chainwasfirst investigatedn
theunpublishedvork of Kawabatg107]. Essentialljthesameresultwasinde-
pendentlyobtainedoy Yeungelevenyeardaterin thecontext of the/-Measure,
andthe resultwas eventually publishedin Kawabataand Yeung[108]. Full
conditionalindependenciesiere shavn to be axiomatizableby Malvestuto
[128]. Theresultsin this chapterare dueto Yeunget al. [218], wherethey
obtainedh set-theoreticharacterizatioof full conditionalindependenciesnd
investigatedhe structureof the 7-Measurefor a Markov randomfield. These
resultshave beenfurther appliedby Ge and Ye [78] to characterizecertain
graphicalmodels.
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Chapter8

CHANNEL CAPACITY

In all practicalcommunicatiorsystemswhena signalis transmittedrom
one point to anotherpoint, the signalis inevitably contaminatedy random
noise,i.e.,thesignalrecevedis correlatedvith but possiblydifferentfrom the
signaltransmitted We usea noisychannelto modelsucha situation.A noisy
channelis a “system” which hasone input and one output, with the input
connectedo the transmissiorpoint andthe outputconnectedo the receving
point. The signalis transmittedat the input andreceved at the outputof the
channel Whenthesignalis transmittedhroughthechannelijt is distortedin a
randomway which depend®nthe channekharacteristicsAs such thesignal
receved may bedifferentfrom the signaltransmitted.

In communicationengineeringwe are interestedn corveying messages
reliably througha noisy channelat the maximumpossiblerate. We first look
at a very simple channelcalled the binary symmetricchannel(BSC), which
is representedby the transitiondiagramin Figure8.1. In this channel,both
theinput X andthe outputY take valuesin theset{0,1}. Thereis a certain
probability denotedy e, thattheoutputis notequalto theinput. Thatis, if the
inputis 0, thenthe outputis 0 with probability1 — €, andis 1 with probability
e. Likewise,if theinputis 1, thenthe outputis 1 with probability1 — €, andis
0 with probabilitye. The parametet is calledthe crosswer probability of the
BSC.

Let {A, B} be the messagesetwhich containstwo possiblemessageo
be corveyed througha BSCwith 0 < € < 0.5. We furtherassumehatthe
two messagegl and B areequallylikely. If the messagés A, we mapit to
the codevord 0, andif the messagés B, we mapit to the codevord 1. This

1Thediscussioron noisy channelsereis confinedto point-to-pointchannels.
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1-¢€

1-€
Figure8.1. A binarysymmetricchannel.

is the simplestexampleof a channelcode The codevord is thentransmitted

throughthe channel.Ourtaskis to decodehe messagéasedn the outputof

thechannelandanerroris saidto occurif themessagés decodedncorrectly
Consider

Pr{AlY =0} = Pr{X=0]Y =0} (8.1)
_ Pr{X =0}Pr{Y =0|X =0}
- Pr{Y =0} 8.2)
_05(1—¢)
~ Pr{Y =0}’ 8.3)
Since
Pr{Y =0} =Pr{Y =1} = 0.5 (8.4)
by symmetry, it follows that
Pr{AlY =0} =1—¢ (8.5)
and
Pr{BlY =0} =1—-Pr{A]Y =0} =e. (8.6)
Sincee < 0.5,
Pr{B|Y =0} < Pr{A[Y = 0}. (8.7)

Thereforejn orderto minimizethe probabilityof error, we decodeareceved
0to themessagel. By symmetrywe decodeareceved 1 to themessages.

2More explicitly,

Pr{Y =0} Pr{A}Pr{Y = 0|A} + Pr{B}Pr{Y = 0|B}
0.5Pr{Y = 0|X =0} + 0.5 Pr{y =0 X =1}
0.5(1 — €) + 0.5¢

= 0.5.
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An erroroccursif a0 is recevedandthe messagés B, orif alis receved
andthe messagés A. Therefore the probability of error, denotedby P,, is
givenby

P, = Pr{Y =0}Pr{B|Y =0} + Pr{Y = 1}Pr{A]Y =1}  (8.8)
= 0.5+ 0.5¢ (8.9)
- (8.10)

where(8.9)follows from (8.6) because
Pr{AlY =1} =Pr{B|Y =0} =¢ (8.11)

by symmetry

Let us assumehate # 0. Thenthe abore schemeohviously doesnot
provide perfectlyreliablecommunicationlf we areallowedto usethechannel
only once thenthisis alreadythe bestwe cando. However, if we areallowed
to usethe samechannelrepeatedlythen we canimprove the reliability by
generalizingheabore scheme.

We now considethefollowing channekodewhichwereferto asthebinary
repetitioncode Letn > 1 beanoddpositive integerwhichis calledtheblock
lengthof the code. In this code,the messaged is mappedo the sequencef
n 0's,andthemessage3 is mappedo the sequencef n 1's. The codevord,
which consistsof a sequencef eithern 0's or n 1's, is transmittedthrough
the channelin n uses. Uponreceving a sequencef n bits at the output of
the channelwe usethe majority vote to decodehe messagei,e., if thereare
more 0's than 1's in the sequencewe decodethe sequencdo the message
A, otherwisewe decodethe sequencéo the message3. Note thatthe block
lengthis chosento be odd so thattherecannotbe atie. Whenn = 1, this
schemeaeducego thepreviousscheme.

For thismoregeneraschemeywe continueto denotethe probabilityof error
by P.. Let Ny and N; bethenumberof 0’s and1's in thereceived sequence,
respectiely. Clearly

For largen, if themessagés A, thenumberof 0's receved is approximately
equalto

E[Ny|A] =n(1 —¢) (8.13)
andthenumberof 1'srecevedis approximatelyequalto
E[Ny|A] = ne (8.14)

with high probability by the weaklaw of large numbers.This impliesthatthe
probabilityof anerror namelytheevent{ Ny < N;}, is smallbecause

n(l —e) > ne (8.15)
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with theassumptiorthate < 0.5. Specifically

Pr{errofA} = Pr{Ny < Ni|A} (8.16)
< Pr{n— N < N;|A} (8.17)
= Pr{N; > 0.5n|A} (8.18)
< Pr{N; > (e + ¢)n|A}, (8.19)
where

0<¢p<0.5—c¢, (8.20)

sothat¢ is positve and
e+ ¢ <0.5. (8.21)

Note that sucha ¢ exists because < 0.5. Thenby the weaklaw of large
numbers,the upperboundin (8.19)tendsto 0 asn — oo. By symmetry
Pr{errof B} alsotendsto 0 asn — co. Therefore,

P, = Pr{A}Pr{errofA} + Pr{B}Pr{erroiB} (8.22)

tendsto 0 asn — oo. In otherwords, by using a long enoughrepetition
code,we canmale P, arbitrarily small. In this sensewe saythat reliable
communications achiered asymptotically

We pointoutthatfor aBSCwith € > 0, for ary giventransmittedsequence
of lengthn, the probability of receving ary given sequencef lengthn is
nonzero.lt follows thatfor ary two distinctinput sequenceshereis alwaysa
nonzeroprobabilitythatthe sameoutputsequencés producedsothatthe two
input sequencebecomandistinguishable Therefore gxceptfor very special
channelge.g.,the BSCwith ¢ = 0), no matterhow the encoding/decodm
schemas devised,a nonzerogprobability of erroris inevitable,andasymptoti-
cally reliablecommunications the bestwe canhopefor.

Thougharathemaive approachasymptoticallyreliablecommunicatiorcan
be achieved by usingthe repetitioncode. Therepetitioncode,however, is not
without catch. For a channelcode,the rate of the codein bit(s) per use,is
definedastheratio of thelogarithmof thesizeof themessagsetin thebase2
to the block lengthof the code. Roughlyspeakingtherateof a channelcode
is the averagenumberof bits the channelcode attemptsto corvey through
the channelin oneuseof the channel.For a binary repetioncodewith block
lengthn, therateis 2log2 = L, whichtendsto 0 asn — oo. Thusin
orderto achieve asymptoticreliability by usingthe repetitioncode ,we cannot
communicatehroughthe noisychannehtary positive rate!

In this chapterwe characterizéhe maximumrateatwhich informationcan
be communicatedhrougha discrete memorylesghannel(DMC) with anar
bitrarily small probability of error  This maximumrate, which is generally
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positive, is knowvn asthe channelcapacity Thenwe discusshe useof feed-
backin communicatinghrougha channel,andshav that feedbackdoesnot
increasethe capacity At the end of the chapter we discusstransmittingan
informationsourcethrougha DMC, andwe shav thatasymptoticoptimality
canbeachieved by separatingourcecodingandchannekoding.

8.1 DISCRETE MEMOR YLESS CHANNELS

DEFINITION 8.1 Let X and) bediscretealphabetsandp(y|z) bea tran-
sition matrixfrom X" to ). A discretechannelp(y|z) is a single-inputsingle-
outputsystermwith input randomvariable X taking valuesin X and output
randomvariableY takingvaluesin Y sud that

Pr{X ==z,Y =y} = Pr{X = z}p(y|z) (8.23)
forall (z,y) € X x ).
Remark From(8.23),we seethatif Pr{X = z} > 0, then
Pr{X =1z,Y =y}
Pr{X =z}

However, Pr{Y = y|X = z} is notdefinedif Pr{X = z} = 0. Nevertheless,
(8.23)is valid for bothcases.

p(y|z) = =Pr{Y =y|X = z}. (8.24)

DEFINITION 8.2 A disciete memorylesghannelis a sequencef replicates
ofagenericdiscretechannel. Thesaliscretechannelsareindexedbya discrete-
timeindexi, wheei > 1, withtheith channelbeingavailablefor transmission
attimei. Transmissiorthrougha channelis assumedo beinstantaneous.

The DMC is the simplestnontrivial model for a communicatiorchannel.
For simplicity, aDMC will bespecifiedby p(y|x), thetransitionmatrix of the
genericdiscretechannel.

Let X; andY; berespectiely theinput andthe outputof a DMC attime 1,
wherei > 1. Figure8.2is anillustrationof adiscretememorylesshannelln
thefigure, the memorylesattribute of the channeimanifeststself by thatfor
all 7, theith discretechannebnly hasX; asits input.

Foreachi > 1,

Pr{X; = z,Y; = y} = Pr{X; = z}p(y|z) (8.25)

sincethe ith discretechannelis a replicateof the genericdiscretechannel
p(y|z). However, the dependencof the outputrandomvariables{Y;} onthe
input randomvariables{ X;} cannotbe further describedwithout specifying
how the DMC is beingused.In this chapterwe will studytwo representate
models.In thefirst model,the channeis usedwithout feedback.This will be
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X, Y,
X, Y,
X, v

Figure8.2. A discretememorylesshannel.

discussedh Section8.2throughSection8.5. In thesecondnodel,thechannel
is usedwith completefeedback Thiswill bediscussedh Section8.6. To keep
ourdiscussiorsimple,we will assuméhatthealphabetst’ and) arefinite.

DEerINITION 8.3 The capacityof a discrete memorylesshannelp(y|z) is
definedas
C=maxI(X;Y), (8.26)
p(z)
whee X andY arerespectivelyheinputandtheoutputofthegenericdiscrete
channel,andthe maximunis takenover all inputdistributionsp(z).

Fromtheabore definition,we seethat

C>0 (8.27)
because
I(X;Y) >0 (8.28)
for all inputdistributionsp(z). By Theoren2.43,we have
C=maxI(X;Y) <max H(X) = log|X|. (8.29)
p(z) p(z)
Likewise,we have
C <logl|Y|- (8.30)
Therefore,
C < min(log |X|,log |V])- (8.31)

Sincel(X;Y) is a continuoudfunctionalof p(z) andthe setof all p(z) is a
compacset(i.e.,closedandbounded)n R!*!, themaximumvalueof I(X;Y)
canbeattained. Thisjustifiestakingthe maximumratherthanthe supremum
in the definitionof channekapacityin (8.26).

3Theassumptiorthat X’ is finite is essentiain this aggument.
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X ) Y
Figure 8.3. An alternatve representatiofor a binarysymmetricchannel.

We will prove subsequentlyhat C is in factthe maximumrate at which
informationcanbe communicatedeliably througha DMC. We first give some
examplesof DMC's for which the capacitiescanbe obtainedin closedform.
In thefollowing, X andY denoterespectiely theinput andthe outputof the
genericdiscretechannelandall logarithmsarein thebase2.

EXAMPLE 8.4 (BINARY SYMMETRIC CHANNEL) The binary symmetric
channel(BSC)has beenshownin Figure 8.1. Alternatively a BSCcan be
representedy Figure 8.3. Here, Z is a binary randomvariablerepresenting
the noiseof the channel,with

Pr{Z=0}=1-¢ and Pr{Z =1} =g, (8.32)
and Z isindependentf X. Then
Y = X + Z mod2. (8.33)

In order to determinethe capacityof the BSC,we first bound(X;Y) as
follows.

I(X;Y) = H(Y)-H®Y|X) (8.34)
= H(Y)-> plx)H(Y|X =) (8.35)
= H(Y) =) p(x)h(e) (8.36)
= H(Y) — hye) (8.37)
< 1= hy(e), (8.38)

whee we haveusedh, to denotethe binary entiopy functionin thebase2. In
orderto achievethis upperbound wehaveto male H(Y) = 1, i.e., theoutput
distribution of the BSCis uniform. This can be doneby letting p(z) be the
uniformdistribution on {0, 1}. Theefore, theupperboundon I(X;Y’) canbe
achieved,andweconcludethat

C =1 — hy(€) bit peruse. (8.39)
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0 05 1

Figure8.4. Thecapacityof abinarysymmetricchannel.

Figure 8.4is a plot of the capacityC versusthe crossoer probability e. We
seefromthe plot that C' attainsthe maximunvaluel whene = 0 or e = 1,
andattainsthe minimumvalueO whene = 0.5. Whene = 0, it is easyto see
that C = 1 is the maximunrate at which informationcan be communicated
throughthe channelreliably. Thiscanbeadcievedsimplyby transmittingun-
encodeditsthroughthechannelandnodecodings necessarpecausell the
bits are receivedundhanged. Whene = 1, the samecanbe achievedwith the
additionaldecodingstepwhich complementall thereceivedits. By doingso,
the bits transmittedhroughthe channelcanberecorered withouterror. Thus
from the communicatiorpoint of view, for binary channels,a channelwhich
never maleserror anda channelwhich alwaysmaleserrors are equallygood.
Whene = 0.5, the channeloutputis independenodf the channelinput. Thee-
fore, noinformationcan possiblybe communicatethroughthe channel.

ExAMPLE 8.5 (BINARY ERASURE CHANNEL) Thebinaryerasue channel
is shownin Figure 8.5. In this channel,the input alphabetis {0,1}, while
the outputalphabetis {0, 1,e}. Wth probability v, the erasue symbole is
producedat the output,which meansthat the input bit is lost; otherwisethe
input bit is reproducedat the outputwithouterror. Theparametery is called
theerasue probability.

To determinethe capacityof this channel wefirst consider

Cc = m(aﬁcf(X;Y) (8.40)
p(z

= m(aﬁc(H(Y) — H(Y|X)) (8.41)
p(z

= max H(Y) — hp(7). (8.42)
p(z)
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0 0
Y
X e Y
Y
1 1
1-v

Figure 8.5. A binaryerasurechannel.

Thusweonly haveto maximizeH (Y'). To thisend,let
Pr{X=0}=a (8.43)

anddefinea binary randomvariable E by

(0 ifY #e
E—{1 if Y = e. (8.44)

Therandomvariable E indicateswhetheran erasue hasoccued, andit is a
functionof Y. Then

H(Y) = H(Y,E) (8.45)
— H(E)+ H(Y|E) (8.46)
ho(y) + (1 = 7)hp(a). (8.47)
Hence
C = max H(Y) — hy(7) (8.48)
= max[hy(7) + (1 = 7)hs(a)] — hs(7) (8.49)
= (1 =) maxhy(a) (8.50)
= (1-1), (8.51)

whele capacityis achieved by letting a = 0.5, i.e., the input distribution is
uniform.

It isin generahot possibleto obtainthe capacityof a DMC in closedform,

andwe haveto resortto numericakcomputationin Chapterl0,wewill discuss
the Blahut-Arimotoalgorithmfor computingchannekapacity
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8.2 THE CHANNEL CODING THEOREM

We will justify the definition of the capacityof a DMC by the proving the
channelcodingtheoem This theorem,which consistsof two parts,will be
formally statedat the endof the section. The direct part of the theoremas-
sertsthatinformationcanbe communicatethrougha DMC with anarbitrarily
small probability of erroratary ratelessthanthe channelcapacity Hereit is
assumedhatthe decoderknows the transitionmatrix of the DMC. The con-
versepartof thetheoremassertshatif informationis communicatethrougha
DMC ataratehigherthanthecapacitythentheprobabilityof erroris bounded
away from zero. For betterappreciatiorof the definition of channelcapacity
we will first prove the corversepartin Section8.3 andthenprove the direct
partin Section8.4.

DEFINITION 8.6 An(n, M) codefor a discretememorylesshannelwith in-
putalphabetX andoutputalphabet) is definedby an encodingfunction
fFe{1,2,--- M} —» X" (8.52)
anda decodingfunction
g:Y"—>{1,2,---,M}. (8.53)

Theset{1,2,---, M}, denotecby W, is calledthemessge set. Thesequences
), f(2),---, f(M) in X™ are called codevords, and the setof codevords
is calledthe codebook.

In orderto distinguisha channelcodeasdefinedabove from a channelcode
with feedbackwhich will be discussedn Section8.6, we will refer to the
formerasachannekodewithoutfeedback.

We assumehata messagéV is randomlychoserfrom the messagset\V
accordingo the uniform distribution. Therefore,

H(W) = log M. (8.54)
With respecto a channekodefor aDMC p(y|z), we let
X = (X1,Xo, -+, Xp) (8.55)

and
Y = (Y1,Ys,---,Y,) (8.56)

be the input sequenceand the outputsequencef the channel,respectiely.
Evidently
X = f(W). (8.57)

We alsolet

A

W = g(Y). (8.58)
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~

W X Y W
—— = Encoder Channel Decoder——
Message oK) Estimate
of message

Figure8.6. A channekodewith blocklengthn.

Figure8.6is theblock diagramfor a channekode.
DEFINITION 8.7 Forall1 <w < M, let

Ao =Pr{W £w|W=w}= Y  Pr{Y=y[X=Ff(w)} (859)
yeEY™g(y)Fw

bethe conditionalprobability of error giventhatthemessge is w.

We now definetwo performanceneasureor achannekode.

DeFINITION 8.8 Themaximalprobability of error of an (n, M) codeis de-
finedas
Amaz = max Aw- (8.60)

DEFINITION 8.9 Theavelage probability of error of an (n, M) codeis de-

finedas X
P, =Pr{W #W}. (8.61)

Fromthedefinitionof P,, we have

P, = Pr{W#W} (8.62)
= S Pr{W = w}Pr{W # W|W = w} (8.63)
= > %Pr{W # w|W = w} (8.64)
1
- Ew: A, (8.65)

i.e., P, is thearithmeticmeanof \,,, 1 < w < M. It thenfollows that

Pe < Anaz- (866)

DEFINITION 8.10 Therateof an (n, M) channelcodeis n~! log M in bits
peruse
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DEerINITION 8.11 Arate R is asymptoticallyachievablefor a discretemem-
orylesschannelp(y|z) if for anye > 0, thete existsfor suficientlylarge n an
(n, M) codesud that

1
ElogM >R—ce¢ (8.67)

and
Amaz < €. (8.68)

For brevity, an asymptoticallyachievableratewill bereferredto asan achiev-
ablerate

In otherwords, arate R is achieableif thereexists a sequencef codes
whoseratesapproachk andwhoseprobabilitiesof error approacheero. We
endthis sectionby statingthe channelcodingtheoremwhich givesa charac-
terizationof all achiszablerates. This theoremwill be provedin the next two
sections.

THEOREM 8.12 (CHANNEL CODING THEOREM) A rate R is achievable
for a discretememorylesshannelp(y|z) if andonlyif R < C, thecapacityof
thechannel.

8.3 THE CONVERSE

Let us considera channelcodewith block lengthn. Therandomvariables
involved in this codeare W, X; andY; for1 < i < n, andW. We see
from the definition of a channelcodein Definition 8.6 that all the random
variablesaregeneratedequentiallyaccordingto somedeterministicor prob-
abilistic rules. Specifically the randomvariablesare generatedn the order
W,X1,Y1,Xo,Ys, -+, X, Y, W. Thegeneratiorof theserandomvariables
canbe representetby the dependencgrapi in Figure8.7. In this graph,a
noderepresenta randomvariable. If thereis a (directed)edgefrom nodeX
to nodeY’, thennodeX is calleda parentof nodeY. We furtherdistinguish
a solid edgeanda dottededge: a solid edgerepresent$unctional (determin-
istic) dependeng while a dottededgerepresentshe probabilisticdependenc
inducedby the transitionmatrix p(y|z) of the genericdiscretechannel.For a
nodeX, its parentnodesrepresenall therandomvariableson which random
variable X dependsvhenit is generated.We will useq to denotethe joint
distribution of theserandomvariablesaswell asall the mamginals,andlet z;
denotethe ith componenbf a sequence. Fromthe dependencgraph,we

4A dependencgraphcanberegardedasa Bayesiametwork [151].
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Figure8.7. Thedependencgraphfor achannekcodewithout feedback.

seethatfor all (w,x,y) € W x &A™ x Y" suchthatg(x) > 0,

q(w,x,y) = q(w) (H Q($i|w)> (H p(@ﬁ\%)) : (8.69)
=1 =1

Note thatg(w) > 0 for all w sothatg(z;|w) arewell-defined,and ¢(z;|w)
aredeterministic. Denotethe setof nodesX, X5, - - -, X,, by X andthe set
of nodesY, Ys, - - -, Y,, by Y. We noticethe following structurein the depen-
deng graph: all the edgesrom W endin X, andall the edgesfrom X end
in Y. This suggestshattherandomvariablesi, X, andY form the Markov

chain
W-X->Y. (8.70)

Thevalidity of this Markov chaincanbeformally justifiedby applyingPropo-
sition2.9to (8.69). Thenfor all (w, x,y) € W x X™ x Y™ suchthatg(x) > 0,
we canwrite

q(w,x,y) = q(w)q(x|w)q(y|x). (8.71)

By identifying on the right handsidesof (8.69) and(8.71) the termswhich
dependdnly onx andy, we seethat

q(y|x) = k [] p(yilz:), (8.72)
i1

wherek is thenormalizationconstantvhichis readilyseento be 1. Hence,

n

q(ylx) = [ p(yilz:). (8.73)
=1
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Figure8.8. Theinformationdiagramfor W — X — Y — W.

The Markov chainin (8.70) and the relationin (8.73) are apparentirom
the setupof the problem,andthe abore justification may seemsuperfluous.
However, the methodologydevelopedhereis necessaryo handlethe more
delicatesituationwhich ariseswhenthe channelis usedwith feedback.This
will bediscussedn Section8.6.

Considera channelcode whose probability of error is arbitrarily small.
SinceW, X, Y, andW form the Markov chainin (8.70),theinformationdia-
gramfor thesefour randonmvariableds asshavnin Figure8.8. Moreover, X is
afunctionof W, andW is afunctionof Y. Thesetwo relationsareequialent
to

H(X|W) =0, (8.74)

and )
HW|Y)=0, (8.75)

respectiely. Sincethe probability of erroris arbitrarily small, W andW are
essentiallydentical. To gaininsightinto the problem we assuméor thetime
beingthatW andW areequivalent,sothat

H(W|W) = HW|W) = 0. (8.76)

Sincethe I-Measureu* for a Markov chainis nonn@atie, the constraintsn
(8.74)to (8.76)imply that * vanisheson all the atomsin Figure8.8 marked
with a‘0.” Immediatelywe seethat

HW) = I(X;Y). (8.77)

Thatis, theamountof informationconveyedthroughthe channeis essentially
themutualinformationbetweertheinput sequencandtheoutputsequencef
thechannel.

For a single transmissionwe seefrom the definition of channelcapacity
that the mutualinformation betweenthe input and the outputcannotexceed
thecapacityof thechannelj.e.,forall 1 < i < mn,

I(X;;Y;) < C. (8.78)
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Summing; from 1 ton, we have

Y I(X;Y;) < nC. (8.79)
=1

Uponestablishingn the next lemmathat

IX:Y) < 3 I(X: ), (8.80)
=1

the converseof the channekodingtheorenthenfollows from

Ligrr = Luow (8.81)
n n
- lixy) (8.82)
n
< Iy rxav (8.83)
nia
< C (8.84)

LEMMA 8.13 For a discrete memorylesghannelusedwith a channelcode
withoutfeedbak, for anyn > 1,

n
I(X;Y) < S I(X3 V), (8.85)
=1
whee X; andY; are respectivelithe input and the outputof the channelat
times.
Proof Forary (x,y) € X™ x Y™, if gq(x,y) > 0, theng(x) > 0 and(8.73)
holds. Therefore,
n
q(Y|X) = [[ p(vilXi) (8.86)
=1

holdsfor all (x,y) in thesupportof ¢(x,y). Then

n n
—Elogq(Y|X) = —Elog [[ p(Y;|Xi) = = _ Elogp(Yi|X;), (8.87)

=1 =1

or

H(YIX) = " H(YX). (®.89)
=1
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Hence,
I(X;Y) = H(Y)-H(YX) (8.89)
< S H) - Y HEYIX) (8.90
=1 =1
= Y I(Xs ). (8.91)

Thelemmais proved.o

We now formally prove the corverseof the channekodingtheorem.Let R
beanachievablerate,i.e.,for ary € > 0, thereexistsfor suficiently largen an
(n, M) codesuchthat

%logM >R—ce¢ (8.92)
and
Amaz < €. (8.93)
Consider
logM 2 HW) (8.94)
= HW|W )+I( ) (8.95)
b)
< HWW)+I1(X;Y) (8.96)
c) n
< HWW)+ Y I(XiY5) (8.97)
=1
d) .
< HW|W)+nC, (8.98)
where

a) follows from (8.54);

b) follows from the dataprocessingheoremsinceW — X — Y — W;
c) follows from Lemma8.13;

d) followsfrom (8.79).

From(8.61)andFanos inequality(cf. Corollary2.48),we have

H(W|W) <1+ P,log M. (8.99)
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Thereforefrom (8.98),

logM < 1+ P.logM +nC (8.100)
< 14 Mpaglog M +nC (8.101)
< 1+ c¢€logM + nC, (8.102)

wherewe have used(8.66) and(8.93), respectiely to obtainthe lasttwo in-
equalities Dividing by n andrearrangingheterms,we have

1 1ic
—logM < 2 ha , (8.103)
7 1—e€
andfrom (8.92),we obtain
1
~+C
R—-e< ”1+ . (8.104)
— €

For ary e > 0, the above inequalityholdsfor all suficiently largen. Letting
n — oo andthene — 0, we concludethat

R<C. (8.105)

This completeghe prooffor the corverseof thechannekodingtheorem.
Fromthe abore proof, we canobtainanasymptoticboundon P, whenthe
rateof thecode% log M is greatetthanC. Consider(8.100)andobtain

14+ nC 1ic
P>1—-——F=1-" . 8.106
‘= log M %logM ( )
Then .
=+ C C
Po>1- 2 iy (8.107)
—log M —log M

whenn is large. This asymptoticboundon P,, which is strictly positive if
1log M > C,isillustratedin Figure8.9.
In fact,thelowerboundin (8.106)impliesthat P, > 0 for all n if %logM >

C becauséf P\" = 0 for someny, thenfor all £ > 1, by concatenating
copiesof thecode,we obtaina codewith the samerateandblock lengthequal

to kng suchthatPe(k”") = 0, which is a contradictionto our conclusionthat
P, > 0 whenn is large. Thereforejf we usea codewhoserateis greaterthan
thechannekapacitythe probability of erroris non-zerdor all block lengths.

The corverseof the channelcodingtheoremwe have proved is calledthe
weakcorverse.A strongewversionof thisresultcalledthe strongcorversecan
be proved, which saysthat P, — 1 asn — oo if thereexistsane > 0 such
thatl log M > C + e for all n.
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1
ﬁIogM

C

Figure8.9. An asymptoticupperboundon P..

8.4 ACHIEVABILITY OF THE CHANNEL CAPACITY

We have shawn in the last sectionthat the channelcapacityC' is an upper
boundon all achievableratesfor aDMC. In this sectionwe shav thattherate
C is achivable,whichimpliesthatary rate R < C is achiezable.

ConsideraDMC p(y|z), anddenotetheinput andthe outputof thegeneric
discretechanneby X andY’, respectiely. For every inputdistribution p(z),
we will prove thattherateI(X;Y') is achiezable by shaving for large n the
existenceof achannekodesuchthat

1. therateof thecodeis arbitrarily closeto I(X;Y);
2. themaximalprobabilityof error A, is arbitrarily small.

Then by choosingthe input distribution p(z) to be one which achieves the
channetapacityi.e.,I(X;Y) = C, weconcludehattherateC is achievable.

Fix any e > 0 andlet § be a small positve quantityto be specifiedlater.
Toward proving the existenceof a desiredcode,we fix aninput distribution
p(z) for the genericdiscretechannelp(y|z), andlet M be an eveninteger
satisfying

€

47
wheren is sufiiciently large. We now describearandomcodingschemen the
following steps:

1
I(X;Y) - % < —log M < I(X;Y) (8.108)

1. Constructthe codebookC of an (n, M) coderandomlyby generatingV/
codevordsin X" independenthandidenticallyaccordingo p(z)™. Denote
thesecodevordsby X (1), X(2),---, X(M).

2. RevealthecodeboolC to boththeencodermandthedecoder
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3. A messagéV is choserfrom W accordingo the uniform distribution.

4. ThemessagéV is encodednto thecodeavord X (W), whichis thentrans-
mitted throughthechannel.

5. Thechannebutputsasequenc&” accordingo
Pr{Y = y|X(W) = x} = [ p(il:) (8.109)

(cf. (8.73)andRemarkl in Section8.6).

6. Thesequenc& is decodedo themessagev if (X(w),Y) € T'xys @nd
theredoesnot existsw’ # w suchthat(X(w'),Y) € T{%yys- Otherwise,

Y is decodedo a constanimessagén W. Denoteby I the messagéo
whichY is decoded.

Remark 1 Thereareatotal of |X|™" possiblecodebooksvhich canbe con-

structedby the randomprocedurdan Step2, wherewe regardtwo codebooks
whosesetsof codavordsarepermutation®f eachotherastwo differentcode-

books.

Remark 2 Strongtypicality is usedn definingthedecodingunctionin Step6.
Thisis madepossibleby theassumptiorthatthealphabetst’ and) arefinite.

We now analyzethe performancef this randomcodingschemelet
Err = {W # W} (8.110)

be the eventof a decodingerrot In the following, we analyzePr{ Err}, the
probabilityof adecodingerrorfor therandomcodeconstructedbore. For all
1 <w < M, definetheevent

Ey = {(X(w),Y) € T{xy}- (8.111)

Now u
Pr{Err} = Z Pr{Err|W = w}Pr{W = w}. (8.112)

w=1

SincePr{ Err|W = w} areidenticalfor all w by symmetryin the codecon-
struction,we have

M
Pr{Err} = Pr{Err|W =1} Z Pr{W = w} (8.113)
w=1

= Pr{Erm|W =1}, (8.114)

DRAFT Septenber 13, 2001, 6:27pm DRAFT



168 AFIRSTCOURSHN INFORMATION THEORY

i.e., we canassumewithout loss of generalitythat the messagd. is chosen.
Thendecodings correctif therecevedvectorY is decodedo themessagé.
This is the caseif E; occursbut E,, doesnotoccurforall 2 < w < M. It
follows thaP

Pr{Erm‘|W =1} > Pr{E, N ESNE{N---NE W =1},  (8.115)

whichimplies

Pr{Err|W =1}
= 1—Pr{Err|W =1} (8.116)
< 1-Pr{EiNESNESN - NES|W =1} (8.117)
= Pr{(E1NESNESN---NE)|W =1} (8.118)
— P{ESUE,UE;U---UEy|W = 1}. (8.119)

By theunionbound,we have

M
Pr{Err|W =1} < Pr{Ef|W =1} + )_ Pr{E,|W =1}.  (8.120)
w=2
First,if W = 1, then(X(1),Y) areni.i.d. copiesof thepairof genericandom
variables(X,Y’). By thestrongJAEP (Theorenb.8),for ary v > 0,

PriEf|W =1} = Pr{(X(1),Y) ¢ Tl slW =1} <v  (8.121)

for sufiiciently largen. Secondjf W = 1, thenfor 2 < w < M, (X(w),Y)
aren i.i.d. copiesof the pair of genericrandomvariables(X’, Y”), where X’
andY”’ have the samemaginal distributionsas X andY, respectiely, and
X' andY' areindependenbecauseX (1) and X (w) areindependenandY
depend®nly onX(1). Therefore,

Pr{E,|W = 1}
= Pr{(X(w),Y) € Tlys|W =1} (8.122)
= > p)ply) (8.123)
(X:Y)ET[g(y](;

By the consisteng of strongtypicality, for (x,y) € Tk yisr X € Tik)5 and
y € Tf,;- By thestrongAER, all p(x) andp(y) in the above summation
satisfy

p(x) < 27HEO=D (8.124)

5If E1 doesnot occuror E,, occursfor somel < w < M, the receved vectorY is decodedo the
constantmessagewhich may happento be the messagé. Thereforethe inequalityin (8.115)is notan
equalityin general.
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and
p(y) < 27HA)=0), (8.125)

wheren, ( — 0 asé — 0. Againby thestrongJAEP,
[Thys| < 22X, (8.126)

where{ — 0 asé — 0. Thenfrom (8.123),we have

Pr{E,|W =1}
< QuH(GY)+) | g—n(H(X)=m) , g—n(H(Y)=() (8.127)
—  9—n(H(X)+H(Y)-H(X,Y)—-(-1—() (8.128)
9—n(I(X;Y)—€-n—C) (8.129)
9 n(I(X;Y)=7) (8.130)
where
asd — 0.
Fromtheupperboundin (8.108),we have

M < onI(X3Y)=7) (8.132)

Using (8.121), (8.130), and the abore upperboundon M, it follows from
(8.114)and(8.120)that

Pr{Err} < v+ 2nUXY)=5), o-n(I(XGY)=7) (8.133)
= p427E), (8.134)

Sincer — 0 asé — 0, for suficiently small§, we have

i — >0 (8.135)
for ary € > 0, sothat2="(i=") — 0 asn — co. Thenby lettingv < &, it
follows from (8.134)that

Pr{Err} < % (8.136)

for sufficiently largen.

Themainideaof the above analysison Pr{ Err} is the following. In con-
structingthe codebookwe randomlygeneratel/ codevordsin X™ according
to p(z)™, andoneof the codevordsis sentthroughthe channelp(y|z). When
n is large, with high probability the receved sequencés jointly typical with
the codevord sentwith respectto p(z,y). If the numberof codevords M
grovs with n ataratelessthan(X;Y"), thenthe probabilitythatthereceved
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sequencés jointly typicalwith a codevord otherthanthe onesentthroughthe
channels ngjligible. Accordingly themessageanbedecodecdorrectlywith
probabilityarbitrarily closeto 1.

In constructinghecodebookby therandomproceduren Step2, we choose
acodeboolC with acertainprobabilityPr{C} from theensemblef all possi-
ble codebooksBy conditioningonthe codebookchosenwe have

Pr{Err} = Z Pr{C}Pr{Err|C}, (8.137)
c

i.e., Pr{Err} is aweightedaverageof Pr{Err|C} overall C in theensemble
of all possiblecodebookswherePr{ Err|C} is theaverageprobabilityof error
of thecode,i.e., P., whenthe codebookC is chosen(cf. Definition 8.9). The
readershouldcompareghetwo differentexpansionsf Pr{ Err} in (8.137)and
(8.112).

ThereforethereexistsatleastonecodeboolC* suchthat

Pr{Err|C*} < Pr{Err} < % (8.138)

Thuswe have shavn thatfor ary € > 0, thereexistsfor suficiently largen an
(n, M) codesuchthat

€

1
- logM > I(X;Y) (8.139)

(cf. (8.108))and

P. < 3. (8.140)

We arestill onestepaway from proving thattherate(X;Y') is achievable
becauseve requirethat A\, insteadof P, is arbitrarily small. Toward this
end,we write (8.140)as

1 & €
i > dw < o (8.141)
w=1
or
M
M

> < (—) €. (8.142)
w=1 2

Upon orderingthe codavords accordingto their conditional probabilitiesof
error, we obsere thatthe conditionalprobabilitiesof error of the betterhalf
of the M codevordsarelessthane, otherwisethe conditionalprobabilitiesof
error of theworsehalf of the codevordsareat leaste, andthey contritute at
least(% )e to the summatiorin (8.142) whichis acontradiction.
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Thusby discardingthe worsehalf of the codevordsin C*, for theresulting
codebookthe maximalprobability of error A, is lessthane. Using(8.139)
andconsidering

1 M 1 1
—log— = —logM — — (8.143)
n 2 n n
€ 1
> (I(X,Y) - 5) - (8.144)
> I(X;Y)—e (8.145)

whenn is suficiently large, we seethattherateof theresultingcodeis greater
thanI(X;Y) — e. Hencewe concludethattherate(X;Y") is achiezable.
Finally, uponletting the input distribution p(z) be onewhich achiezesthe
channekapacityi.e.,I(X;Y) = C, we have provedthattherateC is achie-
able. Thiscompletesheproofof thedirectpartof thechannetodingtheorem.

8.5 A DISCUSSION

In thelasttwo sectionswe have provedthe channekodingtheoremwhich
assertshatreliablecommunicatiorthrougha DMC atrateR is possibleaf and
only if R < C, the channelcapacity By reliablecommunicatiorat rate R,
we meanthatthe sizeof the messagsetgrowns exponentiallywith n atrate R,
while the messageanbe decodeccorrectlywith probability arbitrarily close
to1lasn — oo. ThereforethecapacityC' is afundamentatharacterizationf
aDMC.

Thecapacityof a noisychanneis analogougo the capacityof awaterpipe
in the following way. For awaterpipe,if we pumpwaterthroughthe pipe at
aratehigherthanits capacity the pipe would burstandwaterwould be lost.
Foracommunicatiorchanneljf we communicatehroughthechannehbtarate
higherthanthe capacity the probability of erroris boundedaway from zero,
i.e.,informationis lost.

In proving the direct part of the channelcodingtheorem,we shaved that
there exists a channelcodewhoserate is arbitrarily closeto C' and whose
probabilityof erroris arbitrarily closeto zero.Moreover, theexistenceof such
acodeis guaranteednly whentheblocklengthn is large. However, the proof
doesnotindicatehow we canfind sucha codebook For thisreasonthe proof
we gave is calledanexistenceproof (asopposeo a constructie proof).

For afixedblock lengthn, we in principle cansearchthroughtheensemble
of all possiblecodebookgor a goodone,but this is quite prohibitive evenfor
smalln becaus¢he numberof all possiblecodebookgrows doubleexponen-
tially with n. Specifically the total numberof all possible(n, M) codebooks
is equalto | X |M™. Whentherateof thecodeis closeto C, M is approximately
equalto 2"¢. Therefore the numberof codebooksve needto searchthrough
is about| X' |"2"“ .
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Neverthelesstheproofof thedirectpartof thechannektodingtheorendoes
indicatethatif we generate codebookandomlyasprescribedthe codebook
is mostlikely to begood.More preciselywe now shav thatthe probability of
choosinga codeC suchthatPr{Err|C} is greaterthanary prescribed) > 0
is arbitrarily smallwhenn is sufiiciently large. Consider

Pr{Err} = ZPr{C}Pr{ETHC} (8.146)
c

= > Pr{C}Pr{Err|C}

C:Pr{Err|C}<¢

+ > Pr{C}Pr{ErrC} (8.147)
C:Pr{Err|C}>vy
> > Pr{C}Pr{Err|C} (8.148)
C:Pr{Err|C}>vy
> @ > Pr{C}, (8.149)

C:Pr{Err|C}>v¢

whichimplies
Pr{Err}

> Pr{C}< (8.150)
C:Pr{Err|C}>¢ ¥
From(8.138),we have
Pr{Err} < % (8.151)
for ary e > 0 whenn is suficiently large. Then
Y Pr{C}< — (8.152)

C:Pr{Err|C}>v¢ ~ 2

Sincey is fixed, this upperboundcanbe madearbitrarily smallby choosinga
sufliciently smalle.

Althoughtheproofof thedirectpartof thechannetodingtheorendoesnot
provide anexplicit constructiorof agoodcode, it doesgive muchinsightinto
whatagoodcodeis like. Figure8.10is anillustrationof achannetodewhich
achiezesthe channekapacity Herewe assumehattheinputdistribution p(z)
is onewhichachievesthechannekapacityi.e., I(X;Y) = C. Theideais that
mostof the codevordsaretypical sequences X" with respecto p(x). (For
this reasontherepetitioncodeis notagoodcode.)Whensucha codevord is
transmitteadthroughthe channel the receved sequences likely to be one of
about2"#(Y'1X) sequencemm )" whicharejointly typical with thetransmitted
codevord with respectto p(z,y). The associatiorbetweena codevord and
the about2™H(Y1X) correspondingequencem Y™ is shawvn asa conein the
figure. As we requirethatthe probability of decodingerroris small,thecones
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} ~ QRH(YIX) |
~2nI(X:Y) ~9nH(Y)
codewords sequences
in T : in Tys

Figure8.10. A channekodewhichachierescapacity

essentiallydo not overlap with eachother Sincethe numberof typical se-
quencesvith respecto p(y) is about2™(Y), thenumberof codavordscannot
exceedabout

2 guixi) _ gne (8.153)
nH(YIX) ~ Y '

Thisis consistentvith the converseof thechannekodingtheorem.Thedirect
part of the channelcodingtheoremsaysthatwhenn is large, aslong asthe
numberof codavordsgeneratedandomlyis not morethanabout2®(€—¢), the
overlapamongthe coness negligible with very high probability

Thereforeinsteadof searchinghroughthe ensembleof all possiblecode-
booksfor agoodone,we cangeneratecodebookandomly andit is likely to
be good. However, sucha codeis difficult to usedueto the following imple-
mentationissues.

A codebookwith block lengthrn andrate R consistof n2"# symbolsfrom
theinputalphabet¥. Thismeanghatthesizeof thecodebooki.e.,theamount
of storagerequiredto storethe codebook grows exponentiallywith n. This
alsomakesthe encodingoroceswrery inefficient.

Anotherissueis regardingthecomputatiorrequiredfor decoding Basedon
thesequenceecevedattheoutputof thechannelthedecodeneeddo decide
which of the about2"# codevordswasthe onetransmitted.This requiresan
exponentialamountof computation.

In practice,we are satisfiedwith the reliability of communicatioronceit
exceedsa certainlevel. Thereforetheabove implementationissuesnayeven-
tually beresohed with the advancemenbf microelectronicsBut beforethen,
we still have to dealwith thesassuesFor thisreasontheentirefield of coding
theoryhasbeendevelopedsincethe 19505. Researcherm this field arede-
votedto searchindor goodcodesanddevising efficient decodingalgorithms.
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X,=f,(W,Y"1)

w l Y, W
—— = Encoder Crzalr;r;el Decoder ——
Message ply Estimate

T of message

Figure8.11. A channekodewith feedback.

In fact, almostall the codesstudiedin codingtheoryarelinear codes By
takingadwantageof thelinearstructuref thesecodes gfficientencodingand
decodingcan be achieved. In particular Berrouel al [25] have proposeda
linearcodecalledtheturbo codé in 1993,which is now generallybelievedto
bethe practicalway to achiere thechannekapacity

Today channelcoding hasbeenwidely usedin homeentertainmensys-
tems(e.g.,audioCD and DVD), computerstoragesystemge.g., CD-ROM,
harddisk, floppy disk,andmagnetidape),computercommunicationyireless
communicationand deepspacecommunication. The mostpopularchannel
codesusedin existing systemsncludethe Hammingcode the Reed-Solomon
cod€, the BCH code,andcorvolutional codes.We refertheinterestedeader
to textbookson codingtheory[29] [124] [202] for discussion®f this subject.

8.6 FEEDBACK CAPACITY

Feedbaclks very commonin practicalcommunicatiorsystemdor correct-
ing possibleerrorswhich occurduring transmission.As an example,during
atelephonecorversation,we very often have to requesthe speakr to repeat
dueto poor voice quality of the telephondine. As anotherexample,in data
communicationthe recever may requesta paclet to be retransmittedf the
parity ched bits receved areincorrect. In general whenfeedbackfrom the
recever is available at the transmitter the transmittercanat ary time decide
whatto transmitnext basednthefeedbacksofar, andcanpotentiallytransmit
informationthroughthe channereliably at a higherrate.

In this section,we studya modelin which a DMC is usedwith complete
feedback.The block diagramfor the modelis shavn in Figure8.11. In this
model,thesymbolY; recevedattheoutputof thechannekttimes is available
instantaneouslgt the encodemwithout error Thendependingonthe message
W andall the previousfeedbacky, Ys, - - -, Y;, theencodedecideghevalue

6The turbo codeis a specialcaseof the classof Low-densityparity-ched (LDPC) codesproposedby
Gallager{75] in 1962(seeMacKay[127]). However, the performancef suchcodesvasnot known atthat
time dueto lack of high speeccomputerdor simulation.

"The Reed-Solomorodewasindependentlgiscareredby Arimoto [13].
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of X;.1, the next symbolto be transmitted.Sucha channelcodeis formally
definedbelow.

DEFINITION 8.14 An (n, M) codewith completefeedbak for a discrete
memorylesghannelwith input alphabetX and outputalphabet) is defined
by encodingfunctions

fi:{1,2,--- M} xYy"! 5 X (8.154)
for 1 < i < mn andadecodingunction

g:Y" = {1,2,---, M} (8.155)

We will useY? to denote(Y7,Ys, ---,Y;) and X; to denotef; (W, Yi~1).
We notethat a channelcodewithout feedbackis a specialcaseof a channel
codewith completefeedbackecausdor thelatter, theencodercanignorethe
feedback.

DEerINITION 8.15 Arate R is achievablewith completefeedbak for a dis-

cretememorylesshannelp(y|z) if for anye > 0, there existsfor suficiently
large n an (n, M) codewith completfeedbak sud that

1
- logM >R —¢ (8.156)

and
Amaz < €. (8.157)

DEFINITION 8.16 Thefeedbak capacity Cgg, of adiscretememorylesshan
nelis the supemumof all the ratesachievable by codeswith completefeed-
bad.

ProprosITION 8.17 Thesupemumin thedefinitionof Cgg in Definition8.16
is themaximum.

Proof ConsideratesR¥) whichareachievablewith completefeedbacksuch
that
lim R® = R. (8.158)

k— 00

Thenfor ary € > 0, for all k, thereexistsfor suficiently largen an (n, M(¥))
codewith completefeedbacksuchthat

LiogM® 5 g _ ¢ (8.159)
n
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Figure8.12. Thedependencgraphfor achannekodewith feedback.

and
k) < (8.160)

mazx

By virtue of (8.158),let k(¢) beanintegersuchthatfor all & > k(e),

IR—R¥)| <, (8.161)
whichimplies
R® > R—e (8.162)
Thenfor all £ > k(e),
Liog M® > R®) _ ¢ > R—2¢ (8.163)
n

Therefore|jt follows from (8.163)and(8.160)that R is achiezablewith com-
pletefeedback.Thisimpliesthatthe supremunin Definition 8.16,which can
beachieved, is in factthe maximum.o

Sincea channelcodewithout feedbackis a specialcaseof a channelcode
with completeeedbackary rate R achievableby theformeris alsoachievable
by thelatter Therefore,

Ceg > C. (8.164)

Theinterestingguestionis whetherCrg is greatethanC'. Theanswersur
prisingly turnsoutto benofor aDMC, aswe nowv shav. Fromthedescription
of a channelcodewith completefeedbackwe obtainthe dependencgraph
for therandomvariables, X, Y, W in Figure8.12. Fromthis dependenc
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graph,we seethat
q(w,x,y,w) = q(w) (H Q(xilw,y“)> (H p(yilwi)> q(wly) (8.165)
=1 =1

for all (w,x,y, ) € W x X™ x Y™ x W suchthatg(w,y" ), q(z;) > 0 for
1 <i < mnandg(y) > 0,wherey® = (y1,2,---,yi). Notethatq(z;|w, y*~1)
andq(w|y) aredeterministic.

LEMMA 8.18 Forall1 <i<mn,
WY = X; = Y, (8.166)
formsa Markov chain.

Proof Thedependencgraphfor therandonvariableg¥, X*, andY" is shavn
in Figure8.13. Denotethe setof nodesW, X*~!, andY*~! by Z. Thenwe
seethatall theedgedrom Z endat X;, andtheonly edgefrom X; endsatYy;.
This meanghatY; dependsn (W, X*~1, Y*~1) only throughX;, i.e.,

W, X LY ) 5 X, - Y; (8.167)
formsaMarkov chain,or
I(W, XL Y1 v X;) = 0. (8.168)

This canbe formally justified by Proposition2.9, andthe detailsare omitted
here.Since

0 = IW,X,Y"LYX)) (8.169)

= IW,Y" LY X)) + I(XH YW, X, Y ) (8.170)
andmutualinformationis nonngative, we obtain

I(W, YL YilX;) =0, (8.171)

or
W, Y1) 5 X; - Y, (8.172)

formsaMarkov chain. Thelemmais proved.o

Fromthe definitionof Crg andby virtue of Proposition8.17,if R < Ckp,
thenR is arateachievablewith completefeedbackWe will shaw thatif arate
R is achiezablewith completefeedbackthenR < C. If so,thenR < Ckgp
impliesR < C, which canbetrueif andonlyif Crg < C. Thenfrom (8.164),
we canconcludethatCrg = C.
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Figure8.13. Thedependencgraphfor W, X?, andY".
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Let R bearateachievablewith completefeedbacki.e.,for ary € > 0, there
existsfor sufficiently largen an(n, M) codewith completefeedbacksuchthat

and

Consider

log M =

n tlogM >R —¢
Amaz < €.

HW)=IW;Y)+ HW]|Y)

andboundI (W;Y) andH (W |Y) asfollows. First,

IW;Y) =

e

o>
=

AN

AN

H(Y) - HY|W)

HY) = Y HOGY™, W)

1=

—

H(Y) =3 HEIY', W, X))
H(Y) - Y. HYIX)

D H(Y) - > H(IX)

(8.173)

(8.174)

(8.175)

(8.176)

(8.177)

(8.178)

(8.179)

(8.180)

(8.181)

(8.182)
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wherea) follows becauseX; is afunctionof W andY* ! andb) follows from
Lemma8.18.Second,

HW|Y)=HW|Y,W) < HW|W). (8.183)

Thus X
logM < HW|W) 4+ nC, (8.184)

which is the sameas (8.98). Thenby (8.173)and an applicationof Fanos
inequality we concludeasin the prooffor the corverseof the channekoding
theorenthat

R<C. (8.185)

Hencewe have provedthatCrg = C.

Remark 1 The prooffor the corverseof the channelcodingtheoremin Sec-
tion 8.3dependritically onthe Markov chain

WosX->Y W (8.186)

andtherelationin (8.73)(thelatterimpliesLemma8.13).Both of themdo not
holdin generain the presencef feedback.

Remark 2 Theprooffor Crg = C in this sectionis alsoa proof for the con-
verseof the channelcodingtheorem sowe actuallydo not needthe proofin

Section8.3. However, the proof hereandthe proofin Section8.3 have very
differentspirits. Without comparingthe two proofs,one cannotpossiblyun-
derstandhe subtletyof theresultthatfeedbackdoesnotincreasehe capacity
of aDMC.

