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Preface

Cover andThomaswrotea bookon informationtheory[49] tenyearsago
which coversmostof the major topicswith considerabledepth. Their book
hassincebecomethe standardtextbook in the field, and it was no doubt a
remarkablesuccess.Insteadof writing anothercomprehensive textbookonthe
subject,which hasbecomemoredifficult asnew resultskeepemerging, my
goal is to write a book on the fundamentalsof the subjectin a unified and
coherentmanner.

During thelasttenyears,significantprogresshasbeenmadein understand-
ing theentropy functionandinformationinequalitiesof discreterandomvari-
ables. The resultsalongthis directionarenot only of core interestin infor-
mationtheory, but they alsohave applicationsin network codingtheoryand
grouptheory, andpossiblyin physics.Thisbookis anup-to-datetreatmentof
informationtheoryfor discreterandomvariables,which formsthefoundation
of the theoryat large. Thereareeight chapterson classicaltopics(Chapters
1, 2, 3, 4, 5, 8, 9, and10), five chapterson fundamentaltools (Chapters6, 7,
12, 13, and14), andthreechapterson selectedtopics(Chapters11, 15, and
16). The chaptersarearrangedaccordingto the logical order insteadof the
chronologicalorderof theresultsin theliterature.

What is in this book

Out of thesixteenchaptersin this book,thefirst thirteenchaptersarebasic
topics,while the last threechaptersareadvancedtopicsfor themoreenthusi-
asticreader. A brief rundown of thechapterswill give a betterideaof whatis
in thisbook.

Chapter1 is a very high level introductionto thenatureof informationthe-
ory andthe main resultsin Shannon’s original paperin 1948which founded
thefield. Therearealsopointersto Shannon’s biographiesandhisworks.

D R A F T September 13, 2001, 6:27pm D R A F T



xii A FIRSTCOURSEIN INFORMATIONTHEORY

Chapter2 introducesShannon’s informationmeasuresandtheirbasicprop-
erties.Useful identitiesandinequalitiesin informationtheoryarederivedand
explained.Extracareis takenin handlingjoint distributionswith zeroprobabil-
ity masses.Thechapterendswith a sectionon theentropy rateof a stationary
informationsource.

Chapter3 is adiscussionof zero-errordatacompressionby uniquelydecod-
ablecodes,with prefix codesasa specialcase.A proof of theentropy bound
for prefixcodeswhich involvesneithertheKraft inequalitynor thefundamen-
tal inequalityis given. This proof facilitatesthediscussionof theredundancy
of prefixcodes.

Chapter4 is a thoroughtreatmentof weaktypicality. Theweakasymptotic
equipartitionpropertyandthe sourcecodingtheoremarediscussed.An ex-
planationof the fact that a gooddatacompressionschemeproducesalmost
i.i.d. bits is given. Thereis alsoa brief discussionof theShannon-McMillan-
Breimantheorem.

Chapter5 introducesa new definition of strongtypicality which doesnot
involve thecardinalitiesof thealphabetsets.Thetreatmentof strongtypicality
hereis moredetailedthanBerger[21] but lessabstractthanCsisz�� r andK �� rner
[52]. A new exponentialconvergenceresultis provedin Theorem5.3.

Chapter6 is anintroductionto thetheoryof
�
-Measurewhich establishesa

one-to-onecorrespondencebetweenShannon’s informationmeasuresandset
theory. A numberof examplesaregiven to show how theuseof information
diagramscansimplify theproofsof many resultsin informationtheory. Most
of theseexamplesarepreviouslyunpublished.In particular, Example6.15is a
generalizationof Shannon’s perfectsecrecy theorem.

Chapter7 exploresthe structureof the
�
-Measurefor Markov structures.

Set-theoreticcharacterizationsof full conditionalindependenceand Markov
randomfield arediscussed.Thetreatmentof Markov randomfield hereis per-
hapstoo specializedfor theaveragereader, but thestructureof the

�
-Measure

andthesimplicity of the informationdiagramfor a Markov chainis bestex-
plainedasaspecialcaseof aMarkov randomfield.

Chapter8consistsof anew treatmentof thechannelcodingtheorem.Specif-
ically, a graphicalmodelapproachis employed to explain theconditionalin-
dependenceof randomvariables.Greatcareis takenin discussingfeedback.

Chapter9 is an introductionto rate distortion theory. The resultsin this
chapterarestrongerthanthosein a standardtreatmentof thesubjectalthough
essentiallythesametechniquesareusedin thederivations.

In Chapter10, the Blahut-Arimotoalgorithmsfor computingchannelca-
pacityandtheratedistortionfunctionarediscussed,andasimplifiedproof for
convergenceis given. Greatcareis taken in handlingdistributionswith zero
probabilitymasses.
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Chapter11 is anintroductionto network codingtheory. Thesurprisingfact
thatcodingat theintermediatenodescanimprove thethroughputwhenanin-
formationsourceis multicastin a point-to-pointnetwork is explained. The
max-flow boundfor network codingwith a single informationsourceis ex-
plainedin detail.Multi-sourcenetwork codingwill bediscussedin Chapter15
afterthenecessarytoolsaredevelopedin thenext threechapters.

Informationinequalitiesaresometimescalledthelawsof informationtheory
becausethey govern the impossibilitiesin informationtheory. In Chapter12,
thegeometricalmeaningof informationinequalitiesandtherelationbetween
informationinequalitiesandconditionalindependenceareexplainedin depth.
The framework for informationinequalitiesdiscussedhereis thebasisof the
next two chapters.

Chapter13 explainshow the problemof proving informationinequalities
canbeformulatedasa linearprogrammingproblem.This leadsto a complete
characterizationof all informationinequalitieswhichcanbeprovedbyconven-
tional techniques.ThesearecalledShannon-typeinequalities,which cannow
beprovedby thesoftwareITIP which comeswith this book. It is alsoshown
how Shannon-typeinequalitiescanbeusedto tacklethe implicationproblem
of conditionalindependencein probabilitytheory.

All informationinequalitieswe usedto know wereShannon-typeinequal-
ities. Recently, a few non-Shannon-typeinequalitieshave beendiscovered.
Thismeansthatthereexist laws in informationtheorybeyondthoselaid down
by Shannon.Theseinequalitiesandtheir applicationsareexplainedin depth
in Chapter14.

Network codingtheory is further developedin Chapter15. The situation
whenmorethanoneinformationsourcearemulticastin a point-to-pointnet-
work is discussed.Thesurprisingfactthatamulti-sourceproblemis notequiv-
alentto a few single-sourceproblemsevenwhenthe informationsourcesare
mutually independentis clearly explained. Implicit and explicit boundson
the achievable coding rate region arediscussed.Thesecharacterizationson
the achievablecodingrateregion involve almostall the tools that have been
developedearlierin thebook,in particular, theframework for informationin-
equalities.

Chapter16 explainsan intriguing relationbetweeninformationtheoryand
grouptheory. Specifically, for every informationinequalitysatisfiedby any
joint distribution, thereis a correspondinggroup inequalitysatisfiedby any
finite groupandits subgroups,andvice versa. Inequalitiesof the latter type
govern the ordersof any finite group and their subgroups.Group-theoretic
proofsof Shannon-typeinformationinequalitiesaregiven. At theendof this
chapter, a group inequality is obtainedfrom a non-Shannon-typeinequality
discussedin Chapter14. The meaningandthe implicationof this inequality
areyet to beunderstood.
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How to usethis book

You are recommendedto readthe chaptersaccordingto the above chart.
However, you will not have too muchdifficulty jumping aroundin the book
becausethereshouldbesufficient referencesto thepreviousrelevantsections.

As a relatively slow thinker, I feel uncomfortablewhenever I do not reason
in the mostexplicit way. This probablyhashelpedin writing this book, in
which all the derivationsare from the first principle. In the book, I try to
explain all thesubtlemathematicaldetailswithout sacrificingthebig picture.
Interpretationsof theresultsareusuallygivenbeforetheproofsarepresented.
The bookalsocontainsa large numberof examples.Unlike theexamplesin
mostbookswhicharesupplementary, theexamplesin thisbookareessential.

Thisbookcanbeusedasareferencebookor atextbook.For atwo-semester
courseon informationtheory, this would be a suitabletextbook for the first
semester. This would alsobe a suitabletextbook for a one-semestercourse
if only information theory for discreterandomvariablesis covered. If the
instructoralsowantsto includetopicson continuousrandomvariables,this
book canbe usedasa textbook or a referencebook in conjunctionwith an-
othersuitabletextbook. The instructorwill find this book a goodsourcefor
homework problemsbecausemany problemsheredonot appearin othertext-
books. The instructoronly needsto explain to the studentsthe generalidea,
andthey shouldbeableto readthedetailsby themselves.