Remark 3 Althoughfeedbackdoesnot increasehe capacityof a DMC, the
availability of feedbackvery often makes coding much simpler For some
channelscommunicatiorthroughthe channelwith zero probability of error
canbeachievedin thepresencef feedbaclkoy usingavariable-lengthchannel
code.Thesearediscussedh the next example.

ExaMPLE 8.19 Considerthe binary erasue channelin Example8.5whose
capacityis 1—v, wheey is theerasue probability. In thepresencefcomplete
feedbak, for everyinformationbit to betransmittedtheencodercantransmit
the sameinformationbit throughthe channeluntil an erasue doesnot occuy

i.e., theinformationbit is receivedcorrectly Thenthe numberof usesof the
channelit takesto transmitan informationbit throughthe channelcorrectly
hasa truncatedgeometricaldistribution whosemeanis (1 — v)~!. Theefor,

the effectiverate at which informationcanbe transmittedhroughthe channel
is 1 — «. In other words, the channelcapacityis achieved by usinga very
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source | W | channel X Y | channell W | source N

U encoder encode POYIX) decoder decoder

Figure 8.14. Separatiorof sourcecodingandchannekoding.

simplevariable-lengthcode Moreover, the channelcapacityis achievedwith
zeo probability of error.

In theabsencef feedbak, therate1 — v canalsobeacdhieved,but with an
arbitrarily smallprobability of error anda mud more complicateccode

8.7 SEPARATION OF SOURCEAND CHANNEL
CODING

We have sofar consideredhe situationin which we wantto corvey ames-
sagethrougha DMC, wherethe messagés randomlyselectedrom afinite set
accordingto the uniform distribution. However, in mostsituations,we want
to corvey aninformationsourcethrougha DMC. Let {Uy, k > —n} beasta-
tionary ergodicinformationsourcewith entropy rate H. Denotethe common
alphabeby ¢/ andassumehat/ is finite. To corvey {U}} throughthe chan-
nel, we canemplg a sourcecodewith rate R; anda channelcodewith rate
R, asshavn in Figure8.14suchthatR; < R..

Let f¢ andg® berespectiely theencodingfunctionandthe decodingfunc-
tion of the sourcecode,and f¢ andg® be respectiely the encodingfunction
andthe decodingfunction of the channelcode. The block of n information
symbolsU = (U_,—1), U_(n—2), -, Uo) is first encodeddy the sourceen-
coderinto anindex

W = f°(U), (8.187)

calledthe sourcecodevord. ThenW is mappedby the channelencoderto a
distinctchannekodevord

X = W), (8.188)

whereX = (X1, X, ---,X,). Thisis possiblebecaus¢hereareabout2™s
sourcecodeavords and about2™% channelcodevords, and we assumethat
Rs < R.. ThenX is transmittedhroughthe DMC p(y|z), andthe sequence
Y = (Y1,Y,,---,Y,) is receved. Basedon Y, the channeldecoderfirst
estimatedV as

A

W = ¢°(Y). (8.189)

Finally, the sourcedecodedecodes¥ to

A ~

U = g*(W). (8.190)
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For this schemean erroroccursif U # U, andwe denotethe probability of
errorby P,.

We now shaw thatif H < C, the capacityof the DMC p(y|z), thenit is
possibleto corvey U throughthe channelwith anarbitrarily smallprobability
of error First,we chooseR, and R, suchthat

H<Rs;<R.<C. (8.191)
Obsere thatif W = W andg®(W) = U, thenfrom (8.190),

A N

U=g(W)=g*W) =1, (8.192)

i.e.,anerrordoesnotoccur In otherwords,if anerroroccursgitheri £ W
or g*(W) # U. Thenby theunionbound,we have

P. < Pr{W # W} + Pr{g*(W) # U}. (8.193)

For ary e > 0 andsuficiently large n, by the Shannon-McMillan-Breiman
theoremthereexistsa sourcecodesuchthat

Pr{g°(W) # U} <e. (8.194)

By thechannetodingtheoremthereexistsachannetodesuchthat),,... < ¢,
where,q, is themaximalprobabilityof error Thisimplies

Pr{W #W} = Y Pr{W #W|W =w}Pr{W =w}  (8.195)

< Amaz Y Pr{W =w} (8.196)
w

= Amaz (8.197)

< e (8.198)

Combining(8.194)and(8.198),we have
P, < 2e. (8.199)

Thereforewe concludethataslongasH < C, it is possibleto corvey {Uy}
throughthe DMC reliably.

In the schemewe have discussedsourcecoding and channelcodingare
separated.In general,sourcecoding and channelcoding can be combined.
This techniqueis calledjoint source-hannelcoding It is thennaturalto ask
whetherit is possibleto corvey informationthroughthe channelreliably at a
higherrateby usingjoint source-channaloding.In therestof the sectionwe
shav thatthe answerto this questionis no to the extent that for asymptotic
reliability, we musthave H < C. However, whetherasymptoticakeliability
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X,=f S(w,Y'"1)
source- L Y, source-
u channel P(Y|X) channel 0
encoder decoder

T

Figure 8.15. Jointsource-channealoding.

canbe achieved for H = C dependon the specificinformationsourceand
channel.

We baseour discussioron the generalassumptiorthat completefeedback
is available at the encoderasshawvn in Figure8.15. Let ¢, 1 < ¢ < n be
theencodingunctionsandg®“ bethe decodingunctionof the source-channel
code.Then

Xi= fztsc(Ua Yiil) (8.200)
for1 <i<n,whereY'~! = (Y1,Ys,---,Y;_1), and
U = ¢°4(Y), (8.201)
whereU = (U, 0, --,U,). In exactly the sameway aswe proved (8.182)
in thelastsectionwe canprove that
I(U;Y) < nC. (8.202)
SinceU is afunctionof Y,
I(U;U) < I(U;U,Y) (8.203)
= I(U;Y) (8.204)
< nC. (8.205)
Forary e > 0,
H(U) > n(H —¢) (8.206)

for sufiiciently largen. Then
n(H — €) < H(U) = H(U|U) + I(U; U) < H(U|U) +nC. (8.207)
Applying Fanos inequality(Corollary 2.48),we obtain
n(H —¢€) <1+ nP,log|U| + nC, (8.208)

or
H—e<X4Ploglul+C. (8.209)
T
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For asymptoticreliability, P, — 0 asn — 0. Thereforeby lettingn — oo
andthene — 0, we concludethat

H<C. (8.210)

Thisresult,sometimegalledthesepaationtheoemfor souceandchannel
coding saysthatasymptoticoptimality canbe achievzed by separatingource
codingandchannekoding. This theoremhassignificantengineeringmplica-
tion becausé¢he sourcecodeandthe channelkcodecanbe designedseparately
withoutlosingasymptoticoptimality. Specifically we only needto designthe
bestsourcecodefor theinformationsourceanddesignthe bestchannelcode
for the channel. Moreover, separatiorof sourcecodingand channelcoding
facilitatesthe transmissiorof differentinformationsourcesn the samechan-
nel becauseve only needto changethe sourcecodefor differentinformation
sourcesLikewise,separatiorof sourcecodingandchannelcodingalsofacil-
itatesthe transmissiorof aninformationsourceon differentchanneldecause
we only needto changehechannekodefor differentchannels.

We remarkthatalthoughasymptoticoptimality canbe achieved by separat-
ing sourcecodingandchannelcoding,for finite block length,the probability
of errorcangenerallybereduceddy usingjoint source-channedoding.

PROBLEMS
In thefollowing, X = (X1, Xo,---, X,), x = (21,22, - -, z,), andsoon.

1. Shaw thatthe capacityof a DMC with completefeedbackcannotbe in-
creasedy usingprobabilisticencodingand/ordecodingschemes.

2. Memoryincreasescapacity Considera BSC with crosseer probability
0 < € < 1 representetdty X; = Y; + Z; mod2, whereX;, Y;, andZ; are
respectiely theinput, the output,andthe noiserandomvariableattime s.
Then

Pr{Z;=0}=1-¢ and P{Z;=1}=¢
for all 7. We make no assumptiorthat Z; arei.i.d. sothatthechanneimay
have memory

a) Provethat
I(X;Y) <n— Hy(e).

b) Shaw thattheupperboundin a) canbeachiezed by letting X; bei.i.d.
bits taking the valuesO and 1 with equalprobabilityandZ, = Z, =
R

¢) Shaw thatwith the assumptionsn b), I(X;Y) > nC, whereC =
1 — Hy(e) is thecapacityof the BSCif it is memoryless.
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3. Shaw thatthe capacityof a channelcan be increasedoy feedbackif the
channehasmemory

4. In Remark1 toward the end of Section8.6, it wasmentionedthatin the
presencef feedbackpoththe Markov chainW — X — Y — W and
Lemma8.13 do not hold in general. Give examplesto substantiatehis
remark.

5. Provethatwhena DMC is usedwith completefeedback,
Pr{Y; = 4i|X' = x', Y'™" =y} = Pr{Y] = 4l X; = 2}

for all > 1. Thisrelation,whichis a consequencef the causalityof the
code,saysthatgiventhe currentinput, the currentoutputdoesnot depend
onall the pastinputsandoutputsof the DMC.

6. Let
P(E):[l—e 1i€]

€

be the transitionmatrix for a BSC with crosswer probability e. Define
axb=(1—a)b+a(l—-0)for0<a,b<1.

a) Provethata DMC with transitionmatrix P(e; ) P(e2) is equivalentto a
BSCwith crossweer probabilitye; * eo. Sucha channels the cascade
of two BSC’swith crosseer probabilitiese; ande,, respeciely.

b) Repeat)for aDMC with transitionmatrix P(e2) P(€1).
c) Provethat
1-— Hb(el * 62) S m1n(1 — Hb(el), 1— Hb(Ez)).
This meanghatthe capacityof the cascadef two BSC's is lessthan
the capacityof eitherof thetwo BSC's.
d) Provethata DMC with transitionmatrix P(e)™ is equialentto aBSC
with crosseer probabilities} (1 — (1 — 2¢)™).

7. Symmetrichannel A DMC is symmetrigf therows of thetransitionmatrix
p(y|z) arepermutation®f eachotherandso arethe columns. Determine
the capacityof suchachannel.

SeeSectiond.5in Gallager{77] for amoregeneraldiscussion.

8. Let C; andC; bethecapacitief two DMC’swith transitionmatricesP;
and P, respectiely, andlet C bethe capacityof the DMC with transition
matrix P; P,. ProvethatC < min(Cl, CQ)
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9.

10.

11.

12.

Twoindependenparallel channelsLet C; andCy bethecapacitie®f two
DMC’s p1(y1|x1) andpa(y2|z2), respectiely. Determinethe capacityof
theDMC

p(y1,y2|z1, 72) = p1(y1lz1)p2(y2|72)-

Hint: Prove that
I(X1,X9;Y1,Ys) < I(X1;Y7) + I(X9;Y2)

if p(y1, yalz1, £2) = p1(y1|z1)p2(y2|z2).

Maximumlikelihooddecodingln maximumlikelihooddecodingor agiven
channeland a given codebook|f a receved sequence is decodedo a
codevord x, thenx maximizesPr{y|x'} amongall codevordsx’ in the
codebook.

a) Provethatmaximumlikelihooddecodingminimizesthe averageprob-
ability of error

b) Doesmaximumlikelihooddecodingalsominimizethe maximalprob-
ability of error?Give anexampleif your answelis no.

Minimumdistancedecoding The Hammingdistancebetweerntwo binary
sequences andy, denotedby d(x,y), is the numberof placeswherex
andy differ. In minimum distancedecodingfor a memorylesBSC,if a
recevedsequence is decodedo acodevord x, thenx minimizesd(x’, y)
over all codavordsx’ in the codebook.Prove that minimum distancede-
codingis equivalentto maximumlikelihooddecodingf thecrossweer prob-
ability of theBSCis lessthan0.5.

Thefollowing figureshavs acommunicatiorsystemwith two DMC’swith
completefeedback The capacitieof thetwo channelsarerespectiely Cy
andCs.

W | Encode Channe Encoder Channel Decoder W
1 1 2 2 2

a) Givethedependencgraphfor all therandomvariablesnvolvedin the
codingscheme.

b) Provethatthe capacityof thesystemis min(C1, Cs).
For the capacityof anetwork of DMC'’s, seeSongetal. [186].
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13. Binary arbitrarily varying channel Considera memoryles88SC whose
crosswer probabilityis time-varying. Specifically the crosseer probabil-
ity €; attime is anarbitraryvaluein [e1, e2], where0 < € < €3 < 0.5.
Prove that the capacityof this channelis 1 — Hy(e2). (Ahlswedeand
Wolfowitz [9].)

14. Considera BSC with crosseer probabilitye € [e1, e2], whered < e; <
€2 < 0.5, but the exactvalueof e is unknavn. Prove thatthe capacityof
this channels Hy(e2).

HISTORICAL NOTES

The conceptof channelcapacitywasintroducedin Shannors original pa-
per[173], wherehe statedthe channelcodingtheoremand outlineda proof.
Thefirst rigorousproof wasdueto Feinstein[65]. The randomcodingerror
exponentwasdevelopedby Gallage76] in a simplified proof.

The corverseof the channelcoding theoremwas proved by Fano [63],
wherehe usedaninequalitynow bearinghis name. The strongcorversewas
first proved by Wolfowitz [205]. An iteratve algorithmfor calculatingthe
channelcapacitydevelopedindependentlyoy Arimoto [14] and Blahut [27]
will bediscussedn Chapterl0.

It wasproved by Shannor{175] thatthe capacityof a discretememoryless
channetannotbeincreasedy feedbackTheproofherebasedndependenc
graphds inspiredby Bayesiametworks.
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Chapte©

RATE DISTORTION THEORY

Let H betheentroy rateof aninformationsource.By the sourcecoding
theoremit is possibleto designa sourcecodewith rate R which reconstructs
thesourcesequenc& = (X1, Xo, - - -, X;,) with anarbitrarily smallprobabil-
ity of errorprovided R > H andtheblocklengthn is sufiiciently large. How-
ever, therearesituationsn which we wantto corvey aninformationsourceby
asourcecodewith ratelessthan H. Thenwe aremotivatedto ask: whatis the
bestwe candowhenR < H?

A naturalapproachs to designa sourcecodesuchthatfor partof thetime
the sourcesequencés reconstructedorrectly while for the otherpartof the
time the sourcesequencés reconstructedhcorrectly i.e., anerroroccurs.In
designingsucha code,we try to minimize the probability of error However,
this approachs not viable asymptoticallybecausehe corverseof the source
codingtheoremsaysthatif R < H, thenthe probability of error inevitably
tendsto 1 asn — oo.

Thereforejf R < H, nomatterhow thesourcecodeis designedthesource
sequencés almostalwaysreconstructethcorrectlywhenn is large. An alter
native approachis to designa sourcecodecalleda rate distortion codewhich
reproduceshesourcesequencevith distortion.In orderto formulatetheprob-
lem properly we needadistortionmeasue betweereachsourcesequencand
eachreproductiorsequenceThenwetry to designaratedistortioncodewhich
with high probabilityreproduceshe sourcesequencevith a distortionwithin
atolerancdevel.

Clearly a smallerdistortioncanpotentiallybe achieved if we areallowed
to usea highercodingrate. Ratedistortiontheory the subjectmatterof this
chapter gives a characterizatiorof the asymptoticoptimal tradeof between
the coding rate of a rate distortion codefor a given information sourceand
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thealloweddistortionin thereproductiorsequencevith respecto a distortion
measure.

9.1 SINGLE-LETTER DISTORTION MEASURES

Let { Xk, k > 1} beani.i.d. informationsourcewith genericrandomvari-
able X. We assumethat the sourcealphabetX is finite. Let p(z) be the
probability distribution of X, andwe assumewithout loss of generalitythat
thesupportof X is equalto X. Considera sourcesequence

X = (1,%2, *,Zp) (9.1)
andareproductiorsequence
x = (il,j%"'a:%n)' (92)

The component®f x cantake valuesin X, but moregenerally they cantake
valuesin ary finite set.X which maybedifferentfrom X. Theset.X’, whichis
alsoassumedo befinite, is calledthereproductioralphabet.To measurghe
distortionbetweenx andx, we introducethe single-letterdistortionmeasure
andtheaveragedistortionmeasure.

DEFINITION 9.1 A single-letterdistortionmeasue is a mapping
d: X x X - R, (9.3)

whee R is the setof nonngativereal numbes'. Thevalued(z, ) denotes
thedistortionincurred whena souice symbolz is reptoducedasz.

DEFINITION 9.2 Theavemrge distortionbetweera soucesequence € A™
and a reproductionsequencek € X" inducedby a single-letterdistortion
measue d is definedby

A, %) =+ 3 d(o, ). (9.4)
k=1

In Definition 9.2, we have usedd to denoteboththe single-letterdistortion
measurendthe averagedistortionmeasurebut this aluseof notationshould
causenoambiguity Henceforthwe will referto asingle-lettedistortionmea-
suresimply asa distortionmeasure.

Very often, the sourcesequencex representguantizedsamplesof a con-
tinuoussignal, andthe userattemptsto recognizecertainobjectsand derive

INotethatd(z, 2) is finite for all (z,2) € X x X.
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meaningfrom the reproductiorsequence. For example,x mayrepresena
videosignal,anaudiosignal,or animage.Theultimatepurposeof adistortion
measuraes to reflectthe distortionbetweenx andx asperceivedby the user
This goalis very difficult to achieve in generalbecauseneasurementsf the
distortionbetweenx andx mustbe madewithin contet unlessthe symbols
in X carry no physicalmeaning.Specifically whenthe userderivesmeaning
from %, the distortionin x asperceved by the userdependn the context.
For example,the perceved distortionis smallfor a portrait contaminatedy
a fairly large noise,while the perceved distortionis large for the imageof a
bookpagecontaminatedy the samenoise.Hence a gooddistortionmeasure
shouldbe contet dependent.

Althoughthe averagedistortionis not necessarilghe bestway to measure
the distortionbetweenra sourcesequencanda reproductionsequenceit has
the merit of being simpleand easyto use. Moreover, rate distortiontheory
which is basedon the averagedistortion measureprovides a frameavork for
datacompressionvhendistortionis inevitable.

ExAMPLE 9.3 Whenthesymbolsn X and X representreal values,a popu-
lar distortionmeasue is the squae-eror distortionmeasue whidh is defined
by

d(z, 1) = (z — 2)% (9.5)

The avelage distortion measue so inducedis oftenreferred to as the mean-
squae error.

EXAMPLE 9.4 WhenX and X are identical and the symbolsin X do not
carry anyparticular meaninga frequentlyuseddistortionmeasue is theHam-
mingdistortionmeasue, which is definedoy

0 ifz=%

d(z, %) :{ 1 if e+ i (9.6)

TheHammingdistortionmeasue indicatesthe occurenceof anerror. In par-
ticular, for an estimateX of X, wehave

Ed(X,X)=Pr{X =X} -0+Pr{X #X}-1=Pr{X #X}, (9.7

i.e., the expectationof the Hammingdistortion measue betweenX and X is
the probability of error.

For x € X" andx € X", the average distortion d(x, %) inducedby the
Hammingdistortion measue givesthe frequencyof error in thereproduction
sequence.
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DEFINITION 9.5 For adistortionmeasue d, for ead z € X, let2*(z) € X
minimizesi(z, £) overall £ € X. A distortionmeasue d is saidto benormal
if
def A~k
¢y = d(z,z%(z)) =0 (9.8)

forallz € X.

The square-errodistortion measureand the Hammingdistortion measure
are examplesof normal distortion measures.Basically a normal distortion
measurdas one which allows X to be reproducedwith zerodistortion. Al-
thougha distortionmeasured is not normalin general,a normalizationof d
canalwaysbe obtainedby definingthedistortionmeasure

d(z,z) =d(z,2) — ¢y (9.9)

for all (z,%) € X x X. Evidently d is anormaldistortionmeasureandit is
referredto asthe normalizatiorof d.

EXAMPLE 9.6 Letd bea distortionmeasue definedby

d(z,2) |a b ¢
1 2 7 5
2 4 3 8
Thend, the normalizationof d, is givenby
dz,&) |a b ¢
1 0 5 3
2 1 0 5

Notethat for everyz € X, there existsanz € X sud thatd(z, ) = 0.

Let X beary estimateof X which takesvaluesin X', anddenotethe joint
distribution for X and X by p(z, z). Then

Ed(X,X) = Y Z p(z,2)d(z, 2) (9.10)
= Z Zp(:v,:f:) [J(:v,zf:) + cz] (9.11)
= Bd(X,X)+}_ple) Y plilz)e (9.12)

= Ed(X,X)+ p(@)e, (Z p(:fc|:v)> (9.13)
= Ed(X,X)+) p@)c (9.14)

= EdX,X)+A, (9.15)
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where
A= Zp(w)cw (9.16)

is a constantwhich dependsonly on p(z) andd but not on the conditional
distribution p(z|z). In otherwords,for agiven X anda distortionmeasurel,
the expecteddistortionbetweenX andanestimateX of X is alwaysreduced
by a constanuponusingd insteadof d asthedistortionmeasureFor reasons
which will be explainedin Section9.3,it is sufficient for usto assumedhata
distortionmeasures normal.

DEFINITION 9.7 Let#* minimizesEd(X, ) overall & € X, anddefine

Das = Ed(X, 7). (9.17)

z* is the bestestimateof X if we know nothingaboutX, and D, is the
minimum expecteddistortionbetweenX anda constanestimateof X. The
significanceof D,,.; canbeseerby takingthereproductiorsequenc to be
(z*,z*,---,2*). Sinced(Xy,z*) arei.i.d., by theweaklaw of largenumbers

. 1
d(X,X) = - > d(Xy,3*) = Ed(X,3*) = Drag (9.18)
k=1

in probability i.e.,for ary € > 0,
Pr{d(X,X) > Dyaz + €} < € (9.19)

for sufiiciently large n. Notethat X is a constantsequencavhich doesnot
dependbn X. In otherwords,evenwhenno descriptionof X is available,we
canstill achieve anaveragedistortionnomorethanD,,,.. + € with probability
arbitrarily closeto 1 whenn is sufiiciently large.

The notation D,,.; is seemingconfusingbecausehe quantity standsfor
the minimum ratherthanthe maximumexpecteddistortionbetweenX anda
constanestimateof X . Butwe seefrom theabove discussiorihatthis notation
is in factappropriatdbecauseD,, ., is the maximumdistortionwe have to be
concernechbout. Specifically it is not meanfulto imposea constraintD >
D,,.; Onthereproductiorsequencdecauset canbe achieved evenwithout
ary knowledgeaboutthe sourcesequence.

9.2 THE RATE DISTORION FUNCTION R(D)

Throughouthis chapterall thediscussionarewith respecto ani.i.d. infor-
mationsource{ Xy, k > 1} with genericrandomvariableX anda distortion
measurel. All logarithmsarein thebase2 unlessotherwisespecified.
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X F(X) X
Encoder Decoder -
source reproduction
sequence sequence

Figure9.1. A ratedistortioncodewith blocklengthn.

DEeFINITION 9.8 An (n, M) rate distortion codeis definedby an encoding
function
frX" > {1,2,---, M} (9.20)

anda decodingfunction
g:{1,2,--- M} - X" (9.21)

Theset{1,2,---, M}, denotedbyZ, is calledtheindex set. Thereproduction

sequenceg(f(1)),g(f(2)),---,9(f(M)) in X are called codavords, and
the setof codevordsis calledthe codebook.

Figure9.1is anillustrationof aratedistortioncode.
DEFINITION 9.9 Therateof an (n, M) ratedistortioncodeis n ! log M in
bits per symbol.

DEeFINITION 9.10 Aratedistortionpair (R, D) is asymptoticallyachievable
if for anye > 0, there existsfor suficientlylarge n an (n, M) ratedistortion
codesud that

1
—logM < R+¢ (9.22)
n

and X
Pr{d(X,X) > D + €} <, (9.23)

whee X = g(f(X)). For brevity, an asymptoticallyachievable pair will be
referedto asan achievablepair.

Remark It is clear from the definition that if (R, D) is achiezable, then
(R', D) and(R, D') arealsoachievablefor all R' > RandD’ > D.

DEFINITION 9.11 Therate distortion region is the subsetof ®2 containing
all achievablepairs (R, D).

THEOREM 9.12 Theratedistortionregionis closedand corvex.

Proof We first shaw thattheratedistortionregionis closed.Considerachies-
ableratedistortionpairs(R*), D)) suchthat

lim (R®), D®)y = (R, D). (9.24)

k—o00
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Thenfor ary € > 0, for all k, thereexistsfor suficiently largen an (n, M %))
codesuchthat

%log M® < R®) 4 ¢ (9.25)
and X
Pr{d(X®) X®)) > D®) 4 ¢} <, (9.26)

where f(¥) andg(®) arerespectiely the encodingfunctionandthe decoding
functionof the(n, M*)) code,andX®) = ¢() (k) (X)). By virtue of (9.24),
let k(¢) beanintegersuchthatfor all & > k(e),

|IR— R¥)| < ¢ (9.27)
and
|ID—D®)| <, (9.28)
whichimply
R®) <« R+e (9.29)
and
D®) < D e, (9.30)
respectrely. Thenfor all &k > k(e),
1
~log M®*) < R®) 4 ¢ < R+ 2¢ (9.31)
and
Pr{d(X®) X*) > D42} < Pr{d(X® X*®)> DK 1 ¢} (9.32)
< e (9.33)
Notethat(9.32)follows because
D+2e>D® 4 ¢ (9.34)

by (9.30).From(9.31)and(9.33),we seethat(R, D) is alsoachiezable. Thus
we have provedthattheratedistortionregionis closed.

We will prove the corvexity of theratedistortionregion by a time-sharing
amgumentwhoseideais thefollowing. Roughlyspeakingif we canuseacode
C, to achize (R, D) andacodeC, to achiee (R(?), D()), thenfor ary
rationalnumber)\ betweerD and1, we canuseC; for afraction A of thetime
anduseC, for afraction ) of thetime to achiave (R®), D)), where

RW = XRW 4 AR®), (9.35)
D™ = xDpW 4 xD®), (9.36)
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and) = 1 — \. Sincetheratedistortionregion is closedaswe have proved,
A canbetakenasary realnumberbetweer0 and1, andthe cornvexity of the
region follows.

We now give aformal proof for the corvexity of the ratedistortionregion.

Let
r

r+s’
wherer and s are positve integers. Then ) is a rational numberbetween
0 and1. We now prove thatif (R, D)) and(R(®, D(?)) areachieable,
then (R, DW) is also achieable. Assume(R(), D)) and (R?), D®?))
areachieable. Thenfor ary ¢ > 0 andsuficiently large n, thereexist an
(n, M™M) codeandan (n, M () codesuchthat

(9.37)

1 log M@ < RO 4 ¢ (9.38)
Ve
and . .
Pr{d(X,X®) > DO 4 ¢} <, (9.39)
i=1,2. Let
M) = (M) (M) (9.40)
and
n(A) = (r + s)n. (9.41)

We now constructan (n(A), M (X)) codeby concatenating: copiesof the
(n, M) codefollowed by s copiesof the (n, M) code. We call these
r + s codessubcodesf the (n()), M()\)) code.For this code let

Y = (X(1),X(2),- -, X(r + 5)) (9.42)

and

A~

Y = (X(1),X(2),---,X(r +9)), (9.43)

whereX (j) andX(j) arethe sourcesequencandthereproductiorsequence
of the jth subcoderespectrely. Thenfor this (n()), M()\)) code,

1 1
_ W)y (37D
oy s M QY CEL log[(M™V)"(M)’] (9.44)
1
T+ s)n(r log MY + s1og M) (9.45)
_ (l log M(l)) X (1 log M<2>) (9.46)
n n
< MR +¢) + AR +¢) (9.47)
= (ARW + XR®) +¢ (9.48)
= R® 4 (9.49)
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where(9.47)follows from (9.38),and
Pr{d(Y,Y) > DM 4 ¢}

_ {HSTZHCI ) > DO 4 } (9.50)

< Pr{d(X(j),X(])) > DW) 4 ¢ for somel < j < ror
d(X(5),X(5)) > D@ + eforsomer +1 < j <r+ 5} (9.51)
< §:Pﬂd X(5)) > DV + ¢}
r+s
+ Y Pr{d(X(j),X(j)) > D? + ¢} (9.52)
j=r+1
< (r+s)e, (9.53)

where (9.52) follows from the union boundand (9.53) follows from (9.39).
Hence,we concludethat the rate distortion pair (R, DV) is achievable.
This completegheproof of thetheoremo

DEFINITION 9.13 Therate distortion function R(D) is the minimumof all
ratesR for a givendistortion D suc that (R, D) is achievable

DEFINITION 9.14 Thedistortion rate function D(R) is the minimumof all
distortionsD for a givenrate R suc that (R, D) is achievable

BoththefunctionsR(D) andD(R) areequialentdescription®f thebound-
ary of the ratedistortionregion. They aresufiicient to describethe rate dis-
tortion region becausehe region is closed. Note thatin defining R(D), the
minimuminsteadof theinfimum is taken becauséor afixed D, the setof all
R suchthat (R, D) is achivableis closedandlower boundedby zero. Sim-
ilarly, the minimuminsteadof the infimum is takenin defining D(R). In the
subsequerdiscussionsonly R(D) will beused.

THEOREM 9.15 Thefollowingpropertiesholdfor theratedistortionfunction
R(D):

R(D) is non-inceasingin D.
R(D) is cornvex.
3. R(D) =0for D > Dpq-
4. R(0) < H(X).
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Proof Fromtheremarkfollowing Definition9.10,since(R(D), D) is achie/-
able, (R(D),D') is alsoachieable for all D' > D. Therefore,R(D) >
R(D') becauseR(D’) is the minimum of all R suchthat (R, D') is achie-
able.This provesPropertyl.

Property2 follows immediatelyfrom the corvexity of the rate distortion
region which was proved in Theorem9.12. From the discussiortoward the
endof thelastsectionwe seefor ary € > 0, it is possibleto achieve

Pr{d(X,X) > Dpaz + €} < € (9.54)

for sufiiciently largen with no descriptiorof X available. Therefore(0, D) is
achievablefor all D > D4, proving Property3.

Property4 is aconsequencef theassumptiorthatthe distortionmeasurel
is normalized which canbe seenasfollows. By the sourcecodingtheorem,
for ary ¢ > 0, by usinga rateno morethan H(X) + ¢, we candecribethe
sourcesequenc& of lengthn with probability of errorlessthane whenn is
sufiiciently large. Sinced is normalizedfor eachk > 1, let

X = & (Xp) (9.55)
(cf. Definition 9.5), sothatwhene&er anerrordoesnot occuy
d(Xy, Xi) = d(X, 2 (X)) = 0 (9.56)
by (9.8)for eachk, and

R , 1 »
d(X,X) = = d(Xy, Xx) = = > d(Xy,&"(Xg)) =0.  (9.57)
"= "=
Therefore, R
Pr{d(X,X) > €} <¢, (9.58)

which shaws thatthe pair (H(X), 0) is achieable. Thisin turn impliesthat
R(0) < H(X) becauseR(0) is the minimum of all R suchthat (R, 0) is
achievable.o

Figure9.2is anillustration of a ratedistortionfunction R(D). Thereader
shouldnotethe four propertiesof R(D) in Theorem9.15. Theratedistortion
theoremwhich will be statedin the next section,givesa characterizatiorf
R(D).

9.3 RATE DISTORTION THEOREM

DEFINITION 9.16 For D > 0, the information rate distortion functionis
definedby X
Ri/(D)=  min I(X; X). (9.59)
X:Ed(X,X)<D
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R(D)
HX) r
R(0)
The rate
distortion

region

Dmax

Figure9.2. A ratedistortionfunction R(D).

In defining R;(D), the minimizationis taken over all randomvariablesX
jointly distributedwith X suchthat

Ed(X,X) < D. (9.60)

Sincep(z) is given, the minimizationis taken over the setof all p(z|x) such
that(9.60)is satisfiednamelythe set

{ (Z|z) - Zp p(z|z)d(z,z) < D}. (9.61)

Sincethis setis compacin ®*!1*| and1(X; X) is a continuougunctionalof
p(&|z), theminimumvalueof I(X; X) canbeattained. This justifiestaking
theminimuminsteadof theinfimumin thedefinitionof R;(D). 5

We have seenin Section9.1 thatwe canobtaina normalizationd for ary
distortionmeasurel with

Ed(X,X)=Ed(X,X) - A (9.62)

for ary X, whereA is aconstantvhich depend®nly onp(z) andd. Thusif d
is notnormal,we canalwaysreplaced by d andD by D — A in thedefinition
of R;(D) without changingthe minimizationproblem. Thereforewe do not
loseary generalityby assuminghatadistortionmeasurel is normal.

THEOREM 9.17 (THE RATE DISTORTION THEOREM) R(D) = R(D).

2Theassumptiorthatboth X’ and X arefinite is essentialn this agument.
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Theratedistortiontheoremwhichis themainresultin ratedistortiontheory
saysthattheminimumcodingratefor achieving adistortionD is R;(D). This
theoremwill be provedin the next two sections.In the next section,we will
prove the corverseof this theoremj.e., R(D) > R;(D), andin Section9.5,
wewill prove theachievability of R;(D), i.e.,R(D) < R;(D).

In orderfor R;(D) to be a characterizatioof R(D), it hasto satisfythe
samepropertiesas R(D). In particular the four propertiesof R(D) in Theo-
rem9.15shouldalsobesatisfiedby R; (D).

THEOREM 9.18 Thefollowing propertieshold for the informationrate dis-
tortion functionR;(D):

1. R;(D) is non-inceasingin D.
2. Ri(D
3. Ry(D)=0for D > Dyqs-
4. R;(0) < H(X).

) iS cornvex.

Proof Referringto the definitionof R;(D) in (9.59),for alarger D, the min-
imizationis takenover a larger set. Therefore R; (D) is non-increasingn D,
proving Propertyl.

To prove Property2, considerary DY), D(?) > 0 andlet A beary number
betweerD and1. Let X achisesR;(D™) fori = 1,2, i.e.,

Ry (DY) = 1(X; X)), (9.63)

where o '
Ed(X,X") < DO, (9.64)

andlet X be definedby the transitionmatrix p;(z|z). Let X(*) bejointly
distributedwith X whichis definedby

pa(Z|z) = Ap1(2|z) + Apa(2|z), (9.65)
wherel = 1 — \. Then

Ed(X,X™)
= ZP 2)pa(&|z)d(z, 2) (9.66)
= Zp (Ap1 (2]z) + Apa () d(z, 2) (9.67)

= (Zp z)p1(&|7)d ) + A (Zp x)p2(Z|z)d(z 3?:)) (9.68)
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= AEA(X, XMV + XEd(X,X?) (9.69)

< ADW 4+ xD®? (9.70)

= DW, (9.71)
where B

DM =DM 4 XD?), (9.72)

and(9.70)follows from (9.64).Now consider

AR (DMWY + AR (D®) = X(X; XD+ XI(X; XP®)  (9.73)
I(X; XW) (9.74)

>
> R(DW), (9.75)

wherethe inequalityin (9.74)follows from the corvexity of mutualinforma-
tion with respecto the transitionmatrix p(z|z) (seeExample6.13),andthe
inequalityin (9.75)follows from (9.71) andthe definition of R;(D). There-
fore,we have proved Property2.

To prove Property3, let X take the value z* asdefinedin Definition 9.7
with probability 1. Then

I(X;X)=0 (9.76)
and )
Ed(X;X) = Ed(X;%") = Dpag- (9.77)
Thenfor D > D4z, R
R/(D) < I(X;X)=0. (9.78)

Ontheotherhand,sinceR;(D) is nonngative, we concludethat
Ri(D) = 0. (9.79)

This provesProperty3.
Finally, to prove Property4, we let

X =" (X), (9.80)

wherez*(z) is definedin Definition9.5. Then

Ed(X,X) = Ed(X,i*(X)) (9.81)
= Y p(z)d(z, & (z)) (9.82)
=0 (9.83)

by (9.8) sincewe assumehatd is a normaldistortionmeasureMoreover,

R1(0) < I(X; X) < H(X). (9.84)
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ThenProperty4d andhencethetheoremis proved.o

COROLLARY 9.19 If R;(0) > 0, thenR;(D) is strictly deceasingfor 0 <
D < Dynqz, andtheinequalityconsteint in Definition9.16for R; (D) canbe
replacedby an equalityconstaint.

Proof Assumethat R;(0) > 0. Wefirst shaw thatR;(D) > 0for0 < D <
D0, by contradiction.Supposer;(D’) = 0 for some0 < D' < D,;44, @and
let R;(D') beachivedby someX. Then

Ri(D")=I(X;X)=0 (9.85)
impliesthatX andX areindependenir

p(z, ) = p(x)p(2) (9.86)

for all z andz. It follows that

D' > Ed(X,X) (9.87)
= ?;Mw,i)d(w,:ﬁ) (9.88)
= ;Zp(w)p(i)d(w,:ﬁ) (9.89)
= Zp:z:%)%:p(w)d(w,:%) (9.90)
= ip(fc)Ed(X,i) (9.91)
> ﬁ:p(fv)Ed(X,i*) (9.92)
= E;p(i“)Dmm (9.93)
= Dmaa, (9.94)

wherez* andD,,,, aredefinedin Definition9.7. Thisleadsto a contradiction
becauseve have assumedhat0 < D’ < D,,... Thereforewe concludethat
Ri(D)>0for0 <D < Dpag-

SinceR;(0) > 0 and R;(Dyez) = 0, and Ry(D) is non-increasingand
corvex from the above theorem,R;(D) mustbe strictly decreasingor 0 <
D < Dy We now prove by contradictionthat the inequality constraintin
Definition 9.16for R;(D) canbereplacedby anequalityconstraint. Assume
that R;(D) is achieed by someX* suchthat

Ed(X,X*)=D" < D. (9.95)
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Then

Ri(D"Y=  min I(X;X)<I(X;X*)=R;(D). (9.96)
X:Ed(X,X)<D"

This is a contradictionbecauseR; (D) is strictly decreasindor 0 < D <
D4z Hence,
Ed(X,X*) = D. (9.97)

Thisimpliesthattheinequalityconstrainin Definition9.16for R;(D) canbe
replacedy anequalityconstrainto

Remark In all problemsof interest,R(0) = R;(0) > 0. Otherwise R(D) =
0 for all D > 0 because?(D) is nonngative andnon-increasing.

ExAMPLE 9.20 (BINARY SOURCE) Let X be a binary randomvariable
with

Pr{X=0}=1—-v and Pr{X =1} =1. (9.98)
LetX = {0,1} betherepoductionalphabetfor X, andlet d bethe Hamming
distortion measue. We first considerthe casethat0 < v < % Thenif we
male a guesson the valueof X, we shouldguess0 in order to minimizethe
expectedistortion. Theefore, 2* = 0 and

Dy = Ed(X,0) (9.99)
= Pr{X =1} (9.100)
= . (9.101)

We will showthatfor 0 <~ < %

R[(D) — { gb(7) - hb(D) :; gés <7 (9102)

Let X be an estimateof X taking valuesin X, andlet Y be the Hamming
distortionmeasue betweenX and X, i.e.,

Y =d(X, X). (9.103)
Observehat conditioningon X, X andY determineeac other Theefore,
H(X|X) = H(Y|X). (9.104)
Thenfor D < 4 = Dynap andany X sud that
Ed(X,X) <D, (9.105)
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Figure9.3. Achieving R; (D) for abinarysourcevia areversebinarysymmetricchannel.

wehave
I(X;X) = H(X)-H(X|X) (9.106)
= () — H(Y|X) (9.107)
> hy(y) — H(Y) (9.108)
= hy(y) — he(Pr{X # X}) (9.109)
> hp(y) — he(D), (9.110)

wheethelastinequalityis justifiedbecause
Pr{X # X} = Ed(X,X)< D (9.111)

and hy(a) is increasingfor 0 < a < 3. Minimizing over all X satisfying

(9.105)in (9.110),weobtainthelower bound
R1(D) > hy(7y) — ho(D). (9.112)

To showthat this lower boundis achievablg we needto constructan X sud
thattheinequalitiesin both (9.108)and (9.110)are tight. Thetightnessof the
inequalityin (9.110)simplysaysthat

Pr{X # X} =D, (9.113)

while thetightnessof theinequalityin (9.108)saysthat Y shouldbeindepen-
dentof X.

It would be more difficult to male Y independenof X if we specifyX by
p(Z|z). Instead,we specifythe joint distribution of X and X by meansof a
reverse binary symmetricchannel(BSC)with crossaer probability D asthe
shownin Figure 9.3. Here, weregard X astheinput and X as the output
of the BSC.ThenY is independenbf the input X becausethe error event
is independenof the input for a BSC,and (9.113)is satisfiedby settingthe
crosswer probability to D. Howerer we needto ensue that the maminal
distribution of X sospecifieds equalto p(z). Towad this end,welet

Pr{X =1} =aq, (9.114)
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andconsider

Pr{X =1} = Pr{X =0}Pr{X =1|X =0}
+Pr{X =1}Pr{X =1|X =1}, (9.115)
or
vy=(1-a)D + a1l —D), (9.116)
whidh gives
_1-D
a=T—o5- (9.117)
Since )
D < Dpz =7 < 53 (9118)
wehavea > 0. Ontheotherhand,
D < % (9.119)
gives
v+ D <1. (9.120)
Thisimplies
y—D<1-2D, (9.121)
or a < 1. Theeforg, )
0<a=Pr{X=1}<1 (9.122)
and R
0<l—a=Pr{X=0}<1. (9.123)

Hence we have shownthat the lower boundon R;(D) in (9.110)can be
adhieved,and R; (D) is asgivenin (9.102).

For % < v < 1, byexchangingtherolesof thesymbol and1 in theabove
argumentwe obtain R;(D) asin (9.102)exceptthat is replacedby 1 — +.
Combiningthetwo caseswehave

Ri(D) = { pol) = (D) Béﬁg(;ﬂ“ (_771) N (ea24)

for 0 < < 1. ThefunctionR; (D) for v = § isillustratedin Figure 9.4.

Remark Intheabore example weseethatR;(0) = hy(y) = H(X). Thenby
theratedistortiontheorem H (X) is theminimumrateof aratedistortioncode
whichachievesanarbitrarily smallaverageHammingdistortion. It is tempting
to regardingthis specialcaseof the ratedistortiontheoremasa versionof the
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R (D)

0 0.5

Figure 9.4. Thefunction R; (D) for the uniform binary sourcewith the Hammingdistortion
measure.

sourcecodingtheoremandconcludehattheratedistortiontheoremis agener

alizationof the sourcecodingtheorem.However, thisis incorrectbecausehe

rate distortiontheoremonly guaranteeshat the aveiage Hammingdistortion
betweerX andX is smallwith probabilityarbitrarily closeto 1, but thesource
codingtheoremguaranteethat X = X with probabilityarbitrarily closeto 1,

whichis muchstronger

It is in generalnot possibleto obtainthe rate distortionfunctionin closed
form, and we have to resortto numericalcomputation. In Chapterl10, we
will discussthe Blahut-Arimoto algorithm for computingthe rate distortion
function.

9.4 THE CONVERSE

In this section,we prove that the rate distortion function R(D) is lower
boundedby the information rate distortion function R;(D), i.e., R(D) >
R;(D). Specifically we will prove thatfor ary achieableratedistortionpair
(R,D), R > R;(D). Thenby fixing D andminimizing R over all achiezable
pairs(R, D), we concludethat R(D) > R (D).

Let (R, D) beary achieableratedistortionpair. Thenfor ary € > 0, there
existsfor suficiently largen an(n, M) codesuchthat

1
—logM < R+e¢ (9.125)
n

and

Pr{d(X,X) > D + ¢} <, (9.126)
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whereX = g(f(X)). Then
n(R + ¢) aZ) log M (9.127)
> H(f(X)) (9.128)
> H(g(f(X))) (9.129)
= H(X) (9.130)
H(X) - HX|X) (9.131)
= I(X;X) (9.132)
= H(X)- H(X|X) (9.133)
= Y H(Xp) = Y H(XelX, X1, Xs,- -+, Xp—1)  (9.134)
k=1 k=1
2 S HX) - Y H(XGIX) (9.135)
k=1 k=1
= Y [H(Xy) — H(Xg|X1)] (9.136)
k=1
= f: I(Xp; X3) (9.137)
k=1
g Z Rr(Bd(Xy, X)) (9.138)
k=1
- fj RI(Ed(Xk,X'k))] (9.139)
k=1
dz) nR; (1 > Ed(Xk,Xk)> (9.140)
"=
= nR;(Ed(X,X)) (9.141)
In theaborve,

a) follows from (9.125);
b) follows becauseonditioningdoesnotincreasesntroyy;
c) follows from the definitionof R;(D) in Definition 9.16;

d) followsfromthecorvexity of R;(D) provedin Theoren®.18andJensers
inequality
Now let
dmar = max d(z, ) (9.142)

T,%
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be the maximumvaluewhich canbe taken by the distortionmeasurel. The
readershould not confused,,,,, With D,,.. in Definition 9.7. Then from
(9.126),we have

Ed(X,X)
= E[d(X,X)|d(X,X) > D + ¢]Pr{d(X,X) > D + ¢}
+E[d(X,X)|d(X,X) < D+ ¢Pr{d(X,X) < D +¢€} (9.143)
< dmag-€+ (D +e)-1 (9.144)
= D+ (dmax + e (9.145)

Thisshavsthatif the probabilitythatthe averagedistortionbetweenX and):(
exceedsD + ¢ is small,thenthe expectedaveragedistortionbetweerX andX
canexceedD only by asmallamount. Following (9.141),we have

Ri(Ed(X,X)) (9.146)
Ri(D + (dmas + 1)e), (9.147)

R+e >
>

wherethelastinequalityfollows from (9.145)because®; (D) is non-increasing
in D. We notethatthecorvexity of R;(D) impliesthatit is acontinuougunc-
tion of D. Thentakingthelimit ase — 0, we obtain

R > lim Ry(D + (dmas +1)¢) (9.148)
€E—>
— Ry(D), (9.150)

wherewe have invoked the continuity of R;(D) in obtaining(9.149). Upon
minimizing R over all achieable pairs (R, D) for a fixed D in (9.150),we
have provedthat

R(D) > R;(D). (9.151)

This completesheprooffor the corverseof theratedistortiontheorem.

9.5 ACHIEVABILITY OF R;(D)

In this section,we prove that the rate distortion function R(D) is upper
boundedby the information rate distortion function R;(D), i.e., R(D) <
R;(D). Thenby combiningwith the resultthat R(D) > R;(D) from the
lastsectionwe concludethat R(D) = R;(D), andtheratedistortiontheorem
is proved.

3Thecorverseis nottrue.
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Forany 0 < D < Dypaq, We will prove thatfor every randomvariable X
takingvaluesin X’ suchthat

Ed(X,X) < D, (9.152)

the rate distortion pair (I(X; X), D) is achievable. This will be proved by
shawing for suficiently largen theexistenceof aratedistortioncodesuchthat

1. therateof thecodeis notmorethan(X; X) + ¢;
2. d(X,X) < D + e with probabilityalmost1.

Thenby minimizing 7(X; X) overall X satisfying(9.152),we concludethat
the rate distortion pair (R;(D), D) is achiezable, which implies R;(D) >
R(D) becauser(D) is theminimumof all R suchthat(R, D) is achievable.
Fixany 0 < D < Dy,q, @andary e > 0, andlet § beasmallpositve quantity
to be specifiedater. Toward proving the existenceof a desiredcode,we fix a
randomvariableX which satisfieg9.152)andlet M beanintegersatisfying

A 1 A
I(X;X)+ SﬁlogMSI(X;X)—I-e, (9.153)

N ™

wheren is sufficiently large.
We now describearandomcodingschemen thefollowing steps:

1. Constructa codebookC of an (n, M) codeby randomlygeneratingM
codevordsin X" independentlandidenticallyaccordingo p(z)™. Denote
thesecodevordsby X (1), X(2), - - -, X(M).

2. RevealthecodeboolC to boththeencodemandthedecoder
3. Thesourcesequenc& is generatecccordingto p(z)™.

4. The encoderencodeghe sourcesequenceX into anindex K in the set
7Z=1{1,2,---,M}. Theindex K takesthevaluei if

a) (X, X(1)) € Ty 4150

b) forall i € Z,if (X,X(i")) € I 5

otherwise K takestheconstanwaluel.

5 thens’ < ;

5. Theindex K is deliveredto thedecoder
6. ThedecodeoutputsX (K) asthereproductiorsequencéX.

Remark Strongtypicality is usedin definingtheencodingiunctionin Step4.
This is madepossibleby the assumptiorthat both the sourcealphabett” and
thereproductioralphabetY” arefinite.
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Let usfurther explain the encodingschemedescribedn Step4. After the
sourcesequenceX is generatedye searchthroughall the codevordsin the
codeboolC for thosewhich arejointly typical with X with respecto p(z, %).
If thereis at leastone suchcodevord, we let ¢ be the largestindex of such
codevordsandlet K = i. If suchacodevord doesnotexist, welet K = 1.

Theevent{K = 1} occursin oneof thefollowing two scenarios:

1. X(1) istheonly codavordin C whichis jointly typicalwith X.
2. No codevordin C is jointly typical with X.

In eitherscenarioX is notjointly typicalwith thecodewordsX’(2), X(3), e
X (M). In otherwords,if K = 1, thenX is jointly typical with noneof the
codavords X (2), X (3),- -+, X (M).
Define
E; = {(X,X(i)) € T&m} (9.154)

to be the eventthat X is jointly typical with the codavord X (i). Sincethe
codevords are generated.i.d., the events E; are mutually independentand
they all have thesameprobability Moreover, we seefrom thediscussiorabore
that

{K =1} CE§NESN---NES,. (9.155)
Then

Pr{K =1} < Pr{ESNnESN---NE} (9.156)

M
= [ Pr{ES} (9.157)

=2
= (Pe{E{HM! (9.158)
= (1-Pr{E )M L (9.159)

We now obtaina lower boundon Pr{E; } asfollows. SinceX and X (1) are
generatedndependentlythejoint distritution of (X, X (1)) canbefactorized
asp(x)p(x). Then

Pr{E} = Pr{(X,X(l))ET&X]d} (9.160)
= > ppX). (9.161)
(x,fc)ET[’)’(X]é

The summationabove is over all (x,%x) € T[g(f(]a' From the consisteng

of strongtypicality (Theorem5.7),if (x,x) € T[’;(X]d, thenx € T&]J and
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X € T[')E(]J. By the strongAEP (Theoremb5.2), all p(x) andp(x) in theabore

summatiorsatisfy
p(x) > 9—n(H(X)+n)

and

p(fc) > 2fn(H(X)+u)’
respectiely, wheren, v — 0 asé — 0. Againby thestrongAER,

|T[7)l( (1— 5)2”(H(X,X)—€),

)2]5' >
where¢ — 0 asd — 0. Thenfrom (9.161),we have

Pr{E;} > (1— 5)2n(H(X,X)—€)g—n(H(X)+n)g—n(H(ff)Jru)
(1— 5)2—"(H(X)+H(X)—H(X=X)+§+n+1/)
_ (1 _ 5)2—TL(I(X;X)+C)’
where

(=&+n+v—=0

asé — 0. Following (9.159),we have

N M—1
Pr{K =1} < [1 . 5)2—n(I(X;X)+<)] .

Thelowerboundin (9.153)implies
M > 2n(I(X;X)+§)'
Thenupontakingnaturallogarithmin (9.169),we obtain
InPr{K =1}
< (M=) [1— (1 - g2 nIE)+0]

INE

(2n(I(X;X)+§) _ 1) In [1 —(1- 5)2—n(I(X;)?)+C)]

INE

— (gn(I(X;XH-%) — 1) (1— 5)2—n(1(X;X)+C)

—(1-19) [2”(%-() — 2_”(I(X§X)+C)] .