Justlike any otherlengthydocument,thisbookfor surecontainserrorsand
omissions.If youfindany erroror if youhaveany commentonthebook,please
email themto meat whyeung@ie.cuhk.edu.hk.An erratawill bemaintained
at thebookwebsitehttp://www.ie.cuhk.edu.hk/ITbook/.�������! #"%$'&)(#*,+.-%"�/
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Chapter1

THE SCIENCE OF INFORMA TION

In acommunicationsystem,wetry to convey informationfrom onepoint to
another, veryoftenin anoisyenvironment.Considerthefollowing scenario.A
secretaryneedsto sendfacsimilesregularly andshewantsto convey asmuch
informationaspossibleoneachpage.Shehasa choiceof thefont size,which
meansthatmorecharacterscanbesqueezedontoa pageif a smallerfont size
is used.In principle,shecansqueezeasmany charactersasdesiredon a page
by usingasmallenoughfont size.However, therearetwo factorsin thesystem
whichmaycauseerrors.First, thefaxmachinehasafinite resolution.Second,
thecharacterstransmittedmaybereceivedincorrectlydueto noisein thetele-
phoneline. Therefore,if the font sizeis too small, thecharactersmaynot be
recognizableon the facsimile. On the otherhand,althoughsomecharacters
on thefacsimilemaynot berecognizable,therecipientcanstill figureout the
wordsfrom thecontext providedthatthenumberof suchcharactersis not ex-
cessive. In otherwords,it is not necessaryto choosea font sizesuchthatall
the characterson the facsimilearerecognizablealmostsurely. Thenwe are
motivatedto ask: What is the maximumamountof meaningfulinformation
whichcanbeconveyedononepageof facsimile?

This questionmay not have a definiteanswerbecauseit is not very well
posed.In particular, wedonothave aprecisemeasureof meaningfulinforma-
tion. Nevertheless,this questionis an illustrationof thekind of fundamental
questionswecanaskaboutacommunicationsystem.

Information,which is not a physicalentity but anabstractconcept,is hard
to quantifyin general.This is especiallythecaseif humanfactorsareinvolved
when the information is utilized. For example,when we play Beethoven’s
violin concertofrom a compactdisc,we receive themusicalinformationfrom
the loudspeakers. We enjoy this informationbecauseit arousescertainkinds
of emotionwithin ourselves. While we receive the sameinformationevery
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Figure1.1. Schematicdiagramfor ageneralpoint-to-pointcommunicationsystem.

time we play thesamepieceof music,thekindsof emotionsarousedmaybe
differentfrom timeto timebecausethey dependonourmoodat thatparticular
moment. In other words, we can derive utility from the sameinformation
every time in adifferentway. For this reason,it is extremelydifficult to devise
a measurewhich canquantifytheamountof informationcontainedin a piece
of music.

In 1948,Bell TelephoneLaboratoriesscientistClaudeE. Shannon(1916-
2001)publisheda paperentitled“The MathematicalTheoryof Communica-
tion” [173] which laid the foundationof an importantfield now known asin-
formationtheory. In his paper, themodelof a point-to-pointcommunication
systemdepictedin Figure1.1 is considered.In this model,a messageis gen-
eratedby theinformationsource.Themessageis convertedby thetransmitter
into a signalwhich is suitablefor transmission.In thecourseof transmission,
thesignalmaybecontaminatedby a noisesource,so that thereceivedsignal
maybedifferentfrom thetransmittedsignal.Basedon thereceivedsignal,the
receiver thenmakesanestimateof themessageanddeliver it to thedestination.

In thisabstractmodelof apoint-to-pointcommunicationsystem,oneis only
concernedaboutwhetherthemessagegeneratedby thesourcecanbedelivered
correctlyto the receiver without worrying abouthow themessageis actually
usedby thereceiver. In away, Shannon’s modeldoesnot cover all theaspects
of acommunicationsystem.However, in orderto developapreciseanduseful
theoryof information,thescopeof thetheoryhasto berestricted.