(9.162)

(9.163)

(9.164)

(9.165)
(9.166)
(9.167)

(9.168)

(9.169)

(9.170)

(9.171)
(9.172)

(9.173)
(9.174)

In the above, a) follows from (9.170) by noting thatthe logarithmin (9.171)
is negative, andb) follows from the fundamentalnequalitylna < a — 1. By

letting § be sufficiently smallsothat

€
- —(¢>0,
5 ¢

(9.175)
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the above upperboundon InPr{K = 1} tendsto —occ asn — oo, i.e.,
Pr{K =1} — 0 asn — oo. Thisimplies

Pr{K =1} <e (9.176)

for sufiiciently largen.

The mainideaof the above upperboundon Pr{K = 1} for suficiently
large n is thefollowing. In constructinghe codebookwe randomlygenerate
M codevordsin X™ accordingto p(z)™. If M grows with n ataratehigher
than I(X; X’), then the probability that there exists at least one codevord
which is jointly typical with the sourcesequenceéX with respectto p(z, %)
is very high whenn is large. Further the averagedistortionbetweenX and
suchacodavordis closeto Ed(X, X ) becaus¢heempiricaljoint distribution
of thesymbolpairsin X andsuchacodevord s closeto p(z, £). Thenby let-
ting the reproductiorsequencé& be sucha codevord, the averagedistortion
betweerX andX is lessthanD + e with probabilityarbitrarily closeto 1 since
Ed(X,X) < D. Thesewill beformally shawn in therestof the proof.

Now for sufiiciently largen, consider

Pr{d(X,X) > D + ¢}
= Pr{d(X,X) > D +¢/[K = 1}Pr{K =1}

+Pr{d(X,X) > D + ¢|K # 1}Pr{K # 1} (9.177)
< 1-e4+Pr{d(X,X)>D+¢eK #1}-1 (9.178)
= e+ Pr{d(X,X) > D+ ¢K # 1}. (9.179)

We will shav thatby choosingthe valueof 4 carefully it is possibleto male
d(X, X) alwayslessthanor equalto D + e provided K # 1. Since(X, X) €
T7 415 conditioningon {K # 1}, we have

[XX]
d(X,X)
- 2 i d( X, X¢) (9.180)
™=
= %Zd(w,f)N(x,ﬂﬁIX,X) (9.181)
= % > d(z,2)(np(z, £) + N(z,2|X,X) — np(z, ©)) (9.182)
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= BA(X,X)+ Y d(z, 2) (%N(m, X, X) = p(a, :a)) (9.184)
T,z
< EdX,X)+ ) d(z,) lN(gc, £X,X) — p(z, ) (9.185)
- n
z,T
a) N N
< BAX,K) + dae |2 N, #/X, X) — pla ) (9.186)
T,T
b) N
< EdX,X) + dpazd (9.187)
c)
< D + dmazb, (9.188)
where
a) follows from thedefinitionof d;q, in (9.142);
b) follows becaus¢X, X) € T[T)L(X] 5
c) followsfrom (9.152).
Therefore py taking
§< - (9.189)
dmaz
we obtain
d(X,X) < D + dmaz <L> =D+e (9.190)
dmam
if K # 1. Therefore,
Pr{d(X,X) > D + ¢|K # 1} = 0, (9.191)
andit follows thatfrom (9.179)that
Pr{d(X,X) > D + ¢} <e. (9.192)

Thuswe have shawvn that for suficiently large n, thereexists an (n, M)
randomcodewhich satisfies

1 .
—logM < I(X;X)+e (9.193)
n

(this follows from the upperboundin (9.153))and(9.192). This impliesthe
existenceof an(n, M) ratedistortioncodewhichsatisfieq9.193)and(9.192).
Thereforetheratedistortionpair (I(X; X), D) is achieable. Thenuponmin-
imizing over all X which satisfy(9.152),we concludethatthe ratedistortion
pair (Rr(D), D) is achiezable,which implies R;(D) > R(D). Theproofis
completed.
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PROBLEMS

1. Obtaintheforwardchannedescriptionof R(D) for thebinarysourcewith
theHammingdistortionmeasure.

2. Binarycoveringradius TheHammingball with centerc = (¢1,¢o,- -+, ¢,) €
{0,1}™ andradiusr is the set

Sy(c) = {x €{0,1}": > |z — | < 7‘}.
i=1

Let M, ,, betheminimumnumberM/ suchthatthereexistsHammingballs
Sr(cj),j =1,2,---, M suchthatfor allx € {0,1}", x € S,(c;) for some
7.

a) Shaw that

2n
M., > ——.
o i=o (7)
b) Whatis therelationbetween), ,, andthe ratedistortionfunctionfor
the binary sourcewith the Hammingdistortionmeasure?

3. Considera sourcerandomvariable X with the Hammingdistortionmea-
sure.

a) Provethat
R(D) > H(X) — Dlog(|X[ — 1) — Hy(D)
for0 < D < D,0z.
b) Show that the above lower boundon R(D) is tight if X distritutes
uniformly on X

SeelJerohin102] (alsosed52], p.133)for thetightnesf thislowerbound
for a generalsource. This boundis a specialcaseof the Shannornower
boundfor theratedistortionfunction[176] (alsosee[49], p.369).

4. Productsource Let X andY betwo independensourcerandomvariables
with reproductioralphabetst’ and) anddistortionmeasuresl,, andd,,,
andtheratedistortionfunctionsfor X andY aredenotedby R, (D,) and
Ry(D,), respectiely. Now for the productsource(X,Y'), definea distor

tion measurel : X x Y — X x Y by

d((z,y), (£,9)) = do(x, &) + dy(y, 9)-

Provethattheratedistortionfunction R(D) for (X, Y") with distortionmea-
sured is givenby

R(D) = Dxinl%l;:D(Ra:(Dx) + Ry(Dy))-
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Hint: Prove that I(X,Y; X,Y) > I(X;X) + I(Y;Y) if X andY are
independent(Shannorj176].)

5. Compoundsouce Let © beanindex setandZg = {Xy : 6 € ©} bea
collectionof sourcerandomvariables. The randomvariablesin Zg have
a commonsourcealphabetY, a commonreproductioralphabett’, anda
commondistortionmeasurel. A compoundsources ani.i.d. information
sourcewhosegenericandonvariableis X4, where® is equalto somef €
© but we do notknow whichoneit is. Theratedistortionfunction R (D)
for X hasthesamedefinitionastheratedistortionfunctiondefinedin this
chapterexceptthat(9.23)is replacedoy

Pr{d(Xs,X)>D+¢} <e forallfecO.

Shaw that

Re(D) = sup Ry(D),
9co

whereRy(D) is theratedistortionfunctionfor X,.

6. Shaw thatasymptoticoptimality canbe achieved by separatingatedistor
tion codingandchannekodingwhenthe informationsourceis i.i.d. (with
asingle-lettedistortionmeasureandthechanneis memoryless.

7. Slepian-WiIf coding Let ¢, vy, andé be small positive quantities.For 1 <
i < 2rHY1X)+e) randomlyand independentlyselectwith replacement

2n{HX5Y)=7) vectorsfrom 77}, accordingto the uniform distritution to
form abin B;. Let (x,y) be a fixed pair of vectorsin T[SL(Y](;- Prove the
following by choosinge, v, andé appropriately:

a) theprobabilitythaty isin someB; tendsto 1 asn — oo;

b) giventhaty € B;, the probability that thereexists anothery’ € B;
suchthat(x,y’) € T{; tendsto 0 asn — oo.

Let (X,Y) ~ p"(z,y). Theresultsin a) andb) saythatif (X,Y) is

jointly typical, which happenswith probability closeto 1 for large n, then
it is very likely thatY is in somebin B;, andthatY is the uniquevector
in B; whichis jointly typicalwith X. If X is availableasside-information,
thenby specifyingthe index of the bin containingY, which takes about
2nH(Y|X) pits, Y canbeuniquelyspecified Notethatno knowledgeabout
X is involved in specifyingthe index of the bin containingY. Thisis the
basisof the Slepian-V8If coding[184] which launchedhe whole areaof

multiterminalsourcecoding(seeBemer[21]).
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HISTORICAL NOTES

Transmissiorof aninformationsourcewith distortionwasfirst conceved
by Shannonin his 1948paper[173]. He returnedto the problemin 1959and
proved the rate distortiontheorem. The normalizationof the rate distortion
function is dueto Pinkston[154]. The rate distortiontheoremproved here
is a strongerversionof the original theorem. Extensionsof the theoremto
more generalsourceswere proved in the book by Bemger[20]. An iteratve
algorithmfor computingtheratedistortionfunctiondevelopedby Blahut[27]
will be discussedn Chapterl0. Rose[169] hasdevelopedan algorithmfor
thesamepurposebasecbn a mappingapproach.
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Chapterl0

THE BLAHUT -ARIMO TO ALGORITHMS

For adiscretememorylesshannep(y|z), the capacity

C= m(a;cI(X;Y), (10.1)

whereX andY arerespecirely theinputandtheoutputof thegenericchannel
andr(z) is theinput distribution, characterizethe maximumasymptotically
achievable rate at which information can be transmittedthroughthe channel
reliably. Theexpressiorfor C' in (10.1)is calleda single-lettercharacteriza-
tion becauseét dependsnly the transitionmatrix of the genericchannelbut
not on the block lengthn of a codefor the channel.Whenboththeinputal-
phabetY andthe outputalphabefy arefinite, thecomputatiorof C' becomes
afinite-dimensionamaximizationproblem.

For ani.i.d. informationsource{ X, k > 1} with genericrandomvariable
X, theratedistortionfunction

R(D) = min _ I(X;X) (10.2)
Q(#le):Bd(X,X)<D

characterizethe minimum asymptoticallyachiezablerate of a ratedistortion
codewhich reproduceshe information sourcewith an averagedistortionno
morethan D with respecto a single-letterdistortionmeasurei. Again, the
expressiorfor R(D) in (10.2)is a single-lettercharacterizatiotecausét de-
pendsonly onthegenericrandomvariable X but notontheblock lengthn of
aratedistortioncode. Whenboththe sourcealphabett’ andthereproduction
alphabett arefinite, the computatiorof R(D) becomes finite-dimensional
minimizationproblem.

Unlessfor very specialcasesit is not possibleto obtainan expressiorfor
C or R(D) in closedform, andwe have to resortto numericalcomputation.
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However, computingthesequantitiesis not straightforvard becausehe as-
sociatedoptimizationproblemis nonlinear In this chapter we discussthe
Blahut-Arimotoalgorithms(hencefortithe BA algorithms)whichis anitera-
tive algorithmdevisedfor this purpose.

In orderto betterunderstandhow andwhy the BA algorithmworks, we will
first describehealgorithmin a generakettingin the next section.Specializa-
tionsof thealgorithmfor thecomputatiorof C' and R(D) will bediscussedh
Sectionl10.2,andcorvergenceof thealgorithmwill beprovedin Section10.3.

10.1 ALTERNATING OPTIMIZA TION

In thissectionwe describeanalternatingoptimizationalgorithm.Thisalgo-
rithmwill bespecializedn thenext sectionfor computinghechannetapacity
andtheratedistortionfunction.

Considerthedoublesupremum

sup sup f(ur,uz), (10.3)
ui€A; us€A2
whereA; is acornvex subseof R" for ¢ = 1,2, and f is afunctiondefinedon
A; x As. Thefunction f is boundedrom abore, andis continuousandhas
continuougartialderivativeson A; x A,. Furtherassumehatfor all us € A,,
thereexistsa uniquec; (uz) € A; suchthat

flei(uz),uz) = Inax f(uf,uy), (10.4)

1

andfor all u; € Ay, thereexistsauniquecs(u;) € Ao suchthat

f(u; e2(u1)) = max f(uy, up). (10.5)

u,€A2
Letu = (u1,uz) andA = A; x As. Then(10.3)canbewrittenas

sup f(u). (10.6)
ucA
In otherwords,the supremunof f is taken over a subsebf Rt "2 whichis
equalto the Cartesiarproductof two corvex subsetof ™' and®R"2, respec-
tively.
We now describean alternatingoptimizationalgorithmfor computingf*,
thevalueof thedoublesupremunin (10.3).Let u®) = (u{¥, u{¥) for & > 0

which aredefinedasfollows. Let ug‘” be an arbitrarily chosenvectorin Ay,

andletul = ¢, (u{”). Fork > 1, u® is definedby

ul?) = ¢ () (10.7)
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Figure 10.1. Alternatingoptimization.

and

ul) = ey (). (10.8)

In otherwords,ug ) andug ) aregeneratedn theorderu§ ), ug ), ugl), ugl),
ug ), u§2), -, whereeachvectorin the sequences a functionof the previous
vectorexceptthatugo) is arbitrarilychoserin A;. Let

F® = fa®). (10.9)
Thenfrom (10.4)and(10.5),
@ = P o) (10.10)
> i uf) (10.11)
> fuf o) (10.12)
= f&=D (10.13)

for k > 1. Sincethesequenceg ) is non-decreasingt, mustcorverge because
f is boundedfrom abase. We will shav in Section10.3that ) — f* if
f is concae. Figure10.1is anillustration of the alternatingmaximization
algorithm,wherein this casebothn; andn, areequalto 1, and f¥) — f*.

The alternatingoptimizationalgorithm can be explainedby the following
analogy Suppose hiker wantsto reachthe summitof a mountain. Starting
from a certainpoint in the mountain,the hiker moves north-southand east-
westalternately (In our problem the north-soutrandeast-westlirectionscan
be multi-dimensional.)ln eachmove, the hiker movesto the highestpossible
point. The questionis whetherthe hiker caneventuallyapproactthe summit
startingfrom ary pointin the mountain.
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Replacingf by —f in (10.3), the double supremumbecomeshe double
infimum

f inf 10.14
mlg £ u;g £ f(ug,u). ( )

All the previous assumption®n A;, Ao, and f remainvalid exceptthat f is
nowv assumedo be boundedrom belov insteadof boundedrom above. The
doubleinfimumin (10.14)canbecomputedy the samealternatingoptimiza-
tion algorithm. Note thatwith f replacedby — f, the maximumsin (10.4)
and(10.5)becomeminimums,andtheinequalitiesin (10.11)and(10.12)are
reversed.

10.2 THE ALGORITHMS

In this section,we specializethe alternatingoptimization algorithm de-
scribedin thelastsectionto computethe channekapacityandtheratedistor
tion function. Thecorrespondinglgorithmsareknovn asthe BA algorithms.

10.2.1 CHANNEL CAPACITY

We will user to denoteaninputdistribution r(z), andwe write r > 0 if r
is strictly positve,i.e.,r(z) > 0 for all z € X. If r is notstrictly positve, we
write r > 0. Similar notationswill beintroducedasappropriate.

LEMMA 10.1 Letr(z)p(y|z) beagivenjoint distributionon X' x Y sud that
r > 0, andletq beatransitionmatrixfromy toX. Then

maxzz )p(y|r) 108 ZZ )p(y|z) log *((:j)y),

(10.15)
whee the maximizations takenover all q sud that
g(zly) = 0 ifandonlyif p(y|z) =0, (10.16)
and
¢ (ly) = —DPUID) (10.17)

Yo r(@)p(ylz’)’
i.e., themaximizingq is thewhich correspondgo theinput distribution r and
thetransitionmatrix p(y|z).

In (10.15)andthe sequel we adoptthe corvention that the summationis
takenover all z andy suchthatr(z) > 0 andp(y|z) > 0. Notethattheright
handsideof (10.15)givesthemutualinformation/(X; Y') whenr is theinput
distribution for thegenericchannep(y|z).

Proof Let

w(y) =Y r(z)p(ylz") (10.18)

x!
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in (10.17). We assumawith lossof generalitythatfor all y € Y, p(y|z) > 0
for somez € X. Sincer > 0, w(y) > 0 for all y, andhenceg*(z|y) is
well-defined.Rearranging10.17),we have

r(@)p(ylz) = w(y)g* (z]y). (10.19)
Consider
Lyl s TG - et s
= ZZ )p(yle) lo (( ||y)) (10.20)
= > > w(y)g (aly) L gq((m“y)) (10.21)
y T

= Z Zq (z]y) 1o (( ||y)) (10.22)
= Zw ¢ (zly)llg(zly)) (10.23)
> o, (10.24)

where(10.21)follows from (10.19),andthe last stepis an applicationof the
divergenceinequality Thenthe proofis completedby notingin (10.17)that
q* satisfieq10.16)because > 0. o

THEOREM 10.2 For adiscretememorylesshannelp(y|z),

q(zly)
_srg%mgxzz p(y|z) log () (10.25)

whele the maximizatioris takenover all g which satisfieq10.16).

Proof Let I(r,p) denotethe mutualinformation(X;Y’) whenr is theinput
distribution for thegenericchannep(y|z). Thenwe canwrite

C= max I(r,p). (10.26)
Letr* achieesC. If r* > 0, then
Cc = rgigc I(r,p) (10.27)
= max I(r,p) (10.28)
_ q(zly)
= maxmax Z Z )p(y|z) log (10.29)

r(z)
= supmaxzz p(y|z) log a(zly)

r>0 9 ($)

(10.30)

DRAFT Septenber 13, 2001, 6:27pm DRAFT



220 AFIRSTCOURSHN INFORMATION THEORY

where(10.29)follows from Lemmal0.1 (andthe maximizationis over all q
which satisfieq10.16)).

Next, we considerthe casewhenr* > 0. Sincel(r, p) is continuousn r,
for ary € > 0, thereexistsé > 0 suchthatif

lr — | < 4, (10.31)

then
C —1I(r,p) <e, (10.32)

where||r — r*|| denoteshe Euclideardistanceébetween: andr*. In particular
thereexistst > 0 which satisfieq10.31)and(10.32).Then

Cc = m>ag(I(r,p) (10.33)

> supI(r,p) (10.34)
r>0

> I(7,p) (10.35)

> C —g¢, (10.36)

wherethelaststepfollows becausé satisfieq10.32). Thuswe have

C —e<supI(r,p) <C. (10.37)
r>0

Finally, by lettinge — 0, we concludethat

C= ili%)I(r ,P) = il;}gmgxzz p(y|z) log (:((;\g;) (10.38)

Thisaccomplishesheproof.o

Now for the doublesupremunin (10.3),let

Z Z p(y|z) lo qﬁg(”l@;) (10.39)

with r andq playingtherolesof u; anduy, respectrely. Let

A ={(r(z),z € X): r(z) >0and)},r(z) =1}, (10.40)
and

A2 = {(q(zly), (z,y) € X x V) : q(z|y) >0
if p(z[y) > 0, g(zly) = 0if p(y|z) =0,
andy", q(z|y) = 1 forally € YV}. (10.41)

DRAFT Septenber 13, 2001, 6:27pm DRAFT



TheBlahut-ArimotoAlgorithms 221

Then 4; is a subsetof R¥! and A4, is a subsetof RI¥I1Y andit is readily
checled thatboth A; and A5 arecorvex. Forallr € A; andq € As, by
Lemmall.1,

fir) = T i) ios (70 (1042
< Z Z p(y|z)lo qr((azj)y) (10.43)
= I(X,Y) (10.44)
< H(X) (10.45)
< log|X|. (10.46)

Thusf is boundedrom above. Sincefor all q € As, ¢(z|y) = 0 for all z and
y suchthatp(z|y) = 0, thesecomponent®f q aredegeneratedin fact,these
component®f q do not appeaiin the definitionof f(r,q) in (10.39),which

canbe seenasfollows. Recallthe corventionthatthe doublesummationin

(10.39)is over all z andy suchthatr(z) > 0 andp(y|z) > 0. If g(z|y) = 0,

thenp(y|z) = 0, and hencethe correspondingerm is not includedin the
doublesummation.Therefore|t is readily seenthat f is continuousandhas
continuouspartial derivatives on A becauseall the probabilitiesinvolved in

thedoublesummatiorin (10.39)arestrictly positve. Moreover, for ary given
r € Ay, by Lemmal0.1,thereexistsa uniqueq € A, which maximizesf.

It will beshavn shortlythatfor ary givenq € As, therealsoexistsa unique
r € A; whichmaximizesf.

Thedoublesupremunin (10.3)now becomes

sup sup ZZT(m)p(yhv) log M, (10.47)
redr qed: 50 5 r(z)

which by Theorem10.2is equalto C, wherethe supremunoverall q € A,
is in facta maximum.We thenapplythealternatingoptimizationalgorithmin
the last sectionto computeC'. First, we arbitrarily choosea strictly positive
inputdistribution in A; andletit ber(®. Thenwe defineq(® andin general
q® fork > 0 by
®) (z)p(y|=)
T I )p\Yy|Tr
10.48
5 18 (o) (1049)
in view of Lemma10.1. In orderto definer(!) andin generale(*) for & > 1,

we needto find ther € A; whichmaximizesf for agivenq € A,, wherethe
constraintonr are

*)(zly) =

Y or(x) =1 (10.49)

z
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and
r(z) >0 forallz € X. (10.50)

We now usethe methodof Lagrangamultipliersto find the bestr by ignoring
temporarilythe positivity constraintsn (10.50).Let

J= Z Z )p(ylz)lo ‘”'y /\Z (10.51)

For corveniencesale, we assumehatthe logarithmis the naturallogarithm.
Differentiatingwith respecto r(x) gives

aféc) - Zy:p(yhc) log q(z|y) —logr(z) —1—A. (10.52)

Upon settingafé) =0, we have

logr(z Zp ylz)logg(z|y) — 1 — A, (10.53)

or
r(z) = e~ (A+1) H q(w|y)p(y\$)_ (10.54)

Y
By consideringhenormalizatiorconstrainin (10.49),we caneliminateX and

obtain
11, a(xly)P@®)
r(z) = p =
Yo [T a(a'y)Pie)

The above productis over all y suchthatp(y|z) > 0, andg(z|y) > 0 for all
suchy. Thisimpliesthatboththenumeratomandthe denominatoon theright
handsideabove arepositive, andtherefore-(z) > 0. In otherwords,ther thus
obtainedhappernto satisfythe positvity constraintsn (10.50)althoughthese
constraintsvereignoredwhenwe setup the Lagrangemultipliers. We will
shaw in Section10.3.2that f is concae. Thenr asgivenin (10.55),whichis
unique,indeedachievesthe maximumof f for agivenq € A, because isin
theinteriorof A;. In view of (10.55),we definer(®) for k£ > 1 by

> T, a D ([P0

(10.55)

r®)(z) = (10.56)

Thevectorsr*) andq‘®) aredefinedin theorderr(®, q(®, (1) g1 r(2)
q?, - - -, whereeachvectorin thesequencés afunctionof the previousvector
exceptthatr(®) is arbitrarily chosenin A4;. It remainsto shaw by induction
thatr(®) € A, fork > 1 andq®) € A, fork > 0. If t®) € A, i.e.,r® > 0,
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R(D)

R(Dg)-sDg

Dg.R
R(Dg) (Ds.R(Ds))

Ds Dmax
Figure10.2. A tangento the R(D) curve with slopeequalto s.

thenwe seefrom (10.48)that ¢*) (z|y) = 0 if andonly if p(z|y) = 0, i.e.,
q*) € A,. Ontheotherhand,if g¥) € A,, thenwe seefrom (10.56)that
r®+t) > 0, ie., vt € Ay, Thereforer® e A; andq® e A, for all
k > 0. Upondetermining(r®), q(¥)), we cancomputef*) = f(r®*) q(*))
for all k. It will beshavn in Section10.3that %) — (.

10.2.2 THE RATE DISTORTION FUNCTION

Thisdiscussionn thissectioris analogouso thediscussiorin Section10.2.1.
Someof thedetailswill beomittedfor brevity.

For all problemsof interest,R(0) > 0. Otherwise R(D) = 0forall D >0
sinceR(D) is nonngative andnon-increasingT hereforewe assumavithout
lossof generalitythat R(0) > 0.

We have shavn in Corollary 9.19thatif R(0) > 0, then R(D) is strictly
decreasindor 0 < D < D,,q,- SinceR(D) is corvex, for ary s < 0, there
existsa pointonthe R(D) cune for 0 < D < D4, suchthatthe slopeof
atangent to the R(D) cun at thatpointis equalto s. Denotesucha point
onthe R(D) curwe by (D, R(D;s)), which is not necessarilyjunique. Then
thistangenintersectaith theordinateat R(D,) — sD;. Thisis illustratedin
Figure10.2.

Let I(p, Q) denotethe mutualinformation(X, X) and D(p, Q) denote
theexpectedlistortionEd(X, X) whenp is thedistributionfor X andQ is the
transitionmatrixfrom X' to X definingX . Thenforary Q, (I(p, Q), D(p, Q))
is apointin theratedistortionregion, andtheline with slopes passinghrough

lwe saythataline is atangento the R(D) curwif it toucheghe R(D) curwe from below.
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(I(p,Q), D(p,Q)) intersectgheordinateat I(p, Q) — sD(p, Q). Sincethe
R(D) curwe definesthe boundaryof the ratedistortionregion andit is above
thetangentn Figure10.2,we seethat

R(Ds) —sDs = mC%Il[I(p, Q) — sD(p, Q)] (10.57)

thenthe line passinghrough(0, I(p, Qs) — sD(p, Qs)), i.e., thetangentin
Figure 10.2, gives a tight lower boundon the R(D) curne. In particular if
(R(Ds), Dy) is unique,

For eachs < 0, if we canfind a Q, which achiees the abose minimum,

Dy = D(p,Qs) (10.58)
and
R(Ds) = I(p, Qs)- (10.59)

By varyingoverall s < 0, we canthentraceoutthewhole R(D) cune. In the
restof the section,we will devise aniterative algorithmfor the minimization
problemin (10.57).

LeMMA 10.3 Letp(z)Q(&|z) bea givenjoint distribution on X x X sudh
thatQ > 0, andlet t beanydistribution on X sud thatt > 0. Then

r&i(?zw: ;p(x)Q(:ﬁlx) m Z Z t(g(cg) ’
h (10.60)
whee
Zp Q(ilz), (10.61)

i.e., the minimizingt(z) is the distribution on X correspondingo the input
distribution p andthetransitionmatrix Q.

Proof It sufiicesto prove that
> X p(a)Qale) tog LD > 575" ptalo og LY a0.62)

for all t > 0. Thedetailsareleft asanexercise.Notein (10.61)thatt* > 0
becaus® > 0.co

Sincel(p, Q) andD(p, Q) arecontinuousn Q, via anamgumentsimilar
to theonewe usedin the proof of Theoreml0.2,we canreplacethe minimum
overall Q in (10.57)by theinfimum overall Q > 0. By notingthattheright
handsideof (10.60)is equalto I(p, Q) and

=32 p(@)Q(&[z)d(z, ), (10.63)
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we canapplyLemmal0.3to obtain

R(D;) — sDy
= él;fo [ 1n2p z)Q(%|r) log Qt(g;‘f) s gp(m)Q(ﬂa:)d(a:,ﬁ:)] (1064)
= él;fo in |:Zp (r)Q(&|x) log Qt((mm)m) —s Zp(z Q(&|x)d(x w):| . (1065)

Now in thedoubleinfimumin (10.14),let
o 2El2)
—s Z Zp Q(z|x)d(z, %), (10.66)

A = {(Q(§:|:c), (z,%) € X x X) : Q(z|z) > 0,
Y Q(&|z) =1forallz € X}, (10.67)

and
Ay = {(t(&),& € X) : t(2) > 0 andy; t(&) = 1}, (10.68)
with Q andt playingtherolesof u; anduy, respectiely. ThenA; is asubset

of RI*I1% and A, is a subsef /%1, andit is readily checled that both A,
andA, arecorvex. Sinces < 0,

f(Q,t)

- T pweek s GG —0 X T peie,
’ (10.69)
> p (Z|z) log () +0 (10.70)
= I(X;X) (10.71)
> 0. (10.72)

Therefore,f is boundedrom below.
Thedoubleinfimumin (10.14)ncw becomes

g, ot | S E et tos S =0 S ptaeteinnle ).
(10.73)
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wherethe infimumoverall t € A, is in facta minimum. We thenapply the
alternatingoptimizationalgorithmdescribedn Section10.2to computef*,
the valueof (10.73). First, we arbitrarily choosea strictly positivetransition
matrix in A; andlet it be Q. Thenwe definet(®) andin generalt(*) for
k>1by

1) (z Z p(z) Q™) (|z) (10.74)

in view of Lemma10.3.1n orderto defineQ(") andin generalQ* for k > 1,
we needto find the Q € A; whichminimizesf for agivent € A,, wherethe
constrainton Q are

Q(&|z) >0 forall (z,4) € X x X, (10.75)

and
> Q(&lz) =1 forallz e X. (10.76)
As we did for thecomputatiorof the channekapacitywefirstignorethe pos-
itivity constraintsn (10.75)whensettingup the Lagrangemultipliers. Then
we obtain
t(i,)esd(cc,fc)
Ei" t(il)esd(w,i’)

Thedetailsareleft asanexercise.We thendefineQ*) for k > 1 by

Q(&lz) =

> 0. (10.77)

QW (#|z) =

(k=1) (3 esd(z,2)
t 1(“’() (10.78)

Ez, t(k— )esd(z,z’) .

It will beshavn in thenext sectionthat f*) = £(Q®), t()) — f* ask — co.
If thereexists a uniquepoint (R(Ds), D,) on the R(D) curwve suchthatthe
slopeof atangentatthatpointis equalto s, then

(I(p, Q™), D(p, Q™¥))) — (R(Ds), Dy). (10.79)

Otherwise(I(p, Q®)), D(p, Q®*))) is arbitrarily closeto the segmentof the
R(D) curwe atwhichtheslopeis equalto s whenk is suficiently large. These
factsareeasilyshavn to betrue.

10.3 CONVERGENCE

In this sectionwe first prove thatif f is concae, thenf*) — f*. Wethen
apply this sufficient conditionto prove the corvergenceof the BA algorithm
for computingthe channekapacity The corvergenceof the BA algorithmfor
computingtheratedistortionfunctioncanbe provedlikewise. The detailsare
omitted.
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10.3.1 A SUFFICIENT CONDITION

In thealternatingoptimizationalgorithmin Section10.1,we seefrom (10.7)
and(10.8)that

u® ) = @ uf ) = (o (uf), e (1 (u)) (10.80)
for k > 0. Define
Af(u) = f(ei(ug), caer(ug))) — f(ug, ug). (10.81)
Then
FEED _ k) = kD) (k) (10.82)
= f(ar(u), ca(er (i) - f(uf,ul?)  (10.83)
Af(u®). (10.84)

We will provethat f beingconcae is sufficientfor f(*) — f*. Tothisend,
wefirst prove thatif f is concae,thenthealgorithmcannotbetrappedatu if

fa) < f*.
LEMMA 10.4 Letf beconcavelf f*) < f* thenf*+1) > f(k),

Proof We will provethatAf(u) > 0 for ary u € A suchthat f(u) < f*.
Thenif £ = f(u®)) < f*, we seefrom (10.84)that

FEED _ B = Af(u®)) > 0, (10.85)

andthelemmais proved.
Considerary u € A suchthat f(u) < f*. Wewill prove by contradiction
thatA f(u) > 0. AssumeA f(u) = 0. Thenit follows from (10.81)that

flei(uz), c2(c1(u2))) = f(ur,u2). (10.86)
Now we seefrom (10.5)that
flei(uz), ca(e1(uz2))) > f(e1(uz), uz). (10.87)
If ¢1(u2) # uy, then
fe1(ug),uz) > f(ug,uz) (10.88)
because; (us) is unique.Combining(10.87)and(10.88),we have
fler(uz), cz(er(u2))) > f(ur, ug), (10.89)

whichis a contradictionto (10.86).Therefore,

u; = Cl(ug). (1090)
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(u,,V,) (v1,V2)
Z,

z
(uy,u,) Z, (v, uy)

Figure 10.3. Thevectorsu, v, z, z1, andz..

Usingthis, we seefrom (10.86)that
fui, ca(mr)) = f(ur, u2), (10.91)

whichimplies
U = 02(111). (1092)
because;(ci(uz)) is unique.
Sincef(u) < f*, thereexistsv € A suchthat

flu) < f(v). (10.93)
Consider
vV—u= (V1 —ul,O) +(O,V2 —112). (10.94)

Let z be the unit vectorin the directionof v — u, z; be the unit vectorin
the directionof (vy — uy,0), andz, be the unit vectorin the direction of
(V2 — Uug, 0) Then

|lv—ulz =|vi —u]|z1 + ||ve — uz||ze, (10.95)
or
Z = 121 + 929, (1096)
where
o= vl (10.97)
[v —ul|

1 = 1,2. Figure10.3is anillustrationof thevectorsu, v, z, z;, andzs.

We seefrom (10.90)that f attainsits maximumvalueatu = (u, u2)
whenu; is fixed. In particular f attainsits maximumvalueat u alonethe
line passingthrough(u;,us) and(vy,us). Let 57f denoteshe gradientof
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f. Sincef is continuousandhascontinuougartialderiatives,thedirectional
derivative of f atu in the directionof z; existsandis givenby v/ f - z;. It
followsfromtheconcaity of f thatf is concae alongtheline passinghrough
(u1,ug) and(vy, ug). Sincef attainsits maximumvalueat u, the derivative
of f alongtheline passinghrough(uy, ug) and(vy, uz) vanishes.Thenwe
seethat

vf-z1=0. (10.98)

Similarly, we seefrom (10.92)that
vf-zo=0. (10.99)

Thenfrom (10.96),the directionalderiative of f atu in thedirectionof z is
givenby
Vi-z=a1(Vf 21)+ a(Vf-22) =0. (10.100)

Sincef is concae alongtheline passinghroughu andv, thisimplies
f(u) > f(v), (10.101)

whichis a contradictiorto (10.93).Hence we concludethatA f(u) > 0. o

Althoughwe have provedthatthealgorithmcannobetrappedatu if f(u) <
f*, £*) doesnot necessarilyonvemgeto f* becauseheincrementn f{*) in
eachstepmay be arbitrarily small. In orderto prove the desiredconvergence,
wewill shaw in next theoremthatthis cannotbethecase.

THEOREM 10.5 If f isconcavethenf®) — f*,

Proof We have alreadyshavn in Section10.1that f(*) necessarilgonveges,
sayto f’. Hencefor ary € > 0 andall suficiently large &,

fl—e< f® <. (10.102)
Let
Y= min Af(u), (10.103)
where
A={ueA:f'—e< f(u) < f'}. (10.104)

Sincef hascontinuouspartialderivatives, A f (u) is a continuougunction of
u. Thentheminimumin (10.103)existsbecaused’ is compact.

2A" is compactbecauset is the inverseimageof a closedintenal undera continuousfunctionand A is
bounded.
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We now shaw that f* < f* will leadto a contradictionif f is concae. If
f' < f*, thenfrom Lemmal0.4,we seethat A f (u) > O forallu € A" and
hencey > 0. Sincef*) = f(ul¥ )) satisfieg10.102),ul*) € A’, and

FED — f 8 = Af(u®)) > 4 (10.105)

for all suficiently large k. Therefore,no matterhow smallery is, &) will
eventuallybe greaterthan f/, which is a contradictionto f*) — f’. Hence,
we concludethat (%) — f*. o

10.3.2 CONVERGENCE TO THE CHANNEL
CAPACITY

In orderto shaw thatthe BA algorithmfor computingthe channekapacity
corvemgesasintendedj.e., f¥) — C, we only needto shaw thatthe function
f definedin (10.39)is concae. Towardthis end,for

ZZ )p(y|z) log 9z (B) (10.106)

definedin (10.39),we considertwo orderedpairs(ri,q;) and(rs,qz) in A,
whereA; and A, aredefinedin (10.40)and(10.41),respectiely. Forary 0 <
A < 1and) =1-— ), anapplicationof thelog-suminequality(Theoren2.31)
gives

Ari(z) + 2\7“2 (z)
Aqi(z|y) + Aga(zly)

< Ari(z)log qjtiTg)/) + Arg(z) log %M/)) (10.107)

Takingreciprocalin thelogarithmsyields

M1 (z]y) + Agz(zy)
Ari(z) + Aro(z)

> Ari(z)log a(zly) + Aro(z) log qQ(ac|y)’ (10.108)
r1(x) r9(x)

anduponmultiplying by p(y|z) andsummingover all z andy, we obtain

(Ar1(z) + Are(z)) log

(Ar1(z) + Ara(z)) log

fOr1 + Arg, Adq1 + Aqe) > Af(r1,q1) + Af(r2, qz). (10.109)

Therefore f is concare. Hence we have shavn that f (%) — (.

PROBLEMS
1. Implementthe BA algorithmfor computingchannekcapacity
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2. Implementthe BA algorithmfor computingtherate-distortiorfunction.

3. Explain why in the BA Algorithm for computingchannelcapacity we
shouldnot choosean initial input distribution which containszero prob-
ability masses.

4. Prove Lemmal0.3.

5. Considerf(Q,t) in the BA algorithm for computingthe rate-distortion
function.

a) Shaow thatfor fixeds andt, f(Q,t) is minimizedby

t(i‘) esd(cc,fc)

Q(x|$) = Ei./ t(.’i")GSd(w’jl).

b) Shaw thatf(Q,t) is convex.

HISTORICAL NOTES

An iteratve algorithmfor computingthe channelcapacitywas developed
by Arimoto [14], wherethe corvergenceof the algorithmwasproved. Blahut
[27] independentlydevelopedtwo similar algorithms,thefirst for computing
thechannekapacityandthe secondor computingtheratedistortionfunction.
The convergenceof Blahut's secondalgorithmwas proved by Csiszr [51].
Thesetwo algorithmsare nov commonlyreferredto asthe Blahut-Arimoto
algorithms. The simplified proof of corvergencein this chapteris basedon
YeungandBerger[217].

TheBlahut-Arimotoalgorithmsarespecialcasef ageneraiterative algo-
rithm dueto Csiszr and Tusridy [55] which alsoincludethe EM algorithm
[59] for fitting modelsfrom incompletedataandthe algorithmfor finding the
log-optimalportfolio for astockmarket dueto Cover[46].
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Chapterll

SINGLE-SOURCE NETWORK CODING

In a point-to-pointcommunicatiorsystem the transmittingpoint and the
receving point are connectecby a communicatiorchannel. An information
sourceis generate@t thetransmissiompoint, andthe purposeof thecommuni-
cationsystemis to deliver theinformationgeneratect the transmissiorpoint
to thereceving pointvia thechannel.

In a point-to-pointnetwork communicatiorsystem,therearea numberof
points,callednodes Betweencertainpair of nodesthereexist point-to-point
communicatiorchannelon which informationcanbe transmitted.On these
channelsjnformationcanbe sentonly in the specifieddirection. At a node,
oneor moreinformationsourcesnaybe generatedandeachof themis multi-
cast to a setof destinatiomodeson the network. Examplesof point-to-point
network communicationsystemsinclude the telephonenetwork and certain
computemetworkssuchasthe InternetbackboneFor simplicity, we will refer
to a point-to-pointnetwork communicatiorsystemasa point-to-pointcommu-
nication network It is clearthata point-to-pointcommunicatiorsystemis a
specialcaseof a point-to-pointcommunicatiometwork.

Point-to-pointcommunicatiorsystemsiave beerthoroughlystudiedn clas-
sical informationtheory However, point-to-pointcommunicationnetworks
have beenstudiedin depthonly duringthe lasttenyears,andtherearea lot
of problemsyet to be solved. In this chapterand Chapterl5, we focuson
point-to-pointcommunicatiometworks satisfyingthe following:

1. thecommunicatiorchannelsrefreeof error;

2. theinformationis recevedatthedestinatiomodeswith zeroerroror almost
perfectly

IMulticastmeango sendinformationto a specifiedsetof destinations.
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In this chapterwe considemetworks with oneinformationsource.Networks
with multiple information sourceswill be discussedn Chapterl5 after we
have developedthe necessaryools.

11.1 A POINT-TO-POINT NETWORK

A point-to-pointnetwork is representedby a directedgraphG = (V, E),
whereV is thesetof nodesn thenetwork and E is thesetof edgesn G which
representhe communicatiorchannelsAn edgefrom node: to nodej, which
representshe communicatiorchannelfrom node: to nodej, is denotedby
(1,7). We assumehat G is finite, i.e., |V| < oo. For a network with one
informationsourcewhichis the subjectof discussiorin this chapterthenode
at which informationis generateds referredto asthe source node denoted
by s, andthe destinatiomnodesarereferredto asthe sink nodes denotedby
t17t27 U 7tL-

For a communicationchannelfrom node: to nodej, let R;; be the rate
constaint, i.e., the maximumnumberof bits which canbe sentper unit time
onthechannel.R;; is alsoreferredto asthe capacity of edge(s, 5). Let

R = [R;; : (i,j) € E] (11.1)

betherateconstraintsor graphG. To simplify ourdiscussionye assumehat
R;; are(nonngative) integersfor all (4, j) € E.

In the following, we introducesomenaotionsin graphtheory which will
facilitate the descriptionof a point-to-pointnetwork. Temporarilyregardan
edgein G asawaterpipeandthegraphG asa network of waterpipes.Fix a
sinknodet; andassumehatall thesinknodesexceptfor ¢; is blocked. Suppose
wateris generatedtaconstantateatnodes. We assumehattherateof water
flow in eachpipedoesnot exceedits capacity We alsoassumehatthereis no
leakagein the network, sothatwateris consered at every nodeotherthans
andt; in the sensehatthetotal rateof waterflowing into the nodeis equalto
the total rate of waterflowing out of the node. The watergeneratect nodes
is eventuallydrainedat nodet;.

A flow

F = [F;: (i,j) € E] (11.2)
in G from nodes to nodet; with respecto rate constraintsR is a valid as-
signmenbf anonngatie integer F;; to every edge(i, j) € E suchthatF;; is
equalto therateof waterflow in edge(:, 7) underall the abose assumptions.
F;j isreferredto asthevalueof F onedge(s, j). Specifically F is aflow in G
from nodes to nodet; if for all (i, j) € E,

0 < F;; < Ry, (11.3)

2Heretheterm*“capacity”is usedin the senseof graphtheory
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andfor all 7 € V' exceptfor s andt;,

Fy (i) = F_(i), (11.4)
where
Fy(i)= Y  Fjy (11.5)
J:(GA)EE
and
F ()= > Fy (11.6)
jii,5)EE

In theabove, F; () is thetotal flow into node: and F_(4) is thetotal flow out
of nodei, and(11.4)arecalledthe conservatiorconditions.

Sincethe conseration conditionsrequirethat the resultantflow out of ary
nodeotherthans andt; is zero, it is intuitively clearandnot difficult to shav
thattheresultantflow out of nodes is equalto the resultantlow into nodet;.
This commonvalueis calledthevalueof F. F is a max-flowfrom nodes to
nodet; in G with respecto rateconstraintR if F is aflow from s to ¢; whose
valueis greaterthanor equalto thevalueof ary otherflow from s to ¢;.

A cut betweemodes andnodet; is asubsetU of V suchthats € U and
1] € U. Let

Ey ={(i,j) € E:i €U andj ¢ U} (11.7)

bethesetof edgesacrosshecutU. Thecapacityof thecutU with respecto
rateconstraint®R is definedasthe sumof thecapacitie®f all theedgesacross
thecut,i.e.,

> Ry (11.8)

(i.j)€EyY

U is amin-cutbetweemodes andnodet; if U is acutbetweenrs andt; whose
capacityis lessthanor equalto the capacityof ary othercutbetweers andt; .

A min-cut betweennode s andnodet; canbe thoughtof asa bottlene&
betweens andt;. Thereforejt is intuitively clearthatthevalueof a max-flov
from nodes to nodet; cannotexceedthe capacityof amin-cutbetweemodes
andnodet;. Thefollowing theoremknown asthe max-flowmin-cuttheoem
statesthatthe capacityof a min-cutis alwaysachiezable. This theoremwill
play akey rolein subsequerdiscussiondn this chapter

THEOREM 11.1 (MAX-FLOW MIN-cUT THEOREM [69]) LetG beagraph
with soucenodes andsinknodesty, to, - - -, t1., andR betherateconstaints.
Thenforl = 1,2,---, L, thevalueof a max-flonfromnodes to nodet; is equal
to the capacityof a min-cutbetweemodes andnodet;.
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Figure11.1. A one-sinknetwork.

11.2 WHAT IS NETWORK CODING?

Let w betherateat which informationis multicastfrom the sourcenodes
tothesinknodesty, tg, - - -, t1, in anetwork G with rateconstraint®R. We are
naturallyinterestedn the maximumpossiblevalueof w. With a slight aluse
of notation we denotethevalueof a max-flov from thesourcenodes to asink
nodet; by maxflow(s, ¢;). It is intuitive that

w < maxflow(s, #;) (11.9)
foralll =1,2,---,L,i.e.,

w< mlin maxflow(s, ;). (11.10)

This is calledthe max-flowbound which will be provedin Sectionl11.4. Fur
ther, it will be proved in Section11.5 that the max-flov boundcan always
be achieved. In this section,we first shav that the max-flov boundcanbe
achievedin afew simpleexamples.In theseexamplesthe unit of information

is thebit.

First,we considethenetwork in Figurell.1with onesinknode.Figurell.1l(a)

shavsthecapacityof eachedge.By identifyingthemin-cutto be{s, 1,2} and
applyingmax-flov min-cuttheoremwe seethat

maxflow(s, 1) = 3. (11.11)

Thereforetheflow in Figure11.1(b)is amax-flov. In Figurell.1(c),we shov
how we cansendthreebits b1, by, andbs from nodes to nodet; basednthe
max-flov in Figure11.1(b).Evidently the max-flav boundis achieved.

In fact, we caneasilyseethatthe max-flov boundcanalaysbe achieed
whenthereis only onesink nodein the network. In this casewe only needto
treattheinformationbits constitutinghemessagasphysicalentitiesandroute
themthroughthe network accordingto ary fixedroutingscheme Eventually
all the bits will arrive at the sink node. Sincetheroutingschemss fixed, the
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(b)

Figure11.2. A two-sinknetwork withoutcoding.

sinknodeknows whichbit is comingin from which edge andthemessagean
berecoveredaccordingly

Next, we considerthe network in Figure 11.2 which hastwo sink nodes.
Figure11.2(a)shavs the capacityof eachedge.lt is easyto seethat

maxflow(s,#1) =5 (11.12)

and
maxflow(s, t3) = 6. (11.13)

Sothemax-flov boundassertshatwe cannotsendmorethan5 bitsto both#;
andt,. Figurell.2(b)shavs a schemawhich sendsb bits by, bo, b3, by, andbs
to botht; andty. Therefore the max-flav boundis achiered. In this scheme,
b, andby, arereplicatedatnode3, b3 is replicatedatnodes, while b, andbs are
replicatednodel. Notethateachbit is replicatedexactly oncein the network
becauséwo copiesof eachbit areneededo sendto the two sink nodes.

We now considerthe network in Figure 11.3 which againhastwo sink
nodes.Figurell.3(a)shavsthe capacityof eachedge.lt is easyto seethat

maxflow(s, t;) = 2, (11.14)

I = 1,2. Sothemax-flov boundassertghatwe cannotsendmorethan2 bits
to both#; andits. In Figure11.3(b),we try to devise a routingschemewhich
send2 bitsb; andb, to botht; andt,. By symmetrywe sendonebit oneach
outputchannehktnodes. In thiscasep; is sentonchannels, 1) andb, is sent
onchannel(s,2). At nodei, i = 1,2, b; is replicatedandthe copiesaresent
on the two outputchannels.At node3, sincebothb; andb, arereceved but
thereis only oneoutputchannelwe have to chooseoneof thetwo bitsto send
ontheoutputchannel3, 4). Supposeve chooseh; asin Figurel11.3(b).Then
the bit is replicatedat node4 andthe copiesare sentto nodest; andt,. At
nodety, bothb, andb, arereceved. However, atnodet,, two copiesof b, are
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(d)

Figure 11.3. A two-sinknetwork with coding.

recevedbut b, cannotberecorered. Thusthis routingschemedoesnot work.
Similarly, if be insteadof b, is senton channel(3,4), b; cannotbe recovered
atnodety. Thereforewe concludethatfor this network, the max-flav bound
cannotbe achiared by routingandreplicationof bits.

However, if codingis allowedatthenodesit is actuallypossibleto achieve
themax-flav bound.Figure11.3(c)shavs aschemevhich send< bits b; and
be to bothnodest; andty, where'+’ denotegnodulo2 addition. At nodet,
by is receved,andb, canberecoeredby addingb, andb, + by, because

by = b + (b1 + bg). (11.15)

Similarly, b, is receved at nodet,, andb; canberecoreredby addingb, and
b1 + by. Thereforethemax-flov boundis achieved. In this scheme}; andbs
areencodednto thecodevord b; + b, whichis thensentonchannel(3,4). If
codingatanodeis notallowed,in orderto sendbothb; andb, to nodest; and
t9, atleastonemorebit hasto be sent. Figure11.3(d)shavs sucha scheme.
In this schemehowever, the capacityof channel3, 4) is exceededy 1 bit.
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Figure11.4. A diversitycodingscheme.

Finally, we considetthenetwork in Figurel11.4which hasthreesink nodes.
Figurel1.4(a)shavs the capacityof eachedge.lt is easyto seethat

maxflow(s, ;) = 2 (11.16)

forall . In Figure11.4(b),we shav how to multicast2 bitsb; andb,, to all the
sink nodes.Thereforethe max-flov boundis achieved. Again, it is necessary
to codeat the nodesin orderto multicastthe maximumnumberof bits to all
thesinknodes.

The network in Figurel1l.4is of specialinterestin practicebecauseét is a
specialcaseof the diversity codingschemeusedin commercialdisk arrays
which areakind of fault-tolerantdatastoragesystem.For simplicity, assume
thedisk arrayhasthreediskswhich arerepresentetly nodesl, 2, and3in the
network, andtheinformationto be storedarethebits b; andb,. Theinforma-
tion is encodednto threepieceshamelyb,, b2, andb; + by, which arestored
onthedisksrepresentetly nodesl, 2, and3, respectiely. In thesystemthere
arethreedecodersrepresentedyy sink nodest, to, andts, suchthateachof
themhasaccesgo a distinctsetof two disks. Theideais thatwhenary one
diskis out of order theinformationcanstill berecoreredfrom theremaining
two disks. For example,if thedisk representetly nodel is out of ordet then
theinformationcanberecoseredby the decoderrepresentetty the sink node
ts which hasaccesdo the disksrepresentedy node2 andnode3. When
all the threedisks are functioning, the information can be recoreredby ary
decoder

Theabovre examplegevealthesurprisingfactthatalthoughinformationmay
begeneratedtthesourcenodein theform of raw bits® which areincompress-
ible (seeSection4.3), coding within the network plays an essentiakole in

SRaw bitsreferto i.i.d. bits, eachdistributing uniformly on {0, 1}.
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Figure 11.5. A nodewith two inputchannelandtwo outputchannels.

multicastingthe informationto two or moresink nodes.In particular unless
thereis only onesink nodein the network, it is generallynot valid to regard
informationbits asphysicalentities.

We refer to coding at the nodesin a network as networkcoding In the
paradigmof network coding,a nodeconsistsof a setof encodersvhich are
dedicatedo theindividual outputchannels.Eachof theseencodersencodes
theinformationreceved from all the input channelqtogethemwith the infor-
mation generatedy the information sourceif the nodeis the sourcenode)
into codavords and sendsthem on the correspondingutputchannel. At a
sink node,thereis alsoa decoderwhich decodeghe multicastinformation.
Figurel1.5shawvs a nodewith two inputchannelsandtwo outputchannels.

In existing computemetworks, eachnodefunctionsasa switch in thesense
that a datapaclet receved from an input channelis replicatedif necessary
and senton one or more outputchannels. When a datapaclet is multicast
in the network, the paclet is replicatedand routedat the intermediatenodes
accordingo acertainschemesothateventuallyacopy of thepacletis receved
by everysinknode.Suchaschemeanberegardedasadegeneratespeciakcase
of network coding.

11.3 A NETWORK CODE

In this section we describea codingschemedor the network definedin the
previoussections Sucha codingschemas referredto asa networkcode

Sincethe max-flov boundconcernnly the valuesof max-flovs from the
sourcenode s to the sink nodes,we assumewithout loss of generalitythat
thereis noloopin G, i.e., (i,4) ¢ E for all i € V, becausesuchedgesdo
notincreasehevalueof a max-flav from nodes to a sinknode.For thesame
reasonwe assumehatthereis noinputedgeatnodes, i.e., (i, s) ¢ E for all
i€ V\{s}.

We considerablock codeof lengthn. Let X denotetheinformationsource
andassumehatz, theoutcomeof X, is obtainedby selectinganindex from a
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setX accordingo theuniformdistribution. Theelementsn X arecalledmes-
sages.For (i,j) € E, nodes cansendinformationto node; which depends
only ontheinformationpreviously receved by node:.

An (n, (n; : (i,j) € E), ) a-codeonagraphg is definedby the compo-
nentslistedbelov. The constructiorof ana-codefrom thesecomponentsvill
bedescribedaftertheir definitionsaregiven.

1) A positive integer K.

2)
w:{l,2,-- K} 5V (11.17)

and
v:{1,2,---, K} >V (11.18)

suchthat(u(k),v(k)) € E.
3) A, ={1,2,---,|A;]}, 1 <k < K, suchthat

II 14kl = 74, (11.19)
kET;;
where
Ty = {1 <k < K : (u(k),0(k) = (i,4)}. (11.20)
4) If u(k) = s, then
fr o & = Ag, (11.21)
where
X ={1,2,---,[2"}. (11.22)
If u(k) # s, if
Qr={1<k <k:v(k')=u(k)} (11.23)
is nonemptythen
fr: J] A = Axs (11.24)
k'eQg
otherwisejet f; beanarbitraryconstantakenfrom Ay.
5)
g: J[ Av — &, (11.25)
k'eWw;
l=1,2,---,L,where
W ={1<k<K:v(k)=1} (11.26)

suchthatforalll =1,2,---, L,
g(z) ==z (11.27)
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for all z € X, whereg, is thefunctionfrom X to X inducedinductively by
fx,1 < k < K andg,; suchthatg;(x) denoteshevalueof g; asafunction
of z.

The quantity 7 is the rateof the informationsourceX, which is alsothe rate
at which informationis multicastfrom the sourcenodeto all the sink nodes.
The(n, (n;; : (i,5) € E), ) a-codeis constructedrom thesecomponentsis
follows. At the beginning of a codingsessionthe valueof X is availableto

nodes. Duringthe codingsessionthereare K transactionsvhich take place
in chronologicalorder whereeachtransactiorrefersto a nodesendinginfor-

mationto anothemode. In the kth transactionnodewu(k) encodesaccording
to encodingfunction f; andsendsanindex in Ay to nodewv(k). The domain
of fi is theinformationreceved by nodeu(k) sofar, andwe distinguishtwo

caseslf u(k) = s, thedomainof f; is X. If u(k) # s, Q givestheindices
of all the previous transactiongor which informationwassentto nodeu(k),

sothe domainof f is []ycq, Ax- The setT;; givestheindicesof all the
transactiongor which informationis sentfrom nodes to nodej, so7;; is the
numberof possibleindex tuplesthat canbe sentfrom nodei to node;j dur

ing the codingsessionFinally, W; givestheindicesof all thetransactionsor

whichinformationis sentto nodet;, andg; is thedecodingfunctionat nodet;

whichrecoversz with zeroerror

11.4 THE MAX-FLO W BOUND

In this section,we formally stateand prove the max-flov bounddiscussed
in Section11.2. The achievability of this boundwill be proved in the next
section.

DEFINITION 11.2 For a graph G with rate constaints R, an information
rate w > 0 is asymptoticallyachievableif for anye > 0, there existsfor
suficientlylargen an (n, (n;; : (i,j) € E), ) a-codeon G sud that

n~1log, nij < Rij+e (11.28)

for all (¢,7) € E, whee n~!log, n;; is the aveiage bit rate of the codeon
channel(i, 7), and
T>w—e (11.29)

For brevity, an asymptoticallyachievableinformationrate will bereferredto
asan achievableinformationrate

Remark It follows from the abore definitionthatif w > 0 is achievable,then
w' is alsoachievablefor all 0 < ' < w. Also, if W) k& > 1 is achieable,
thenw = lim,_,o, w¥ is alsoachievable. Therefore the setof all achievable
informationratesis closedandfully characterizedy the maximumvaluein
theset.
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THEOREM 11.3 (Max-Frow Bounp) ForagraphG withrateconstaints
R, if w is achievable then

w < mlin maxflow(s, #;). (11.30)

Proof It sufiicesto prove thatfor agraphG with rateconstraintR, if for ary
e > 0 thereexistsfor sufiiciently largen an(n, (n;; : (¢,5) € E),T) a-code
on G suchthat
n~t logymij < Rij + ¢ (11.32)
for all (i,5) € E, and
T>w—c¢, (11.32)
thenw satisfieg11.30).
Considersucha codefor afixed e anda suficiently large n, andconsider
aryl =1,2,---, L andary cutU betweemodes andnodet;. Let

wj(z) = (fr(@) : k € UievTyj), (11.33)

wherez € X and f; is the function from X" to A, inducedinductiely by
fw,1 < k' < k suchthat f(z) denotesthe value of f; asa function of
z. w;(z) is all the informationknown by node; during the whole coding
sessiorwhenthe messagés z. Since f;(z) is a function of the information
previously receved by nodeu(k), we seeinductiely thatwy, () is afunction
of fr(z),k € U(i,j)EEUTij' where

Ey={(,j) e E:ieUandj ¢U} (11.34)

is the setof edgesacrossthe cut U as previously defined. Sincex canbe
determinedat nodet;, we have

H(X) < H(X,uw,(X)) (11.35)
= H(wy (X)) (11.36)
< H(fk(X),kG U Tij) (11.37)
(i.)€Ey
< > Y H(fk(X)) (11.38)
(4,§)EEy k€Ty;
< D) logy A (11.39)

(i,))€Ey keT;;

= > log2<H |Ak|> (11.40)

(i,9)EEY kET;;
= Y logymy. (11.41)
(i,j)EEU
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Thus

w—e < T (11.42)

< n7llog,[2"7] (11.43)

= nllogy |X| (11.44)

< nTlH(X) (11.45)

< Y nllogymi (11.46)
(4.4)EEY

< > (Rij+e) (11.47)
(4,5)EEY

< Y Rij+|Ele (11.48)
(i.5)€Ey

where(11.46)follows from (11.41). Minimizing the right handsideover all
U, we have
w — e < min | Z Rij + |Ele. (11.49)
(Za.])EEU

Thefirst termontheright handsideis the capacityof a min-cutbetweemode
s andnodet;. By the max-flav min-cuttheoremiit is equalto the value of
amax-flav from nodes to nodet;, i.e., maxflow(s,t;). Lettinge — 0, we
obtain

w < maxflow(s, ;). (11.50)
Sincethisupperboundonw holdsforalll =1,2,---, L,
w< mlin maxflow(s, t;). (11.51)

Thetheoremis proved.c

Remark 1 Themax-flav boundcannotbe provedby a straightforvard appli-
cationof thedataprocessingheorembecausédor acutU betweemodes and
nodet;, therandomvariablesX, (w;(X) : i € By), (w;(X) : j € By), and
wy, (X)) in generaldo notform a Markov chainin this order where

By ={ieV:(ij) € Ey forsomej € V} (11.52)

and
By ={j €V:(ij) € Eyforsomei € V} (11.53)

arethetwo setsof nodesontheboundaryof thecutU. Thetime parameteand
the causalityof ana-codemustbetakeninto accounin proving the max-flov
bound.
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Remark 2 Evenif we allow anarbitrarily smallprobability of decodingerror
in the usualShannorsense py modifying our proof by meansof a standard
applicationof Fanoks inequality it canbe shavn thatit is still necessarfor w
to satisfy(11.51). Thedetailsareomittedhere.

11.5 ACHIEVABILITY OF THE MAX-FLO W BOUND

The max-flav boundhasbeenprovedin the lastsection.The achievability
of this boundis statedin the following theorem.This theoremwill be proved
afterthenecessarpreliminariesarepresented.

THEOREM 11.4 For agraphG with rateconstaintsR, if

w < mlin maxflow(s, t;), (11.54)

thenw is achievable
A directedpathin agraphG is afinite non-nullsequencef nodes
V1,025 3 Um—1,Um (1155)

suchthat (’l)i,’l)i+1) € Eforalli =1,2,---,m — 1. The edges(vi,'uiﬂ),
1 =1,2,---,m — 1 arereferredto asthe edgeson the directedpath. Sucha
sequencés calledadirectedpathfrom vy to vy,. If v1 = v,,, thenit is calleda
directedcycle If thereexistsadirectedcyclein G, then@ is cyclic, otherwise
G isacyclic

In Section11.5.1,we will first prove Theorem11.4 for the specialcase
whenthe network is agyclic. Acyclic networks are easierto handlebecause
the nodesin the network canbe orderedin a way which allows codingat the
nodesto be donein a sequentiahndconsistenmanner Thefollowing propo-
sition describesuchanorder andthe proof shavs how it canbe obtained.In
Sectionl1.5.2,Theoreml1.4will beprovedin full generality

ProposiTION 11.5 If G = (V, E) isafiniteacyclicgraph,thenit is possible
to orderthenodesof G in a sequencsud thatif there is an edge fromnodei
to nodej, thennodes is befoe nodej in thesequence

Proof We patrtitionV into subsetd/;, Vs, - - -, suchthatnodes is in Vj, if and
only if thelengthof alongestdirectedpathendingatnodei is equalto k. We
claim thatif node: is in V;» andnodej is in Vj, suchthatk < k', thenthere
existsno directedpathfrom nodes to nodej. Thisis provedby contradiction
asfollows. Assumethat thereexists a directedpathfrom node: to nodej.
Sincethereexists a directedpathendingat node: of length&’, thereexistsa
directedpathendingatnode; containingnode: whoselengthis atleastk’ +1.

DRAFT Septenber 13, 2001, 6:27pm DRAFT



246 AFIRSTCOURSHN INFORMATION THEORY

Sincenodej is in Vi, thelengthof alongestdirectedpathendingat nodej is
equalto k. Then
E+1<k. (11.56)

However, thisis a contradictiorbecause
E+1>K >k (11.57)

Thereforewe concludethatthereexists a directedpathfrom a nodein Vj: to
anodein V;, thenk’ < k.

Hence,by listing the nodesof G in a sequenceuchthat the nodesin Vj,
appeambeforethenodesin V. if k < k', wherethe orderof the nodeswithin
eachV} is arbitrary we obtainan orderof the nodesof G with the desired
property o

ExAMPLE 11.6 Considerordering the nodesin the acyclic graph in Fig-
ure 11.3bythesequence

3,2,1,3,4, tQ,tl. (1158)
It is easyto ched thatin this sequencef there is a directedpathfromnode:
to nodej, thennodei appeas befoe nodej.

11.5.1 ACYCLIC NETWORKS

In this sectionwe prove Theoreml1.4for the specialcasewhenthegraph
G is agyclic. Lettheverticesin G belabeledby 0,1,---,|V| — 1 in thefol-
lowing way. Thesources hasthelabel 0. The otherverticesarelabeledin a
way suchthatfor 1 < j < |V| -1, (i,5) € E impliesi: < j. Suchalabel-
ing is possibleby Proposition11.5. We regards, t1,- - -, t;, asaliasesof the
correspondingertices.

Wewill considean(n, (n;; : (¢,7) € E), ) B-codeonthegraphG defined

by
1) forall (s, j) € E, anencodingunction
fsj X = {1’2’ e ’”Sj}’ (1159)

where
X ={1,2,---,[2"]} (11.60)

2) forall (7, j) € E suchthati # s, anencodingfunction

fiir II L2 mei} = {12, i} (11.61)
i':(i' 3)ERE

(if {¢' : (¢',i) € E} is empty we adoptthe corventionthat f;; is anarbi-
trary constantakenfrom {1,2,-- -, 7;;});
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3) foralll =1,2,---, L, adecodingunction

a: JI {2 ,my}— X (11.62)
i:(i,t)EE

suchthat
alz)==z (11.63)

forall z € X. (Recallthatg,(xz) denoteshevalueof g; asafunctionof z.)

In theabove, f;; is theencodingunctionfor edge(z, j), andg; is thedecoding
function for sink nodet;. In a codingsession,f;; is appliedbefore f; ;: if
i < ', andf;; is appliedbeforef;;: if j < j'. Thisdefinesthe orderin which
theencodingunctionsareapplied.Sincei’ < i if (i',i) € E, anodedoesnot
encodeuntil all the necessarinformationis recevedontheinputchannelsA
(-codeis a specialcaseof ana-codedefinedin Sectionl1.3.

Assumehatw satisfieq11.54)with respecto rateconstraint®R. It suffices
to shav thatfor ary € > 0, thereexists for sufiiciently large n an (n, (n;; :
(i,j) € E),w — €) B-codeon G suchthat

n~!log, nij < Rij+e (11.64)

for all (¢, j) € E. Insteadwe will shav the existenceof an (n, (n;; : (,7) €
E),w) B-codesatisfyingthe samesetof conditions. This will be doneby
constructingarandomcode.In constructinghis code,we temporarilyreplace
X by

xX'={1,2,---,[C2™7}, (11.65)

where('is ary constangreaterthan1. Thusthe domainof f,; is expanded
from X to X' for all (s,j) € E.

We now constructheencodingunctionsasfollows. Forall j € V suchthat
(s,7) € E,forallz € X', let f;;(z) beavalueselectedndependentlfrom
theset{1,2,---,n,;} accordingto the uniform distribution. For all (3, j) €
E,i #£ s, andfor all

z € H {172,"' 7ni’i}a (1166)
i:(i' B)EE

let f;;(z) beavalueselectedndependentlyjromtheset{1, 2, - - -, ;; } accord-
ing to theuniform distribution.
Let
zs(z) =z, (11.67)

andfor j € V,j # s, let

zj(z) = (fij(x), (4,4) € E), (11.68)
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wherez € X' and f;;(z) denoteghevalueof f;; asafunctionof z. z;(x)
is all theinformationreceved by nodej duringthe codingsessionwhenthe
messagés z. For distinctz, 2’ € X, z andz’ areindistinguishablet sink ¢;
if andonly if 2, (z) = 2z, (2'). Forallz € X, define

F(z) = z' # x, suchthatz, (z) = 2, (z'), (11.69)

1 if forsomel =1,2,---, L, thereexistsz' € X,
0 otherwise.

F(x) is equalto 1 if andonly if z cannotbe uniquelydeterminedat at least
oneof thesink nodes.Now fix z € X andl <[ < L. Considerary z’ € X
notequalto z anddefinethesets

Up = {’L eV ZZ(.I) # ZZ(ZIII)} (12.70)

and
Uy ={i €V :z(z) =z} (11.712)

Uy is the setof nodesatwhich thetwo messages andz’ aredistinguishable,
andU; is thesetof nodesatwhich z andz’ areindistinguishableObviously,
s € Uy.

Now supposez, (z) = z,(z'). ThenUy = U for someU C V, where
s € U andt; ¢ U, i.e., U is acut betweennodes andnodet;. For ary
(i,5) € E,

Pr{fij(z) = fij(z')|zi(z) # z:(z')} = m;;". (11.72)
Therefore,
Pr{Uy =U}
= PI‘{U() =U,Uy D U} (1173)
= PI‘{U() = U|U0 D) U} PI‘{U() D) U} (11.74)
< Pr{Uy=U|Uy DU} (11.75)
= ]I Prifii(a) = fi(@)ai(z) # z(a)} (11.76)
(i,)EEY
= 10 = (11.77)
(i,4)€By
where
Ey={(i,j) €E:icUj¢gU} (11.78)

is thesetof all theedgesacrosshecutU aspreviously defined.
Let e beary fixedpositive realnumber For all (¢, j) € E, taken;; suchthat

Rij+(<n "logn; < Rij+e¢ (11.79)
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for somel < ¢ < €. Then

(i.)EEU
< H 27n(Rij+§) (1181)
(4,5)€Ey
_ 2—n(|EU‘C+Z(¢,j)eEU Rij) (11.82)
GS) 2—n(C+Z(i,j)EEU R”) (11.83)
2 27n(g+maxﬂow(s,tl)) (1184)
where
a) follows becauséEy| > 1;
b) follows because
>, Rig>min 3 R =maxflow(s,1), (11.86)

(i,j)€Ey (i,j)€Ey

whereU’ is a cut betweennodes andnodet;, by the max-flav min-cut
theorem;

c) followsfrom (11.54).

Note thatthis upperbounddoesnot dependon U. SinceU is somesubsef
V andV has2!V! subsets,

Pr{ztl (:E) = 2 (xl)}
= Pr{Uy = U for somecutU betweemodes andnodet;} (11.87)
< 9lVig—n(w+() (11.88)

by theunionbound.Further

Pr{z;, (z) = 2, (z') for somez’ € X', 2’ # z }

< (&) = 1)2lVig—nwt) (11.89)
< 2m2lVig—nw+() (11.90)
= ¢2lVlg—¢, (11.91)

where(11.89)follows from theunionboundand(11.90)follows from (11.65).
Therefore,

E[F(z)]
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= Pr{F(z) =1} (11.92)

L
= Pr { U{th (z) = 2, (') for somez’ € X', 2’ # = }} (11.93)

=1

< Le2Vig—n¢ (11.94)
= 6(n,() (11.95)

by theunionbound,where
8(n,¢) = LC2VI2™n¢, (11.96)

Now thetotal numberof messagewhich canbeuniquelydeterminedatall the
sinknodesds equalto

> (1—F(z)). (11.97)
TeX’
By takingexpectatiorfor therandomcodewe have constructedwe have

EY (1-F(z) = Y (1—-E[F(z)]) (11.98)

€X'’ T€eX'’
> Y (1-6(n,()) (11.99)

TeX’
> (1-46(n,¢))C2™, (11.100)

where (11.99)follows from (11.95),and the last stepfollows from (11.65).
Hence,thereexists a deterministiccodefor which the numberof messages
which canbeuniquelydeterminedatall the sink nodess atleast

(1—6(n,())C2, (11.101)

whichis greatethan2™ for n suficiently largesinceé(n, () — 0 asn — oo.

Let X to beary setof [2"“] suchmessagem X’. For! =1,2,---, L and
ze I L2 meu}, (11.102)
(¢ t)EE
upondefining
g(z) == (11.103)
wherez € X suchthat
z =z (), (11.104)

we have obtaineda desired(n, (n;; : (i,j) € E),w) B-code. Hence,Theo-
rem11.4is provedfor thespecialcasewheng is agyclic.

DRAFT Septenber 13, 2001, 6:27pm DRAFT



Single-SouweNetworkCoding 251

11.5.2 CYCLIC NETWORKS

For cyclic networks, thereis no naturalorderingof the nodeswhich allows
codingin a sequentiamannerasfor agyclic networks. In this section we will
prove Theorem11.4in full generality which involves the constructionof a
moreelaboratecodeon atime-paametrizedagyclic graph.

ConsiderthegraphG with rateconstraint®R we have definedin the previ-
oussectionsbut without the assumptiorthat G is agyclic. We first construct
a time-parametrizegraphG* = (V*, E*) from the graphG. ThesetV*
consistof A + 1 layersof nodesgachof whichis acopy of V. Specifically

A
V= U V(A), (11.105)
A=0
where
v = {i()‘) eV (11.106)

Aswewill sedater, A is interpretedasthetime parameterThesetE* consists
of thefollowing threetypesof edges:

1. (s, sM), 1< A<A
2. (M M) 0<a<a—1

3. (iW, M) (4,5) e BE,0<K A< A—1.

For G*, let s* = s(©) bethe sourcenode,andlet # = ) be a sink node

which correspondso the sink nodet; in G, = 1,2,---, L. Clearly G* is
agyclic becauseachedgein G* endsatavertex in alayerwith alargerindex.
Let R, (u,v) € E* bethecapacityof anedge(u,v) € E*, where

uv?

and0 < A< A -1, (11.107)

R if (u,0) = (i, j*+1) for some(i, j) € E
Ry, =
oo otherwise,

andlet
R* = [R;,, (u,v) € E7], (11.108)

uv?

whichis referredto astherateconstraintgor graphG*.

EXAMPLE 11.7 In Figure 11.6, we showthe graph G* for A = 5 for the
graph@G in Figure 11.1(a).

LEMMA 11.8 Forl=1,2,---, L, there existsa max-flowF in graphG from
nodes to nodet; which is expressibleas the sumof a numberof flows (from
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Figure11.6. ThegraphG™* with A = 5 for thegraphG in Figure11.1(a).

nodes to nodet;), eat of themconsistingof a simplepath (i.e., a directed
pathwithoutcycle)fromnodes to nodet; only.

Proof LetF beaflow from nodes to nodet, in thegraphG. If adirectedpath
in G is suchthatthe valueof F on every edgeon the pathis strictly positive,
thenwe saythatthe pathis a positve directedpath. If a positve directedpath
formsacycle, it is calleda positive directedcycle.

Supposé& containsapositive directedcycle. Lety betheminimumvalueof
F onanedgein thecycle. By subtractingy from thevalueof F onevery edge
in the cycle, we obtainanotherflow F’ from nodes to nodet; suchthatthe
resultanflow outof eachnodeis thesameasF. Consequent|ythevaluesof F
andF' arethe same Notethatthe positive directedcycle in F is eliminatedin
F'. By repeatinghis proceduref necessarypnecanobtainaflow from nodes
to nodet; containingno positive directedcycle suchthatthe valueof this flow
is thesameasthevalueof F.

Let F beamax-flav from nodes to nodet; in G. Fromtheforegoing, we
assumewithout lossof generalitythatF doesnot containa positive directed
cycle. Let P, beary positive directedpathfrom s to ¢; in F (evidently P; is
simple),andlet ¢; betheminimumvalueof F on <€tnedgealongP1.~Let]?‘1 be
theflow from nodes to nodet; alongP; with valuec;. Subtractingf! fromF,
F isreducedo F — F!, aflow from nodes to nodet; which doesnot contain
a positive directedcycle. Thenwe canapply the sameprocedurerepeatedly
until F is reducedo thezeo flow?, andF is seerto bethesumof all theflows
which have beensubtractedrom F. Thelemmais proved.o

ExAMPLE 11.9 Themax-flowF from nodes to nodet; in Figure 11.1(b),
whosevalueis 3, canbeexpressedasthe sumof thethreeflowsin Figure 11.7,

4The processnustterminatebecaus¢he componentsf F areintegers.
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1 1

(a) (b) (c)

Figure 11.7. Themax-flow in Figure1l.1(b)decomposeato threeflows.

ead of themconsistingof a simplepathfromnodes to nodet; only. Thevalue
of ead of theseflowsis equalto 1.

LEmMMmA 11.10 Forl =1,2,---, L, if thevalueof a max-flowfroms to ¢; in
G is greaterthanor equalto w, thenthe valueof a max-flowfroms* to ¢ in
G* is greaterthanor equalto (A — d; + 1)w, whee d; is themaximumength
of a simplepathfroms to ¢;.

We first usethe lasttwo examplesto illustratethe ideaof the proof of this
lemmawhich will be given next. For the graphG in Figurell.1(a),d;, the
maximumlength of a simple pathfrom nodes to nodety, is equalto 3. In
Examplell.9, we have expressedhe max-flav F in Figure 11.1(b),whose
valueis equalto 3, asthe sum of the threeflows in Figure 11.7. Basedon
thesethreeflows, we now constructa flow from s* to ¢} in the graphG* in
Figure11.8.In thisfigure,copiesof thesethreeflowsareinitiatedatnodess (),
s, ands@, andthey traversein G* asshavn. Thereadeishouldthink of the
flows initiatedat nodess(!) ands(?) asbeinggenerated@tnodes* = s(9) and
deliveredto nodess() ands(?) viaedgegs*, s(V)) and(s*, s(?)), respeciiely,
whosecapacitieareinfinite. Thesearenot shavn in thefigurefor the sale of

Figure11.8. A flow from s* to ¢] in thegraphG™ in Figure11.6.
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clarity. Sinced; = 3, theflows initiatedat s(?, s(1), ands(® all terminateat

tg’\) for A < 5. Therefore total value of the flow is equalto threetimesthe
valueof F, i.e., 9. Sincethe copiesof thethreeflows initiatedat s(?), s(), and
s interleare with eachotherin a way which is consistentith the original
flow F, it is not difficult to seethatthe valueof the flow so constructedloes
not exceedthe capacityin eachedge.This shavs thatthe valueof a max-flov
from s* to ¢t* is atleast9.

We now give a formal proof for Lemmal1.10. The readermay skip this
proofwithout affectingfurtherreadingof this section.

Proof of Lemma 11.10 For afixed1 <[ < L, let F beamax-flov from
nodes to nodet; in G with valuew suchthatF doesnot containa positve
directedcycle. UsingLemmall.8,we canwrite

F=F +F24... f F¥, (11.109)

whereF", r = 1,2, -, ¢ containsa positve simplepath P, from nodes to
nodet; only. Specifically

= [ oo (i) € P
Fij = { 0 otherwise, (11.110)

where
crtcep+-tep, = w. (11.112)

Let g, bethelengthof P,. Foranedge(i,j) € P, leta,(3,j) bethedistance
of node: from nodes alongP,. Clearly

ar(i,7) <gr —1 (11.112)
and
gr < dp. (11.113)
Now for 0 < A < A — dy, define
FO = [FO), (u,0) € B'] (11.114)
where
e if (u,v) = (s%,sM), 1< A< A—4
Fo = ] e 1 (u0) = (i0rer 60D, j0rarGITD) where(i, ) € Pr
u o if (u,v) = (£ 1)
0 otherwise.
(11.115)
Since
Atar(i,j)+1<A+q < A+d; <A, (11.116)
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thesecondcaseandthethird casein (11.115)andhenceF(*7) is well-defined
for 0 < A < A —d;. FO7) is aflow from nodes* to nodet} in G* derived
from the flow F” in G asfollows. A flow of ¢, is generatedat nodes* and
entersthe \th layer of nodesfrom s»). Thenthe flow traversesconsecutie
layersof nodesby emulatingthe path P, in G until it eventuallyterminateat

nodet; via nodet{* %), Basedon F*r), we construct

(7]
FAN =N, (11.117)
r=1
and
A—d;
Fr= Y FO. (11.118)
A=0

We will provethatF* < R* componentwiseThenF* is aflow from nodes*
to nodet; in G*, andfrom (11.111),its valueis givenby

A*dl ‘2] A*dl
> Ne=> w=A-d+1)w. (11.119)
A=0 r=1 A=0

This would imply thatthe valueof a max-flov from nodes* to nodet; in G*
is atleast(A — d; + 1)w, andthelemmais proved.
Toward proving thatF* < R*, we only needto consider(u,v) € E* such
that
(u,v) = (Y, j*D) (11.120)

for some(i, j) € E and0 < A < A — 1, becauser?,, is infinite otherwise(cf.
(11.107)).For notationalcorveniencewe adoptthe corventionthat

FOM) =0 (11.121)
for A <0.Nowfor0 <A< A—1and(i,j) € E,

A—d,
Fiojoen = > F'i((li%j(/\+1) (11.122)
n=0
A—dy ¢
DI AN (11.123)
u=0 r=1
"2} A—dl
= Z Z Fi((l;\’)?(x-i-l) (11.124)
r=1 u=0
EN O an i) )
- ZFZ-(A)J-(LAJ (11.125)

r=1
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< M Fj (11.126)
r=1

= F; (11.127)

< Ry (11.128)

= R;‘(,\)j(k+1). (11129)

In the above dervation, (11.125)follows from the secondcasein (11.115)
becausaﬁ’i((’jg’;.)(A +1) IS possiblynonzeroonly when

X = p+ ap(i, ), (11.130)

or
= A—a.(i, ), (11.131)

and(11.126)canbe justified asfollows. First, the inequalityis justified for
A < a,(1,7) sinceby (11.121),

Fer) = (11.132)

for u < 0. For A > a,(i,7), we distinguishtwo cases.From (11.115)and
(11.110),f (4,4) € P,, we have

FOa = By = o (11.133)
If (4,5) & Pr, wehave
F o = By =o. (11.134)

Thustheinequalityis justifiedfor all casesHencewe concludehatF* < R*,
andthelemmais proved.o

FromLemmall.10andtheresultin Section11.5.1 weseethat(A —d + 1)w
is achievablefor graphG* with rateconstraint®*, where

d = maxd;. (11.135)

Thus,for every e > 0, thereexistsfor suficiently largev a (v, (5, : (u,v) €
E*, (A — d+ 1)w) B-codeon G* suchthat

v ogynt, < RL, + € (11.136)

for all (u,v) € E*. For this -codeon G*, we denotethe encodingfunction
for anedge(u,v) € E* by f;,, anddenotethe decodingfunctionat the sink
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nodet; by g/, 1 = 1,2,---, L. Withoutlossof generality we assumehatfor
1< A<A,

(@) =1 (11.137)
for all z in
X ={1,-, [2/AdtDeTy (11.138)
andfor0 < A< A —1,
Fing W) =y (11.139)
1 1
forall y in
H {17 o ’nZ()\,l)t()\)}; (11140)
k:(k,t;)EE !

1 <[ < L. Notethatif the 8-codedoesnot satisfytheseassumptionst can
readily be corvertedinto one becausehe capacitiesof the edges(s*, sM),
1<A<A andtheedges(tlm,t;‘), 0 < X < A —1 areinfinite.

Let A bea positve integer, andletn = Av. Usingthe g-codeon G*, we
now construc@n (n, (n;; : (i,7) € E), (A —d + 1)w/A) y-codeon G, where

A-1
hij = H ﬂ:(x)j(x+1) (11.141)
A=0

for (i, j) € E. Thecodeis definedby thefollowing components:
1) for (4,j) € E suchthati # s, anarbitraryconstany”i(jl) takenfrom theset
{12, mjoy ;0 15 (11.142)
2) for1 < X < A, anencodingunction
1y x - {12, mion o} (11.143)
forall j € V suchthat(s, j) € E, where
X ={1,2,-, [2/A=dFDey (11.144)
andfor 2 < A < A, anencodingfunction

A * *
fz'(') : H {1a27 T 777k()\72)i(A71)} — {1727 T ani(z\—l)j(x)}
k:(k,i)EE
(11.145)
for all (¢,j) € E suchthati # s (if {k : (k,7) € E} is empty we
adoptthe conventionthat fz-(j’\) is an arbitrary constantaken from the set
{1,2,--- an;'k()\—l)j()\) b
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3) forl =1,2,---, L, adecodingunction
A-1
g I II 200w} =2 X (11.146)
A=0i:(i,t;)€E !

suchthatg;(z) = =z for all z € X (recallthatg;(xz) denoteghevalueof g
asafunctionof z);

where
i) for (i,7) € E suchthati # s,

£ = Frojm (11.147)

(f;;o)j(l) is an arbitrary constantin {1,2,---,n;*(0)j(1)} since{u € V* :
(u,i)) € E*} is empty);

i) forl <A<A, forallz e X,
fs(y)'\) () = [0 (@), (11.148)

andfor 2 < XA < A andall (4, j) € E suchthati # s,

A *
) = fia-n;00®) (11.149)
forall y in
I 2 meca0mnh (11.150)
k:(k,i)eE
i) fort=1,2,---,L,
91(z) = g/ () (11.151)
for all z in
A-1
[T I 2 m00m) (11.152)

A=0i:(i,t;)€EE
Thecodingprocesof they-codeconsistf A + 1 phases:

1. In Phasel, for all (i,j) € E suchthati # s, nodes sendsfi(jl) to nodey,
andfor all j € V suchthat(s, j) € E, nodes sendsfs(;)(x) to nodej.

2. InPhase\, 2 < A < A, forall (i,5) € E, nodes sendsﬁ(j’\) (z) to nodey,
wheref-(-”(x) denoteghe valueof fz-(j” asa functionof z, andit depends
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only on f,ﬁ?f“(@ for all £ € V suchthat(k,:) € E, i.e.,theinformation
recevedby nodei duringPhase\ — 1.

3. InPhase\ + 1, forl =1,2,---, L, thesinknodet; usesy; to decoder.

Fromthedefinitionswe seethatan(n, (1;; : (¢,5) € E), (A —d+ 1)w/A)
vy-codeon G is a specialcaseof an (n, (n;; : (4,5) € E), (A —d + 1)w/A)
a-codeon G. For they-codewe have constructed,

A—1
n L logymij = (Al/)*l log, (H ﬂ;(x)j(x+1)> (11.153)
A=0
A1
= A7 Z v log, 77;(,\)]-(,\+1) (11.154)
A=0
A-1
< ATHY (Rinyjoen t6) (11.155)
A=0
A—-1
= AT (Bij+e) (11.156)
A=0
= Rij+e (11.157)

forall (z,5) € E, where(11.155)follows from (11.136),and(11.156)follows
from (11.107).Finally, for ary € > 0, by takingasuficiently large A, we have
(A—d+1)w S

A

Hence we concludethatw is achievablefor the graphG with rateconstraints
R.

w— €. (11.158)

PROBLEMS

In the following problems the rate constraintfor an edgeis in bits per unit
time.

1. Considetthefollowing network.

We wantto multicastinformationto the sink nodesat the maximumrate
without usingnetwork coding. Let B = {b1, bo, - - -, b, } bethe setof bits
to bemulticast.Let B; bethesetof bits sentin edge(s, i), where| B;| = 2,
i = 1,2,3. At nodes, thereceved bits areduplicatedandsentin the two
out-goingedges.Thustwo bits aresentin eachedgein the network.

a) ShavthatB = B; U Bjforary 1 <14 < j <3.
b) Shav thath U (B1 N Bg) = B.
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c) Shav that|33 U (Bl N Bg)‘ < |B3| + |B1| + |B2| — |B1 U B2|.

d) Determinethe maximumvalueof x anddevise a network codewhich
achiezesthis maximumvalue.

e) Whatis the percentagef improvementf network codingis used?
(Ahlswedeetal. [6].)

2. Considetthefollowing network.

Devisea network codingschemenhich multicaststwo bits b, andby from
nodes to all the othernodessuchthatnodes3, 5, and6 receve b; andb,
afterl unittimeandnodesl, 2, and4 receve b; andb, after2 unitsof time.
In otherwords,node; recevesinformationatarateequalto maxflow(s, i)
for all i # s.

Seeli etal. [123]for suchaschemdor agenerahetwork.

3. Determinethe maximumrate at which information can be multicastto
nodes5 and6 only in the network in Problem2 if network codingis not
used.Devisea network codingschemavhich achieesthis maximumrate.

4. Corvolutionalnetworkcode
In thefollowing network, maxflow (s, ¢;) = 3 forl = 1, 2, 3. Themax-flov
boundassertshat3 bits canbemulticastto all thethreesinknodesperunit
time. We now describea network codingschemeawhich achieve this. Let 3
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bits b (k), b2 (k), b3 (k) begeneratedtnodes attimek = 1,2,-- -, where
we assumevithout lossof generalitythatb; (k) is an elementof thefinite
field GF(2). We adoptthe corventionthatb; (k) = 0 for £ < 0. At time
k > 1, informationtransaction§ 1 to T11 occurin thefollowing order:

T1.
T2.
T3.
T4.
T5.
T6.
T7.
T8.
T9. —
T10. ¢y decodedy(k )

)

s sendgy (k) tov;, 1 =0,1,2

Uy sendsbl(k) touy, tim1, andtl@g, 1=0,1,2
ug sendshy (k) + by (k — 1) + ba(k — 1) touy
Ul sendsbo(k) + b1 (k — 1) + bz(k — 1) to ty
Ul Sendd)o(k) + by k) + bg( — 1) to uo

U9 sendsbo(k) + by k’) + bz( — 1) totg
U2 Sendd)o(k) + b1 k)) + bg(k) to uyg
ug sendshy (k) + k) + be(k) toty
to decoded, (k

VA/'\/\/'\/'\

T11. t; decode® (k

where”®” denotesmodulo3 additionand“+” denotesnodulo2 addition.

a) Shaow thattheinformationtransactiong'1 to T11 canbe performedat

timek = 1.
b) Shaw thatT1to T11 canbeperformedatary timek > 1 by induction
onk.

c) Verify thatat time &, nodest, and¢; canrecover by(k'), by (k'), and
by (k') forall &' < k.
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d) Verify thatattime k, nodet, canrecover by (k') andb, (k') for all &' <
k, andby (k') for all k' < k — 1. Note the unit time delayfor o to
recover by (k).

(Ahlswedeetal. [6].)

HISTORICAL NOTES

Network codingwasintroducedby Ahlswedeetal. [6], whereit wasshavn
thatinformationcanbe multicastin a point-to-pointnetwork at a higherrate
by codingattheintermediatanodes.In thesamepapertheachis/ability of the
max-flov boundfor single-sourcenetwork codingwasproved. Specialcases
of single-sourcanetwork codinghaspreviously beenstudiedby Rocheet al.
[165], Rabin[158], Ayanogluetal. [17], andRoche[164].

The achievability of the max-flav boundwas shavn in [6] by a random
codingtechnique.Li etal. [123] have subsequentlghavn thatthe max-flov
boundcanbeachiezed by linearnetwork codes.
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Chapterl2

INFORMATION INEQUALITIES

An informationexpressionf refersto a linear combinatiof of Shannors
informationmeasure#volving a finite numberof randomvariables.For ex-
ample,

H(X,Y)+2I(X;Z) (12.2)

and
I(X;Y)-1(X;Y\|Z) (12.2)
areinformationexpressionsAn informationinequalityhasthe form

f>c (12.3)

wherethe constant is usuallyequalto zero. We considemon-strictinequal-
ities only becauseaheseare usually the form of inequalitiesin information
theory Likewise,aninformationidentity hastheform

f=c (12.4)

We point out that an informationidentity f = c is equvalentto the pair of
informationinequalitiesf > candf < c.

An informationinequality or identity is saidto alwayshold if it holdsfor
ary joint distribution for therandomvariablesinvolved. For example,we say
thattheinformationinequality

I(X;Y) >0 (12.5)

IMore generally aninformationexpressiorcanbe nonlineay but they do not appeatto be usefulin infor-
mationtheory

DRAFT Septenber 13, 2001, 6:27pm DRAFT



264 AFIRSTCOURSHN INFORMATION THEORY

alwaysholdsbecausét holdsfor ary joint distribution p(z,vy). Onthe other
hand,we saythataninformationinequalitydoesnot alwayshold if thereex-
ists a joint distribution for which the inequalitydoesnot hold. Considerthe
informationinequality

I(X;Y) <0. (12.6)

Since
I(X;Y)>0 (22.7)

alwaysholds,(12.6)is equvalentto
I(X;Y)=0, (12.8)

which holdsif andonly if X andY areindependentIn otherwords, (12.6)
doesnot holdif X andY arenotindependentThereforewe saythat(12.6)
doesnotalwayshold.

As we have seenin the previous chaptersjnformationinequalitiesarethe
major tools for proving corversecodingtheorems.Theseinequalitiesgovern
theimpossibilitiesin informationtheory More preciselyinformationinequal-
ities imply thatcertainthingscannothappen.As such,they arereferredto as
thelaws of informationtheory

Thebasicinequalitiesform the mostimportantsetof informationinequali-
ties. In fact,almostall theinformationinequalitiesknown to dateareimplied
by the basicinequalities. Theseare called Shannon-typiequalities On the
otherhand,if aninformationinequalityalwaysholdsbut is notimplied by the
basicinequalitiesthenit is calleda non-Shannon-typeequality We have not
yet explainedwhat it meansby that aninequalityis or is not implied by the
basicinequalitiesput thiswill becomeclearlaterin the chapter

Let usnow rederve theinequalityobtainedn Example6.15(Imperfectse-
creg/ theorem)without usinganinformationdiagram. In this example,three
randomvariablesX, Y, and Z areinvolved, andthe setupof the problemis
eguialentto the constraint

H(X|Y,Z)=0. (12.9)
Then
I(X;Y)

= HX)+H(Y)-H(X,Y) (12.10)
— H(X)+HY)-[H(X,Y,Z)— H(Z|X,Y)] (12.11)
> H(X)+ H(Y)-H(X,Y,Z2) (12.12)
= HX)+HY)-[H(Z)+HY|Z)+ H(X|Y,Z)] (12.13)
= HX)-HZ)+1(Y;Z) - HX|Y,Z) (12.14)
> H(X)-H(Z), (12.15)
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wherewe have used
H(Z|X,Y)>0 (12.16)

in obtaining(12.12),and
I(Y;Z)>0 (12.17)

and(12.9)in obtaining(12.15).Thisderivationis lesstransparenthantheone
we presentedh Example6.15,but thepointhereis thatthefinal inequalitywe
obtainin (12.15)canbe proved by invoking the basicinequalitie12.16)and
(12.17).In otherwords,(12.15)is implied by thebasicinequalities. Therefore,
it is a (constrainedBhannon-typ@equality

We aremotivatedto askthefollowing two questions:

1. How can Shannon-typénequalitiesbe characterized?That is, given an
informationinequality how canwe tell whetherit is implied by the basic
inequalities?

2. Are thereary non-Shannon-typmformationinequalities?

Thesearetwo very fundamentafiuestionsn informationtheory We pointout
that the first questionnaturally comesbeforethe secondquestionbecausef
we cannotcharacterizall Shannon-typénequalities,evenif we aregivena
non-Shannon-typimequality we cannottell thatit actuallyis one.

In this chapterwe developa geometridramevork for informationinequal-
itieswhichallows themto be studiedsystematicallyThis framevork naturally
leadsto an answerto the first question,which makes machine-preing of all
Shannon-typ&éequalitiegpossible . Thiswill bediscussedn thenext chapter
Thesecondjuestiorwill beansweregbositively in Chapterl4. In otherwords,
theredo exist laws in informationtheorybeyondthoselaid dovn by Shannon.

12.1 THE REGION T}

Let
N, ={1,2,---,n}, (12.18)

wheren > 2, andlet
0 ={X;,i € Np} (12.19)

beary collectionof n randomvariables Associatedvith © are
k=2"-1 (12.20)

joint entropies.For example,for n = 3, the 7 joint entropiesassociatedvith
randomvariablesX, X,, and X3 are

H(X1), H(X3), H(X3), H(X1, X2),
H(Xo,X3), H(X1, X3), H(X1, X2, X3). (12.21)
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Let R denotethe setof realnumbersFor ary nonemptysubsetr of NV,,, let
Xo=(Xiyi € ) (12.22)

and
Ho(a) = H(X,)- (12.23)

For a fixed ©, we canthenview Hg asa setfunction from 2V» to ® with
Hg () = 0, i.e., we adoptthe convention that the entrofy of an empty set
of randomvariableis equalto zero. For this reasonwe call Hg the entiopy
functionof ©.

Let #H,, bethe k-dimensionaEuclideanspacewith the coordinatedabeled
by he,a € 2V»\{0}, whereh,, correspondso the value of He(c) for ary
collection® of n randomvariables.We will referto H,, asthe entropy space
for n randomvariables.Thenanentropy function Hg canbe representety
acolumnvectorin H,,. Ontheotherhand,acolumnvectorh € #,, is called
entopic if h is equalto the entrogy function Hg of somecollection® of n
randomvariables We aremotivatedto definethefollowing regionin #,,:

I, = {h € H, : hisentropig. (12.24)

For conveniencethevectorsin T}, will alsobereferredio asentrofy functions.
As anexample,for n = 3, thecoordinate®f H3 arelabeledby

h17h27h3;h127h131h237h1237 (1225)

whereh;o; denoteshy, 533, etc, andT'; is the region in #H3 of all entropy
functionsfor 3 randomvariables.

While furthercharacterizationsf I';, will begivenlater, wefirst pointouta
few basicpropertief I'

1. T'; containstheorigin.
2. T, theclosureof I'*, is corvex.
3. T} isin thenonn@ative orthantof theentrogy spacet,,? .

The origin of the entroy spacecorrespondso the entropy function of n de-

generateandomvariablestaking constanwalues.Hence,Propertyl follows.

Property2 will be provedin Chapterl4. Propertiesl and2 imply thatT, is

acorvex cone.Property3is true becausehe coordinatesn theentroy space
‘H,, correspondo joint entropieswhich arealwaysnonngatie.

2Thenonngative orthantof %™ is theregion {h € H,, : ho > 0 forall @ € 2V \{p}}.
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12.2 INFORMATION EXPRESSIONSIN CANONICAL
FORM

Any Shannors informationmeasureotherthana joint entrofy canbe ex-
pressedisa linearcombinationof joint entropiesby applicationof oneof the
following informationidentities:

H(X[Y) = H(X,Y)—H(Y) (12.26)
I(X;Y) = H(X)+H(Y)-H(X,Y) (12.27)
I(X;Y|2) = H(X,Z)+H(Y,Z)- H(X,Y,Z) — H(Z). (12.28)

Thefirst andthe seconddentity are specialcasesof the third identity, which
hasalreadybeenproved in Lemma6.8. Thus ary information expression
whichinvolvesn randonmvariablescanbe expressedsalinearcombinatiorof
thek associategbint entropiesWe call thisthecanonicalform of aninforma-
tion expressionWhenwe write aninformationexpressionf asf (h), it means
that f is in canonicaform. Sinceaninformationexpressiorin canonicaform
is alinearcombinationof thejoint entropiesijt hastheform

b'h (12.29)

whereb " denoteshetransposef a constantolumnvectorb in R,

The identitiesin (12.26)to (12.28)provide a way to expressevery infor-
mation expressionin canonicalform. However, it is not clearwhethersuch
a canonicalform is unique. To illustratethe point, we considerobtainingthe
canonicaform of H(X|Y') in two ways.First,

H(X|Y)=H(X,Y)—H(Y). (12.30)
Second,
H(X|Y) = H(X)-I(X;Y) (12.31)
= H(X)—-(H(Y)-H(Y|X)) (12.32)
= HX)—-(H(Y)-HX,Y)+ H(X)) (12.33)
= H(X,Y) - H(Y). (12.34)

Thusit turns out that we can obtain the samecanonicalform for H(X|Y)
via two differentexpansions. This is not accidental,asit is implied by the
uniquenessf the canonicaform which we will prove shortly

Recallfrom theproofof Theoren6.6thatthevectorh representthevalues
of the I-Measureu* ontheunionsin F,,. Moreover, h is relatedto thevalues
of u* ontheatomsof F,,, representedsu, by

h=C,u (12.35)
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whereC,, is a uniquek x k matrix (cf. (6.27)). We now statethe follow-
ing lemmawhich is arephraseof Theorem6.11. This lemmais essentiafor
proving the next theoremwhich impliesthe uniquenessf the canonicaform.

LEMMA 12.1 Let
T ={ueRF:Couecli}). (12.36)
Thenthe nonngativeorthantof R is a subseof ¥ .

THEOREM 12.2 Letf beaninformationexpression.Thentheunconstained
informationidentity f = 0 alwaysholdsif andonlyif f is thezeio function.

Proof Withoutlossof generalityassumef is in canonicaform andlet
f(h) =b'h. (12.37)

Assumef = 0 alwaysholdsand f is not the zerofunction,i.e.,b # 0. We
will shav thatthisleadsto a contradiction.Now f = 0, or morepreciselythe
set

{h:b"h=0}, (12.38)

is a hyperplang in the entrofy spacewhich haszeroLebesguaneasuré. |If
f = 0 alwaysholds,i.e., it holdsfor all joint distributions, thenI;, mustbe
containedn the hyperplanef = 0, otherwisethereexistsanh, € I';, which
isnoton f = 0, i.e., f(hyg) # 0. Sincehy € I, it corresponddo the
entropy functionof somejoint distribution. Thismeanghatthereexistsajoint
distribution suchthat f(h) = 0 doesnot hold, which cannotbe true because
f = 0 alwaysholds.

If Ty haspositve Lebesguemeasurejt cannotbe containedn the hyper
planef = 0 which haszeroLebesgueneasureThereforejt suficesto shav
thatI"; haspositve LebesgueneasureTo this end,we seefrom Lemmal2.1
thatthe nonngative orthantof #,,, which haspositive Lebesgueneasureis a
subsebf ¥}. Thus¥; haspositve LebesgueneasureSincel’;, is aninvert-
ible transformatiorof ¥, its Lebesgueneasures alsopositie.

Therefore[';, is not containedn the hyperplanef = 0, whichimpliesthat
thereexistsa joint distribution for which f = 0 doesnot hold. Thisleadsto a
contradictionbecauseve have assumedhat f = 0 alwaysholds. Hence,we
have provedthatif f = 0 alwaysholds,then f mustbethezerofunction.

Conversely if f is the zerofunction, thenit is trivial that f = 0 always
holds. Thetheoremis proved.o

8If b =0, then{h : bTh = 0} is equalto H,,.
4The Lebesqueneasureanbe thoughtof as“volume"in the Euclideanspaceif the readeris notfamiliar
with measureheory
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COROLLARY 12.3 Thecanonicaformofaninformationexpressioris unique

Proof Let f; andf, becanonicaformsof aninformationexpressiony. Since

g=h (12.39)
and
g=fo (12.40)
alwayshold,
fi—fe=0 (12.41)

alwaysholds.By theaboretheorem,f, — f5 is thezerofunction,whichimplies
that f; and fy areidentical. Thecorollaryis proved.o

Dueto the uniquenes®f the canonicalform of aninformationexpression,
it is an easymatterto checkwhetherfor two informationexpressionsf; and
f2 theunconstraineihformationidentity

fi=fo (12.42)

alwaysholds.All we needto dois to expressf; — fo in canonicaform. If all
thecoeficientsarezero,then(12.42)alwaysholds,otherwiset doesnot.

123 A GEOMETRICAL FRAMEW ORK

In the last section,we have seenthe role of the region I}, in proving un-
constrainednformationidentities. In this section,we explain the geometrical
meaningof unconstrainednformationinequalities,constrainednformation
inequalities,and constrainednformationidentitiesin termsof I';,. Without
lossof generalitywe assumeahatall informationexpressionsrein canonical
form.

12.3.1 UNCONSTRAINED INEQUALITIES

Consideran unconstrainednformationinequality f > 0, where f(h) =
b"h. Thenf > 0 correspondso theset

{heM,:b"h>0} (12.43)

which is a half-spacen the entrofy spacet,, containingthe origin. Specif-
ically, for ary h € #H,, f(h) > 0if andonly if h belongsto this set. For
simplicity, we will referto this setasthehalf-spacef > 0. As anexample for
n = 2, theinformationinequality

I(X1; Xp) = H(X1) + H(X2) — H(X1, X2) >0, (12.44)
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/

Figure12.1. Anillustrationfor f > 0 alwaysholds.

writtenas
hi 4+ ho — hio > 0, (1245)
correspond$o the half-space
{h € Hp:hy+ho—hig > O}. (12.46)

in theentropy spaceHs.

Sinceaninformationinequalityalwaysholdsif andonly if it is satisfiedoy
theentroyy functionof ary joint distribution for therandomvariablesnvolved,
we have thefollowing geometricalnterpretatiorof aninformationinequality:

f > 0 alwaysholdsif andonlyif T'; C {h € H,, : f(h) > 0}.

Thisgivesacompletecharacterizatioof all unconstrainethequalitiesn terms
of I'y. If 'y is known, we in principle candeterminewvhetherary information
inequalityinvolving n randomvariablesalwaysholds.

The two possiblecasedor f > 0 areillustratedin Figure 12.1 and Fig-
urel12.2. In Figure12.1,T"} is completelyincludedin the half-spacef > 0,
sof > 0 alwaysholds.In Figure12.2,thereexistsavectorhg € I';, suchthat
f(hg) < 0. Thustheinequality f > 0 doesnotalwayshold.

12.3.2 CONSTRAINED INEQUALITIES

In informationtheory weveryoftendealwith informationinequalitieqiden-
tities) with certainconstraint®nthejoint distribution for therandonmvariables
involved. Theseare called constrainednformationinequalities(identities),
andthe constrainton thejoint distribution canusuallybe expressedslinear
constraintontheentropies.Thefollowing aresuchexamples:

1. X;, X9, and X3 aremutuallyindependenif andonly if H (X1, Xo, X3) =
H(X,)+ H(X9) + H(X3).
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N

Figure12.2. Anillustrationfor f > 0 notalwaysholds.

2. X1, X5, and X3 are pairwiseindependentf andonly if I(X;; Xs) =
I(Xg;Xg) = I(Xl;Xg;) = 0

3. X isafunctionof X5 if andonly if H(X;|X2) = 0.

4. X; — Xy — X35 — X4 formsaMarkov chainif andonlyif I(X;; X3|X5)
=0 andI(Xl,XQ; X4|X3) =0.

Supposéherearegq linearconstrainton the entropiegivenby
Qh =0, (12.47)

whereQ is ag x k matrix. Herewe do not assumehatthe ¢ constraintsare
linearlyindependentso Q is notnecessarilyull rank.Let

& ={h €, : Qh =0} (12.48)

In otherwords,theq constraintgonfineh to alinearsubspac® in theentropy
space. Parallel to our discussionon unconstrainednequalities,we have the
following geometricalnterpretatiorof a constrainednequality:

Undertheconstraint®, f > 0 alwaysholdsif andonly if (I';, N ®) C
{h: f(h) > 0}.

This givesa completecharacterizatiowof all constrainednequalitiesin terms
of I';. Notethat® = 7{,, whenthereis no constrainton the entropies.In this
senseanunconstrainethequalityis a specialcaseof a constrainednequality

Thetwo case®f f > 0 undertheconstraint® areillustratedin Figure12.3
andFigurel2.4. Figurel2.3shavsthecasewhenf > 0 alwaysholdsunder
the constraint®. Notethat f > 0 mayor may not alwayshold whenthereis
no constraint.Figure12.4shavs the casewhen f > 0 doesnot alwayshold
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f=0

N

I*No

/

Figure12.3. Anillustrationfor f > 0 alwaysholdsunderthe constraint®.

undertheconstraint®. In thiscase,f > 0 doesnotalwayshold whenthereis
no constraintpecause

(T N®) ¢ {h: f(h) >0} (12.49)
implies
Iy ¢ {h: f(h) >0}. (12.50)

12.3.3 CONSTRAINED IDENTITIES
As we have pointedout at the beginning of the chapteranidentity

=0 (12.51)

alwaysholdsif andonly if boththeinequalitiesf > 0 andf < 0 alwayshold.
Thenfollowing our discussioron constrainednequalitieswe have

>0

I*No

Figure12.4. Anillustrationfor f > 0 notalwaysholdsunderthe constraint®.
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c'h>0

Figure12.5. Equivalenceof b™h > 0 andc™ h > 0 undertheconstraint.

Underthe constraint®, f = 0 alwaysholdsif andonly if (I'; N ®) C
{h: f(h) >0} N {h: f(h) <0},

or

Undertheconstraint®, f = 0 alwaysholdsif andonly if (I'; N ®) C
{h: f(h) = 0}.
This conditionsaysthattheintersectiorof I';, and® is containedn thehyper
planef = 0.

12.4 EQUIVALENCE OF CONSTRAINED

INEQUALITIES
Whenthereis no constrainion theentropiestwo informationinequalities
b'h>0 (12.52)
and
¢c'h>0 (12.53)

areequialentif andonly if ¢ = ab, wherea is a positive constantHowever,
this is not the caseundera non-trivial constraintd # H,,. This situationis
illustratedin Figure12.5.In thisfigure,althoughtheinequalitiesn (12.52)and
(12.53)correspondo differenthalf-spaceén the entropy spacethey actually
imposethe sameconstrainion h whenh is confinedto ®.

In this section,we presenta characterizatiomf (12.52)and(12.53)being
equivalentundera setof linearconstraint®. Thereademay skip this section
atfirstreading.

Letr betherankof Q in (12.47).Sinceh is in the null spaceof Q, we can
write R

h = Qh/, (12.54)
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whereQ isak x (k — r) matrixsuchthattherows of Q" form abasisof the
orthogonalcomplemenbf the row spaceof Q, andh’ is a column(k — r)-
vector Thenusing(12.54),(12.52)and(12.53)canbewrittenas

b'Qh' >0 (12.55)

and 5
c¢'Qn’ >0, (12.56)

respectiely in termsof the setof basisgiven by the columnsof Q. Then
(12.55)and(12.56)areequialentif andonly if

¢c'Q=ab"Q, (12.57)
whereq is apositive constantpr
(c—ab)"Q=0. (12.58)

In otherwords,(c —ab) T is in theorthogonatomplemenof therow spaceof
Q",i.e.,(c—ab)T isin therow spaceof Q. Let Q' beanr x k matrixwhose
row spaces the sameasthatof Q. (Q canbetakenasQ’ if Q is full rank.)
Sincetherankof Q isr andQ’ hasr rows, therows of Q' form abasisfor the
row spaceof Q, andQ’ is full rank. Thenfrom (12.58),(12.55)and(12.56)
areequialentunderthe constraint® if andonly if

c=ab+(Q)"e (12.59)

for somepositive constanz andsomecolumnr-vectore.

Supposdor givenb andc, we wantto seewhether(12.55)and(12.56)are
equialentunderthe constraint®. We first considerthe casewheneitherb ™
orc' isin therow spaceof Q. Thisis actuallynotaninterestingcasebecause
if bT, for example,is in therow spaceof Q, then

bTQ=0 (12.60)

in (12.55),which meansthat (12.55)imposesno additionalconstraintunder
the constraint®.

THEOREM 12.4 If eitherb’ or ¢ isin therow spaceof Q, thenbh > 0
andc"h > 0 are equivalenunderthe constaint & if andonlyif bothb™ and
¢ arein therow spaceof Q.

The proof of this theoremis left asan exercise. We now turn to the more
interestingcasewhenneitherb " norc ' isin therow spaceof Q. Thefollow-
ing theorenmgivesanexplicit conditionfor (12.55)and(12.56)to beequivalent
undertheconstraintd.
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THEOREM 12.5 If neitherb™ norc' isin therowspaceof Q, thenb™h > 0
andc "h > 0 are equivalentunderthe constaint @ if andonly if

[(@)7b] [ ° ] e (12.61)
hasa uniquesolutionwith ¢ > 0, whee Q' is any matrix whoserow spacels
thesameasthat of Q.

Proof Forb' andc' notin the row spaceof Q, we wantto seewhenwe
canfind unknavns ¢ ande satisfying(12.59)with ¢ > 0. To this end,we
write (12.59)in matrix form as(12.61).Sinceb is notin the columnspaceof
(Q)T and(Q’)T is full rank, [ Q)" b] is alsofull rank. Then(12.61)has
eitherauniquesolutionor no solution. Thereforethe necessargndsuficient
conditionfor (12.55)and(12.56)to be equvalentis that(12.61)hasa unique
solutionanda > 0. Thetheoremis proved.o

ExAMPLE 12.6 ConsiderthreerandomvariablesX, X5, and X3 with the
Markov constaint
I(X1; X3 X2) =0, (12.62)

which is equivalento
H(X1,Xo) + H(X2, X3) — H(X1,X9,X3) — H(X2) =0.  (12.63)

In termsof the coodinatesin the entiopy space?s, this constaint is written
as

Qh =0, (12.64)

whee
Q=[0 -1 0110 —1] (12.65)

and
h=[hy hy hy hia hoz hiz hias]'. (12.66)

We nowshowthatundertheconstaint in (12.64),theinequalities
H(X|X3) — H(X|X2) >0 (12.67)

and
I(X1; Xo|X3) >0 (12.68)

arein factequivalent Toward thisend, wewrite (12.67)and(12.68)asb "h >
0 andc'h > 0, respectivelywhee

b=[01 -1 -1 01 0]" (12.69)

DRAFT Septenber 13, 2001, 6:27pm DRAFT



276 AFIRSTCOURSHN INFORMATION THEORY

and
c=[00 -1 011 —1]". (12.70)
SinceQ is full rank,wemaytake Q' = Q. Uponsolving
T €| _
[Q b][a]—c, (12.71)

we obtainthe uniquesolutiona = 1 > 0 ande = 1 (eisal x 1 matrix).
Theefore, (12.67)and(12.68)are equivalentuunderthe constaint in (12.64).

Undertheconstraint, if neitherb™ norc ' isin therow spaceof Q, it can
beshavn thattheidentities
b'h=0 (12.72)

and
c'h=0 (12.73)

areequialentif andonly if (12.61)hasa uniquesolution. We leave the proof
asanexercise.

12.5 THE IMPLICA TION PROBLEM OF
CONDITION AL INDEPENDENCE

WeuseX, L Xj3|X, todenotetheconditionalindependenc(Cl)
X, and X3 areconditionallyindependengiven X.,.
We have provedin Theoren2.34thatX, 1 Xz|X,, is equivalentto
I(Xa; X5|X,) = 0. (12.74)

Wheny = 0, X, 1L Xg|X, becomesan unconditionaiindependencwhich
we regard as a specialcaseof a conditionalindependenc Whena = £,
(12.74)becomes

H(X,|X,) =0, (12.75)

which we seefrom Proposition2.36 that X, is a function of X,. For this
reasonwe alsoregardfunctionaldependencasa specialcaseof conditional
independenc

In probability problems,we are often given a setof CI's andwe needto
determinewhetheranothergiven Cl is logically implied. This is calledthe
implication problem which is perhapghe mostbasicproblemin probability
theory We have seenin Section7.2 thattheimplication problemhasa solu-
tion if only full conditionalmutualindependencieareinvolved. However, the
generabproblemis extremelydifficult, andit hasrecentlybeensolvedonly up
to four randomvariablesby Matas [137].
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We endthis sectionby explainingtherelationbetweertheimplicationprob-
lemandtheregion ;. A Clinvolving randomvariablesX;, X, ---, X,, has
theform

Xo L Xp| X5, (12.76)

wherea, 3,y C N,,. Sincel(X,; X3|X,) = 0 is equivalentto
H(Xauy) + H(Xpuy) — H(Xaupuy) — H(X,) =0, (12.77)
X L Xg|X, correspondso thehyperplane
{h: hauy + hpuy — hausuy — hy = 0. (12.78)

ForaCl K, we denotethe hyperplanen H,, correspondingo K by £(K).
LetIT = {K;} beacollectionof CI's,andwe wantto determinevhetherll
impliesagivenCl K. Thiswould bethe caseif andonly if the following is
true:
Forallh € T}, if h € (| £(K;), thenh € £(K).
!
Equialently

IT implies K if andonly if (ﬂ E(Kl)> NI} C E(K).
I

Therefore the implication problemcanbe sohedif T}, canbe characterized.
Hence,the region I';, is not only of fundamentaimportancein information
theory but is alsoof fundamentaimportancen probabilitytheory

PROBLEMS

1. Symmetricainformation expressions An information expressionis said
to be symmetricailf it is identicalunderevery permutatiorof the random
variablesnvolved. However, sometimes symmetricalnformationexpres-
sioncannotbereadilyrecognizedymbolically For example,l (X1; Xo) —
I(X1; X2|X3) is symmetricain X7, X5, and X3 but it is not symmetrical
symbolically Devise a generaimethodfor recognizingsymmetricainfor-
mationexpressions.

2. Thecanonicaform of aninformationexpressioris uniquewhenthereis no
constrainon therandomvariablesnvolved. Shav by anexamplethatthis
doesnotholdwhencertainconstraintsareimposedntherandomvariables
involved.

3. Alternativecanonicalform Denoteﬂiegf(i by X andlet

C= {XG . G isanonemptysubset)f/\/n}.
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a) Provethatasignedmeasurg: onF,, is completelyspecifiecby {u(C), C €
C}, which canbeary setof realnumbers.

b) Provethataninformationexpressiorinvolving X1, X, - - -, X, canbe
expressediniquelyasa linear combinationof p*(X¢), whereG are
nonemptysubset®f N,,.

4. Uniquenes®f the canonicalform for nonlinearinformation expressions
Considerafunction f : R — R, wherek = 2" — 1 suchthat{h € R* :
f(h) = 0} haszeroLebesgueneasure.

a) Provethat f cannotbeidenticallyzeroonT;.

b) Usetheresultin a) to shav the uniguenes®f the canonicalform for
theclassof informationexpression®f theform g(h) whereg is apoly-
nomial.

(Yeung[216].)

5. Prove thatunderthe constraintQh = 0, if neitherb ™ norc' isin therow
spaceof Q, theidentitiesb ' h = 0 andc " h = 0 areequialentif andonly
if (12.61)hasauniquesolution.

HISTORICAL NOTES

The uniquenes®f the canonicalform for linear information expressions
wasfirst proved by Han[86]. The sameresultwasindependentlybtainedin
the book by Csisar andKorner [52]. The geometricaframeavork for infor-
mationinequalitiesis dueto Yeung[216]. The characterizatiof equivalent
constrainednequalitiesn Sectionl2.4is previously unpublished.
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Chapterl3

SHANNON-TYPE INEQUALITIES

Thebasicinequalitiesform the mostimportantsetof informationinequali-
ties. In fact,almostall theinformationinequalitiesknowvn to dateareimplied
by the basicinequalities. Theseare called Shannon-typénequalities In this
chapterwe shaw thatverificationof Shannon-typénequalitiescanbe formu-
latedasa linear programmingproblem,thusenablingmachine-preing of all
suchinequalities.

13.1 THE ELEMENTAL INEQUALITIES
Considerthe conditionalmutualinformation

I(X,Y;X,Z,U|Z,T), (13.1)

in which therandomvariablesX andZ appeamorethanonce. It is readily
seerthat!(X,Y; X, Z,U|Z,T) canbewrittenas

H(X|Z,T) + I(Y;U|X, Z,T), (13.2)

wherein bothH (X |Z,T) andI(Y;U|X, Z,T), eachrandomvariableappears
only once.

A Shannors informationmeasures saidto be reducibleif thereexists a
randomvariablewhich appearsnorethanoncein the informationmeasure,
otherwisethe informationmeasures saidto be irreducible Without loss of
generalitywe will considefirreducibleShannors informationmeasuresnly,
because reducibleShannors informationmeasurecanalwaysbe written as
thesumof irreducibleShannors informationmeasures.

The nonngatvity of all Shannors informationmeasure$orm a setof in-
equalitiescalledthe basicinequalities.The setof basicinequalities however,
is not minimal in the sensethat somebasicinequalitiesare implied by the
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others.For example,

H(X|Y)>0 (13.3)
and
I(X;Y) >0, (13.4)
which arebothbasicinequalitiesnvolving randomvariablesX andY’, imply
H(X)=HX|Y)+I(X;Y) >0, (13.5)
which againis a basicinequalityinvolving X andY'.
LetN, = {1,2,---,n}, wheren > 2. Unlessotherwisespecifiedall infor-
mationexpressionsn this chapteilinvolve someor all of therandomvariables
X1, X5,-++, X,,. Thevalueof n will be specifiedwhennecessaryThrough

applicationof theidentities

H(X) = HX|Y)+I(X;Y) (13.6)
H(X,)Y) = H(X)+HY|X) (13.7)
I(X;Y,2) = I(X;Y)+I(X;Z|Y) (13.8)
H(X|Z) = H(X|Y,Z)+I1(X;Y|Z) (13.9)
H(X,Y|Z) = H(X|Z)+H(Y|X,Z2) (13.10)
I(X;Y,Z|IT) = I(X;Y|T)+I(X;Z|Y,T), (13.11)

ary Shannors informationmeasureanbe expressedsthesumof Shannors
informationmeasuresf the following two elementaforms

) H(Xi| Xp,—iy): 1 € Na
i) I(X;; X;|Xk), wherei # j andK C M, — {3,7}.

Thiswill beillustratedin the next example.lt is notdifficult to checkthatthe
total numberof the two elementaforms of Shannors informationmeasures
for n randomvariabless equalto

m=n+ ( Z ) 9n-2, (13.12)
Theproofof (13.12)is left asanexercise.

ExAMPLE 13.1 WecanexpandH (X, X5) into a sumof elementaformsof
Shannors informationmeasuesfor n = 3 by applyingtheidentitiesin (13.6)
to (13.11)asfollows:

H(X1,Xo)
= H(X))+ H(X2| X)) (13.13)
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= H(X1|X2,X3) + I(X1; X9, X3) + H(X2| X1, X3)

+I(X2;X3|X1) (1314)
= H(X1]|X2, X3) + I(X1; Xo) + I(X1; X3|X>)
+H (X2 X1, X3) + I(X2; X5/ X1). (13.15)

The nonngativity of the two elementalforms of Shannorsg information
measuregorm a propersubsetof the setof basicinequalities. We call the
m inequalitiesin this smallersetthe elementainequalities They areequv-
alentto the basicinequalitiesbecausesachbasicinequality which is not an
elementalnequalitycanbe obtainedasthe sumof a setof elementalnequal-
itiesin view of (13.6)to (13.11). Thiswill beillustratedin the next example.
Theprooffor the minimality of the setof elementainequalitiess deferrecto
Sectionl3.6.

ExamMpPLE 13.2 In thelastexample weexpressedH (X1, X5) as

H(X1]| X2, X3) + I(X1; X2) + I(X1; X3/ X2)
+H(X2|X1,X3) +I(X2;X3|X1). (1316)

All the five Shannors information measuesin the above expressionare in
elementaformfor n = 3. Thenthebasicinequality

H(X1,X5) >0 (13.17)

canbeobtainedasthe sumof thefollowing elementalnequalities:

H(X1|X2,X3) > 0 (13.18)

I(X;X) > 0 (13.19)
I(X1;X30X2) > 0 (13.20)
H(Xs|X1,X3) > 0 (13.21)
I(Xo; X3|X1) > 0 (13.22)

13.2 A LINEAR PROGRAMMING APPROACH

Recallfrom Sectionl2.2thatary informationexpressiorcanbe expressed
uniguelyin canonicafform, i.e., alinearcombinationof thek = 2™ — 1 joint
entropiesinvolving someor all of the randomvariablesXy, Xs,---, X,,. If
theelementalnequalitiesareexpressedn canonicaform, they becomdinear
inequalitiesn theentrogy spaceH,,. Denotethis setof inequalitiesby Gh >
0, whereG is anm x k matrix,anddefine

', = {h:Gh>0}. (13.23)
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Wefirst shaw thatT’,, is a pyramidin thenonngative orthantof theentropy
spaceH,,. Evidently IT',, containgheorigin. Lete;,1 < j < k, bethecolumn
k-vectorwhosejth components equalto 1 andall the othercomponentsre
equalto 0. Thentheinequality

e/h>0 (13.24)

correspondso thenonngativity of ajoint entrofy, whichis abasicinequality
Sincethe setof elementalnequalitiess equivalentto the setof basicinequal-
ities, if h € T, i.e., h satisfiesall the elementalinequalities,thenh also
satisfieghe basicinequalityin (13.24).In otherwords,

I'nC{h:e/h>0} (13.25)

forall1 < j < k. ThisimpliesthatT',, is in the nonn@ative orthantof the
entropy space.SinceT’,, containsthe origin andthe constraintsGh > 0 are
linear we concludethatl',, is a pyramidin the nonngatie orthantof H,,.

Sincethe elementalnequalitiesaresatisfiedby the entropy functionof ary
n randomvariablesX;, Xs,---, X,,,forary hin T}, hisalsoin T, i.e.,

I, CTy. (13.26)
Thereforefor ary unconstraineéhequality f > 0, if
T, c{h: f(h) >0}, (13.27)

then
Iy ¢ {h: f(h) >0}, (13.28)

i.e., f > 0 alwaysholds. In otherwords, (13.27)is a sufficient conditionfor
f > 0 to alwayshold. Moreover, aninequality f > 0 suchthat (13.27)is
satisfiedis implied by the basicinequalities,becauséf h satisfiesthe basic
inequalitiesj.e.,h € T',,, thenh satisfiesf (h) > 0.

For constrainednequalities following our discussiorin Section12.3,we
imposethe constraint

Qh =0 (13.29)
andlet
® ={h:Qh=0}. (13.30)
For aninequality f > 0, if
(TpN®)C {h: f(h) >0}, (13.31)
thenby (13.26),
(Trn®)c{h: f(h) >0}, (13.32)
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b'"h>0 Iy

/

Figure13.1. T, iscontainedn {h:b"h > 0}.

i.e., f > 0 alwaysholdsunderthe constraint®. In otherwords,(13.31)is a
sufficientconditionfor f > 0 to alwaysholdundertheconstraint®. Moreover,
aninequality f > 0 underthe constraint® suchthat (13.31)is satisfiedis
implied by the basicinequalitiesandthe constraint®, becauséf h € & andh
satisfieghebasicinequalitiesj.e.,h € T';, N ®, thenh satisfiesf (h) > 0.

13.2.1 UNCONSTRAINED INEQUALITIES

To checkwhetheranunconstrainedhequalityb ' h > 0 is a Shannon-type
inequality we needto checkwhetherT,, is asubsebf {h : b h > 0}. The
following theoreminducesa computationaprocedurdor this purpose.

THEOREM 13.3 b'h > 0 is a Shannon-typénequalityif and only if the
minimumof the problem

Minimizeb " h, subjectto Gh > 0 (13.33)
is zeo. In this case the minimumoccuss at the origin.

Remark Theideaof thistheoremisillustratedin Figurel3.1landFigurel3.2.
In Figure13.1,T, is containedin {h : b"h > 0}. Theminimumof b™h
subjectto I',, occursattheorigin with theminimumequalto O. In Figure13.2,
T, isnotcontainedn {h : b™h > 0}. Theminimumof b h subjectto T, is
—oo. A formal proof of thetheoremis givennext.

Proofof Theorem13.3 Wehaveto provethatl’,, isasubsedf {h : b h > 0}
if andonly if theminimumof the problemin (13.33)is zero.Firstof all, since
0 € T,, andb'0 = 0 for ary b, the minimumof the problemin (13.33)is at
most0. Assumel’,, is asubsef {h : b"h > 0} andthe minimum of the
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b'h>0
AN

I'n

Figure13.2. T, isnotcontainedn {h:b"h > 0}.

problemin (13.33)is negative. Thenthereexistsanh € T',, suchthat
b'h <0, (13.34)

whichimplies
¢ {h:b"h>0}, (13.35)

whichis a contradiction.Thereforejf T',, is a subsedf {h : b"h > 0}, then
theminimumof the problemin (13.33)is zero.

To prove the converse,assumd’, is nota subseodf {h : b"h > 0}, i.e.
(13.35)is true. Thenthereexistsanh € T',, suchthat

b'h < 0. (13.36)

This impliesthatthe minimum of the problemin (13.33)is negative, i.e., it is
notequalto zero.

Finally, if the minimum of the problemin (13.33)is zero, sincethe T,
containgheorigin andb ' 0 = 0, theminimumoccursattheorigin. o

By virtue of this theoremto checkwhetherb™h > 0 is anunconstrained
Shannon-typénequality all we needto do is to apply the optimality test of
the simplex method[56] to checkwhetherthe pointh = 0 is optimalfor the
minimizationproblemin (13.33). If h = 0 is optimal,thenb™h > 0 is an
unconstraine@&hannon-typ@equality otherwiseit is not.

13.2.2 CONSTRAINED INEQUALITIES AND
IDENTITIES

To checkwhetheraninequalityb "h > 0 undertheconstraint® is aShannon-
typeinequality we needto checkwhethel,,N® isasubsebf {h : b"h > 0}.
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THEOREM 13.4 b"h > 0 is a Shannon-typ@equalityunderthe constaint
@ if andonlyif the minimumof the problem

Minimizeb "h, subjectto Gh > 0 andQh = 0 (13.37)
is zeo. In this case the minimumoccuss at the origin.

The proof of this theoremis similar to thatfor Theoreml13.3,s0it is omit-
ted. By taking adwvantageof the linear structureof the constraint®, we can
reformulatethe minimizationproblemin (13.37)asfollows. Let r betherank
of Q. Sinceh is in thenull spaceof Q, we canwrite

h = Qb’, (13.38)

whereQ is ak x (k — r) matrixsuchthattherows of Q" form a basisof the
orthogonalcomplemenbf the row spaceof Q, andh’ is a column(k — r)-
vector Thentheelementainequalitiescanbe expressedis

GQn' >0, (13.39)
andin termsof h’, I',, becomes
I = {h': GQh' > 0}, (13.40)

which is a pyramidin %" (but not necessarilyn the nonngative orthant).
Likewise,b " h canbeexpressedsb ' Qh'.
With all theinformationexpressionsn termsof h’, the problemin (13.37)
becomes
Minimize b Qh’, subjectto GQh’ > 0. (13.41)

Thereforeto checkwhetherb "h > 0 is a Shannon-typénequalityunderthe
constraint®, all we needto dois to apply the optimality testof the simplex
methodo checkwhethetthepointh’! = 0 is optimalfor theproblemin (13.41).
If ' = 0 is optimal,thenb™h > 0 is a Shannon-typénequalityunderthe
constraint®, otherwiseit is not.

By imposingthe constrain®, thenumberof elementalnequalitiesemains
thesamewhile thedimensiorof the problemdecreaseBom k to & — 7.

Finally, to verify thatb "h = 0 is a Shannon-typédentity underthe con-
straint®, i.e.,b"h = 0 is implied by the basicinequalities all we needto do
is to verify thatbothb™h > 0 andb"h < 0 are Shannon-typénequalities
underthe constraintd.

13.3 A DUALITY

A nonngative linear combinationis a linear combinationwhosecoefi-
cientsare all nonngative. It is clearthat a nonngative linear combination
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of basicinequalitieds a Shannon-typ@equality However, it is notclearthat

all Shannon-typ@aequalitiesareof thisform. By applyingthedualitytheoem

in linearprogrammind182], we will seethatthisis in factthecase.
Thedual of the primal linearprogrammingproblemin (13.33)is

Maximizey ' - 0 subjectoy > 0andy 'G <b', (13.42)

where
y=[luy - ] (13.43)
By the duality theoremjf the minimumof the primal problemis zero,which
happensvhenb'h > 0 is a Shannon-typénequality the maximumof the

dualproblemis alsozero. Sincethe costfunctionin the dualproblemis zero,
the maximumof the dual problemis zeroif andonly if thefeasibleregion

U={y:y>0andy'G<b'} (13.44)
is nonempty

THEOREM 13.5 bTh > 0 is a Shannon-typaequalityif andonlyif bT =
x "G for somex > 0, whee x is a columnm-vectori.e, b’ is a nonngative
linear combinatiorof therowsof G.

Proof We have to prove that ¥ is nonemptyif andonly if b" = x' G for
somex > 0. Thefeasibleregion ¥ is nonemptyif andonly if

b'>z'G (13.45)

for somez > 0, wherez is a columnm-vector Considerary z which satisfies
(13.45),andlet
s'=b' —z'G>0. (13.46)

Denoteby e; the columnk-vectorwhosejth components equalto 1 andall
theothercomponentsrreequalto 0,1 < j < k. ThenejTh is ajoint entroyy.
Sinceevery joint entroly canbe expressedisthe sumof elementaforms of
Shannors informationmeasuresaejT canbeexpressedsanonngative linear
combinationof therows of G. Write

s=[s s2 -+ S ]T, (13.47)

wheres; > 0forall1 < j <k. Then
k
st = Z sjejT (13.48)
j=1

canalsobe expressedisa nonngative linear combinationf therows of G,
i.e.,
sl =w'G (13.49)
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for somew > 0. From(13.46),we seethat

b'=(w' +2")G=x"G, (13.50)
wherex > 0. Theproofis accomplishedz

Fromthistheoremwe seethatall Shannon-typénequalitiesareactuallytriv-
ially implied by thebasicinequalities!However, theverificationof a Shannon-
typeinequalityrequiresacomputationaprocedureasdescribedn thelastsec-
tion.

13.4 MACHINE PROVING —ITIP

Theoremsdl3.3and13.4transformthe problemof verifying a Shannon-type
inequalityinto a linear programmingproblem. This enablesnachine-preing
of all Shannon-typénequalities A softwarepackagecalledI TIPY, which runs
on MATLAB, hasbeendevelopedfor this purpose.Both the PC versionand
the Unix versionof ITIP areincludedin this book.

Using ITIP is very simpleandintuitive. Thefollowing examplesillustrate
theuseof ITIP:

1.>> I TIPC H(XYZ) <= H(X) + H(Y) + H(2)")
True

2.>> ITIPC1(X2) =0, 1(X2ZY) =0,"1(XY) =0)
True

3.>> ITIPCI(Z VYU - 1(ZUX) - 1(Z UY) <=
0.51(XY) +0.251(X;zZU) + 0.25 1(Y;2ZU)")
Not provable by ITIP

In thefirstexample we prove anunconstrainethequality In thesecondexam-
ple,we prove that X andZ areindependenif X — Y — Z formsaMarkov
chainand X andY areindependent.The first identity is what we want to
prove, while the secondand the third expressionsspecify the Markov chain
X — 'Y — Z andtheindependencof X andY, respectrely. In thethird
example,ITIP returnstheclause'Not provableby ITIP,” which meanghatthe
inequalityis nota Shannon-typénequality This, however, doesnot meanthat
theinequalityto be proved cannotalwayshold. In fact, this inequalityis one
of the few known non-Shannon-typaequalitieswhich will be discussedn
Chapterl4.

We notethat mostof the resultswe have previously obtainedby usingin-
formation diagramscan also be proved by ITIP. However, the adwantageof

LITIP standdor Information-Theaatic InequalityProver.
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Figure 13.3. Theinformationdiagramfor X, Y, Z, andT in Examplel3.6.

Y

usinginformationdiagramds thatonecanvisualizethe structureof the prob-
lem. Therefore,the useof informationdiagramsand ITIP very often com-
plementeachother In therestof the section,we give a few exampleswhich
demonstratéheuseof ITIP. Thefeaturef ITIP aredescribedn detailsin the
r eadme file.

ExAMPLE 13.6 By Proposition2.10, the long Markov chain X — Y —
Z — T impliesthetwo shortMarkov chains X — Y — Z andY — Z —
T. We wantto seewhetherthe two short Markov chainsalsoimply the long
Markov chain. If so,they are equivalento ead other

UsingITIP, wehave

>> ITIPCXIY ZIT, "XIYIZ, '"YZT)
Not provable by ITIP

In theabove wehaveuseda maco in ITIP to specifythethreeMarkov chains.
TheaboveresultfromITIP saysthatthelong Markov chain cannotbe proved
from the two short Markov chains by meansof the basic inequalities. This
strongly suggeststhat the two short Markov chainsis wealer than the long
Markov chain. However, in order to prove that this is in fact the case we
needan explicit constructionof a joint distribution for X, Y, Z, andT which
satisfieghe two short Markov chainsbut not thelong Markov chain. Toward
this end, we resortto the information diagram in Figure 13.3. The Markov
chainX —Y — Zisequivalento I(X; Z|Y) = 0, i.e,

P XNYNZNT)+p (XNYNZNTC) =0. (13.51)
Similarly, theMarkov chainY — Z — T is equivalento

p(XNYNZNT)+p*(XNYNZ°NT) =0. (13.52)
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Figure 13.4. The atomsof F4 on which p* vanishesvhenX — Y — Z — T formsa
Markov chain.

Y

The four atomsinvolvedin the constaints (13.51)and (13.52) are marked
by a dagger in Figure 13.3. In Section6.5, we have seenthat the Markov
chain X — Y — Z — T holdsif andonly if u* takes zew value on the
setof atomsin Figure 13.4which are marked with an asterisk. Comparing
Figure 13.3andFigure 13.4,we seethat the only atommarkedin Figure 13.4
but notin Figure 13.3is X N Y¢ N Z¢ N T. Thusif we can constructa x*
such thatit takeszeo valueonall atomsexceptfor X N Y <N Z¢N T, thenthe
correspondingoint distribution satisfieghe two short Markov chainsbut not
thelong Markov chain. Thiswouldshowthatthe two shortMarkov chainsare
in fact wealer thanthelong Markov chain. Following Theoem6.11,sud a
u* canbeconstructed.

In fact, therequirdjoint distribution canbeobtainedby simplyletting X =
T = U, whee U is anyrandomvariable sud that H(U) > 0, andlettingY
and Z be degeneate randomvariablestaking constantvalues.Thenit is easy
toseethatX - Y — ZandY — Z — T hold,while X - Y - Z > T
doesnothold.

ExAMPLE 13.7 Thedataprocessingheoemsayshatif X - Y — Z - T
formsa Markov chain, then

1(Y; 2) > I(X;T). (13.53)

We wantto seewhetherthis inequalityholdsunderthe wealer conditionthat
X =Y —» ZandY — Z — T formtwo shortMarkov chains.By usingITIP,
we canshowthat (13.53)is not a Shannon-typeéequalityunderthe Markov

2Thisinformationdiagramis essentiallya reproductiorof Figure6.8.

DRAFT Septenber 13, 2001, 6:27pm DRAFT



290 AFIRSTCOURSHN INFORMATION THEORY

conditions
I(X;Z|]Y)=0 (13.54)

and
I(Y;T|Z) = 0. (13.55)

This strongly sugyeststhat (13.53)doesnot alwayshold underthe constaint

of the two shortMarkov chains. However, this hasto be provedby an explicit

constructionof a joint distribution for X, Y, Z, andT which satisfieq13.54)
and (13.55)but not (13.53). Theconstructionat the end of the last example
serveghispurpose

ExAaMPLE 13.8 (SECRET SHARING [172]) Considerthefollowing secet
sharingproblem.Let S bea secetto beencodednto threepieces X, Y, and
Z. Thesthemehasto satisfythefollowing two secet sharingrequitements:

1. S canberecoreredfromanytwo of thethreeencodedieces.

2. NoinformationaboutS canbeobtainedfromanyoneof thethreeencoded
pieces.

Thefirstrequirments equivalento the constaints
H(S|X,Y)=H(S|Y,Z)=H(S|X,Z) =0, (13.56)
while thesecondequitements equivalento the constaints
I(8;X) =1(S;Y) =1(S; Z) = 0. (13.57)
Sincethesecet S canberecoreredif all X, Y, andZ are known,
H(X)+ H(Y)+H(Z) > H(S). (13.58)
We are naturally interestedin the maximunconstant which satisfies

H(X)+ H(Y) + H(Z) > cH(S). (13.59)

We can explore the possiblevaluesof ¢ by ITIP. After a few trials, we find
thatITIP returnsa “True” for all ¢ < 3, andreturnstheclause‘Not provable
by ITIP” for anyc slightlylarger than3, say3.0001.Thismeanghatthe max-
imumvalueof ¢ is lowerboundeddy 3. Thislowerboundis in facttight, aswe
canseefromthefollowing constructionLet.S and N bemutuallyindependent
ternaryrandomvariablesuniformlydistributedon {0, 1, 2}, anddefine

X = N (13.60)
Y = S+ Nmod3, (13.61)
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and
Z = S+ 2N mod 3. (13.62)

Thenit is easyto verify that

S = Y—Xmod3 (13.63)
= 2Y — Z mod 3 (13.64)
= Z —2X mod 3. (13.65)

Thusthe requirementdn (13.56)are satisfied. It is also readily verifiedthat
therequirementsn (13.57)are satisfied.Finally, all S, X,Y’, and Z distribute
uniformlyon {0, 1,2}. Theefor,

H(X)+ H(Y) + H(Z) = 3H(S). (13.66)

Thisprovesthatthe maximunconstant which satisfieg13.59)is 3.

Usingtheapproad in thisexample almostall information-theagtic bounds
reportedin the literature for this classof problemscan be obtainedwhena
definitenumberof randomvariablesare involved.

13.5 TACKLING THE IMPLICA TION PROBLEM

We have alreadymentionedn Section12.5thattheimplication problemof
conditionalindependencis extremelydifficult exceptfor the specialcasethat
only full conditionalmutualindependencieareinvolved. In this section,we
emplg thetoolswe have developedin this chapterto tacklethis problem.

In Bayesiametwork (see[151]), the following four axiomsareoftenused
for proving implicationsof conditionalindependencies:

= Symmetry:
X1Y|Z Y LX|Z (13.67)
= Decomposition:
X1LYTZ=> (XLY|Z2)& (X LT|Z) (13.68)
= \WeakUnion:
X 1LY,z = X1Y|Z,T (13.69)
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m Contraction:

(X LY|2)& (X LT|Y,Z) = X L (V,T)|Z. (13.70)

Theseaxiomsform a systemcalledsemi-gaphoidandwerefirst proposedy
Dawid [58] asheuristicpropertiesof conditionalindependence.

The axiom of symmetryis trivial in the context of probability?. The other
threeaxiomscanbesummarizedy

X LY, TZ & (X LY|Z)& (X LT|Y,Z). (13.71)
This caneasilybe provedasfollows. Considetheidentity
I(X;Y,T|Z2) = I(X;Y|2) + I(X;T|Y, Z). (13.72)

Since conditional mutual informationsare always nonngative by the basic
inequalitiesif I(X;Y,T|Z) vanishes](X;Y|Z) andI(X;T|Y, Z) alsovan-
ish, andvice versa. This proves(13.71). In otherwords,(13.71)is the result
of a specificapplicationof the basicinequalities. Therefore,arny implication
whichcanbeprovedby invoking thesefour axiomscanalsobeprovedby ITIP.

In fact, ITIP is considerablymore powerful thanthe above four axioms.
Thiswill beshavn in the next examplein whichwe give animplicationwhich
canbeprovedby ITIP but notby thesefour axiomg. We will seesomeimpli-
cationswhich cannotbe proved by ITIP whenwe discussnon-Shannon-type
inequalitiesin the next chapter

ExaMPLE 13.9 Wewill showthat

I(X:Y|Z)=0
I(X:T|Z) =0
I(X;T|Y)=0 $ = I(X;Y|T) =0 (13.73)
I(X;Z|]Y)=0
I(X; Z|T) =0

canbeprovedbyinvokingthe basicinequalities.Fir st,we write
I(X;Y|Z) = I(X;Y|Z,T) + I(X;Y;T|Z). (13.74)
Sincel (X;Y|Z) =0andI(X;Y|Z,T) > 0, welet
I(X;Y|Z,T)=a (13.75)

3Theseour axiomscanbe usedbeyondthecontext of probability
4This exampleis dueto ZhenZhang,privatecommunication.
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Figure 13.5. Theinformationdiagramfor X,Y", Z, andT.

for somenonngativereal numbera, sothat
I(X;Y;T|Z) = —a (13.76)

from (13.74). In the informationdiagram in Figure 13.5, we mark the atom
I(X;Y|Z,T) bya“+” andtheatomI(X;Y;T|Z)bya“—" Thenwewrite

I(X;T\Z)=1(X;Y;T|Z)+ I(X; T, Z). (13.77)
Sincel(X;T|Z) =0andI(X;Y;T|Z) = —a, weget
I(X;T|Y, Z) = a. (13.78)

In theinformationdiagram,wemarktheatom (X;T|Y, Z) witha“+.” Con-
tinuein this fashion,the five CI's on the left handside of (13.73)imply that
all theatomsmarkedwith a “+” in theinformationdiagramtake thevaluea,
while all theatomsmarledwitha* —" take thevalue—a. Fromtheinforma-
tion diagram, we seethat

I(X;Y|T) = I(X;Y; ZIT) + I(X;Y|Z,T) = (—a) +a =0, (13.79)

whicdh provesour claim. Sincewebaseour proof onthebasicinequalities this
implicationcanalsobe provedby ITIP.

Due to the form of the five given CI's in (13.73), none of the axiomsin
(13.68)to (13.70)can be applied. Thuswe concludethat the implicationin
(13.73)cannotbe provedby thefour axiomsin (13.67)to (13.70).

13.6 MINIMALITY OF THE ELEMENT AL
INEQUALITIES

We have alreadyseenn Sectionl3.1thatthe setof basicinequalitiess not
minimalin thesensdhatin theset,someinequalitiesareimplied by theothers.
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We thenshaved thatthe setof basicinequalitiesis equivalentto the smaller
setof elementainequalities.Again, we canaskwhetherthe setof elemental
inequalitiess minimal.

In this section,we prove thatthe setof elementainequalitiesis minimal.
This resultis importantfor efficientimplementatiorof ITIP becauset says
that we cannotconsidera smallersetof inequalities. The proof, however, is
rathertechnical. The reademay skip this proof without missingthe essence
of this chapter

Theelementalnequalitiesn set-theoretimotationshave oneof thefollow-
ing two forms:

Low(Xi — Xn,—qiy) >0,

2. p(X;NX; — Xg)>0,i#jandK C Ny, — {4,5},
wherey denotesa set-additre functiondefinedon F,. They will bereferred
to asa-inequalitiesands-inequalitiesyespectrely.

We areto shawv that all the elementalinequalitiesare nonredundanti.e.,
noneof themis implied by the others.For ana-inequality

w(Xi — X, _giy) =0, (13.80)

sinceit is theonly elementainequalitywhichinvolvestheatomX; — X, (.

it is clearly not implied by the other elementalinequalities. Thereforewe

only needto shaw thatall g-inequalitiesarenonredundantTo shav thata -

inequalityis nonredundanit sufiicesto shav thatthereexistsameasurgi on

Fr. which satisfiesall otherelementalnequalitiesexceptfor that g-inequality
We will shawv thatthe 8-inequality

is nonredundantTo facilitate our discussionye denoteN;,, — K — {i,j} by
L(i, j, K), andwelet Cj;  (S), S C L(i, j, K) betheatomsin X; N X; — X,
where

Cijix(8) = Xin XN X N X N Xf (i) s- (13.82)

We first considerthecasewhenL(i, j, K) = 0, i.e., K = N, — {3,5}. We
constructameasurg by
/l(A) :{ -1 IfA:XZ'ﬂXj—XK

1 otherwise, (13.83)

whereA € A. In otherwords, X; N X; — X is theonly atomwith measure
—1; all otheratomshave measurel. Thenj(X; N X; — Xk) < 0 is trivially
true. It is alsotrivial to checkthatfor any i/ € NV,,,

Xy — Xp,—qy) =120, (13.84)
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andfor ary (i, j', K') # (4, j, K) suchthati’ # j' andK' C N,, — {7, j'},
p(Xy N X — Xgr) =120 (13.85)
if K' =N, —{#,j'}. Ontheotherhand,if K’ is a propersubseif N,, —
{', 7'}, thenXy N X;; — Xk containsatleasttwo atoms andtherefore
((Xy N Xj — Xger) > 0. (13.86)

This completeghe proof for the g-inequalityin (13.81)to be nonredundant
whenL(z, j, K) = ¢.

We now considerthe casewhen L(i, j, K) # ¢, or |[L(i,j,K)| > 1. We
constructameasuregi asfollows. For theatomsin X; N X; — Xk, let

(_1)|S| -1 §= L(i’jaK)

((Cij 1 (S)) = { (—1)l8] S £ L(i.j K). (13.87)

For Cy;x (S), if |S| is odd, it is referredto asanoddatomof X; N X; — Xk,
andif | S| is even, it is referredto asanevenatomof X; N X; — X . Forary
atomA ¢ X; N X; — Xk, welet

ja(A) = 1. (13.88)
This completeghe constructiorof .
Wefirst prove that R B ~
Consider

AX;NX; - Xg) = > Gy (9))
SCL(i,j,K)

L (3,4, K) -
_ ( 3 <|L<z,i,f<>|>(_1)r>_1
=0

3 ( :f ) (=1)" =0 (13.90)

r=0

for n > 1. Thisproves(13.89).
Next we prove that i satisfiesall a-inequalities.We notethatfor ary i’ €
N, theatomX; — X./\/'n—{z"} is notin X; N X — Xg. Thus

AKXy = Xn,—giy) =120. (13.91)
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It remaingo prove thatji satisfiesall g-inequalitiesexceptfor (13.81),i.e.,
forary (7,5, K') # (i, j, K) suchthati’ # j' andK' C N,, — {#',5'},
((Xy N Xjr — Xier) > 0. (13.92)
Consider
Xy N Xy — Xgor)
= ,El,((XZI N Xj/ — XKI) n (Xz N Xj — XK))
Fa(Xy N Xy — Xgr) — (X0 X — Xk)). (13.93)

Thenonngatvity of thesecondermabove follows from (13.88).For thefirst
term,

(X N Xj — Xg) N (XN Xj — Xk) (13.94)
is nonemptyif andonly if
{i",73Nn K =¢ and {i,j} NK' = ¢. (13.95)

If this conditionis not satisfiedthenthefirst termin (13.93)becomegi(¢) =
0, and(13.92)follows immediately

Let us assumethat the conditionin (13.95)is satisfied. Then by simple
counting,we seethatthe numberatomsin

(Xy N Xjr — Xper) N (X; N X; — Xk) (13.96)
is equalto 2¢, where
o=n—{i,j}u{i,7’TUKUK|. (13.97)
For example for n = 6, thereare4 = 22 atomsin
(X1NXy) N (X1N X3 — Xy), (13.98)

namelyX; N X, N X3 N X$NY;sNYs, whereY; = X; or X¢ fori = 5,6. We
checkthat

e=6—[{1,2} U{1,3}UpU {4} =2. (13.99)
Wefirst considertthe casewhenyp = 0, i.e.,
N, ={i,j}U{i,7/ YUK UK. (13.100)
Then B B ~ B B B
(Xy N Xj — Xpor) N (X N X — Xk) (13.101)

containsexactly oneatom. If this atomis an evenatomof X; N X; — X,
thenthefirsttermin (13.93)is either0 or 1 (cf., (13.87)),and(13.92)follows
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immediately If thisatomis anoddatomof X; N X, — X, thenthefirsttermin
(13.93)is equalto —1. This happendf andonlyif {4, 5} and{#', j'} have one
commorelementwhichimpliesthat(X; N X;; — Xgr) — (X; N X; — Xk) is
nonempty Thereforeghesecondermin (13.93)is atleastl, andhencg13.92)
follows.

Finally, we considerthe casewheny > 1. Usingthe binomialformulain
(13.90) we seethatthenumberof oddatomsandevenatomsof X; N .X; — X
in

(Xi’ ﬂle —XK/)ﬂ(XiﬂXj—XK) (13.102)
arethesame.Thereforethefirst termin (13.93)is equalto —1 if

Cijix (L(i, 4, K)) € Xg N Xjr — Xgr, (13.103)

andis equalto 0 otherwise.Theformeris trueif andonly if K’ C K, which

impliesthat (Xy N X — Xgr) — (X; N X; — Xk) is nonemptyor thatthe

secondermis atleastl. Thusin eithercase(13.92)is true. This completes
theproofthat(13.81)is nonredundant.

APPENDIX 13.A: THE BASIC INEQUALITIES AND THE
POLYMATROIDAL AXIOMS

In this appendixwe shav thatthe basicinequalitiesfor a collectionof n randomvariables
© = {X;,i € N, } is equivalentto thefollowing polymatroidalaxioms:For all o, 8 C N,

P1. Ho(0) = 0.
P2. Heo(a) < He(B) if a C B.
P3. Ho(a) + Ho(B) > He(aN B) + He(a U B).
We first shaw thatthe polymatroidalaxiomsimply the basicinequalities.FromPl1andP2,
sincel) C o for ary o C N, wehave
Ho(a) > He(#) =0, (13.A.1)
or
H(X.) > 0. (13.A.2)
This shavs thatentroyy is nonngative.
In P2,lettingy = B\a, we have
Ho(a) < Ho(aUr), (13.A.3)
or
H(X,|X.) > 0. (13.A.4)
Here,y anda aredisjoint subset®f A,.
In P3,lettingy = B\a, § = a N B, ando = a\B, we have
H@(O’U(S)—FH@(’)/U(S) 2H@(5)-}-H@(0’U5U7), (13A5)

or
I(Xy; X4|X5) > 0. (13.A.6)
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Again, g, §, and~ aredisjointsubset®f A,,. Whené = @, from P3,we have
I(X,;X,) > 0. (13.A.7)

ThusP1to P3imply thatentropy is nonngative, andthatconditionalentrogy, mutualinfor-
mation,andconditionalmutualinformationarenonnegative providedthatthey areirreducible.
However, it hasbeenshavn in Section13.1that a reducibleShannors informationmeasure
canalwaysbewritten asthe sumof irreducibleShannors informationmeasuresThereforewe
have shavn thatthe polymatroidalaxiomsP1to P3imply thebasicinequalities.

Thecorverseis trivial andthe proofis omitted.

PROBLEMS

1. Prove (13.12)for thetotal numberof elementaforms of Shannors infor-
mationmeasuresor n randomvariables.

2. Shannon-typénequalitiesfor n randomvariablesX, X, - - -, X, referto
all informationinequalitiedmplied by thebasicinequalitiesfor thesen ran-
domvariables.Shav thatno new informationinequalitycanbe generated
by consideringhebasicinequalitiesfor morethann randomvariables.

3. Shaw by anexamplethatthe decompositiorof aninformationexpression
into a sumof elementalforms of Shannors informationmeasuress not
unique.

4. Elementalforms of conditional independenciesConsiderrandomvari-
ablesX, X,---, X,,. A conditionalindependencis saidto be elemen-
tal if it corresponddo settingan elementalform of Shannors informa-
tion measurdo zero. Shawv thatary conditionalindependencinvolving
X1, Xo,-++, X, is equivalentto acollectionof elementatonditionalinde-
pendencies.

5. Symmetricalnformationinequalities

a) Shaw thatevery symmetricainformationexpression(cf. Probleml in
Chapterl2)involving randomvariable Xy, Xs, - - -, X, canbewritten
in theform

n—1
FE = Z akcgn),
k=0

where .
eV = > H(X|Xn—s)
=1
andforl1 <k <n-1,
dm = 3 I(X:; X, X k).

1<i<j<n
KCN—{4,j},[K|=k—1
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Note that c(()”) is the sum of all Shannors information measureof

the first elementalform, andfor 1 < k¥ < n — 1, c,(C") is the sum
of all Shannors informationmeasure®f the secondelementaform
conditioningon k — 1 randomvariables.

b) ShavthatE > 0 alwaysholdsif a; > 0 for all .

c) Showthatif E > 0 alwaysholds,thena;, > 0 for all k. Hint: Construct
randomvariablesX, X,,---, X, for each0 < k < n — 1 suchthat

ci") >0 andcg,") =0forall0 <k <n-—1andk' # k.
(Han[87].)

6. Strictly positiveprobability distributions It wasshavn in Propositior2.12
that
X1 L X4|(X2, X3)

= X; L (X3, X4)|X
X1LX3\(X2,X4)} 1L (X3, Xy)[Xo

if p($1,$2,.’1§3,.’174) > 0 for all z1, zo, xs3, andzs. Show by usingITIP
thatthis implicationis notimplied by the basicinequalities.This strongly
suggestshatthisimplicationdoesnotholdin generalwhichwasshavn to
bethecaseby the constructiorfollowing Propositior2.12.

7. a) Verify by ITIP that
I(X1, X2;Y1,Ys) < I(X1; Y1) + I(X2;Y2)
underthe constraintH (Y1, Y| X1, Xo) = H(Y1|X:) + H(Ys|Xs).

This constrainednequalitywasusedin Problem9 in Chapter8 to ob-
tainthe capacityof two independenparallelchannels.

b) Verify by ITIP that
I(X1, X2;Y1,Ys) > I(X1; Y1) + I(X2;Y2)
underthe constraint/ (X;; X5) = 0. This constrainednequalitywas
usedin Problemd in Chapte9 to obtaintheratedistortionfunctionfor
aproductsource.

8. RepeaProblem9in Chapter6 with thehelpof ITIP.

9. Prove theimplicationsin Problem13in Chapter6 by ITIP andshawv that
they cannotbededucedrom thesemi-graphoidaxioms.(Studerf [189].)
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HISTORICAL NOTES

For almosthalfacenturyall informationinequalitiesknown in theliterature
areconsequenceaxf thebasicinequalitieddueto Shannorl73]. Fujishige[74]
shavedthattheentrofy functionis apolymatroid(seeAppendix13.A). Yeung
[216] shavedthatverificationof all suchinequalitiesreferredto Shannon-type
inequalitiescanbeformulatedasalinearprogrammingproblemif thenumber
of randomvariablesinvolved s fixed. Non-Shannon-typaequalities which
arediscoveredonly recently will bediscussedh thenext chapter

Therecentinterestin theimplication problemof conditionalindependence
hasbeenfueledby Bayesiametworks. For a numberof years,researcherm
Bayesiametworks generallybelieved thatthe semi-graphoidahxiomsform a
completesetof axiomsfor conditionalindependencentil it wasrefutedby
Studery [189].
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Chapterl4

BEYOND SHANNON-TYPE INEQUALITIES

In Chapterl2,weintroducedheregionsI';, andl’,, in theentrofy spacet,,
for n randomvariables.FromTI’;, onein principle candeterminevhetherary
informationinequalityalwaysholds. Theregion T, definedby the setof all
basicinequalitiegequivalently all elementalnequalities)nvolving n random
variablesjs anouterboundonI’;. FromT',, onecandeterminevhetherary
informationinequalityis implied by the basicinequalities. If so, it is called
a Shannon-typénequality Sincethe basicinequalitiesalwayshold, sodo all
Shannon-typénequalities.In the last chapterwe have shavn how machine-
proving of all Shannon-typénequalitiescanbe madepossibleby taking ad-
vantageof thelinearstructureof I',.

If thetwo regionsI';, andTl’,, areidentical,thenall informationinequalities
which always hold are Shannon-typenequalities,and henceall information
inequalitiescanbecompletelycharacterizedHowever, if T’ is apropersubset
of I',,, thenthereexist constraint®nanentropy functionwhicharenotimplied
by the basicinequalities.Sucha constraintjf in the form of aninequality is
referredto a non-Shannon-typmequality

Thereis apointherewhichneedgurtherexplanation.ThefactthatI;, # T,
doesnotnecessarilymply the existenceof anon-Shannon-typimequality As
an example,supposd’,, containsall but anisolatedpointin I';,. Thenthis
doesnot leadto the existenceof a non-Shannon-typmequalityfor n random
variables.

In this chapter we presentcharacterizationsf I';, which aremorerefined
thanT,,. Thesecharacterizationfeadto the existenceof non-Shannon-type
inequalitiesfor n > 4.
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14.1 CHARACTERIZATIONS OF I, T3, AND T,

Recallfrom theproofof Theoren6.6thatthevectorh representthevalues
of the I-Measureu* ontheunionsin F,,. Moreover, h is relatedto thevalues
of 4* ontheatomsof F,,, representedsu, by

h=C,u (14.1)

whereC,, is auniquek x k matrixwith k& = 2" — 1 (cf. (6.27)).

Let Z,, be the k-dimensionaEuclideanspacewith the coordinatedabeled
by the component®f u. Note thateachcoordinatein Z,, correspondso the
valueof p* onanonemptyatomof F,,. Recallfrom Lemmal2.1thedefinition
of theregion

Uy ={ueZ,:Chucly}, (14.2)
whichis obtainedrom theregion I}, via thelineartransformationnducedby
C,,!. Analogouslywe definetheregion

U, ={u€T,:Chuel,} (14.3)

Theregion I}, aswe will see,is extremelydifficult to characterizdor a
generaln. Therefore we startour discussiorwith the simplestcase namely
n = 2.

THEOREM 14.1 T =T's.

Proof Forn = 2, theelementalnequalitiesare

H(X1|X2) = M*():(1—):(2) >0 (14.4)
H(Xo|X1) = p'(X2—X1) 20 (14.5)
I(X1;X2) = p*(XinXp) > 0. (14.6)

)
Notethatthe quantitiesontheleft handsidesabore arepreciselythevaluesof
w* ontheatomsof F». Therefore,

Uy ={u€ly:u>0} (14.7)

i.e., ¥y is the nonngative orthantof Z,. Sincel's C Ty, U5 C ¥y, On
the otherhand, ¥y C U3 by Lemmal2.1. Thus¥3 = P9, which implies
I's = T'y. Theproofis accomplisheda

Next, we prove that Theoreml4.1cannotevenbegeneralizedo n = 3.
THEOREM 14.2 T'3 #T'3.
Proof Forn = 3, theelementalnequalitiesare
H(Xi|Xj, Xp) = p*(Xi—X;-X) >0 (14.8)
I(X5 X51X,) = pw(XinX; - Xx) 20, (14.9)
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Figure14.1. Theset-theoretistructureof thepoint (0, 0,0, a,a,a, —a) in ¥3.

and
I(X;X;) = p(XinX)) (14.10)
= p"(X;NX;NXg)+p"(XsNnX; — Xy) (14.11)
> 0 (14.12)
forl1 <i<j<k<3.ForueZ;,let
u = (ug,ug, us, us, us, ue, Ut), (14.13)

whereu;,1 < i < 7 correspondo thevalues
wH(Xy — Xy — X3), p*(Xo — X1 — X3), 5" (X3 — X1 — Xo),
,u*(X1 NnXo — Xg), N*(Xl NnXs— XQ), /j,*(XQ NnXs— Xl), (1414)
M*(Xl NXsN Xg),
respectiely. Thesearethevaluesof p* onthe nonemptyatomsof F3. Then
from (14.8),(14.9),and(14.12),we seethat
Us={ueZz:u;>0,1<i<6;uj+ur>0,4<j<6}. (14.15)

It is easyto checkthatthe point (0, 0,0, a, a,a, —a) for ary a > 0 isin ¥s.
Thisis illustratedin Figure14.1,andit is readilyseerthattherelations

H(X;|X;,Xg) =0 (14.16)

and
I(X;X5)=0 (14.17)

forl <i < j < k < 3 aresatisfiedj.e.,eachrandomvariableis a functionof
the othertwo, andthethreerandomvariablesarepairwiseindependent.

Let Sx, bethesupportof X;,7 = 1,2,3. Forary z; € Sx, andzs € Sx,,
sinceX; and X, areindependentyve have

p(z1,12) = p(z1)p(z2) > 0. (14.18)
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SinceX3 is afunctionof X; and Xy, thereis auniquezs € Sx, suchthat

p(z1,12,73) = p(w1,2) = p(x1)p(T2) > 0. (14.19)

Now since X5 is afunctionof X; and X3, and X; and X3 areindependent,
we canwrite

p(z1,29,73) = p(z1,73) = p(71)p(73). (14.20)
Equating(14.19)and(14.20),we have
p(z2) = p(x3). (14.21)

Now considerary z/, € Sx, suchthatz} # z,. SinceX, and X3 areinde-
pendentwe have

p(x5, z3) = p(x3)p(x3) > 0. (14.22)
SinceX; is afunctionof X, and X3, thereis auniquez! € Sx, suchthat

p(z, x5, x3) = p(ah, z3) = p(z5)p(z3) > 0. (14.23)

Now since X5 is afunctionof X; and X3, and X; and X3 areindependent,
we canwrite

p(xlla xIQa £E3) = p(‘rlla $3) = p(xll)p(l‘g). (1424)

Similarly, sinceX3 is a functionof X; and X5, andX; and X, areindepen-
dent,we canwrite

p(z1, 25, 23) = p(at, z5) = p(21)p(e5). (14.25)
Equating(14.24)and(14.25),we have
p(z3) = p(z3), (14.26)

andfrom (14.21),we have

p(zy) = p(z2). (14.27)

ThereforeX, musthave a uniform distribution on its support. The samecan
beprovedfor X; andX3. Now from Figure14.1,

H(Xl) = H(X1|X2, X3) + I(Xl; XQ‘Xg) + I(Xl; X3|X2)
+1(X1; Xo; X3) (14.28)
= 0+a+a+(—a) (14.29)
_— (14.30)
andsimilarly
H(X,) = H(X3) = a. (14.31)
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a=0 log2 log3 log 4
@-coooooooooooooo oo ®-o-ooo- o -oooo> (a,a,a,a,2a,2a,2a)

Figure 14.2. Thevaluesof a for which (a, a, a, 2a, 2a, 2a,2a) isin 's.

Thentheonly valuesthata cantake arelog M, where M (a positive integer)
is thecardinalityof the supportof X7, X5, andX3. In otherwords,if a is not
equalto log M for somepositive integer M, thenthepoint (0, 0,0, a, a, a, —a)
isnotin ¥3. Thisprovesthat s # ¥, whichimpliesT' # I's. Thetheorem
is proved.o

Theproofabore hasthefollowing interpretationFor h € H3, let
h = (hy, hg, h3, hi2, h13, ho3, h123). (14.32)

FromFigurel4.1,we seethatthepoint (0, 0,0, a, a, a, —a) in ¥3 corresponds
to thepoint (a, a, a, 2a, 2a, 2a, 2a) in T'3. Evidently the point (a, a, a, 24, 2a,
2a,2a) in T's satisfieghe 6 elementainequalitiesgivenin (14.8)and(14.12)
for1l <i < j < k < 3 with equality Sincel's is definedby all theelemental
inequalitiesthe set

{(a,a,a,2a,2a,2a,2a) € '3 :a >0} (14.33)

is in theintersectiorof 6 hyperplanein 73 (i.e., R”) definingthe boundaryof
I'3, andhenceit definesanextremedirectionof T's. Thenthe proof saysthat
alongthis extremedirectionof I's, only certaindiscretepoints,namelythose
pointswith a equalslog M for somepositive integer M, areentropic. Thisis
illustratedin Figure14.2. As aconsequenceheregionI'; is notcorvex.

Having provedthatI'; # I's, it is naturalto conjecturghatthe gapbetween
I'4 andI's hasLebesgueneasurd. In otherwords,T'; = I's, whereT is the
closureof I's. This conjectures indeedtrue andwill be proved at the endof
thesection.

More generally we areinterestedn characterizing™,, the closureof T'.
Althoughtheregion fz is not sufiicient for characterizingll informationin-
equalities,it is actually sufiicient for characterizingall unconstrainednfor-
mationinequalities. This can be seenasfollows. Following the discussion
in Section12.3.1,anunconstrainedhformationinequality f > 0 involving n
randomvariablesalwaysholdif andonly if

ry c{h: f(h) > 0}. (14.34)
Since{h : f(h) > 0} is closed upontakingclosureon bothsides we have

T, c {h: f(h) > 0}. (14.35)
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Ontheotherhand,if f > 0 satisfieq14.35),then
T: cT, C{h:f(h) >0} (14.36)

Therefore,(14.34)and (14.35)are equivalent, and hencefz is suficient for
characterizingll unconstraineéthformationinequalities.

Wewill provein thenext theoremanimportantpropertyof theregionT', for
all n > 2. Thisresultwill beusedin theproofforT;, = I's. Further thisresult
will beusedin Chapterl5whenwe user’;; to characterizehe achievablein-
formationrateregion for multi-sourcenetworking coding. It will alsobeused
in Chapterl6 whenwe establisha fundamentatelationbetweennformation
theoryandgrouptheory

We first prove a simplelemma. In the following, we useN,, to denotethe
set{1,2,---,n}.

LEMMA 14.3 If handh’ arein T}, thenh + h'isinT}.

Proof Consideth andh’ inT. Let h representtheentroy functionfor ran-
domvariablesX;, X,,---, X,,, andlet h’ representshe entropy functionfor
randomvariablesX{, X},---, X]. Let (X1, Xo,---,X,,) and (X], X5,---,
X} ) beindependentanddefinerandomvariablesys, Y, - - -, ¥;, by
Y; = (Xi, X}) (14.37)
for all 7 € N,,. Thenfor ary subsetx of AV,
H(Y,) = H(Xq) + H(X],) = ha + h,. (14.38)

Thereforeh + h', whichrepresenttheentrogy functionfor Y1,Y5,---,Y,, is
in '} . Thelemmais proved.o

COROLLARY 14.4 If h € I';, thenkh € I}, for anypositiveinteger .
Proof It suficesto write

kh=h+h+---+h (14.39)
| ———
k

andapplyLemmal4.3.o
THEOREM 14.5 T, isacorvex cone

Proof Considettheentropy functionfor randonmvariablesXy, X,, .-+, X, all
taking constanwalueswith probability1. Thenfor all subsetx of N,,,

H(Xy) = 0. (14.40)
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Therefore[';, containgheoriginin #4,,.

Let h andh’ in T}, be the entrofy functionsfor ary two setsof random
variablesYy, Y3, --,Y, and Zy, Z,, - - -, Z,,, respectiely. In view of Corol-
lary 14.4,in orderto prove thatT,, is acorvex cone,we only needto shaw that
if h andh’ arein T, thenbh +bh’ isin T, forall 0 < b < 1, whereb = 1—b.

Let(Y1,Ys,--,Y,) bekindependentopiesof (Y1, Ys,---,Y,) and(Z,
Zs,---,Z,) bek independentopiesof (Z1, Zs,---, Z,). LetU beaternary
randomvariableindependentf all otherrandomvariablessuchthat

PriU=0}=1—-6—p, Pr{U =1} =46, Pr{U =2} = p.
Now constructrandomvariablesXy, X5, - - -, X, by letting
0 ifUu=0
X, =Y, ifuU=1
Z;, ifU=2.

NotethatH(U) — 0 asd, u — 0. Thenfor ary nonemptysubsetx of NV,,,

H(X,) < H(Xa,U) (14.41)
= H(U)+ H(X,|U) (14.42)
H(U) + 6kH(Y,) + pkH(Zy)- (14.43)
Ontheotherhand,
H(Xy) > H(X,|U) = 6kH(Yy) + pkH(Zy)- (14.44)

Combiningtheabore, we have

0< H(X,)— (0kH(Yy) + ukH(Zy)) < H(U). (14.45)
Now take b
0= % (14.46)
and _
p= % (14.47)
to obtain
0 < H(X,) — (bH(Y,) +bH(Z,)) < H(U). (14.48)

By letting k be suficiently large, the upperbound can be madearbitrarily
small. This shavs thatbh + bh’ € T.,. Thetheoremis proved.o

In the next theoremwe prove thatT'; andI'; arealmostidentical. Analo-
gousto T, we will use¥’, to denotethe closureof T .
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THEOREM 14.6 Tj = T'3.
Proof Wefirst notethatT; = I's if andonly if
U, = U3. (14.49)

Since
| il (14.50)

andI'; is closed by takingclosureon bothsidesin theabove, we obtainf§ C
T's. Thisimplies that@, C V3. Therefore,in orderto prove the theoremiit
sufficesto shaw that T3 C T3.

We first shaw that the point (0,0,0, a,a,a, —a) is in T3 for all a > 0.
Let randomvariablesX, Xo, and X3 be definedasin Example6.10,i.e., X
and X, aretwo independenbinary randomvariablestaking valuesin {0, 1}
accordingo the uniformdistribution, and

X3 = X1 + X9 mod2. (1451)
Leth € I'; representtheentrofy functionfor X, X5, and X3, andlet
u=C;'h (14.52)

Asin theproofof Theoreml4.2,weletu;, 1 <1 < 7 bethecoordinate®f 73
which correspondo thevaluesof thequantitiesn (14.14),respectiely. From
Example6.10,we have

0 fori=1,2,3
u; = { 1 fori=4,5,6 (14.53)
-1 fori=T.
Thusthepoint (0,0,0,1,1,1, —1) isin ¥%, andthe I-Measureu* for X1, X,
and X3 is shawvn in Figure14.3. Thenby Corollary14.4,(0,0,0, k, k, k, —k)
isin U5 andhencen U, for all positive integerk. Sincel's containgheorigin,
T, alsocontainghe origin. By Theoreml4.5,T’; is corvex. Thisimplies Ty
is alsocorvex. Therefore(0,0,0, a, a, a, —a) isin T for all a > 0.
Considerary u € U3. Referringto (14.15),we have

u; >0 (14.54)

for 1 < i < 6. Thuswuy is the only componenbf u which canpossiblybe
negative. Wefirst considethecasevhenu; > 0. Thenu isin thenonngative
orthantof Z3, andby Lemmal2.1,u isin ¥3. Next, considerthe casewhen
ur < 0. Let

t = (0,0,0, —uz, —uz, —uz, ur). (14.55)
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X, N Xa

Figure14.3. TheI-Measureu™ for X1, X2, andX3s in the proof of Theoreml4.6.

Then
u=w-+t, (14.56)

where
w = (u1,ug, u3, us + uz, us + ur, ug + urz,0). (14.57)

Since—u; > 0, we seefrom the foregoingthatt € T5. From (14.15),we
have
u; +ur >0 (14.58)

fori = 4,5,6. Thusw is in thenonngative orthantin Z; andhencein ¥ by
Lemmal2.1.Now for ary € > 0, lett’ € ¥3 suchthat

It —t'| <e, (14.59)
where||t — t'|| denoteghe Euclideandistancebetweent andt’, andlet
u =w+t. (14.60)
Sincebothw andt’ arein ¥%, by Lemmal4.3,u’ is alsoin ¥%, and
[lu—d| =t —t| <e (14.61)
Thereforeu € T;. Hence,¥'3 C T3, andthetheoremis proved.o

Remark 1 Han[88] hasfoundthatI's is the smallestconethatcontainsl';.
This resulttogethemwith Theoreml14.5implies Theorem14.6. Theorem14.6
is alsoa consequencef thetheoremn Matus [135].

Remark 2 We have shawvn that the region f; completelycharacterizesll

unconstrainednformationinequalitiesinvolving n randomvariables. Since
f; = T3, it follows that thereexists no unconstrainednformationinequali-
tiesinvolving threerandomvariablesotherthanthe Shannon-typ@equalities.
However, whetherthereexist constrainechon-Shannon-typeequalitiesin-

volving threerandomvariabless still unknavn.
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14.2 A NON-SHANNON-TYPE UNCONSTRAINED
INEQUALITY

We have provedin Theorenil4.6attheendof thelastsectionthatTy = T's.
It is naturalto conjecturehatthistheoremcanbegeneralizedo n > 4. If this
conjectures true, thenit follows thatall unconstrainedhformationinequali-
tiesinvolving a finite numberof randomvariablesare Shannon-typénequal-
ities, andthey canall be proved by ITIP runningon a sufiiciently powerful
computer However, it turnsoutthatthisis notthe caseevenfor n = 4.

We will prove in the next theoremanunconstraineéhformationinequality
involving four randomvariables. Thenwe will shav thatthis inequalityis a
non-Shannon-typmequality andthatT, # T'4.

THEOREM 14.7 For anyfour randomvariablesX, X5, X3, and X4,
21(X3; Xy) < I(X1; Xo) + I(X1; X3, Xy)
+31(X3; X4 | X1) + I(X3;5 X4[Xs). (14.62)

Toward proving this theoremwe introducetwo auxiliary randomvariables
X1 andX, jointly distributedwith X, X», X5, andX}, suchthatX; = X; and
X, = X,. To simplify notation,we will US€P, 93475 (21, T2, T3, T4, &1, T2) 1O
denotEpX1X2X3X4X1)~(2 (.’El, T2, T3,T4, L1, :i'g), etc. Thejoint distribution for

thesix randomvariablesX;, X2, X3, X4, X1, and Xy is definedby

p1234ié(w17 L2y L3y L4y T, 'T2) =
{ P1234(%1,%2,23,24)P1234(%1,%2,23,74)

p34(z3,74) ?f p3a(w3, x4) > 0 (14.63)
0 if p3a(z3,24) =

LEMMA 14.8 o
(X1, X2) = (X3, X4) = (X1, X2) (14.64)

formsa Markov chain. Moreover (X, Xo, X3, X4) and (X1, X, X3, X4)
havethe samemaminal distribution.

Proof TheMarkov chainin (14.64)is readilyseerby invoking Propositior2.5.
The secondpart of the lemmais readily seento be true by notingin (14.63)
thatp 43475 IS Symmetricain X; andX; andin X, andXs. o

Fromthe abore lemma,we seethatthe pair of auxiliary randomvariables
(X1, X») correspondso the pair of randomvariables(X, Xs) in the sense
that( X1, X9, X3, X4) havethesameamauinaldistributionas( X1, X2, X3, X4).
We needto prove two inequalitiesregardingthesesix randomvariableshefore
we prove Theoreml4.7.
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LEMMA 14.9 For anyfourrandomvariablesX:, X», X3, and X, andauxil-
iary randomvariablesX; and X, asdefinedn (14.63),

I(Xg;X4) — I(Xg;X4|X1) - I(Xg;X4|X2) S I(Xl;XQ). (1465)

Proof Consider

I(X3; X4) — I( X33 X4|X1) — I(X3; X4| Xo)

= [I(X3; Xs) — I( X35 Xa| X1)] — I( X35 X4| X2) (14.66)
= I(X1; X33 Xy) — I(X3; X4| Xo) (14.67)
= [I(X1;X3; X4; Xo) + I(X1; X35 Xa| X)) — (X35 X4|X2) (14.68)
= I(X1; X35 Xy Xo) — [[(X3; X4| Xo) — I(X1; X3: X4| Xo)] (14.69)
= I(X1; X35 X3 Xo) — I(X3; X4| X1, X3) (14.70)
= [I(X1; X5 Xo) — I(X15 Xa; Xo| X3)] — I(X3; Xa| X1, Xp) (14.71)
= [I(X1; Xa) — I(X1; Xo| X4)] — [I(X1; Xa| X3)

—I(X1; Xo| X3, X4)] — I(X3; X4| X1, X3) (14.72)
b ~ ~ ~
D 1(X1; %) — I(X1; Kol Xa) — I(X1; Xo| X3)

—I(X3; X4| X1, X5) (14.73)
< I(Xy;Xo), (14.74)

wherea) follows becauseve seefrom Lemma14.8 that (X,, X3, X4) and
(X2, X3, X4) have the samemanginal distribution, andb) follows because

I(X1; Xo|X3,X4) =0 (14.75)
from the Markov chainin (14.64).Thelemmais proved.o

LEMMA 14.10 For anyfourrandomvariablesX;, X, X3, and X4 andaux-
iliary randomvariablesX; and X» asdefinedn (14.63),

I(X3; Xy) — 21(X3; X4| X1) < I(X1; X1). (14.76)

Proof Noticethat(14.76)canbeobtainedrom (14.65)by replacingXs by X;

and X» by X; in (14.65). Theinequality(14.76)canbe proved by replacing
X, by X; and X, by X, in (14.66)through(14.74)in the proof of the last
lemma.Thedetailsareomitted.o
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Proof of Theorem 14.7 By adding(14.65)and(14.76),we have

21(X3; X4) — 3I(X3; X4| X1) — I(X3; X4|X2)

< I(Xy;Xg) + I(X1; X1) (14.77)
= I(Xl;XQ)—I—[I(Xl;Xl‘Xg)—I—I(Xl;Xl;Xg)] (1478)
= [I(Xl;XQ) +I(X1;X1|X2)] +I(X1;X1;X2) (1479)
= I(Xl,Xl,XQ) +I(X1;X1;X2) (1480)
= I(Xl,Xl,X2)+[I(X1;X2) _I(XI;XQ‘Xl)] (1481)
< I(X1; X1, Xo) + 1(X15 X)) (14.82)
a) _ ~

< I(X1; X3, Xy) +1(Xq5 Xo) (14.83)
2 (X715 X3, Xy) + 1(X15 Xo), (14.84)

wherea) follows from the Markov chainin (14.64),andb) follows because
we seefrom Lemmal4.8that (X, X5) and(X, Xo) have the samemaginal
distribution. Notethatthe auxiliary randomvariablesX; and X, disappeain
(14.84)afterthe sequencef manipulationsThetheoremis proved.o

THEOREM 14.11 Theinequality (14.62)is a non-Shannon-typiequality
andT, # Ty

Proof Consideffor ary a > 0 thepointh(a) € 4, where

f:h (@) = ha(a) = hs(a) = ha(a) = 2a,
hlg(a) = 4&, hlg(a) == h14(a) - 3a,
7@23(&) = BQ4(G) = 7@34(&) = 30,, (1485)

hi23(a) = hioa(a) = hiza(a) = hoz(a) = hioz4(a) = 4a.

Theset-theoretistructureof h(a) isillustratedby theinformationdiagramin
Figure14.4. Thereadershouldcheckthatthis informationdiagramcorrectly
representh(a) asdefined.lt is alsoeasyto checkfrom this diagramthath(a)
satisfiesall the elementalnequalitiesfor four randomvariables andtherefore
h(a) € T'y. However, uponsubstitutingthe correspondingaluesin (14.62)
for h(a) with thehelpof Figure14.4,we have

20<0+a+0+0=aq, (14.86)

whichis a contradictiorbecause. > 0. In otherwords,h(a) doesnot satisfy
(14.62).Equwalently

h(a) € {h € H, : h satisfieg14.62). (14.87)
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Figure 14.4. Theset-theoretistructureof h(a).

Sinceh(a) € I'y, we concludethat
T, ¢ {h € H, : h satisfieg14.62), (14.88)

i.e., (14.62)is notimplied by the basicinequalitiesfor four randomvariables.
Hence(14.62)is a non-Shannon-typimequality

Since(14.62)is satisfiedby all entroy functionsfor four randonmvariables,
we have

I} C {h € H,4 : h satisfieq14.62), (14.89)
andupontakingclosureon bothsideswe have
T, C {h € M, : h satisfieg14.62). (14.90)

Then(14.87)impliesh(a) ¢ T,. Sinceh(a) € T'y andh(a) ¢ T, we con-
cludethatT; # I'y. Thetheoremis proved.o

Remark We have shavn in the proof of Theorem14.11thatthe inequality
(14.62)cannotbe proved by invoking the basicinequalitiesfor four random
variables.However, (14.62)canbe proved by invoking the basicinequalities
for the six randomvariablesX;, Xo, X3, X4, X1, and X, with thejoint prob-
ability distrikution p, 44,75 asconstructedn (14.63).

The inequality (14.62)remainsvalid whenthe indices1, 2, 3, and4 are
permuted. Since(14.62)is symmetricalin X3 and X4, 4!/2! = 12 distinct
versionsof (14.62) can be obtainedby permutingthe indices,andall these
twelve inequalitiesaresimultaneouslgatisfiedby the entrogy functionof ary
setof randomvariables X, X5, X5, and X;. We will denotethesetwelve
inequalitiescollectively by <14.62>.Now definetheregion

Iy = {h € I : h satisfies<14.623. (14.91)
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Evidently §
rycrycly. (14.92)

SincebothT'; andI', areclosed upontakingclosure we alsohave
I, cTyCly. (14.93)

Since<14.62>arenon-Shannon-typ@equalitiesaswe have provedin thelast
theorem['4 is apropersubsebf I'y andhenceatighterouterboundonI’; and
T, thanl'y.

In the courseof praving that(14.62)is of non-Shannon-typét wasshavn
in theproofof Theoreml4.11thatthereexistsh(a) € I'y asdefinedin (14.85)
which doesnot satisfy (14.62). By investigatingthe geometricakelationbe-
tweenh(a) andT's, we prove in the next theoremthat (14.62)in factinduces
aclassof 24 — 1 non-Shannon-typeonstrainednequalities Applicationsof
someof theseinequalitieswill bediscussedh Section14.4.

THEOREM 14.12 Theinequality (14.62)is a non-Shannon-typaequality
conditioningon settingany nonemptysubsetof the following 14 Shannors
informationmeasuesto zeo:

I(X1; X2), I(X1; Xo| X3), I(X1; Xo|X4), I(X1; X3|X4),
I(X1; X4|X3), I(Xo; X3|Xy), I(Xo; Xu|X3), I(X3; Xa|X1),
I(X3,X4|X2) (X3;X4|X1,XQ),H(X1|X2,X3,X4),
(XQ‘Xl,X3,X4),H(X3|X1,X2,X4),H(X4|X1,X2,X3).

(14.94)

Proof It is easyto verify from Figure 14.4thatf1(a) lies in exactly 14 hy-
perplanesn #, (i.e., ®'5) definingthe boundaryof Ty which correspondo
settingthe 14 Shannors measuresn (14.94)to zero. Therefore,h(a) for
a > 0 defineanextremedirectionof I'y. 3
Now for ary linear subspaceb of H, containingh(a), wherea > 0, we
have
h(a) eT4N® (14.95)

andh(a) doesnot satisfy(14.62). Therefore,
(TN ®) ¢ {h € H, : h satisfieq14.62). (14.96)

Thismeanghat(14.62)is a non-Shannon-typmequalityunderthe constraint
®. Fromthe abore, we seethat ® canbe taken to be the intersectionof ary
nonemptysubsetof the 14 hyperplanesontainingh(a). Thus(14.62)is a
non-Shannon-typaequality conditioningon ary nonemptysubsetf the 14
Shannors measurei (14.94)beingequalto zero. Hence,(14.62)inducesa
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classof 214 — 1 non-Shannon-typeonstrainednequalities. The theoremis
proved.co

Remark It is nottruethattheinequality(14.62)is of non-Shannon-typender
ary constraint.Supposeave imposethe constraint

I(X3;X4) = 0. (14.97)

Thenthe left handside of (14.62) becomeszero, andthe inequalityis triv-
ially implied by the basicinequalitieshecausenly mutualinformationswith
positive coeficientsappearon the right handside. Then (14.62)becomesa
Shannon-typ&éequalityunderthe constrainin (14.97).

14.3 A NON-SHANNON-TYPE CONSTRAINED
INEQUALITY

In thelastsectionwe provedanon-Shannon-typenconstrainethequality
for four randomvariableswhich impliesT; # T4. This inequalityinduces
a region I’y which is a tighter outerboundon I'4 andT’; thenT. We fur-
ther shaved thatthis inequalityinducesa classof 2'* — 1 non-Shannon-type
constrainednequalitiesfor four randomvariables.

In thissectionwe prove anon-Shannon-typeonstrainednequalityfor four
randomvariables.Unlike the non-Shannon-typanconstraineéhequalitywe
provedin the last section,this constrainednequalityis not strongenoughto
imply thatT; # I's. However, thelatteris notimplied by theformer

LEMMA 14.13 Letp(z1,z2, z3,x4) beanyprobability distribution. Then

p(x1,23,24)p(T2,23,4)
ﬁ($1,$2,$3,$4) = p(a:g,:l,‘4) If p(x3’x4) >0 (1498)
0 pr($37$4) =0
is alsoa probability distribution. Moreover,
p(z1,73,74) = p(T1, 73, T4) (14.99)
and
P(zo, x3,24) = p(T2,T3,74) (14.100)

forall z1, z9, z3, andx,.

Proof The proof for thefirst partof the lemmais straightforvard (seeProb-
lem4 in Chapter2). Thedetailsareomittedhere.

To prove the secondpart of the lemma,it sufiicesto prove (14.99)for all
z1, 3, andzy becausg(z1, o, x3, z4) IS Symmetricain z; andz,. We first
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considerz, z3, andz, suchthatp(zs, z4) > 0. From(14.98),we have

ﬁ($1,$3,$4) =

0 < p($1a$3ax4) Sp(l’3,$4) = Oa

whichimplies

ﬁ($1,$3,$4)

Zﬁ("ﬂlax?ami’na"‘l)

(1,3, 24)p(T2, T3, T4)

p(xla T3,T4

) ZP($2,$3,$4)

p($1,$3,$4)

p(:I;la 1.3"/54)'

For z1, z3, andz, suchthatp(zs, z4) = 0, we have

p(-’Ela xs, 1.4) =0.
Thereforefrom (14.98),we have

Zﬁ(xla x2,Z3, $4)

p(x1a$3a‘7"4)'

(14.101)

(14.102)

(14.103)

(14.104)
(14.105)

(14.106)

(14.107)

(14.108)

(14.109)

(14.110)
(14.111)

Thuswe have proved(14.99)for all z1, z3, andz4, andthelemmais proved.o

THEOREM 14.14 For anyfour randomvariablesX, X5, X3, and X4, if

I(Xl;XQ) = I(Xl;X2|X3) = 0,

then

I(X3; Xy) < I(X3; X4|X1) + I(X3; X4| X2).

Proof Consider

I(X3; X4) — I(X3; X4| X1) — I(X3; X4| X2)
- Z p(z1,22,23,24) log

1,29,T3,T4"
p(z1,22,23,24)>0

(14.112)

(14.113)

p(z3,24)p(21,23)p(x1,24)P(22,23)p(x2,24)

p(z3)p(z4)p(x1)p(z2)0(21,23,24)(22,23,24)

(X3, X4)p(X1, X3)p(X1, X4)p(Xa, X3)p(Xa, X4)

= Eplog

p(X3)p(X4)p(X1)p(X2)p(X1, X3, X4)p(X2, X3, X4)’

(14.114)
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wherewe have usedE,, to denotesxpectatiorwith respecto p(z1, z2, z3, z4).
We claim thattheabove expectationis equalto

p(X3, X4)p(X1, X3)p(X1, X4)p(Xa, X3)p(Xo, X4)

P(X3)p(X4)p(X1)p(Xa)p(X1, X3, X4)p(X2, X3, X4)’
(14.115)

Ejlog

wherep(z1, 9, x3,x4) is definedin (14.98).

Toward proving thatthe claim is correct,we notethat (14.115)is the sum
of a numberof expectationswith respecto p. Let us considerone of these
expectationssay

Ej;logp(X1, X3) = > p(z1, T2, T3, 74) log p(z1,23). (14.116)
P (wm 11, ,:22, f331 f44).> 0

Notethatin theabore summationif p(z1, z2, 3, z4) > 0, thenfrom (14.98),
we seethat
p(z1,23,24) > 0, (14.117)

andhence
p(z1,23) > 0. (14.118)

Therefore the summationin (14.116)is alwayswell-defined. Further it can
bewrittenas
> logp(zi,z3) > P(r1,20,23,74)

Z1,23,T4 .’Ez:ﬁ($1,12,$3,w4)>0

= Y p(z1,23,34) logp(z1, 23). (14.119)

T1,T3,T4

ThusEj; log p(X1, X3) depend®np(z, z2, 3, z4) onlythroughp(z1, 3, z4),
which by Lemmal4.13is equalto p(z1, z3, z4). It thenfollows that

Ejlog p(X1, X3)

= Y a1, 33,24) log p(z1, 23) (14.120)
Z1,Z3,%T4

= Y p(z1,73,24) log p(z1,73) (14.121)
Z1,T3,%4

= E,logp(Xi, X3). (14.122)

In otherwords, the expectationon log p(X;, X3) canbe taken with respect
to eitherp(x1,x2, x3, 4) OF p(z1, 22, 3, 24) Without affectingits value. By
observingthatall the maginalsof p in thelogarithmin (14.115)involve only
subsetf either{X, X3, X4} or {Xs, X3, X4}, we seethatsimilar conclu-
sionscanbe drawvn for all the otherexpectationsn (14.115),and hencethe
claimis proved.
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Thustheclaimimpliesthat

I(X3; X4) — I(Xg; X4|X1) - I(Xg; X4|X2)
p(X3, X4)p(X1, X3)p(X1, X4)p(X2, X3)p(Xa, X4)
p(X3)p(Xa)p(X1)p(X2)p(X1, X3, X4)p(X2, X3, X4)

p(z3,24)P(21,23)p(x1,24)P(29,23)p(x2,24)
p(z3)p(z4)p(x1)p(z2)p(e1,23,24)p(2,23,24)

= FEjlog

= E P(x1,22,23,74) log
m1,$2,®3,{t4:
B(xy,22,23,24)>0

p(a"la Z2,Z3, :Ll4)

= — Z p(z1, 2,23, 74) log = , (14.123)
z1,29,T3,24: p($1,$2,$3,$4)
ﬁ(ml7$2’m3’m4)>0
where
ﬁ(xla Z2,T3, $4) -
pentyple supeggneas) if p(z,), plas), p(zs), plas) > 0
0 otherwise.
(14.124)

Theequalityin (14.123)is justifiedby observinghatif z1, zo, z3, andz4 are
suchthatp(z1, z2, z3, z4) > 0, then

p(a;la $3)7p($15 3)4)7])(1'2, -71'3)7])(1'2, $4),p($1),p($2),p($3),p(:L‘4)
(14.125)

areall strictly positve, andwe seefrom (14.124)thatp(z1, z2, 3, 4) > 0.

To completetheproof,we only needto shaw thatp(z1, zo, z3, x4) isaprob-
ability distribution. Oncethisis proven,theconclusiorof thetheorentollows
immediatelybecausehe summationin (14.123),which is identified as the
divergencebetweeny(z1, z2, 3, x4) andp(zi, x2, 3, x4), IS alwaysnonng-
ative by thedivergenceinequality(Theorem?.30). Towardthis end,we notice
thatfor z1, x5, andzz suchthatp(zs) > 0,

p(z1,T2,73) = P(w1,23)p(@2, 23) (14.126)
p(z3)

by theassumption

I(X1; X2|X3) =0, (24.127)
andfor all z; andzo,

p(z1,22) = p(z1)p(22) (14.128)

by theassumption
I(Xy; X2) = 0. (14.129)
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Then

Z ﬁ($1,$2,$3,$4)

T1,Z2,L3,T4

= Z p(z1, 2,23, T4) (14.130)
1,L0,L3,L4:
JAE ,m2,1}3,w4)>0
_ 3 p(z1,73)p(z1, T4)p(T2, T3)p(T2, T4) (14.131)
o1y p(z1)p(z2)p(73)p(24)
p(z1),p(x2),p(z3),p(z4)>0
a:) Z p(‘Tla$2a$3)p($17$4)p($27$4) (14 132)
21,09,85,24: p(z1)p(z2)p(4)
p(z1),p(zg),p(z3),p(x4)>0
D) > p(z1, 22, 23)p(71, £4)p(22, 4) (14.133)
r1,9,23,%4: p(xl’xQ)p('/L‘4)

p(z1),p(x2),p(23),p(24)>0

_ Z p(z1,z4)p(T2, Z4) Z p(xs|z1,z2) (14.134)

T1,T0,T4: p($4) .
P(w1),p1(w22),p%w4)>0 z3:p(23)>0
= )y pz1,24)p(w2, 24) (14.135)
T1,L0,L41 p(~774)
p(z1),p(z2),p(xg)>0
= S pma,zs) Y, pla]rs) (14.136)
p(w;)?r;f;;bo 1:p(21)>0
2 plasw) (14.137)
p(22) (24)>0
d)
= 1, (14.138)

wherea) andb) follows from (14.126)and(14.128) respeciiely. Theequality
in c) is justifiedasfollows. For z; suchthatp(z,) = 0,

p(z1)p(z4]71)

= =0. 14.139
p(‘(I"1|‘II"4) p($4) ( )
Therefore
> plmilza) =) plar]zs) = 1. (14.140)
z1:p(z1)>0 z1

Finally, theequalityin d) is justifiedasfollows. For 2, andz4 suchthatp(zs)
or p(z4) vanishesp(z2, 4) mustvanishbecause

0 < p(z2,z4) < p(z2) (14.141)
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and
0 < p(z2,z4) < p(x4)- (14.142)
Therefore,
Yo plwe,ma) =Y plaz,zs) =1. (14.143)
T2,T4* T2,T4

p(z2),p(z4)>0

Thetheoremis proved.c

THEOREM 14.15 The constained inequalityin Theoem 14.14is a non-
Shannon-typ@aequality

Proof Thetheoremcanbe proved by consideringthe point fn(a) € Hy for
a > 0 asin theproofof Theoreml4.11.Thedetailsareleft asanexercisen

Theconstrainednequalityin Theoreml4.14hasthefollowing geometrical
interpretation. The constraintsn (14.112)correspondo the intersectionof
two hyperplanesn H4 which definethe boundaryof I'y. Thentheinequal-
ity (14.62)saysthata certainregion on the boundaryof 'y is notin T'}. It
canfurtherbe proved by computatioh thatthe constrainednequalityin The-
orem14.14is notimplied by thetwelve distinctversionsof theunconstrained
inequalityin Theoreml4.7(i.e.,<14.62>)togethemwith the basicinequalities.

We have proved in the last sectionthat the non-Shannon-typiequality
(14.62)impliesaclassof 2'4 — 1 constrainechon-Shannon-typmequalities.
We endthis sectionby proving a similar resultfor the non-Shannon-typeon-
strainednequalityin Theoreml4.14.

THEOREM 14.16 Theinequality
I(X35 Xy) < I(X3; Xa| X1) + 1(X3; X4|Xo) (14.144)

is a non-Shannon-typeequalityconditioningon settingboth I(X;; X») and
I(X1; X2|X3) andanysubsebf thefollowing 12 Shannors informationmea-
suresto zeo:

I(X1; Xo| X4), I(X1; X3]X4), I(X1; Xa| X3),

I(X2; X3|X4), [(X2; X4|X3), [(X3; X4|X1),

I(X3; X4| X2), [(X3; X4| X1, X2), H(X1| X2, X3, X4),
H(XQ‘Xl,Xg,X4),H(X3|X1,X2,X4),H(X4|X1,X2,X3).

(14.145)

1Ying-OnYan, privatecommunication.
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Proof Theproofof thistheorenis verysimilarto theproofof Theorenl4.12.
Wefirstnotethatl(X; X2) andI(X;; X»| X3) togethemwith the12 Shannors
information measuresn (14.145)are exactly the 14 Shannors information
measuresn (14.94). We have alreadyshavn in the proof of Theorem14.12
thath(a) (cf. Figurel4.4)liesin exactly 14 hyperplaneslefiningtheboundary
of I'y which correspondo settingthesel4 Shannors informationmeasureso
zero. We alsohave shavn thath(a) for a > 0 definean extremedirectionof
Ty.

Denoteby @, the intersectionof the two hyperplanesn 74 which corre-
spondto settingI(X; X2) and I(X;; X2|X3) to zero. Sinceh(a) for ary
a > 0 satisfies

I(X1; X2) = I(X1; Xo|X3) =0, (14.146)

h(a) isin ;. Now for ary linearsubspace of 74, containingh(a) suchthat
d C &g, wehave

h(a) €Ty N . (14.147)

Uponsubstitutingthe correspondingaluesin (14.113)for fl(a) with the help
of Figure14.4,we have
a<0+4+0=0, (14.148)

which is a contradictionbecause: > 0. Therefore,h(a) doesnot satisfy
(14.113).Therefore,

(T4 N ®) ¢ {h € H,4 : h satisfieg14.113}. (14.149)

Thismeanghat(14.113)is anon-Shannon-typ@equalityundertheconstraint
®. Fromtheabove, we seethat® canbetakento betheintersectiorof ®, and
ary subsebf the 12 hyperplanesvhich correspondo settingthe 12 Shannors
informationmeasure@ (14.145)to zero. Hence,(14.113)is a non-Shannon-
typeinequalityconditioningon I(X1; X5), I(X1; X2|X3), andary subsebf
the 12 Shannors information measuresn (14.145)being equalto zero. In
otherwords,theconstrainedhequalityin Theorenil4.14in factinducesaclass
of 22 constrainedhon-Shannon-typmequalities Thetheoremis proved.o

14.4 APPLICATIONS

As we have mentionedn Chapterl2, informationinequalitiesarethe laws
of informationtheory In this sectionwe give severalapplicationf thenon-
Shannon-typ@equalitiesnve have provedin this chaptetin probabilitytheory
andinformationtheory An applicationof the unconstraineihequalityproved
in Sectionl14.2in grouptheorywill bediscussedn Chapterl6.

ExXAMPLE 14.17 For theconstainedinequalityin Theoem14.14.if wefur-
therimposethe constaints

I(X3; X4| X1) = I(X3; X4| X2) =0, (14.150)
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thentheright handsideof (14.113)becomege. Thisimplies

I(X3;X4) =0 (14.151)
becausd (X3; X4) is nonngative Thismeanghat

X)L X,

X1 L X5| X5
X3 L X4 X,
X3 L X4|Xo

= X3 L Xy (14.152)

Wk leaveit asan exercisefor thereaderto showthat this implication cannot
bededucedromthebasicinequalities.

EXAMPLE 14.18 If weimposethe constaints

I(Xl;Xg) = I(Xl;Xg,X4) = I(Xg;X4|X1) = I(X3;X4|X2) = O,

(14.153)
thentheright handsideof (14.62)becomegein, which implies
I(X3; X4) = 0. (14.154)
Thismeanghat
X1 1L Xo
X1 L (X3, Xy)
Xy L Xl X, = X3 L X. (14.155)
X3 L X4|Xo

Notethat(14.152)and(14.155)differ onlyin thesecondonstaint. Again,we
leaveit as an exercisefor the readerto showthat this implication cannotbe
deducedromthebasicinequalities.

ExaMPLE 14.19 Considera fault-tolerant datastorage systentonsistingof
randomvariables X, Xo, X3, X4 sud that any threerandomvariablescan
recovertheremainingone i.e.,

H(Xi|X;,j#i) =0, 1<i,j<4. (14.156)

We are interestedn thesetof all entropyfunctionssubjecto theseconstaints,
denotedoy T, which characterizeshe amountof joint informationwhich can
possiblybestoredin sud a datastorage systemLet

® = {h € 714 : h satisfieg14.156}. (14.157)

ThenthesetY is equalto theintersectionbetweerl; and®, i.e.,, I'; N ®.
Sinceead constaint in (14.156)is one of the 14 constaints specifiedin
Theoem 14.12,we seethat (14.62)is a non-Shannon-typinequality under
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the constaintsin (14.156).Thenl'y N @ (cf. (14.91))is a tighter outerbound
onY thanl'y N ®.

ExAMPLE 14.20 Considerfour randomvariablesX;, Xs, X3, and X, sud
that X5 — (X7, X2) — X, formsa Markov chain. ThisMarkov conditionis
equivalento

I(X35; X4| X1, X2) = 0. (14.158)
It canbe provedbyinvokingthe basicinequalities(usingITIP) that

I(X3; Xyq) < I(X35 X4| X1) + 1(X35 Xy| Xo) +0.5I(X1; X3)

+cl(X1; X3, Xy) + (1 — o) I(Xg; X3, X4), (14.159)

where 0.25 < ¢ < 0.75, andthisis thebestpossible

NowobserveahattheMarkov condition(14.158)is oneof the 14 constaints
specifiedn Theoem14.12.Theefor, (14.62)is a non-Shannon-tyinequal-
ity underthis Markov condition. By replacingX; and X, by ead otherin
(14.62),weobtain

2I(X3;X4) < I(Xl;XQ) + I(XQ;XS,X4)

Uponadding(14.62)and(14.160)anddividing by 4, we obtain

I(X3; Xy) < I(X3; X4|X1) + I(X3; X4|X2) +0.51(X7; X3)

+0.251(X1; X3, X4) + 0.251(Xo; X3, X4). (14.161)

Comparingthe last two termsin (14.159)andthe last two termsin (14.161),
weseethat (14.161)is a sharperupperboundthan(14.159).

TheMarkov chain X3 — (X1, X2) — X4 arisesin manycommunication
situations.Asanexample considera personlisteningto anaudiosource Then
the situationcan be modeledby this Markov chain with X3 beingthe sound
wavegeneatedat the souce X; and Xs beingthe soundwavesreceivedat
thetwo eardrums,and X, beingthenerveimpulsesvhich eventuallyarrive at
thebrain. Theinequality(14.161)givesan upperboundon I(X3; X,) which
is tighter thanwhatcanbeimplied by the basicinequalities.

Theris someresemblancbetweerntheconstainedinequality(14.161)and
thedataprocessingheoem,but there doesnot seento beanydirectrelation
betweerthem.
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PROBLEMS

1. Verify by ITIP thattheunconstrainethformationinequalityin Theorenil4.7
is of non-Shannon-type.

2. Verify by ITIP andprove analyticallythat the constrainednformationin-
equalityin Theoreml4.14is of non-Shannon-type.

3. UselTIP to verify theunconstrainethformationinequalityin Theorenl4.7.
Hint: Createwo auxiliaryrandomvariablesasin theproofof Theoreni4.7
andimposeappropriateconstraint®on therandomvariables.

4. Verify by ITIP thatthe implicationsin Examplesl4.17and14.18cannot
be deducedrom the basicinequalities.

5. Canyou shawv thatthe setsof constraintsn Examplesl4.17and14.18are
in factdifferent?

6. LetX;,i=1,2,---,n, Z,andT bediscreterandomvariables.

a) Provethat

n
- > I(Z;T|X;) — nI(Z;T|X;)
j=1

S +ZH XlaXQa aXn)

Hint: Whenn = 2, this mequalltyreducesto the unconstrainechon-
Shannon-typ&equalityin Theoreml4.7.
b) Provethat
n
nl(Z;T) -2 1(Z;T|X;)
j=1
n
ZI Xi32,T)+ Y H(X;) — H(X1, X, -+, Xp).
L) j=1

(ZhangandYeung[223].)

7. Letp(z1,z9, z3, 24) bethejoint distribution for randomvariablesX, Xo,
X3, and X suchthat I(X; Xo| X3) = I(X2; X4|X3) = 0, andlet p be
definedin (14.98).

a) Show that

ﬁ(xlax2a$3ax4)
{ ¢ - P(@1,22,23)p(21,24)p(22,24)

p(z1,22)p(z4) if p(x1a$2)ap($4) >0
0 otherwise
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definesa probability distribution for anappropriate: > 1.
b) Provethatp(zi,z2,x3) = p(x1, 22, x3) for all z1, z2, andzs.
c) By consideringD(p||p) > 0, prove that

H(Xlg) + H(X14) + H(ng) + H(X24) + H(X34)
> H(X3)+ H(X4)+ H(X12) + H(X134) + H(X234),

whereH (X134) denotesH (X, X3, X4), etc.

d) Provethatundertheconstraintsn (14.112) theinequalityin (14.113)
is equvalentto theinequalityin c).

Theinequalityin c) is referredto asthe Ingletoninequalityfor entrogy in
the literature. For the origin of the Ingletoninequality seeProblem9 in
Chapterl6. (Matas [137].)

HISTORICAL NOTES

In 1986, Pippengef156] asked whetherthereexist constraintson the en-
tropy function otherthanthe polymatroidalaxioms,which are equivalentto
the basicinequalities. He called the constraintson the entrogy functionthe
lawsof informationtheory The problemhadbeenopensincethenuntil Zhang
and Yeungdiscovered for four randomvariablesfirst the constrainedhon-
Shannon-typénequalityin Theorem14.14[222] andthenthe unconstrained
non-Shannon-typmequalityin Theoremil4.7[223].

YeungandZhang[221] have subsequentlghavn thateachof theinequali-
tiesreportedn [222] and[223] implies a classof non-Shannon-typmequal-
ities, andthey have appliedsomeof theseinequalitiesin informationtheory
problems. The existenceof theseinequalitiesimplies that thereare laws in
informationtheorybeyondthoselaid down by Shannorf173].

Meanwhile Matis andStuderg [135][138][136]hadbeenstudyingthestruc-
ture of conditionalindependencéwhich subsumeshe implication problem)
of randomvariables.Matis [137] finally settledthe problemfor four random
variablesby meansof a constrainechon-Shannon-typamequalitywhich is a
variationof theinequalityreportedn [222].

The non-Shannon-typmequalitiesthathave beendiscoreredinduceouter
boundsontheregionI'; which aretighterthanI'y. Matis andStudery [138]
shaved that an entrofy functionin T'y is entropicif it satisfiesthe Ingleton
inequality (seeProblem9 in Chapterl6). This givesaninnerboundonT’j.
A moreexplicit proof of this inner boundcanbe foundin Zhangand Yeung
[223], wherethey shavedthatthis boundis nottight.

Along a relateddirection, Hammeret al. [84] have shavn thatall linear
inequalitieswhich awayshold for Kolmogorar compleity alsoalwayshold
for entropy, andvice versa.
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Chapterl5

MULTI-SOURCE NETWORK CODING

In Chapterll,wehave discussedhesingle-sourc@etwork codingproblem
in whichaninformationsources multicastin a point-to-pointcommunication
network. The maximumrateat which informationcanbe multicasthasa sim-
ple characterizatioin termsof the maximumflows in the graphrepresenting
the network. In this chapter we considerthe moregeneralmulti-sourcenet-
work codingproblemin which morethanonemutuallyindependeninforma-
tion sourcesregenerateat possiblydifferentnodesandeachof theinforma-
tion sourcess multicastto a specificsetof nodes.We continueto assumehat
the point-to-pointcommunicatiorchannelsn the network arefreeof error

The adchievableinformationrate region for a multi-sourcenetwork coding
problem,which will be formally definedin Section15.3, refersto the setof
all possibleratesat which multiple information sourcescan be multicastsi-
multaneouslyon a network. In a single-sourcenetwork coding problem,we
areinterestedn characterizinghe maximumrateat whichinformationcanbe
multicastfrom thesourcenodeto all thesinknodes.In amulti-sourcenetwork
codingproblem we areinterestedn characterizingheachievableinformation
rateregion.

Multi-sourcenetwork codingturnsoutnotto beasimpleextensionof single-
sourcenetwork coding. This will becomeclearafter we have discussedwo
characteristicof multi-sourcenetwork codingin the next section. Unlike
the single-sourcenetwork codingproblemwhich hasanexplicit solution,the
multi-sourcenetwork coding problemhasnot beencompletelysolved. The
bestcharacterizationsf the achiezable information rate region of the latter
problem (for agyclic networks) which have beenobtainedso far make use
of the tools we have developedfor informationinequalitiesin Chapterl2 to
Chapterl4. Thiswill beexplainedin the subsequergections.
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(@) (b)

Figure 15.1. A network which achiezesthe max-flov bound.

151 TWO CHARACTERISTICS

In this section,we discusstwo characteristic®f multi-sourcenetworking
codingwhich differentiateit from single-sourcenetwork coding. In the fol-
lowing discussionthe unit of informationis the bit.

15.1.1 THE MAX-FLO W BOUNDS

The max-flav bound,whichfully characterizethe maximumrateatwhich
informationcanbemulticast,playsacentralrolein single-sourcaetwork cod-
ing. We now revisit this boundin the context of multi-sourcenetwork coding.

Considerthe graphin Figure15.1(a). The capacityof eachedgeis equal
to 1. Two independeninformationsourcesX; and X, with ratesw; andws,
respectiely are generatecat node1l. Supposewe wantto multicast X; to
nodes?2 and4 andmulticastX, to nodes3 and4. In thefigure,aninformation
sourcein squarebracletsis onewhichis to berecevedatthatnode.

It is easyto seethatthe valuesof a max-flav from nodel to node2, from
nodel to node3, andfrom nodel to node4 arerespeciiely 1, 1, and2. At
node2 andnode3, informationis receved at ratesw; andws, respectely.
At node4, informationis receved at ratew; + we becauseX; and X, are
independentApplying the max-flav boundatnodes2, 3, and4, we have

w < 1 (15.1)

wy < 1 (15.2)
and

w1 twy <2, (15.3)

respectiely. We referto (15.1)to (15.3)asthe max-flav bounds.Figure15.2
is anillustration of all (w1, w2) Which satisfytheseboundswherew; andws
areobviously nonngative.
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W>

0.2

(1.1)

(2.0)

Wy

Figure 15.2. Themax-flov boundsfor thenetwork in Figure15.1.

We now shaw thattheratepair (1, 1) is achieable.Let b, beabit generated
by X; andb, be abit generatedy X,. In the schemdan Figure15.1(b),b;
is recevedatnode2, b, is recevedat node3, andbothb; andb, arereceved
atnode4. Thusthe multicastrequirementsre satisfied,andthe information
ratepair (1,1) is achievable. Thisimpliesthatall (w1, ws) which satisfythe
max-flav boundsare achiezable becausehey are all inferior to (1,1) (see
Figure.15.2).In this sensewe saythatthe max-flov boundsareachiezable.

Supposeve nov wantto multicastX; to nodes?, 3, and4 andmulticastXs
to node4 asillustratedin Figure15.3. Applying the max-flov boundat either
node2 or node3 gives

w; <1, (15.4)

andapplyingthe max-flov boundat node4 gives

w1 +we < 2. (15.5)

XX

(1)
X, 9.9 [X,
(4

[XX]

Figure 15.3. A network which doesnot achieve the max-flov bounds.
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Figurel15.4is anillustrationof all (w1, ws) which satisfythesebounds.

We now shav thattheinformationratepair (1, 1) is notachiezable. Suppose
we needto senda bit b; generatedby X, to nodes2, 3, and4 andsenda bit
by generatedy X, to node4. Sinceb, hasto berecoreredat node2, the bit
sentto node2 mustbeaninvertibletransformatiorof ;. Thisimpliesthatthe
bit sentto node2 cannotnot dependon b,. Similarly, the bit sentto node3
alsocannotdependon b,. Thereforejt is impossiblefor node4 to recover by
becauséoththebitsreceved atnodes2 and3 do notdepencdbn b,. Thusthe
informationratepair (1, 1) is notachievable,which impliesthatthe max-flav
boundg15.4)and(15.5)arenotachiezable.

Fromthelastexample we seethatthemax-flov boundsdo notalwaysfully
characterizdghe achievable information rate region. Neverthelessthe max-
flow boundsalways give an outer boundon the achievable informationrate
region.

15.1.2 SUPERPOSITION CODING

Considera point-to-pointcommunicatiorsystemrepresentedby the graph
in Figure15.5(a),wherenodel is the transmittingpoint andnode2 is there-
ceving point. Thecapacityof channel1,2)is equalto 1. Let two independent
informationsourcesX; and X,, whoseratesarew,; andws, respectiely, be
generatedtnodel. It is requiredthatboth X; and X, arerecevedatnode2.

We first considercodingthe informationsourcesX; and X, individually.
We will referto sucha codingmethodassuperpositiorcoding To do so,we
decompos¢he graphin Figurel15.5(a)into thetwo graphsin Figuresl15.5(b)

and(c). In Figure15.5(b), X is generatedt nodel andreceved at node2.

In Figure15.5(c), X5 is generate@dtnodel andrecevedat node2. Letr@ be

Wo

0.2)

(1.1

(2.0)

Wy

Figure 15.4. Themax-flov boundsfor thenetwork in Figure15.3.
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X1X2 Xl XZ

CY (b) (c)

[X, X)) [Xy] [X]
Figure 15.5. A network for which superpositiortodingis optimal.

thebit rateon channel(1,2) for transmittingX;, [ = 1,2. Then

ry) > wn (15.6)
and
r > w,, (15.7)
whichimply
) (2)
Ty T Ty 2 w1+ ws. (15.8)

Ontheotherhand,from therateconstrainfor edge(1,2),we have
P+ <1, (15.9)
From(15.8)and(15.9),we obtain

w1 +wy < 1. (1510)

Next, we considercodingthe informationsourcesX; and X, jointly. To
thisend,sinceX; and X, areindependentthetotal rateat which information
is recevedatnode? is equalto w; + we. Fromtherateconstrainfor channel
(1,2), we againobtain (15.10). Therefore,we concludethat when X; and
X9 areindependentsuperpositiorcodingis awaysoptimal. The achievable
informationrateregionis illustratedin Figurel5.6.

The abore exampleis a degenerateexample of multi-sourcenetworking
codingbecausedhereare only two nodesin the network. Neverthelesspne
may hopethat superpositiorcoding is optimal for all multi-sourcenetwork-
ing codingproblemssothatary multi-sourcenetwork codingproblemcanbe
decomposeihto single-sourceetwork codingproblemswhich canbe solved
individually. Unfortunatelythisis notthe caseaswe now explain.

Considetthegraphin Figure15.7. The capacitieof all theedgesareequal
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Wo

()

(1.0)

Wy

Figure 15.6. Theachievableinformationrateregion for thenetwork in Figure15.5(a).

to 1. We wantto multicastX; to nodes2, 5, 6, and7, and multicastX, to

nodess, 6, and?.
Wefirst considercoding X; and X, individually. Let

’I‘%) >0

(15.11)

bethebit rateon edge(1, j) for thetransmissiorof X;, where;j = 2, 3,4 and
[ = 1,2. Thentherateconstraint®nedgey1, 2), (1,3), and(1,4) imply

riy +riy) <1

r%) +r§? <1

riy 13 <1
XX,

RIOWSORPO
Cach

[XX) XX XX

Figure 15.7. A network for which superpositiortodingis not optimal.

(15.12)
(15.13)
(15.14)
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Figure 15.8. Theindividual multicastrequirements$or thennetwork in Figure15.7.

Togethemvith (15.11),we seethat
0<r? <1 (15.15)

forallj =2,3,4andl = 1,2.

We nowv decomposehe graphin Figure 15.7 into the two graphsin Fig-
ures15.8(a)and(b) which shaw the individual multicastrequirementgor X,
andX,, respectiely. In thesetwo graphstheedgeq1,2),(1,3),and(1,4)are
labeledby thebit ratesfor transmittingthe correspondingnformationsource.

We now shav by contradictionthat the information rate pair (1,1) is not
achieableby codingX; and X individually. Assumehatthecontraryistrue,
i.e.,theinformationratepair (1,1) is achievable. Referringto Figure 15.8(a),
sincenode2 receves X; atratel,

r) > 1. (15.16)
At node7, sinceX; is recevedvia nodes3 and4,
P 4 >, (15.17)
Similar considerationatnodess and6 in Figure15.8(b)give
r? 4D > (15.18)

and
rd 4> (15.19)

Now (15.16)and(15.15)implies

) =1. (15.20)
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Figure 15.9. A codingscheméor thenetwork in Figure15.7.

With (15.12)and(15.15),thisimplies

r? = o. (15.21)
From(15.21),(15.18),and(15.15),we have

r? =1 (15.22)
With (15.13)and(15.15),thisimplies

) =o. (15.23)
It thenfollows from (15.23),(15.17),and(15.15)that

) =1. (15.24)
Togethemwith (15.14)and(15.15),thisimplies

r? =o. (15.25)
However, uponadding(15.21)and(15.25),we obtain

r2 4 =, (15.26)

which s a contradictionto (15.19). Thuswe have shavn thattheinformation
ratepair (1,1) cannotbe achiered by coding X; and X5 individually.

However, theinformationratepair (1,1) canactuallybe achiered by coding
X, and X5 jointly. Figure15.9shavs sucha schemewhereb; is a bit gen-
eratedby X; andb- is a bit generatedy X-. Notethatat node4, thebits b,
andbs, which aregeneratedy two differentinformationsourcesarejointly
coded.

Hence we concludethatsuperpositiorcodingis not necessarilyptimalin
multi-sourcenetwork coding. In otherwords,in certainproblems optimality
canbeachiezed only by codingtheinformationsourcegointly.
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XXX,

XD DX DX DX DX DX XXX
—_

Level 1 Level 2 Level 3

Figure 15.10. A 3-level diversity codingsystem.

15.2 EXAMPLES OF APPLICATION

Multi-sourcenetwork codingis averyrich modelwhichencompasseasary
communicatiorsituationsarisingfrom fault-tolerantnetwork communication,
disk array satellitecommunicationegtc. In this section,we discusssomeap-
plicationsof themodel.

15.2.1 MULTILEVEL DIVERSITY CODING

Let X1, X5,---, Xk be K informationsourcesn decreasingrderof im-
portance.Theseinformationsourcesare encodednto piecesof information.
Therearea numberof users gachof themhaving accesgo a certainsubsedf
theinformationpieces Eachuserbelonggo alevel betweeril and K, wherea
Level k usercandecodeX;, Xo, - - -, X;. Thismodel,calledmultilevel diver
sity coding, finds applicationsin fault-tolerantnetwork communicationdisk
array anddistributeddataretrieval.

Figure15.10shavs agraphwhich represents 3-level diversity codingsys-
tem. The graphconsistsof threelayersof nodes. The top layer consistsof
a nodeat which informationsourcesX;, X,, and X3 aregenerated.These
informationsourcesareencodednto threepieces,eachof which is storedin
a distinctnodein the middle layer The nodesin the bottomlayer represent
theuserseachof thembelongingto oneof thethreelevels. Eachof thethree
Level 1 usershasaccesso adistinctnodein the middlelayeranddecodesX; .
Eachof thethreelLevel 2 usershasaccesdo a distinctsetof two nodesin the
middlelayeranddecodesX; and Xs. Thereis only oneLevel 3 user who has
accesdo all thethreenodesin themiddlelayeranddecodesX, Xy, and X3.
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Themodelrepresentetly thegraphin Figure15.10is calledsymmetricaB-
level diversity codingbecaus¢éhemodelis unchangedby permutingthenodes
in the middle layer By degeneratinginformation sourcesX; and X3, the
modelis reducedo thediversity codingmodeldiscussedn Sectionl1.2.

In the following, we describetwo applicationsof symmetricalmultilevel
diversitycoding:

Fault-Tolerant Network Communication In a computernetwork, a data
paclet canbelostdueto buffer overflow, falserouting,breakdevn of commu-
nicationlinks, etc. Supposehe paclet carriesK messagesXi, Xo, -+, Xk,

in decreasingrderof importance.For improved reliability, the pacletis en-
codedinto K sub-packts, eachof which is sentover a differentchannel. If

ary k sub-packtsarereceved,thenthe message¥;, Xo,- - -, X} canbere-
covered.

Disk Array Considera disk array which consistsof K disks. The datato
be storedin the disk arrayaresegmentednto K pieces, X1, Xo,-+-, Xk, in
decreasingrderof importance. Then X, X», .-+, X areencodednto K
pieceseachof which is storedon a separatalisk. Whenary k out of the K
disksarefunctioning,thedataX,, X», ---, X; canberecovered.

15.2.2 SATELLITE COMMUNICA TION NETWORK

In a satellitecommunicatiometwork, a useris at ary time coveredby one
or moresatellites A usercanbeatransmitterarecever, or both. Throughthe
satellitenetwork, eachinformationsourcegeneratedt a transmitteris multi-
castto a certainsetof recevers. A transmittercantransmitto all the satellites
within the line of sight, while a recever canreceve from all the satellites
within the line of sight. Neighboringsatellitesmay also communicatewith
eachother Figure15.11is anillustration of a satellitecommunicatiomet-
work.

Thesatellitecommunicatiometwork in Figurel5.11canberepresentetly
thegraphin Figurel5.12which consistof threelayersof nodes.Thetoplayer
representshe transmittersthe middle layer representshe satellites,andthe
bottomlayerrepresenttherecevers. If asatelliteis within theline-of-sightof
atransmitterthenthe correspondingair of nodesareconnectedy adirected
edge.Likewise,if arecever is within theline-of-sightof a satellite,thenthe
correspondingairnodesareconnectedy adirectededge. Theedgedetween
two nodesin the middle layerrepresenthe communicatioriinks betweerthe
two neighboringsatellitescorrespondingo the two nodes. Eachinformation
sourceis multicastto a specifiedsetof receving nodesasshavn.
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A transmitter
o receiver

— A A OO A O——A—OO——A———

Figure 15.11. A satellitecommunicatiometwork.

153 A NETWORK CODE FOR ACYCLIC NETWORKS

Considera network representethy anacyclic directedgraphG = (V, E),
where|V| < oo. Withoutlossof generalityassumehat

andthenodesareindexedsuchthatif (i, j) € E, theni < j. Suchanindexing
of the nodesis possibleby Theorem11.5. Let R;; be the rate constrainton
channel(s, j), andlet

R =[R;;: (4,j) € E] (15.28)

betherateconstraintgor graphG.
A setof multicastrequirement®n G consistf thefollowing elements:

XX,

transmitters

satellites

receivers
X Xl [X,X7] [X,] [XsXg] [XX,] [X;X;X,]

Figure 15.12. A graphrepresentin@ satellitecommunicatiometwork.
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[X,]
[X,X.] 2

Figure 15.13. Theagyclic graphfor Examplel5.1.

1) S, thesetof informationsources;

2) Q : S — V, which specifiesghe nodeat which an informationsourceis
generated,;

3) F : V — 29 which specifiesthe setof informationsourcesreceied at
eachnode.

Theinformationsources is generate@tnodeQ(s). Forall i € V, let
J(i) ={s € S:Q(s) =i} (15.29)

be the setof informationsourceggeneratedt nodei. The setof information
sourced (i) is recevedat nodes.

ExXAMPLE 15.1 Thenodesn thegraphin Figure 15.13areindexedsud that
if (i,7) € E, theni < j. Thesetof multicastrequirmentsasillustratedis
specifiedby

S =1{1,2,3}, (15.30)
Q1) =1,Q(2) =2,Q(3) =2, (15.31)
and
F(1) =F(2) = F(4) = ¢, (15.32)
F(3)={1},F(5) = {1,3}, F(6) = {2}. (15.33)

We considetablock codewith blocklengthn whichis similarto the 5-code
we definedin Section11.5.1for agyclic single-sourcenetworks. An informa-
tion sources is representetly arandomvariableX, whichtakesvaluesin the
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set
Xs={1,2,---,[2""*]} (15.34)

accordingo theuniformdistribution. Therateof informationsources is 7. It
isassumedhat X, s € S aremutuallyindependently

Unlike the g-codewe definedfor agyclic single-sourcanetworks which is
zero-erroy the codewe now defineallows an arbitrarily small probability of
error. Let

E={ieV:F(i)#0} (15.35)
bethesetof nodeswhichreceve atleastoneinformationsource. An
(n,(nij : (4,7) € E), (15 : s € S)) (15.36)

codeongraphG (with respecto a setof multicastrequirementsis definedby

1) forall (z,7) € E, anencodingunction

figr I %< II {0.1,--,mw} —{0,1,---,m;}  (15.37)
s€J () i:(i B)EE

(if both J (i) and{s’ : (i',7) € E} areempty we adoptthe corventionthat
fi; is anarbitraryconstantakenfrom {0, 1, - - -, ;5 });

2) for all € E, adecodingunction

gi JI {0,1--,m} = [ X (15.38)

V:(i! i)EE SEF(4)

In the abore, f;; is the encodingfunctionfor edge(i, j). Fori € &, g; is the

decodingfunctionfor nodes. In acodingsessionf;; is appliedbefore f; ;: if

i < i', and f;; is appliedbeforef;; if 7 < j'. This definesthe orderin which

theencodingunctionsareapplied.Sincei’ < i if (i',i) € E, anodedoesnot

encodauntil all the necessarinformationis receved ontheinputchannels.
Forall i € E, define

Ai:Pr{gi(Xs ZSES) # (XS ZSEF(‘i))}, (1539)

whereg; (X : s € S) denoteshevalueof g; asafunctionof (X, : s € S). A;
istheprobabilitythatthesetof informationsourced”(z) is decodedncorrectly
atnodes.

Throughouthischapterall thelogarithmsarein thebase? unlessotherwise
specified.

DEFINITION 15.2 For a graph G with rate constaints R, an information
ratetuple
w=(ws:s5€89), (15.40)
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where w > 0 (componentwise)s asymptoticallyachievableif for anye > 0,
there existsfor suficientlylargen an

(na (7]1] : (7".7) € E)7 (Ts HERS S)) (1541)
codeon GG sud that
n~!log nij < Rij+e (15.42)
for all (i,5) € E, whee n~'logn;; is the average bit rate of the codeon
channel(z, j),
Tg > Ws — € (15.43)
forall s € S, and
Aj<e (15.44)
for all i € E. For brevity, an asymptoticallyachievableinformationratetuple
will bereferredto asanachievableinformationratetuple

DerINITION 15.3 Theacdhievableinformationrateregion, denotedby R, is
is the setof all achievableinformationratetuplesw.

Remark It follows from the definition of the achievability of aninformation
ratevectorthatif w is achievable,thenw’ is achieablefor all 0 < ' < w.
Also, if w®), k > 1 areachiaable,thenit canbeprovedby techniquesimilar
to thosein theproof of Theorem9.12that

w = lim w® (15.45)

k—o0
is alsoachievable,i.e., R is closed.Thedetailsareomittedhere.

In therestof thechapterwewill proveinnerandouterboundsontheachies-
ableinformationrateregionR.

15.4 AN INNER BOUND

In this section,we first stateaninnerbound®R;, on R in termsof a setof
auxiliary randomvariables.Subsequentjywve will castthisinnerboundin the
framework of informationinequalitiesdevelopedin Chapterl2.

DEFINITION 15.4 LetR’ bethesetofall informationratetuplesw sud that
there exist auxiliary randomvariablesY;,s € S andUj, (¢,j) € E which
satisfythefollowing conditions:

H(Y,:s€S) = Y H(Y,) (15.46)

seS
H(UZJ|(Y9 HCHS J(’L)), (Uz’z : (’i,,’i) € E)) = 0 (15.47)
H(Ys:s€ F(@i)|Uy;: (i',i) €E) = 0 (15.48)
Rij > H(Uij) (15.49)
HY,) > w,. (15.50)
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Notethatfor 7 ¢ =, the constraint(15.48)in the above definitionis degen-
eratebecauséd (i) is empty

DEFINITION 15.5 LetR;, = con(R’), thecorvex closue of R’.
THEOREM 15.6 R;, C R.

In the definition of R’, Y is an auxiliary randomvariableassociatedavith
informationsources, andU;; is anauxiliary randomvariableassociateavith
the codevord senton channel(z, j). Theinterpretationsf (15.46)to (15.50)
areasfollows. The equalityin (15.46)saysthatY;, s € S aremutuallyinde-
pendentwhich correspond$o theassumptiorthatall theinformationsources
aremutuallyindependentTheequalityin (15.47)saysthatU;; is afunctionof
(Y : s € J(i)) and(Uy; : (7',i) € E), which correspond$o therequirement
thatthecodevordrecevedfrom channeli, 7) depend®nly ontheinformation
sourcegyeneratedt nodei andthe codevordsreceved from the input chan-
nelsatnode;. Theequalityin (15.48)saysthat(Y; : s € F(7)) isafunctionof
(Uy; = (#,4) € E), which correspond$o therequirementhatthe information
sourcedo bereceved at node: canbe decodedrom the codevordsreceved
from theinput channelsaat nodei. Theinequalityin (15.49)saysthatthe en-
tropy of U;; is strictly lessthan R;;, therateconstraintfor channel(i, j). The
inequalityin (15.50)saysthatthe entropy of Yj is strictly greatethanwy, the
rateof informationsources.

The proof of Theorem15.6is very tediousandwill be postponedo Sec-
tion 15.7. We notethat the sameinner boundhasbeenproved in [187] for
variablelengthzero-errometwork codes.

In therestof the sectionwe casttheregion R, in the framewvork of infor-
mationinequalitieswve developedin Chapterl2. The notationwe will useis a
slightmodificationof the notationin Chapterl2. Let

N ={Y,:s€S;Uj : (i,j) € E} (15.51)

beacollectionof discreterandomvariablesvhosejoint distribution is unspec-
ified, andlet

Q(N) = 2M\{0}. (15.52)
Then

|Q(N)| =2N —1. (15.53)

Let # n bethe|Q(N)|-dimensionaEuclideanspacewith the coordinateda-
beledby h4, A € Q(N). Wewill referto H y astheentropy spacefor the set
of randomvariablesN. A vector

h=(hy:AeQN)) (15.54)
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is saidto be entropic if thereexistsa joint distributionfor (Z : Z € N) such

that
H(X:X€A) =hy (15.55)

forall A € Q(N). Wethendefine
'y = {h € Hy : hisentropig. (15.56)

To simplify notationin the sequel,for ary nonemptyA4, A’ € Q(N), we
define
hajar = haa — ha, (15.57)

wherewe usejuxtapositionto denotethe unionof two sets.In usingtheabove
notation,we donotdistinguishelement@andsingletonof N, i.e.,for arandom
variableZ € N, hz isthesameash .

To describeR;,, in termsof T'%;, we obsere thatthe constraintg15.46)to
(15.50)in the definitionof R’ correspondo the following constraintsn # x,
respectiely:

hivyses)y = D hy, (15.58)

sES
by (Verse 2 () (U (i i)eE) = 0 (15.59)
h(vyiser @)Uyt iyer) = O (15.60)
R;; > hUij (15.61)
hy, > ws. (15.62)

Thenwe have thefollowing alternatve definitionof R’.

DEFINITION 15.7 Let R/ be the setof all informationrate tuplesw sud
that there existsh € I'}; which satisfieg(15.58)to (15.62)for all s € S and
(1,7) € E.

Althoughthe original definition of R’ asgivenin Definition 15.4is more
intuitive, theregion sodefinedappearso betotally differentfrom caseto case.
Ontheotherhand,the alternatve definitionof R’ above enablesheregion to
be describedn the samefooting for all cases Moreover, if 'y is anexplicit
innerboundon Iy, uponreplacingls, by I'y in the above definitionof R/,
we immediatelyobtainan explicit innerboundon R, for all cases.We will
seefurtheradwantageof this alternatve definitionwhenwe discussan explicit
outerboundonR in Sectionl5.6.

15.5 AN OUTER BOUND

In this sectionwe prove anouterboundR,,: onR. This outerboundis in
termsof Ty, theclosureof T'%.
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DEFINITION 15.8 LetR oyt be the setof all informationrate tuplesw sud
thatthere existsh € T’y which satisfieghe following constaintsfor all s € S
and(i,j) € E:

hivyses) = O hy, (15.63)

SES
hus;|(Vazsed (), Uy yemy = 0 (15.64)
h(v,:ser()|Uy @ emy = 0 (15.65)
Rj > hy, (15.66)
hy, > ws. (15.67)

Thedefinitionof R, is the sameasthe alternatve definitionof R’ (Defi-
nition 15.7)exceptthat

1. T isreplacedoy T'y.

2. Theinequalitiesin (15.61)and(15.62)arestrict, while the inequalitiesin
(15.66)and(15.67)arenonstrict.

Fromthedefinitionof R’ andR ., it is clearthat
R C Rout- (15.68)

It is easyto verify thatthe corvexity of T (Theorem14.5)impliesthe con-
vexity of R:. Also, it is readily seenthatR,,; is closed. Thenupontaking
convex closurein (15.68),we seethat

Rin = con(R') C con(Rout) = Rout- (15.69)

However, it is notapparenthatthetwo regionscoincidein general.This will
befurtherdiscussedn the next section.

THEOREM 15.9 R C Rout-

Proof Let w beanachiszableinformationratetuple andn be a sufiiciently
largeinteger Thenfor ary e > 0, thereexistsan

(n, (mij = (4,5) € E), (15 : s € 5)) (15.70)
codeon G suchthat
n~tlognij < Rij +e¢ (15.71)
forall (7,j) € E,
Ts > Ws — € (15.72)
forall s € S, and
A;j<e (15.73)
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foralli € E.
We considersucha codefor afixede andasuficiently largen. For (7, j) €
E, let B
Uij = fij(Xs s € S) (15.74)

be the codevord senton channel(i, j). SinceU;; is a function of the infor-
mationsourceggeneratedht node: andthe codevordsreceved on the input
channelsatnodes,

H(UZ]|(X8 HCNS J(’L)), (Uz’z : (i,,i) € E)) = 0. (15.75)
Fori € =, by Fanosinequality(Corollary2.48),we have

H(X,:s € F@)|Uy; : (¢,i) € E)

< 1+ A;log ( II |Xs|> (15.76)
seF(i)

= 14+ AH(X,:s5€F(i)) (15.77)

< 1+eH(X,:se F(i), (15.78)

where(15.77)follows becauseX s distributesuniformly on X; and X, s € S
aremutuallyindependentand(15.78)follows from (15.73).Then

H(X,:s € F(i)
= I((Xs:5 € F()); (U : (i',9) € E))

+H(X,:s € F@@)|Uy; : (¢,3) € E) (15.79)
21X, 55 € P)); (Ui : (71) € F)
+1+eH(Xs:s € F(i)) (15.80)
< HUp;:(i',i) € E)+1+eH(X;:s € F(i)) (15.81)
2 ( Z logmif) +1+eH(Xs:s€ F(i)) (15.82)
(i) EE
CS) ( Z n(Ri + e)) +1+4+eH(X;:s€ F(i)), (15.83)

(i,i")€E
where

a) follows from (15.78);

b) followsfrom Theorem2.43;
c) follows from (15.71).
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Rearranginghetermsin (15.83),we obtain

H(X, : s € F(i))

1
< L( > (Rii/—i-e)—i-—) (15.84)
1—¢€e\ .4 n
(i,¢")EE
< 2n ) (R +¢) (15.85)
(i4")eE

for sufficiently smalle andsuficiently largen. Substituting15.85)into (15.78),
we have

H(XS NS F'(’L)|UZIZ : (’i,,i) € E)

1
< n (5 + 2¢ Z (Ryy —I—e)) (15.86)
(i,')eE
= no;i(n,e), (15.87)
where
1
oi(nye) = | — +2¢ Z (Riw +¢) ] =0 (15.88)
n (3,4)EE

asn — oo andthene — 0. From(15.71),for all (i, 5) € E,

n(R;j + 2€) > log(nij + 1) = log |U;j| > H(Ujj). (15.89)
Forall s € S, from (15.72),

H(X;) = log|Xs| =10g[2"™] > n1s > n(ws — €). (15.90)

Thusfor this code,we have

H(X,:s€S) = Y H(X,) (15.91)
seS
H(Ui|(Xs : s € J(3)), Uy : (¢,i) € E)) = 0 (15.92)
H(X,:s€ F(i)|Up;: (i',i) € E)) < noi(n,e) (15.93)
n(Rij +2¢) > H(U;j) (15.94)
H(X;) > n(ws—ce¢). (15.95)

We notetheone-to-oneorrespondendaeetweer(15.91)to (15.95)and(15.63)
to (15.67).By lettingY; = X, for all s € S, we seethatthereexistsh € I'}y;
suchthat

hivises) = D_hv, (15.96)
SES
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by | (Yarse 2 () (U (@ i)eE) = 0 (15.97)
by :se F @) (U (i i)eE) < 10i(n,€) (15.98)
n(Rij+2¢) > hu, (15.99)

hy, > n(ws—e¢). (15.100)

By Theorem14.5,T is acorvex cone. Thereforejf h € T%;, thenn™'h €
T'y. Dividing (15.96)through(15.100)by 7. andreplacingn~'h by h, we see
thatthereexistsh € T'y suchthat

hivyses) = D hy, (15.101)

SES
hu| (vase 1) U (i i)em) = 0 (15.102)
h(y,:seF (@)U (i i)eE) < 0i(n,€) (15.103)
Rij+2 > hy, (15.104)
hy, > ws—e. (15.105)

Wethenletn — oo andthene — 0 to concludehatthereexistsh € Ty which
satisfieq15.63)to (15.67).Hence,R C R, andthetheoremis proved.o

15.6 THE LP BOUND AND ITS TIGHTNESS

In Section15.4,we statedthe innerboundR;, onR in termsof [}, (the
proof is deferredto Section15.7),andin Section15.5, we proved the outer
boundR,,; on R in termsof F*N. Sofar, thereexistsno full characterization
oneitherl'y, orT'y. Thereforetheseboundscannotoeevaluatedexplicitly. In
this section,we give a geometricainterpretatiorof theseboundswhich leads
to anexplicit outerboundon R calledthe LP bound(LP for linear program-
ming).

Let A beasubsebf Q(N). Foravectorh € Hy, let

hy=(hz:Z € A). (15.106)
For asubset3 of H , let
proj4o(B) = {h4 : h € B} (15.107)

betheprojectionof thesetB onthecoordinates: 7, Z € A. For asubsei3 of
‘Hn, define

A(B)={h € Hy :0<h < h’forsomeh’ € B} (15.108)

and
A(B) ={h € Hy : 0 < h < h' for someh’ € B}. (15.109)

DRAFT Septenber 13, 2001, 6:27pm DRAFT



Multi-Source NetworkCoding 347

A vectorh > 0isin A(B) if andonly if it is strictly inferior to somevectorh’
in B, andisin A(B) if andonly if it is inferior to somevectorh’ in 5.
Definethefollowing subset®f H y:

C = {h €HN : hiv,ises) = D hys} (15.110)
s€S
Co = {h €M huy vuses) Wyt aer) = 0forall (i) € B}
(15.111)

C3s = {h € Hpy: h'(Ys:SEF(i))|(Uili:(i’,i)EE) =0foralli e E} (15.112)
Ci = {h € Hy : Rij > hy, forall (i, 5) € E} . (15.113)

Theset(C; is ahyperplandn H . Eachof the setsC, andCjs is theintersec-
tion of a collectionof hyperplanesn H . Theset(, is the intersectiorof a

collectionof openhalf-space$n H . Thenfrom the alternatve definition of

R’ (Definition 15.7),we seethat

R' = A(proj(y,.ses)(Tx NC1 NC2 N C3NCy)). (15.114)
and
Rin = €on(A(proj(y,.sc5)(I'y N C1 N C2 N C3 N Ca))). (15.115)
Similarly, we seethat
Rout = A(proj(y;:se5) Ty NC1NCa N C5 N Cy)). (15.116)

It canbeshawn thatif T% N (C; NC, N C3) isdenseén Ty N (C; NCaNC3),
i.e.,

T5 N (CiNCaNC3) =T N(C1NCyNC3), (15.117)

then o
Rout = R' C con(R') = Rin, (15.118)

whichimplies
Rin = Rout- (15.119)

Notethat(C; N Ce N C3) is aclosedsubsebf H . However, while
TyNCcTyncC (15.120)
for ary closedsubseC of H y, it is notin generakruethat

ryNC=TynC. (15.121)
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As acountergample,aswe have shovn in the proof of Theoreml4.2,T'; N C
is apropersubsebf T'; N €, where

é = {h S F§ : ’il;g = ’i2;3 = i1;3 = 0}, (15122)

andwe have usedi;. to denoteh; — hj.
To facilitateour discussionyve furtherdefine

iaa=ha—haa (15.123)
and
'L‘A;AI‘AII = hA‘AII - hA|AIAII (15124)

for A, A') A" € Q(N). LetT'y bethesetof h € Hy suchthath satisfiesall
the basicinequalitiesnvolving someor all of therandomvariablesn N, i.e.,
forall A, A", A" € Q(N),

ha > 0 (15.125)
haa > 0 (15.126)
g0 2> 0 (15.127)

taaan 2 0. (15.128)

We know from Section13.2thatT’y, C T'y. ThenuponreplacingTy by I'y
in thedefinitionof R, we immediatelyobtainanouterboundon R ,,,;. This
is calledthe LP bound,which is denotedby Rzp. In otherwords,Rpp is
obtainedby replacingly by I'y ontheright handsideof (15.116),.e.,

Rip = A(proj(Ys:seS)(PN NCiNCaNC3N C_4)) (15.129)

Sinceall the constraintgdefiningR . p arelinear Rpp canbe evaluatedex-
plicitly.

We now shaw that the outer bound R p is tight for the specialcaseof
single-sourcaetwork coding. Without lossof generality let

S = {1}. (15.130)

Thentheinformationsourcerepresentetly X; is generate@tnode(1), and
foralli € E,

F(i) =8 ={1}. (15.131)

Considerary w; € Ryt Following the proof that R ,,; is an outerbound
on R in the last section(Theorem15.9), we seethatfor ary ¢ > 0 anda
sufiiciently large n, thereexist randomvariablesU;;, (4, j) € E which satisfy
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the constraintan (15.92)to (15.94). Upon specializingfor a single source,

theseconstraintdecome

H(Ugu);1X1) = 0 forj: (Q(1),5) € E (15.132)

(UZJ|UH('L Z) EE)
H(X1|Uy : (i,t) € E)
n(R ij + 2¢)

=0 for (i,j) € E
not(n,e) forte=

<
> H(Uy)  for(i,j) € E,

(15.133)
(15.134)
(15.135)

whereg;(n,e) — 0 ase — 0 andn — oo. Moreover, upon specializing

(15.95)for asinglesourcewe alsohave

H(X1) > n(wy —e).

(15.136)

Now fix asinknodet € = andconsiderary cut W betweemode@(1) and

nodet, i.e.,Q(1) € W andt ¢ W, andlet
Ew ={(i,j) e E:i1 € Wandj ¢ W}

bethesetof edgesacrosghecutW. Then

Z n(Rij + 2¢)

(1,1)EEwW
a)
> H(Ui;)
> H(Uij: (i,j) € Ew)
l H(Usj : (i,7) € Ew orbothi,j ¢ W)
> H(Uy: (i,t) € E)
= H(U (Z,t) EE|X1)—|—I(UZt (‘i,t) EE;Xl)
= I(Uzt (’l,t) € E; Xl)
= H X1) — (X1|Uzt : (’i,t) € E)

(
(X1) — no(n,e)

=

n(w1 — €) —noi(n, e

n(wy — € — ot(n,€)),

I wv&ive

where
a) followsfrom (15.135);

(15.137)

(15.138)

(15.139)

(15.140)
(15.141)
(15.142)
(15.143)
(15.144)

(15.145)

(15.146)
(15.147)

b) follows becausd’;;, wherebothi,j ¢ W, arefunctionsof U ;, (i,7) €

Eyw by virtue of (15.133)andtheagyclicity of thegraphG,
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c) follows from (15.134);
d) follows from (15.136).
Dividing by n andlettinge — 0 andn — oo in (15.147),we obtain

> Ry >uw. (15.148)

In otherwords,if w; € Rout, thenw; satisfiesthe abore inequalityfor ev-
erycutW betweemode@(1) andary sinknodet € =, whichis preciselythe
max-flawv boundfor single-sourcaetwork coding.Sincewe know from Chap-
ter 11 thatthis boundis both necessanandsuficient, we concludethat R ..+
is tight for single-sourceetwork coding.However, we notethatthe max-flov
boundwasdiscussedn Chapterllin themoregenerakontet thatthe graph
G maybecyclic.

In fact, it hasbeenproved in [220] that R, p is tight for all otherspecial
case®of multi-sourcenetwork codingfor whichtheachiezableinformationre-
gionis known. In additionto single-sourc@etwork coding,thesealsoinclude
the modelsdescribedn [92], [215], [166], [219], and[220]. SinceRp en-
compasseall Shannon-typénformationinequalitiesandthe cornverseproofs
of theachievableinformationrateregion for all thesespecialcaseslo notin-
volve non-Shannon-typmequalitiesthe tightnessof R, p for all thesecases
is expected.

15.7 ACHIEVABILITY OF R,

In this section,we prove the achievability of R;,, namelyTheorem15.6.
To facilitate our discussionwe first introducea few functionsregardingthe
auxiliary randomvariablesin thedefinitionof R’ in Definition 15.4.

From(15.47),sinceU;; is afunctionof (Y; : s € J(i)) and(Uy; : (i',1) €
E)), wewrite

Uij = uij((Ys : s € J(2)), (U : (i',1) € E)). (15.149)

SincethegraphG is agyclic, we seeinductively thatall the auxiliary random
variabledJ;;, (i, j) € E arefunctionsof theauxiliaryrandonmvariabless, s €
S. Thuswe alsowrite

Uij = 1(Ys : s € 5). (15.150)

Equating(15.149)and(15.150),we obtain
uii (Y : 5 € J(0)), (Uy; « (i',i) € B)) = ii5(Ys : s € §).  (15.151)

For s € F(i), sinceY; is afunctionof (Uy; : (i',7) € E) from (15.48),we
write .
Y, =y (Uy; : (i',4) € E). (15.152)
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Substituting(15.150)into (15.152) ,we obtain
Yy =y (ay;(Yy : s' € 8) : (¢,4) € E). (15.153)

Theserelationswill beusefulin the proof of Theoreml5.6.
Beforewe prove Theoreml5.6,we first prove in the following lemmathat
strongtypicality is preseredwhena functionis appliedto a vector

LEMMA 15.10 LetY = f(X). If
x = (%1, %2, %) € x5 (15.154)

then
f(x) = (y1, 92, yn) € Ty (15.155)

wheey; = f(z;) forl <i <mn.
Proof Considerx € Ty i.€.,

1

> |- N(a;x) —pla)| <6 (15.156)
SinceY = f(X),
py)= D ple) (15.157)
z€f~1(y)
forall y € Y. Ontheotherhand,
N(y; f(x) = > N(z;x) (15.158)
zef~1(y)

forally € Y. Then

> N 09) -0
Y
1
= Z Z —N(z;x) — p(x) ‘ (15.159)
v |ees—1(y) (” )
<> > %N(m;x)— p(z) (15.160)
Y zef-l(y)
= > %N(m;x)— p(x) (15.161)
) (15.162)

Therefore f(x) € T}y, Proving thelemma.o
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Proof of Theorem 15.6 Consideraninformationratetuple
w=(ws:8€S8) (15.163)

in R', i.e., thereexist auxiliary randomvariablesYs, s € S andU;, (4,7) € E

which satisfy (15.46)to (15.50). We first imposethe constraintthat all the

auxiliaryrandomvariableshave finite alphabetsThepurposeof imposingthis

additionalconstrainis to enableheuseof strongtypicality whichappliesonly

to randomvariableswith finite alphabetsThis constrainwill beremoredlater
Considerary fixede > 0. We now constructan

(n, (m35 = (4,7) € E), (ws —€:5€8)) (15.164)
randomcodeon graphG for sufiiciently largen suchthat
n~tlogm; < Rij +¢€ (15.165)

for all (i,5) € E, and
A <e (15.166)

forall; € E. Let § andd’ besmallpositive quantitiessuchthat
§ < 6. (15.167)

The actualvaluesof § and ¢’ will be specifiedlater The coding schemeis
describedn thefollowing stepswheren is assumedo be a suficiently large
integer.

1. Fors € S, by thestrongAEP (Theorenb.2),

¢ def |T[§L/s]6’| > (1-— 5')2”(H(Ys)_75)’ (15.168)

wherey; — 0 asé’ — 0. By letting ¢’ be suficiently small, by virtue of
(15.50),we have

H(Ys) — s > ws, (15.169)
and
(1= )2 e)=) > g, (15.170)
where
0, = [2"ws9] = | x| (15.171)

Thenit follows from (15.168)and(15.170)that
Cs > 0s. (15.172)

Denotethevectorsin T[g‘/s]&, byv,(k),1 <k < (.
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2.

Arbitrarily partition Ty 1 into subsetsA; (s), Az(s), - -, Ag, (s) almost

uniformly, suchthatthe size of eachsubsets eitherequalto |8;'¢;] or
[0, 1¢s]. Definearandommapping

ps:{1,2,---,0s} = {1,2,---,(s} (15.173)

by letting ps(!) be anindex randomlychosenin A;, (s) accordingto the
uniformdistributionfor 1 < [, < 6;.

. For (i, j) € E, denotethevectorsin T[';]ij]d bygij(k), 1 <k < (35, where

Gij = |T[’}]ij]5|. (15.174)
By thestrongAEP,

Gij = T 36l < 270 U)H0), (15.175)

wherey;; — 0 asd — 0. Thenby letting § be sufficiently small,by virtue
of (15.49),we have
H(Uij) +7vij < Rij + e (15.176)

andhence
on(H (Ui )+7ij) < gn(Rij+e) (15.177)

Thenwe canchooseaninteger;; suchthat
o (H(Uij)+is) < mij < on(Rij+e) (15.178)

Theupperboundabore ensureshatz;; satisfieg15.165).

. Definetheencodingfunction

fisr I[ < JI {0.1,---,mw}—{0,1,---,m;} (15.179)
seJ(1) i':(i' 5)eE

asfollows. Let 2, betheoutcomeof X. If
((Ws(ps(ws)) : 5 € J@)), (g, (foilms = s € §) = (74) € B)))

€ Ti(vis€.0(),(Uy (2 D)€ B)6: (15.180)
wheref;;(z, : s € S) denoteshevalueof f; asafunctionof (z, : s €
S), thenby Lemma15.10,

wij ((slps(22)) = 5 € T@0), (yy(Friles = s € 5) : (i) € E)))
(15.181)
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isin T[?Ji,-}d (cf. (15.149)for thedefinitionof u;;). Thenlet

fij ((s(@s) s € T@), (Fuilws s s € 5) : (#,0) € B))  (15.182)
betheindex of

uij ((ps(@s)) : 5 € J@), (s s € §) : (7,0) € B)))
(15.183)
in T[’;]ij]ﬁ (whichis greatetthanor equalto 1), i.e.,

Hij(fij(ms :s€8)) =

uiy ((va(ps(@5)) : s € J(@)), (1 (fos(ws : s € ) : (7,0) € B))).
(15.184)
If (15.180)is not satisfiedthenlet

fii ((ps(ws) : 5 € J@), (Frilws : s € §) : (,4) € B)) = 0. (15.185)

Note that the lower boundon n;; in (15.178)ensureshat f;; is properly
definedbecausdrom (15.175) we have

M > on(H(Ui;)+7ij) > |T[Tllfq;j]6| = Cij. (15.186)
5. Fori € E, definethedecodingfunction

gi I {01-,ms}— [ X (15.187)

i':(¢'i)eE SEF(4)

asfollows. If }
fuoi(rs:s €8)#0 (15.188)

for all (+/,4) € E, andif for all s € F(i) thereexists1 < I, < 0, suchthat
u$) (i (Foi(s 5 € 8)) : (i) € B) = v(ps(1s))  (15.189)

(cf. thedefinitionof ygi) in (15.152)andnotethaty§i) is appliedto avector
asin Lemmal5.10),thenlet

gi (f(x cs€8): (i) e E) = (I, : s € F(7)). (15.190)
Notethatif an/; asspecifiedabove exists, thenit mustbe uniquebecause

vs(ps(1)) # vs(ps(1')) (15.191)

DRAFT Septenber 13, 2001, 6:27pm DRAFT



Multi-Source NetworkCoding 355

if 1 # I'. For all othercaseslet
gi (f(:c cs€8):(i'i) € E) =(1,1,---,1), (15.192)
N—— ——
10]
aconstanvectorin [, p;y Xs-

We now analyzethe performancef thisrandomcode.Specifically we will
shaw that(15.166)is satisfiedfor all i € =. We claimthatfor arny § > 0, if

(vs(ps(zs)) : s €5) € Ty, 5e 590 (15.193)
thenthefollowing aretrue:
i) (15.180)holdsfor all i € V;
i) fij(zs:s€8)#0forall (i,5) € E;
ii) Hij(fij(xs :5 € 8)) = (v, (ps(zs)) : s € S) forall (i, 5) € E.

Wewill provetheclaimbyinductionons, theindex of anode.Wefirstconsider
nodel, whichis thefirst nodeto encodelt is evidentthat

{i' eV :(i',1) € E} (15.194)

is empty Since(Y; : s € J(1)) is afunctionof (Y; : s € S), (15.180)
follows from (15.193)via anapplicationof Lemmal5.10.This provesi), and
i) follows by the definition of the encodingfunction f;;. Forall (1,5) € E,
consider

Elj(flj(xs :s€8)) = uilus(ps(zs)) s € J(1)) (15.195)
= U1j(vs(ps(zs)) : s €5), (15.196)

wherethe first and the secondequality follow from (15.184)and (15.151),
respectiely. Thelattercanbeseenby replacingtherandomvariableY; by the
vectory,(ps(xs)) in (15.151).This provesiii). Now assumehattheclaimis
truefor all nodej < i — 1 for some2 < ¢ < |V|, andwe will prove thatthe
claimis truefor nodei. Forall (7',4) € E,

fy (fri(s 2 s € 8)) = i (w5 (ps(@s)) : 5 € S) (15.197)
by iii) of theinductionhypothesisSince((Ys : s € J(i)), (Uy; : (¢',1) € E))

is a functionof (Y; : s € S) (cf. (15.150)),(15.180)follows from (15.193)
via anapplicationof Lemmal5.10,proving i). Again,ii) followsimmediately
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fromi). Forall (i,j) € E, it follows from (15.184)and(15.151)that
p,; (fig(as = 5 € 8)

= iy (W(ps(5)) 1 5 € T(0)), (my (Firis = 5 € 8) = (1,3) € B)))
(15.198)
= ﬂij(zs(ps(xs)) s €9), (15.199)
wherethelastequalityis obtainedoy replacingtherandomvariableY; by the
vectorv,(ps(zs)) andtherandomvariableU;; by thevectorgi,i( fii(zs = s €
S) in (15.151).This provesiii). Thustheclaimis proved.

If (15.193)holds,for s € F'(i), it follows fromiiii) of the above claim and
(15.153)that

Yy (foi(zg : s € 8)) : (i) € E)
= 4D (api(vy(py (z4)) : 8 € S) = (i',i) € E) (15.200)
= vs(ps(s)), (15.201)

wherethelastequalityis obtainedby replacingYy by v, (ps (z4)) in (15.153).
Thenby thedefinitionof thedecodingiunctiong;, we have

gi (Friws 15 € 8): (i',i) € E) = (ws : 5 € F(0)). (15.202)

Hencexs, s € F (i) canbedecodedorrectly

Thereforejt suficesto consideithe probabilitythat(15.193)doesnothold,
sincethis is the only casefor a decodingerrorto occur For s € S, consider
ary 1 < ks < (s, Wherek; € 4, (s) forsomel <, < 6;. Then

Pr{ps(Xs) = ks}

= Pr{ps(Xs) = ks, Xy = I} (15.203)
Pr{ps(X;s) = ks|Xs = [s}Pr{X; =I5} (15.204)
= A, (s)] 10, (15.205)
Since| Ay, (s)] is equalto either |61, | or [6;1¢s], we have
A, ()] = 1651¢) 2 671G — 1. (15.206)
Therefore,
Pr{ps(X,) = ks} < (95_1@1_ T & 7 (15.207)
Sinced, ~ 2™ and(, ~ 2" (Ys) where
H(Y,) > w, (15.208)
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from (15.50),8; is nggligible comparedvith {; whenn is large. Thenby the
strongAER  thereexistsv,(4’) > 0 suchthat

(1- 5')2n(H(Ys)—7é(5’)) < (o — 0 < (5 < 2nH ) +%(07) (15.209)
wherev!(4') — 0 asé’ — 0. Therefore,
Pr{p,(X,) = ks} < (1 — ")~ 12~ n(H)=%(9)) (15.210)

Note thatthis lower bounddoesnotdependn thevalueof k. It thenfollows
that

Pr{ps( s) =ks:s€ S}

< _ ) \S|H2 n(H(Ys)—75(6")) (15.211)
— ( ) ‘S|2 nz ’Ys 5’)) (15212)
— (1-4 )—\S|2—H(Zs Ys —Zs %(8)) (15.213)

(1 _ 5/)_‘S|2—n(H(Ys:SES)—’Y’(5’)), (15214)

wherethelastequalityfollows from (15.46)with
(6" = 7i(d) (15.215)
8§

whichtendsto0asd’ — 0. In otherwords,for every (ys : s € S) € ], Ty 35

Pr{y,(ps(X;)) = ys : s € S} < (1-¢") 7Sl HT5€9) =) " (15.216)

Let Y, denoten i.i.d. copiesof the randomvariableY;. For everyy; €
T&]é” by thestrongAEP,

Pr{Y, =y, } > 27 H ) vs(9)], (15.217)

wherev,(d') — 0 asd’ — 0. Thenfor every (ys : s € S) € [, Ty, 5

Pr{Y,=y,:s€S8} > H2 n[H(Ys)+vs(8)] (15.218)
= 27 (B HOD+E, @) (15.219)
- 9 n(H (3{;.565)-}-11((5'))’ (15220)
where
=) v(8') =0 (15.221)
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asd’ — 0.
Forevery(y; : s € S) €[], T Vo from (15.216)and(15.220) we have

Pr{v,(ps(Xs)) =ys : s € S}

_ ( 5/) |S|2n (8" +'u(5'))2 n(H(Ys:s€S)+wv(d")) (15222)
< (1= ) Sl @ @pr{y, =y, :s€ S} (15.223)
= (1—¢6)"Slar=@)pr{y, =y, :s€ S}, (15.224)

where
w(8') =+'(8") +v(d). (15.225)

Since
Pr{v,(ps(Xs)) =ys:s€ 5} =0 (15.226)

forall (ys : s € S) & I1, Ty, (15.224)is in facttruefor all (y, : s € 5) €
(Y7 : s € S). By Theorenb.3,

Pr{(Y,:s€8) ¢ Tfy, .ccq5t < 270, (15.227)

wherep(d) > 0 andyp(d) — 0 asé — 0. Thenby summingoverall (y; : s €
S) & Tfy, ses)5 I (15.224) we have
Pr{(zs(ps(Xs)) HERS S) ¢ 7—1[?’;:865}(5}

< (1-0) S OPr{(Y,:5€8) ¢ T, wess)  (15.228)

< (11— 8 Slgme(0)-=(), (15.229)
Sinced’ < § (cf. (15.167))we canlet §’ be suficiently smallsothat

©(8) —w(6') >0 (15.230)

and the upperboundin (15.229)tendsto 0 asn — oo. Thus,whenn is
sufficiently large,for all i € E,

A <Pr{(vy(ps(X)) 1 5 € 8) ¢ Ty, e} < €. (15.231)

Hence,we have constructeda desiredrandomcodewith the extraneouscon-
straintthattheall theauxiliary randomvariableshave finite alphabets.

We nowv shav that when someof the auxiliary randomvariablesdo not
have finite support$, they canbe approximatedy oneswith finite supports
while all the independenceand functional dependenceonstraintsrequired

1Theserandomvariablesneverthelessreassumedo have finite entropies.
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continueto hold. Supposesomeof the auxiliary randomvariablesY;,s € S
andU;j, (4,7) € E donothave finite supports Without lossof generality as-
sumethatY; take valuesin the setof positive integers.For all s € S, definea
randomvariableY; (m) which takesvaluesin

N ={1,2,-+-,m)} (15.232)

suchthat
Pr{Y; =k}

- Pr{Y; € N}

forall k € Ny, i.e.,Y](m) is atruncationof Y; upto m. It is intuitively clear
that H(Y/(m)) — H(Y,) asm — oo. Theproofis givenin Appendix15.A.

LetY](m), s € S bemutuallyindependensothatthey satisfy(15.46)with
all therandomvariablesin (15.46)primed. Now constructrandomvariables
Uj;(m) inductiely by letting

Pr{Y!(m) = k} (15.233)

Uij(m) = uij (Y5 (m) : s € J (i), (Upi(m) : (¢',4) € B))  (15.234)

for all (i,5) € E (cf. (15.149)). ThenY{(m),s € S andUj;(m), (i) €
FE satisfy (15.47)and (15.48) with all the randomvariablesin (15.47)and
(15.48)primed. Using the exactly the sameargumentfor Y (m), we seethat
H(Uj;(m)) — H(Us;) asm — oo.

If Yy, s € SandUyj, (i, j) € E satisfy(15.49)and(15.50) thenthereexists
1 > 0 suchthat

R;; > H(Uij) + (15.235)
and
H(Y;) — 9 > ws. (15.236)
Thenfor suficiently largem, we have
R;; > H(Uij) + > H(U{](m)) (15.237)
and
H(Y!(m)) > H(Ys) — 9 > ws. (15.238)

In otherwords, Y{(m),s € S andUj;(m), (i,j) € E, whosesupportsare
finite, satisfy(15.49)and(15.50)with all therandomvariablesin (15.49)and
(15.50)primed.

Therefore,we have proved that all information rate tuplesw in R’ are
achiarable. By meansof a time-sharingagumentsimilar to the onewe used
in theproofof Theoren®.12,we seethatif w(!) andw(? areachievable,then
for ary rationalnumberX betweerD and1,

w =W+ (1-Nw? (15.239)
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is alsoachievable. As theremarkimmediatelyafter Definition 15.3assertshat
if w®), k > 1 areachievable,then
w = lim w® (15.240)
k—o00
is also achievable, we seethat every w in con(R') is achievable. In other

words,
Rin =con(R') C R, (15.241)

andthetheoremis proved.o

APPENDIX 15.A: APPROXIMA TION OF RANDOM VARI-
ABLES WITH INFINITE ALPHABETS

In this appendixwe prove that H(Y; (m)) — H(Y,) asm — oo, wherewe assumehat
H(Y;) < co. Foreverym > 1, definethebinaryrandomvariable

B(m) = { : :g =m (15.A.1)
Consider
HY,) = - iPr{YS = k}log Pr{Y, = k}
k=1
— f: Pr{Y, = k}logPr{Y; = k}. (15.A.2)
k=m+1
Asm — oo,
— ) " Pr{Y, = k}log Pr{Y; = k} — H(Y,). (15.A.3)
k=1
SinceH (Y;) < oo,
— > Pr{Y¥, =k}logPr{Y, =k} 0 (15.A.4)
k=m+1
ask — oco. Now consider
H(Y;)
= H(Y,|B(m)) + I(Ys; B(m)) (15.A.5)
= H(Y;|B(m) = 1)Pr{B(m) = 1} + H(Y,|B(m) = 0}
xPr{B(m) = 0} + I(Ys; B(m)) (15.A.6)
= H(Y{(m))Pr{B(m) = 1} + H(Y,|B(m) = 0)
xPr{B(m) = 0} + I(Ys; B(m)). (15.A.7)

Asm — oo, H(B(m)) — 0 sincePr{B(m) = 1} — 1. ThisimpliesI(Ys; B(m)) — 0
because

I(Ys; B(m)) < H(B(m)). (15.A.8)
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In (15.A.7),we furtherconsider

H(Ya|B(m) = 0)Pr{B(m) = 0}

= - kglpr{m =k}log % (15.A.9)
= - i Pr{Y; = k}(log Pr{Y, = k}

- fo:gm;rl{B(m) =0}) (15.A.10)
= - f: (Pr{Y; = k}log Pr{Y, = k})

k=m+1
+ ( i Pr{Y, = k}) log Pr{B(m) = 0} (15.A.11)
k=m+1

= f: (Pr{Y, = k} log Pr{Y; = k})

+;:F;(lm) = 0} log Pr{B(m) = 0}. (15.A.12)

As m — oo, the summationabore tendsto 0 by (15.A.4). SincePr{B(m) = 0} — 0,
Pr{B(m) = 0} log Pr{B(m) = 0} — 0. Therefore,

H(Y;|B(m) = 0)Pr{B(m) = 0} = 0, (15.A.13)
andwe seefrom (15.A.7)that H(Y, (m)) — H(Ys) asm — co.

PROBLEMS
1. Considetthefollowing network.

a) Let w; betherateof informationsourceX;. Determineandillustrate
themax-flov bounds.

b) Arethemax-flov boundsachivable?
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¢) Issuperpositiortodingalwaysoptimal?

2. Repeatroblem1 for the following network in which the capacitiesf all
theedgesareequalto 1.

X, X

[X.X)] [xJ [XX)] Xy

3. Considera disk arraywith 3 disks. Let X;, X2, and X3 be 3 mutually
independenpiecesof informationto beretrieved from the disk array and
let S, Sy, and S3 bethe datato be storedseparatelyin the 3 disks. It is
requiredthat X; canberetrievedfrom S;, ¢ = 1, 2,3, X, canberetrieved
from (S;,5;), 1 <1i < j < 3,andX3 canberetriecvedfrom (Si, Sz, S3).

a) Provethatfori =1,2,3,
H(Si) = H(X1) + H(S;]|X1)-
b) Provethatfor1 < < j <3,
H(Si|X1) + H(S;|X1) > H(Xz) + H(S;, Sj| X1, X2).

¢) Provethat
H(Sb SQ, S3|X17 X2) = H(X3)

d) Provethatfori =1,2,3.
H(S;) > H(Xy).
e) Provethat
H(S:) + H(S;) > 2H(X1) + H(X3) + H(S;, Sj| X1, Xa).
f) Provethat

25; + Sie1 + Sige > 4H(X1) + 2H(Xo) + H(X3),
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wherei = 1,2, 3 and

o (i+j ifi+5<3
ZEBJ‘{z‘+j—3ifz‘+j>3

for1<i,j < 3.
g) Provethat

H(Sl) + H(Sz) + H(S3) > 3H(X1) + %H(XQ) + H(Xg)

Partsd) to g) give constraintson H(S1), H(S2), and H(S3) in termsof
H(X;), H(X3), andH (X3). It wasshavn in Rocheetal. [166] thatthese
constraintsaarethetightestpossible.

4. Generalizeéhesetupin Problem3 to K disksandshav that

Hint: Usethe inequalitiesin Problem13 in Chapter2 to prove that for
s=0,1,---,K —1,

K s
H(X K
S H(S) > nK>, (Xa) | 7
=1 a=1 @ (s+1)
x ¥ H(S7| X1, Xa,-++,X,)
T:|T|=s+1 s+1

by inductionon s, whereT is asubseof {1,2,---, K'}.
5. DetermingheregionsR;,, Rout, andR p for thenetworkin Figurel5.13.
6. Shaw thatif thereexistsan
(n, (mij : (1,7) € E), (15 : s € 5)) (15.A.14)
codewhich satisfieq15.71)and(15.73),thentherealwaysexistsan
(n, (nij = (i,5) € E), (1 : s €5)) (15.A.15)

codewhichsatisfieg15.71)and(15.73),wherer. < 75 forall s € S. Hint:
usearandomcodingargument.
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HISTORICAL NOTES

Multilevel diversity codingwasintroducedby Yeung[215], whereit was
shavn that superpositiorcoding is not always optimal. Rocheet al. [166]
shavedthatsuperpositiortodingis optimalfor symmetricathree-leel diver-
sity coding. This resultwasextendedto K > 3 levels by YeungandZhang
[219]with apainstakingproof. Hau[92] studiedall theonehundredconfigura-
tionsof athree-encodeadiversity codingsystemsandfoundthatsuperposition
is optimalfor eighty-sixconfigurations.

YeungandZhang[220] introducedhe distributedsourcecodingmodeldis-
cussedn Sectionl5.2.2which subsumesnultilevel diversity coding. There-
gionsI'; andl', previously introducedby Yeung[216] for studyinginforma-
tion inequalitiesenabledhemto obtaininnerandouterboundson the coding
rateregion for avariety of networks.

Distributedsourcecodingis equivalentto multi-sourcenetwork codingin a
two-tier agyclic network. Recently theresultsin [220] have beengeneralized
to anarbitraryagyclic network by Songetal. [187], onwhichthediscussionn
this chapteris based.KoetterandMédard[112] have developedan algebraic
approacho multi-sourcenetwork coding.
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Chapterl6

ENTROPY AND GROUPS

Thegroupis thefirst majormathematicastructuran abstracalgebrawhile
entropy is the mostbasicmeasuref information. Grouptheoryandinforma-
tion theory are two seeminglyunrelatedsubjectswhich turn out to be inti-
matelyrelatedto eachother This chapterexplainsthis intriguing relationbe-
tweenthesetwo fundamentasubjects.Thosereaderavho have no knowledge
in grouptheorymay skip thisintroductionandgo directly to the next section.

Let X; and X, beary two randomvariables.Then

H(X1) + H(X2) > H(X1, X3), (16.1)
whichis equialentto the basicinequality

Let G beary finite groupandG; andG5 besubgroup®f G. We will shav in
Sectionl6.4that
|Gl|G1 N Ga| > [G1]|Gal, (16.3)

where |G| denoteshe order of G and G; N G2 denotegthe intersectionof
Gy andGs (G1 N G, is alsoa subgroupof G, seeProposition16.13). By
rearrangingheterms,the abore inequalitycanbewritten as
G| |G| |G|
log—— 4+ log— >log ————. 16.4
B1a] H e = B TE e (164
By comparing(16.1)and(16.4),onecaneasilyidentify the one-to-onecorre-
spondencéetweernthesetwo inequalities hamelythat X; corresponds$o G,
i = 1,2, and (X1, Xo) correspond$o G; N Go. While (16.1)is truefor ary
pair of randomvariablesX; and X5, (16.4)is truefor ary finite groupG and
subgroup£7; andGs.
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Recallfrom Chapterl2 thattheregion I';, characterizeall informationin-
equalities(involving n randomvariables). In particular we have shavn in
Sectionl4.1thattheregionT,, is sufiicientfor characterizingll unconstrained
informationinequalitiesj.e., by knowing T;, onecandeterminewvhetherary
unconstrainedhformationinequalityalwaysholds. The main purposeof this
chapteris to obtain a characterizatiorof T, in termsof finite groups. An
importantconsequencef this resultis a one-to-onecorrespondenceetween
unconstrainethformationinequalitiesandgroupinequalities Specifically for
every unconstrainethformationinequality thereis a correspondingroupin-
equality andvice versa.A specialcaseof this correspondencleasbeengiven
in (16.1)and(16.4).

By meanof thisresult,unconstrainethformationinequalitiescanbeproved
by techniguesn grouptheory anda certainform of inequalitiesn groupthe-
ory canbe proved by techniquesn informationtheory In particular the un-
constrainedhon-Shannon-typmequalityin Theoreml4.7 corresponds$o the
groupinequality

|G1 N G3]3|G1 N Gal?|Gs N G4l?|G2 N G3]|G2 N Gy
<|G1]|G1 N Gyl|Gs’|Gal*|GL NG N Gul|Ga NG NG, (16.5)
whereG; aresubgroup®f afinite groupG, i = 1,2, 3,4. Themeaningof this
inequalityandits implicationsin grouptheoryareyetto be understood.

16.1 GROUP PRELIMIN ARIES

In this section,we presentthe definition and somebasicpropertiesof a
groupwhich areessentiafor subsequentiscussions.

DEFINITION 16.1 A groupis a setof objectsG togetherwith a binary oper
ation on the element®f G, denotedoy “ o” unlessotherwisespecifiedwhich
satisfythefollowing four axioms:

1. ClosureFor everya, bin G, a o bisalsoin G.
2. Associatvity For everya, b, cin G,ao (boc) = (aob)oc.

3. Existenceof Identity Thee existsanelement in G sud thatace = eca
= g for everya in G.

4. Existenceof InverseFor everya in G, there existsan elemend in G such
thataob=boa =ce.

ProrosITION 16.2 For anygroupG, theidentityelemenis unique

Proof Lete ande’ be both identity elementsin a group G. Sincee is an
identity element,
doe=e, (16.6)
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andsincee’ is alsoanidentity element,
doe=¢. (16.7)

It follows by equatingthe right handsidesof (16.6)and (16.7)thate = ¢/,
whichimpliesthe uniquenessf theidentity elemeniof agroup.o

ProroOSITION 16.3 For everyelement: in agroup@G, its inverseis unique

Proof Letb andd’ beinversesof anelement, sothat

aob=boa=c¢ (16.8)
and

aob =boa=e. (16.9)

Then
b = boe (16.10)
= bo(aob) (16.11)
= (boa)ol/ (16.12)
= eol (16.13)
o, (16.14)

where (16.11) and (16.13)follow from (16.9) and (16.8), respectiely, and
(16.12)is by associatiity. Thereforetheinverseof a is unique.o

Thusthe inverseof a group elementa is a function of a, andit will be
denotedby a'.

DEFINITION 16.4 Thenumberof element®of a group G is calledthe order
of G, denotedby |G|. If |G| < oo, G is calleda finite group, otherwiseit is
calledaninfinite group.

Thereis an unlimited supply of examplesof groups. Somefamiliar ex-
amplesare: the integersunderaddition, the rationalsexcluding zero under
multiplication,andthe setof real-\alued2 x 2 matricesunderaddition,where
additionand multiplication refer to the usualadditionand multiplication for
realnumbersandmatrices.In eachof theseexamplesthe operation(addition
or multiplication) playstherole of the binaryoperatiort‘c” in Definition 16.2.

All theabove areexamplesof infinite groups.In this chapterhowever, we
areconcerneavith finite groups.In thefollowing, we discusgwo exampleof
finite groupsin details.
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ExamPLE 16.5 (Mobpuro 2 ApprTioN) Thetrivial groupconsistofonly
the identity element. The simplestnontrivial group is the group of modulo2
addition. Theorder of this groupis 2, andthe elementsre {0, 1}. Thebinary
opeition, denotedby “ +," is definedby following table:

+ |0 1
0|0 1
11 O

Thefour axiomsof a groupsimplysaythat certainconstaintsmustholdin the
abovetable Wenowched thatall theseaxiomsare satisfied Fir st,theclosue
axiomrequiresthatall theentriesin thetableare elementsn thegroup,which
is easilyseento bethe case Secondit is requitedthat associativityholds. To
thisend,it canbechededin theaboretablethatfor all a, b, andc,

a+(b+c)=(a+0b)+ec. (16.15)
For example

0+(14+1)=0+0=0, (16.16)
while

0+1)+1=1+1=0, (16.17)

which is the sameas 0 + (1 + 1). Third, the element is readily identified
astheuniqueidentity Fourth, it is readily seenthatan inverse existsfor eadh
elemenin thegroup. For example theinverseof 1 is 1, because

1+1=0. (16.18)

Thustheabovetabledefinesa groupof order 2. It happensn thisexamplethat
theinverse of ead elemenis the elemenitself, which is not true for a group
in geneal.

We remarkthatin the context of a group,the elementsn the groupshould
be regardedstrictly as symbolsonly. In particulay one shouldnot associate
groupelementswvith magnitudesaswe do for realnumbers.For instancejn
theabove example,oneshouldnotthink of 0 asbeinglessthanl. Theelement
0, however, is aspeciakymbolwhichplaystherole of theidentity of thegroup.

We alsonoticethatfor the groupin the abore example,a + b is equalto
b + a for all groupelements: andb. A groupwith this propertyis calleda
commutativegroupor anAbeliangroup.

EXAMPLE 16.6 (PERMUTATION GROUP) Considera permutationof the
componentsf a vector
x = (T1,2, ", Tr) (16.19)

1The Abeliangroupis namedafterthe Norwegian mathematiciatNiels Henrik Abel (1802-1829).
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givenby
o[X] = (To(1), To(2), "1 Ta(r))s (16.20)

whee
o:{1,2,---,r} = {1,2,---,r} (16.21)

is a one-to-onanapping Theone-to-onemappingo is called a permutation
on{l,2,---,r}, whichis representedy

o= (0(1),0(2),---,0(r)). (16.22)

For two permutationsr; andos, defines; o oo asthecompositdunctionof oy
andos. For example for r = 4, suppose

o1 =1(2,1,4,3) (16.23)
and
o9 = (1,4,2,3). (16.24)
Theno, o o9 is givenby
g1 © 0'2(1) = 01(0’2(1)) = 0'1(1) = 2
o1002(2) = o01(02(2)) = o01(4) = 3
16.25
o1om(3) = o1(0a(3) = o1(2) = 1 (16.25)
o1002(4) = o1(02(4)) = 01(3) = 4,
or
010092 = (2,3, 1,4). (1626)
Thereadercaneasilyched that
09 001 = (4,1,2,3), (16.27)

whidh is differentfromo; o o9. Theefore, theopemtion“ o” is notcommuta-
tive.

We nowshowthatthe setof all permutation®on{1,2,-- -, r} andtheoper
ation“ o” forma group,calledthe permutationgroup. Fir st, for two permuta-
tionsg; andoy, sincebotha; ando, are one-to-onenappingssois o; o os.
Theefor, theclosue axiomis satisfied.Secondfor permutationsr,, o2, and
0-3’

oo (o2003)(i) = o1(02003(1)) (16.28)
= o1(02(03(1))) (16.29)

= 019 02(03(2')) (1630)

(01 0 02) o 03(%) (16.31)

for 1 < i < r. Theefor, associativityis satisfied. Third, it is clear that the
identity mapis the identity element. Fourth, for a permutationo, it is clear
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that its inverseis o1, the inverse mappingof o which is definedbecauser
is one-to-one Theefore, the setof all permutationson {1,2,---,r} andthe
opeiation“ o” forma group. Theorder of thisgroupis evidentlyequalto (r!).

DEFINITION 16.7 LetG bea groupwith opemtion “o,” and S bea subset
of G. If S is a group with respectto the opertion “o,” then S is called a
subgoupof G.

DEerINITION 16.8 LetS bea subgpupofagroupG anda bean elemenbf
G. Theleft cosetof S with respecto a isthesetao S = {aos : s € S}.
Similarly, theright cosetof S withrespecto a isthesetSoa = {soa : s € S}.

In the sequel,only the left cosetwill be used. However, ary resultwhich
appliesto the left cosetalso appliesto the right coset,andvice versa. For
simplicity, a o S will bedenotedy aS.

PRroOPOSITION 16.9 Fora; andas in G, a1S andasS are eitheridenticalor
disjoint. Further a1 S anda, S areidenticalif andonlyif a; andas belongto
the samdeft cosetof S.

Proof Supposei;S andasyS arenotdisjoint. Thenthereexistsanelementh
in a1 S N a9S suchthat

b=a1 08 =ago sy, (16.32)
for somes; in S,i =1,2. Then
a; = (ag 0 89) 0 31_1 =ago (sgo0 sl_l) =agot, (16.33)

wheret = s9 0 51‘1 isin S. We now shav thata; S C a9S. For anelement
ajosinai;S,wheres € S,

aros=(agot)os=ago(tos)=azou, (16.34)

whereu = to sisin S. Thisimpliesthata; o sisin a3S. Thus,a1S C asS.
By symmetrya,S C a1S. Therefore,a1.S = a2S. Hence,if a1.S andasS
arenotdisjoint, thenthey areidentical. Equivalently a1 S andasS areeither
identicalor disjoint. This provesthefirst partof the proposition.

We now prove the secondpart of the proposition. Since S is a group, it
containse, the identity element. Thenfor ary groupelementa, a = a o e is
in aS because: isin S. If ;S andayS areidentical,thena; € a;S and
as € a2S = a1S. Thereforeg; anday belongto the sameeft cosetof S.

To prove the corverse,assumes; andas belongto the sameleft cosetof
S. Fromthefirst partof the proposition,we seethata groupelementelongs
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to oneandonly oneleft cosetof S. Sincea; isin a;S andas isin ayS, and
a1 anday belongto the sameleft cosetof S, we seethata;.S andasS are
identical. The propositionis proved.co

ProprosITION 16.10 LetS beasubgoupofagroupG anda beanelement
of G. Then|aS| = |S], i.e., thenumbes of elementsn all theleft cosetsof S
are thesameandthey are equalto theorder of S.

Proof Considenwo elements: o s; anda o s9 in a o S, wheres; ands, are
in S suchthat

a0 81 = ao so. (16.35)
Then
alo(aos)) = alo(aosy) (16.36)
(@toa)os; = (a"loa)osy (16.37)
€08 = €038y (16.38)
ST = 892. (1639)

Thuseachelementin S correspondso a uniqueelementin aS. Therefore,
laS| = |S|foralla € G. o

We arejust onestepaway from obtainingthe celebrated_agrange’s Theo-
remstatedoelow.

THEOREM 16.11 (LAGRANGE’S THEOREM) If Sisasubgoupof G, then
|S| divides|G]|.

Proof Sincea € aS for everya € G, every elementof G belongsto a left

cosetof S. Thenfrom Proposition16.9,we seethatthe distinctleft cosetsf

S partitionG. Thereford G|, thetotalnumberof elementsn G, is equalto the
numberof distinctcosetsof S multiplied by the numberof elementsn each
left coset,which is equalto |S| by Proposition16.10. This implies that | S|

divides|G|, proving thetheoremo

The following corollary is immediatefrom the proof of Lagranges Theo-
rem.

COROLLARY 16.12 Let S bea subgoup of a group G. Thenumberof dis-
G|

tinct left cosetwf S is equalto IGE
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16.2 GROUP-CHARACTERIZABLE ENTROPY
FUNCTIONS

Recallfrom Chapterl2 thattheregionI';, consistf all the entroyy func-
tions in the entropy space#,, for n randomvariables. As a first stepto-
wardestablishinghe relationbetweerentrofy andgroups,we discussn this
sectionentrofy functionsin I';, which canbe describedby a finite group G
andsubgroups7, Go, - - -, G,. Suchentropy functionsaresaidto be group-
characterizable The significanceof this classof entrofy functionswill be-
comeclearin the next section.

Inthesequelwewill make useof theintersection®f subgroupextensvely.
We first prove thatthe intersectiorof two subgroupss alsoa subgroup.

PRrROPOSITION 16.13 LetG; andG4 besubgpupsofagroupG. ThenG N
G, isalsoa subgoupof G.

Proof It suficesto shav thatG; NG+ togethemwith theoperatiort o” satisfyall
theaxiomsof a group. First, considerntwo elements: andb of G in G; N Gb.
Sincebotha andb arein G4, (a o b) isin G;. Likewise, (a o b) isin Gs.
Therefore,a o b isin G; N G,. Thusthe closureaxiom holdsfor G; N Gb.
Secondassociatiity for G; N G4 inheritsfrom G. Third, G; and G5 both
containthe identity elementbecausehey aregroups. Therefore the identity
elemenisin G| N G,. Fourth,for anelement € G;, sinceG; is agroup,a™*
isin Gy, i = 1,2. Thusfor anelementz € G NG9, a~ ! is alsoin G; N Ga.
ThereforeG1 N G is agroupandhencea subgroupf G. o

COROLLARY 16.14 LetG4,Go,---, G, be subgoupsof a group G. Then
N7, G; is alsoa subgpupof G.

In therestof thechapterwelet AV, = {1,2,---,n} anddenoten;c,G; by
G, Wherea is anonemptysubsebf A,.

LEMMA 16.15 LetG; be subgoupsof a group G anda; be elementof G,
i € a. Then

P (€ if Nicaq @iGi #0
NicatiGil = { 0 otherwise (16.40)

Proof For the specialcasewhen« is a singleton,i.e., « = {i} for some
i € Ny, (16.40)reduceso

|a;G;i| = |Gil, (16.41)
which hasalreadybeenprovedin Propositionl6.10.
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Figure 16.1. Themembershipablefor afinite groupG andsubgroupgs1 andG-.

Let o« be ary nonemptysubsetof N,,. If N;c,aiGi = 0, then(16.40)is
obviously true. If N, a;G; # 0, thenthereexistsz € ;. a;G; suchthat
foralli € q,

t€EQ tEQ

T = a; 0 S, (16.42)

wheres; € G;. Forary i € a andfor ary y € G,, consider
zoy=(a;0s)oy=a;o(s;oy). (16.43)

Sinceboth s; andy arein G;, s; o y isin G;. Thusz o y isin a;G; for all
i € o, Orz oy isin e, aiGi. Moreover, fory,y’ € Gy, if oy =z o0y,
theny = ¢'. Therefore gachelemenin G, correspond$o a uniqueelement
iINN;cq @iG;. Hence,

INicaaiGi| = |Gal, (16.44)

proving thelemma.o

The relationbetweena finite group G and subgroups7; andGs is illus-
tratedby the membeshiptablein Figure16.1. In this table,an elementof G
is representetly adot. Thefirst columnrepresentghe subgroup’,, with the
dotsin thefirst columnbeingthe elementsn G1. Theothercolumnsrepresent
the left cosetsof G;. By Proposition16.10,all the columnshave the same
numberof dots. Similarly, the first row representshe subgroupG, andthe
otherrows representheleft cosetsof G,. Again, all the rows have the same
numberof dots.

Theupperleft entryin thetablerepresentthesubgroup; N G». Thereare
|G1NG2| dotsin thisentry with oneof themrepresentingheidentity element.
Any otherentryrepresenttheintersectiorbetweeraleft cosetof G; andaleft
cosetof G2, andby Lemmal6.15,the numberof dotsin eachof theseentries
is eitherequalto |G N G| or zero.
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2MHM Y € S,
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2nH(X) . . . <\;> 2nH(X,Y)

€Sy, e Shy,

Figure 16.2. A two-dimensionaktrongtypicality array

Sinceall the columnhave the samenumbersof dotsandall the rows have
thesamenumberof dots,we saythatthetablein Figure16.1exhibits a quasi-
uniform structure. We have alreadyseena similar structurein Figure5.1 for
the two-dimensionaktrongjoint typicality array which we reproducen Fig-
urel6.2.In thisarray whenn is large, all the columnshave approximatelythe
samenumberof dotsandall therows have approximatelythe samenumberof
dots. For this reasonwe saythatthe two-dimensionaktrongtypicality array
exhibits an asymptoticquasi-uniformstructure. In a strongtypicality array
however, eachentry cancontainonly onedot, while in a membershigable,
eachentrycancontainmultiple dots.

Onecanmale a similar comparisorbetweena strongjoint typicality array
for ary n > 2 randomvariablesandthe membershigablefor a finite group
with n. subgroupsThe detailsareomittedhere.

THEOREM 16.16 LetG;,i € N, besubgoupsof agroupG. Thenh € H,
definedby

ho = log ||(§|| (16.45)
07

for all nonemptysubsetr of AV,, is entopic,i.e., h € T}.

Proof It suficesto shaw that thereexists a collection of randomvariables
X1, Xo,--+, X, suchthat

|G|
|Gal

H(Xy) = log (16.46)

for all nonemptysubsetr of N,,. Wefirstintroduceauniformrandomvariable
A definedon the samplespace’ with probabilitymassfunction

1

Pr{A =a} = @

(16.47)
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foralla € G. Forary i € N, letrandomvariableX; beafunctionof A such
thatXi = aGj; if A =a.

Let « be a nonemptysubsebf N,,. SinceX; = a;G; for all i € « if and
only if A is equalto someb € N;cqa;G,

| Nica aiGil

Ga -
_ [ T NieaiGi #0 (16.49)
0 otherwise
by Lemmal6.15. In otherwords, (X;,7 € «) distributesuniformly on its
supportwhosecardinality is 1al Then (16.46)follows andthe theoremis

Gal
proved.o

DEFINITION 16.17 LetG beafinitegroupandG., Go, - - -, G,, besubgoups
of G. Leth beavectorin H,,. If h, = log % for all nonemptysubsetsy of
N, then(G, G4, -- -, G,) is a groupcharacterizationof h.

Theorem16.16 assertghat certainentrofy functionsin I'}, have a group
characterization. Theseare called group-characterizablentrogy functions,
which will be usedin the next sectionto obtaina group characterizatiorof
theregion T;. We endthis sectionby giving a few examplesof suchentrofy
functions.

ExAMPLE 16.18 Fix any subsetg of N5 = {1,2,3} and definea vector
he?; by

_ [ log2 fanp#0
fa = { 0 otherwise (16.50)

We now showthat h hasa group characterization. Let G = {0,1} bethe
groupof modulo2 additionin Examplel6.5,andfori = 1,2, 3, let

[ {0} ifiep
Gi= { G otherwise (16.51)

Thenfor a nonemptysubsetx of A, if @ N 3 # 0, there existsan i in a suh
that: is alsoin g, andhenceby definitionG; = {0}. Thus,

Go=[)Gi={0}. (16.52)
i€
Theefore,
G| (& 2
log = log =log — = log 2. (16.53)
|Gal {0} 1
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If anp=0,thenG; =G forall i € a, and

Goa=[)Gi=G. (16.54)
i€a
Theefore,
|G| G|
log =log — =logl =0. (16.55)
|Gal G|
Thenwe seefrom(16.50),(16.53),and (16.55)that
G|
ha =1lo 16.56
o g |Ga| ( )

for all nonemptysubsetx of A5. Hence (G, G1, G2, G3) is a group charac-
terizationof h.

ExAMPLE 16.19 Thisis a genealization of the last example Fix anynon-

emptysubsef3 of N,, anddefinea vectorh € #,, by

[ log2 fanB#0
froc = { 0 otherwise (16.57)

Then(G,G1,Gs,---,Gy) is a group characterizationof h, whee G is the
group of modulo2 addition,and

[ {0} ifiep
Gi= { G otherwise (16.58)

Byletting 8 = (), h = 0. Thusweseethat (G, G1,Go,---,Gy) is agroup
characterizationof theorigin of #,,, withG = G; = Gy = --- = G,,.

ExaMPLE 16.20 Defineavectorh € H3 asfollows:
he = min(|al, 2). (16.59)

Let F' bethegroup of modulo2 addition,G = F x F, and

G = {(0,0),(1,0)} (16.60)
Go = {(0,0),(0,1)} (16.61)
Gs = {(0,0),(1,1)}. (16.62)

Then(G, G1, G2, G3) is a group characterizationof h.
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16.3 A GROUP CHARACTERIZATION OFT;

We have introducedin the last sectionthe classof entrogy functionsin I';;
which have a group characterizationHowever, an entropy functionh € T},
may not have a groupcharacterizatiomueto the following obseration. Sup-
poseh € I';. Thenthereexistsa collectionof randomvariablesX;, Xs, - - -,
X, suchthat

ho = H(X,) (16.63)

for all nonemptysubset of NV,,. If (G, G4,---,G,) is agroupcharacteriza-
tion of h, then

H(X,) =log ¢ (16.64)
Gal
for all nonemptysubsebf A,,. Sinceboth |G| and|G,| areintegers,H (X,,)
mustbe the logarithmof a rationalnumber However, the joint entrofy of a
setof randomvariablesn generals not necessarilghelogarithmof arational
number(seeCorollary 2.44). Therefore|t is possibleto constructan entropy
functionh € I';, which hasno groupcharacterization.
Althoughh € T}, doesnotimply h hasagroupcharacterizatiorit turnsout
thatthe setof all h € T}, which have a groupcharacterizatiots almostgood
enoughto characterizéheregion I}, aswe will seenext.

DEFINITION 16.21 Definethefollowingregionin #,,:
T, = {h € H, : h hasagroupcharacterizatioh (16.65)

By Theorem16.16,if h € 7, hasa groupcharacterizatiorthenh € I';.
Therefore,Y,, C I'},. We will prove asa corollary of the next theoremthat
con(Y,), thecorvex closureof T, is in factequalto T, the closureof % .

THEOREM 16.22 For anyh € T, there existsa sequencéf(™} in T, sudh
thatlim,_,o Lf(") = h.

We needthe following lemmato prove this theorem. The proof of this
lemmaresembleshe proof of Theorenb.9. Neverthelesswe give a sketchof
the prooffor the sale of completeness.

LEMMA 16.23 Let X be a randomvariable sud that |X| < oo and the
distribution {p(z)} is rational, i.e., p(x) is a rational numberfor all z € X.

Withoutlossof generlity, assume(z) is a rational numbemwith denominator
g forall x € X. Thenforr = ¢, 2q, 3q,- - -,

1 L
Tli)rgo = log L@ H(X). (16.66)
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Proof Applying Lemma5.10,we canobtain
1 !
g
T

IL (rp(@))!
< Y p@)np(z) + T

In(r+1) —Inr (16.67)

1 1 1
= H,(X)+-Inr+ (1 + —) In (1 + —) : (16.68)
T T T

Thisupperboundtendsto H.(X) asr — oo. Ontheotherhand we canobtain

!
T

[1z(rp(2))!
> =Y (p(ac) + %) In (p(m) - 1) o (16.69)

z T T
Thislowerboundalsotendsto H.(X) asr — oco. Thentheproofis completed
by changinghebaseof thelogarithmif necessary

Proof of Theorem 16.22 Forary h € I';, thereexistsa collectionof random
variablesX, Xs, - - -, X}, suchthat

he = H(X,) (16.70)

for all nonemptysubseta of A,,. We first considerthe specialcasethat
|X;] < oo for all i € A, andthejoint distribution of X4, Xo,---, X, isra-
tional. We wantto shav thatthereexists a sequencdf("} in Y, suchthat
lim, o0 2£(") = h.

Denote]],, &; by X,. For ary nonemptysubsetx of N,,, let Q, bethe
mauginal distribution of X,. Assumewithout lossof generalitythatfor ary
nonemptysubset of AV, andfor all a € X,, Q4 (a) is arationalnumberwith
denominatog.

Foreachr = ¢, 2q, 3q, - - -, fix asequence

XN, = (:E./\/n,l’x./\/'n,Qa e x./\fn,'r)

wherefor all j = 1,2,---,r, zn,; = (zi; : @ € Ny) € A, such
that N (a|xy;, ), the numberof occurrence®f a in sequencexy,, is equal
to rQu;, (a) for all a € X)r,. The existenceof sucha sequencés guaran-
teedby thatall the valuesof the joint distribution of X, arerationalnum-
berswith denominatog. Also, we denotethe sequencef r elementof X,
(Za,1,Za,2, " Tayr) Wherez, j = (z;; 11 € @), byx,. Leta € &,. Itis
easyto checkthat N (a|x, ), the numberof occurrence®f a in the sequence
Xq, isequalto rQ,(a) foralla € X,,.
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Let G bethegroupof permutation®n{1,2,---,r}. ThegroupG depends
on r, but for simplicity, we do not statethis dependenc explicitly. For ary
1 € N, define

G = {0 € G:o[x;] = x;},
where
O'[XZ'] = (:L'i,a(l)axi,o'(Q)a ... ﬂl.i,a(""))' (1671)

It is easyto checkthatG; is a subgroupof G.
Let o beanonemptysubsebf N,,. Then

Go = [)Gi (16.72)

i€a
= o eG:ox]=x} (16.73)

1€
= {oe€eG:ox;)] =x;foralli € a} (16.74)
= {0 € G:o[xa] =%a}, (16.75)

where

O'[Xa] = ("Ea,a(l)axa,o@)a T 7~'Ea,a(r))- (1676)

Forary a € X,, definetheset
Ly, (a) ={j €{1,2,---,r} : 24 j = a}. (16.77)

Ly, (a) containsthe “locations” of a in x,. Theno[x,] = x4 if andonly if
foralla € X,, j € Lx,(a) implieso(j) € Ly, (a). Since

|an (a)‘ = N(a|xa) = rQa(a), (16-78)
1Gaol = [] (rQa(a))! (16.79)
a€ Xy
andtherefore |
Gl _ i (16.80)

Gl Taex, (rQa(a))t”
By Lemmal6.23,

lim llog G| = H(Xy) = ha. (16.81)

r—oo 7 |Ga|

RecallthatG andhenceall its subgroupslepencbnr. Definef(") by

G|
£ir) =1og (16.82)
|Gl
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for all nonemptysubsetr of A;,. Thenf(™ e T,, and

lim S0 = h. (16.83)

r—00 T

We have alreadyprovedthetheorenfor thespeciakasehath is theentropy
functionof acollectionof randonvariablesX;, X, - - -, X,, with finite alpha-
betsanda rationaljoint distribution. To completethe proof, we only have to
notethatfor ary h € I}, it is alwayspossibleto constructa sequencgh(*)}
in T suchthatlimy_,o, h*) = h, whereh(®) is the entropy function of a
collectionof randomvariablestk), Xék), “e- ,Xf,k) with finite alphabetand
arationaljoint distribution. This canbe proved by techniquesimilarto those
usedin Appendix15.A togetherwith the continuity of the entrogy function.
Thedetailsareomittedhere.o

=

COROLLARY 16.24 con(Y,) =T,,.

Proof Firstof all, T,, C I'%. By takingcorvex closure we have con(Y,) C
con(T?). By Theorem14.5,T, is corvex. Thereforegom (%) = T, andwe
have zor(Y,) C T,. Onthe otherhand,we have shavn in Example16.19
thatthe origin of H,, hasa group characterizatiomndthereforeis in T,,. It
thenfollows from Theorem16.22thatT, C com(Y,). Hence,we conclude
thatT',, = com(Y,,), completingtheproof. o

16.4 INFORMATION INEQUALITIES AND GROUP
INEQUALITIES

Wehave provedin Sectionl4.1thatanunconstrainethformationinequality
b'h>0 (16.84)

alwaysholdsif andonly if
T c{heM,:b ' h>0} (16.85)

In otherwords,all unconstraineshformationinequalitiesarefully character
izedby T,. We alsohave provedattheendof thelastsectionthatcon (Y, ) =
T, . SinceY, C T} C T, if (16.85)holds,then

YT,C{h€H,:b h>0} (16.86)

Ontheotherhand,if (16.86)holds,since{h € H, : b"h > 0} is closedand
corvex, by takingcorvex closurein (16.86),we obtain

T, =con(Y,) C {heH,:b h>0}. (16.87)
Therefore(16.85)and(16.86)areequialent.
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Now (16.86)is equivalentto

b'h>0forallheT,. (16.88)
Sinceh € T, if andonly if
G|

ha =lo 16.89

8 1Gal ( )

for all nonemptysubsetn of A, for somefinite groupG andsubgroups7,
Go, - - -, G, we seethattheinequality (16.84)holdsfor all randomvariables
X1,Xo,--+, X, if andonlyif theinequalityobtainedrom (16.84)by replacing
he by log 'C% for all nonemptysubseta of N,, holdsfor all finite groupG

andsubgroups7:, Gs,- - -, Gy, In otherwords,for every unconstraineéhfor-
mationinequality thereis a correspondingroupinequality andvice versa.
Therefore,inequalitiesin information theory can be proved by methodsin
grouptheory andinequalitiesin grouptheorycanbe proved by methodsin
informationtheory

In the restof the section,we explore this one-to-onecorrespondencbe-
tweeninformationtheory and group theory We first give a group-theoretic
proof of thebasicinequalitiesn informationtheory At the endof the section,
wewill give aninformation-theoretigprooffor thegroupinequalityin (16.5).

DEFINITION 16.25 LetG; andG4 besubgpupsof a finite group G. Define
Gi10Gys={aob:a € Gy andb e Gay}. (16.90)

G1 o Gy isin generalnot a subgroupof G. However, it canbe shavn that
G1 o G isasubgroupf G if G is Abelian(seeProbleml).

PRrROPOSITION 16.26 LetG; andG, besubgpupsofa finitegroupG. Then

|G1]|Go|

G1oGal = |G1 NGyl

(16.91)

Proof Fix (a1,a2) € G1 X G2, Thena; o aq isin Gy o Go. Considerary
(bl,bQ) € G1 x G4 suchthat

b1 o bg = ai © ay. (1692)

We will determinghenumberof (b;,b9) in G1 x G2 which satisfieghisrela-
tion. From(16.92),we have

bylo(boby) = b'o(aroay) (16.93)
(by'ob)oby = byloajoas (16.94)
b2 = bl_l Cay ©ay. (1695)
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Then
bhoas' =b7toaio(agoay’) =b7 oay. (16.96)

Let £ bethiscommonelementn G, i.e.,
kE=byoas' =brloa. (16.97)

Sincebl‘1 oaq € Gy andby o agl € Go, kisin G1 N Ga. In otherwords,for
given(ay,as) € Gy x Go, if (b1, be) € Gy X G satisfieq16.92),then(by, bs)
satisfieg16.97)for somek € G1NG,. Ontheotherhand,if (b1,b2) € G1 XG>
satisfieq16.97)for somek € G1 N Go, then(16.96)is satisfiedwhichimplies
(16.92).Thereforefor given (a1, as) € G1 X G, (b1,b2) € G1 x G5 satisfies
(16.92)if andonly if (b1, by) satisfieg16.97)for somek € G N Ga.

Now from (16.97),we obtain

bi(k) = (koay")™! (16.98)
and
ba(k) = k o ag, (16.99)

wherewe have written b; andb, asb; (k) andbs(k) to emphasizéheirdepen-
denceonk. Now considerk, k' € G1 N G5 suchthat

(by(K), bz (K)) = (by(K"), bz (K")). (16.100)
Sinceb; (k) = by (k'), from (16.98),we have
(koar" )™ = (K oa7h) ™, (16.101)

whichimplies
kE=k. (16.102)
Thereforegachk € G1 N G2 correspond$o auniquepair (b, be) € G1 X G4

which satisfieg16.92). Thereforewe seethatthe numberof distinctelements
in G1 o G4 is givenby

|G1 x Ga| _ |G1]|Go|

|GroGol = IGiNGa| ~ |G1N Gy’

(16.103)

completingthe proof.o
THEOREM 16.27 LetG1, G2, andGs besubgpupsofa finitegroupG. Then
|Gs5||G123] > |Gs]|Gasl- (16.104)
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Proof Firstof all,

Gi13NGa3 = (G1NG3) N (GaNG3) =G NG2NG3 = Gra3. (16.105)
By Propositionl6.26,we have

|G13 0 Ga3| = M (16.106)
|G'123]

It isreadilyseenthatG13 o Go3 is asubsebf G3, Therefore,

G13||G
|Gz 0 Gos| = |G13]|Gos| <|Gs. (16.107)
|G123]

Thetheoremis proved.c
COROLLARY 16.28 For randomvariablesXy, X5, and X3,
I(X1; X2|X3) > 0. (16.108)

Proof Let Gy, G2, andG3 besubgroup®f afinite groupG. Then

|G3||G123] > |G13||Gs] (16.109)
by Theoreml6.27 ,or
G? GI?
> . 16.110
|G13||Gas| — |G'3]|Gras] ( )
Thisis equivalentto
|G| G| |G| |G|
lo +1lo >log— +1o . 16.111
e T R e e A TN B TR ( )
This groupinequalitycorrespond$o theinformationinequality
H(X1,X3) + H(X2,X3) > H(X3) + H(X1, X2, X3), (16.112)
whichis equvalentto

Theabove corollaryshaws thatall the basicinequalitiesn informationthe-
ory hasa group-theoretiproof. Of course,Theoreml6.27is alsoimplied by
the basicinequalities. As a remark,the inequalityin (16.3)is seento be a
specialcaseof Theoreml6.27by letting Gs = G.
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Wearenow readyto prove thegroupinequalityin (16.5). Thenon-Shannon-
typeinequalitywe have provedin Theoreml4.7canbeexpressedn canonical
form as

H(X,)+ H(Xy,X2) +2H(X3) + 2H(Xy)
+4H(X1,X3,X4) + H(XQ,Xg,X4)
< 3H(X1,Xs3)+3H(X1,Xy4)+3H(X3,X4)
Y H(X, X3) + H(Xo, X4), (16.114)

which correspond$o the groupinequality

lel lel lél lel
lo + 1o 4+ 2log — + 2log —
BlGa T 81l T TG T TR G
lel lel
+41o + 1o
8 1G] |Gl
lél lel lel lel
< 3log— +3log—— +3lo + lo
B1Gusl 1G] T Gl T P (Gl
+1log K<ily (16.115)
|G24|

Uponrearrangingheterms,we obtain
|G1 N G332 |G1 N Gal?|Gs N G4l?|G2 N G3]|Ga N Gy

< |G1]|G1 N Go||G3[?|G4l?|G1 N G3 N Gal*|GaN G5 NGy, (16.116)
whichis thegroupinequalityin (16.5). The meaningof thisinequalityandits
implicationsin grouptheoryareyetto be understood.

PROBLEMS

1. Let G; andG, be subgroupof afinite groupG. Shav thatG; o G, is a
subgrougf G is Abelian.

2. Letg; andgy begroupcharacterizablentropy functions.

a) Provethatmig; + mogs is groupcharacterizablewherem; andms
areary positive integers.

b) Forary positive realnumbers:; andas, constructasequencef group

characterizablentropy functionsf*) for k = 1,2, - - -, suchthat
i £lk) h
1M — 7 = 7707,
koo [[ER][  [[h]]

whereh = a1g; + a2832.
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3.

Let (G,G41,Gq, -+ ,G,) be agroupcharacterizatiorof g € I';, where
g is the entroy function for randomvariablesX;, X,,---, X,,. Fix ary
nonemptysubsetr of AV,,, anddefineh by

hﬁ = GaUup — Ga

for all nonemptysubsets3 of A,,. It caneasily be checled that hg =
H(Xp|X,). Shaw that (K, K1, K>, -+, Ky,) is agroupcharacterization
of h, whereK = G, andK; = G; N G,,.

. Let (G, G1,Gs,---,G,) beagroupcharacterizationf g € I'Y, whereg

is the entrogy functionfor randomvariablesXi, X, - - -, X,,. Shaw thatif
X; isafunctionof (X; : j € a), thenG,, is asubgroupf G;.

. Let G4, G2, G3 besubgroup®f afinite groupG. Prove that

|G||G1 N G2 N Gs? > |G N Gyl|G2 N Gs||GL N Gs.

Hint: Usetheinformation-theoreti approach.

. Leth € T'5 betheentropy functionfor randomvariablesX; and X5 such

thath; + hy = hio, i.e. X; and X, areindependentlLet (G, G1, G2) bea
groupcharacterizatioof h, anddefineamappingL : G1 x Gy — G by

L(a,b) =aob.

a) Prove thatthe mappingL is onto,i.e., for ary elementc € G, there
exists(a,b) € G1 x G4 suchthata o b = c.

b) ProvethatGy o G, isagroup.

. Denotean entrofy functionh € T'5 by (h1, he, h12). Constructa group

characterizatiofor eachof thefollowing entropy functions:
a) hy; = (log2,0,log 2)

b) hy = (0,log 2, log 2)

¢) hs = (log2,log2,log?2).

Verify thatT'y is theminimal corvex setcontainingtheabove threeentrofy
functions.

. Denotean entropy functionh € F§ by (hl, ha, h3, hi2, hos, h13, h123).

Constructa groupcharacterizatiofior eachof the following entroyy func-
tions:

a) h; = (log2,0,0,log 2,0,log 2,log 2)
b) hy = (log 2,l0g2,0,log 2,log 2, log 2, log 2)
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¢) hs = (log 2,1o0g 2,lo0g 2, log 2, log 2, log 2, log 2)
d) hs = (log2,log2,log2,log4,log4,log4,log4).

9. Ingletoninequality Let G bealfinite AbeliangroupandGy, G2, G3, andG4
besubgroup®f G. Let (G, G1, G2, Gs, G4) beagroupcharacterizatioof
g, whereg is the entrofy functionfor randomvariablesX, X5, X3, and
X4. Prove thefollowing statements:

a)
[(G1NG3) o (G1NGy)| < [G1N(G30Gy)
Hint: Shaw that(G1 N G3) o (G1 N G4) cGiN (G3 o G4)
b)
|G1||G3 o G4||G1 N G3 N G4
G10G30Gy| <
‘ 19439 4‘_ ‘G1QG3||G1QG4|
c)
|G1 O G3 e} G4||G2 9] G3 o G4|
< .
(G10GzoCa0Gal < |G'3 0 G4
d)
‘G10020G30G'4|
|G1||G2||G3HG4||G1 NG3N G4||G2 NG3N G4|
- ‘Gl N G3||G1 N G4||G2 N G3HG2 N G4||G3 N G4| )
e)
|G1 N Gs||G1 N G4l|G2 N Gs||G2 N G4l|Gs N Gy
< ‘G3||G4||G1 N G2||G1 NG3N G4||G2 NG3N G4|
f)

H(X13) + H(X14) + H(ng) + H(X24) + H(X34)
> H(X3) + H(Xy) + H(X12) + H(X134) + H(X234),

whereH (X134) denotesH (X, X3, X4), etc.

g) Is theinequalityin f) implied by the basicinequalities? And doesit
alwayshold?Explain.

The Ingletoninequality[99] (seealso[149]) wasoriginally obtainedasa
constrainton therankfunctionsof vectorspacesTheinequalityin e) was
obtainedin the samespirit by Chan[38] for subgroupf a finite group.
Theinequalityin f) is referredto asthe Ingletoninequalityfor entropy in
theliterature.(SeealsoProblem7 in Chapterl4.)
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HISTORICAL NOTES

Theresultsin this chapteraredueto ChanandYeung[40], whosework was
inspiredby a one-to-onecorrespondencbetweenrentrofy andquasi-uniform
arrayspreviously establishethy Chan[38] (alsoChan[39]). Romashcherket
al. [168] have developedaninterpretatiorof Kolmogore compleity similar
to thecombinatoriainterpretatiorof entropy in Chan[38].
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