In [173], Shannonintroducedtwo fundamentalconceptsabout‘informa-
tion’ from thecommunicationpointof view. First, informationis uncertainty.
Morespecifically, if apieceof informationweareinterestedin is deterministic,
thenit hasnovalueatall becauseit is alreadyknown with nouncertainty. From
this point of view, for example,the continuoustransmissionof a still picture
on a television broadcastchannelis superfluous.Consequently, an informa-
tion sourceis naturallymodeledasa randomvariableor a randomprocess,

D R A F T September 13, 2001, 6:27pm D R A F T



TheScienceof Information 3

andprobabilityis employedto developthetheoryof information.Second,in-
formationto betransmittedis digital. This meansthattheinformationsource
shouldfirst be convertedinto a streamof 0’s and1’s calledbits, andthe re-
mainingtaskis to deliver thesebits to thereceiver correctlywith no reference
to their actualmeaning.This is the foundationof all moderndigital commu-
nicationsystems.In fact, this work of Shannonappearsto containthe first
publisheduseof thetermbit, whichstandsfor 4.5 narydigi6 .

In thesamework, Shannonalsoproved two importanttheorems.Thefirst
theorem,calledthe source codingtheorem, introducesentropy asthe funda-
mentalmeasureof information which characterizesthe minimum rate of a
sourcecoderepresentingan informationsourceessentiallyfreeof error. The
sourcecodingtheoremis thetheoreticalbasisfor losslessdatacompression1.
Thesecondtheorem,calledthechannelcodingtheorem, concernscommuni-
cationthrougha noisychannel.It wasshown thatassociatedwith every noisy
channelis a parameter, called the capacity, which is strictly positive except
for veryspecialchannels,suchthatinformationcanbecommunicatedreliably
throughthe channelaslong asthe informationrateis lessthanthe capacity.
Thesetwo theorems,which give fundamentallimits in point-to-pointcommu-
nication,arethetwo mostimportantresultsin informationtheory.

In science,westudythelawsof Naturewhichmustbeobeyedby any phys-
ical systems.Theselaws areusedby engineersto designsystemsto achieve
specificgoals. Therefore,scienceis the foundationof engineering.Without
science,engineeringcanonly bedoneby trial anderror.

In informationtheory, we studythe fundamentallimits in communication
regardlessof the technologiesinvolved in the actual implementationof the
communicationsystems.Thesefundamentallimits arenotonly usedasguide-
linesby communicationengineers,but they alsogive insightsinto whatopti-
mal codingschemesare like. Informationtheoryis thereforethe scienceof
information.

SinceShannonpublishedhisoriginalpaperin 1948,informationtheoryhas
beendevelopedinto a majorresearchfield in bothcommunicationtheoryand
appliedprobability. After morethanhalf acentury’s research,it is quiteimpos-
siblefor a bookon thesubjectto cover all themajor topicswith considerable
depth.Thisbookis amoderntreatmentof informationtheoryfor discreteran-
domvariables,which is the foundationof the theoryat large. Thebookcon-
sistsof two parts.Thefirst part,namelyChapter1 to Chapter13,is a thorough
discussionof thebasictopicsin informationtheory, includingfundamentalre-
sults,tools,andalgorithms. The secondpart, namelyChapter14 to Chapter
16, is a selectionof advancedtopicswhich demonstratethe useof the tools

1A datacompressionschemeis losslessif thedatacanberecoveredwith anarbitrarily smallprobabilityof
error.
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4 A FIRSTCOURSEIN INFORMATIONTHEORY

developedin thefirst partof thebook. Thetopicsdiscussedin this partof the
bookalsorepresentnew researchdirectionsin thefield.

An undergraduatelevel courseon probability is the only prerequisitefor
thisbook.For anon-technicalintroductionto informationtheory, we referthe
readerto EncyclopediaBritanica [62]. In fact, we strongly recommendthe
readerto first readthis excellent introductionbeforestartingthis book. For
biographiesof ClaudeShannon,a legendof the20thCenturywho hadmade
fundamentalcontribution to theInformationAge,we refer thereadersto [36]
and[185]. Thelatteris alsoacompletecollectionof Shannon’s papers.

Unlikemostbranchesof appliedmathematicsin whichphysicalsystemsare
studied,abstractsystemsof communicationarestudiedin informationtheory.
In readingthisbook,it is notunusualfor abeginnerto beableto understandall
thestepsin aproofbut hasnoideawhattheproofis leadingto. Thebestwayto
learninformationtheoryis to studythematerialsfirst andcomebackata later
time. Many resultsin informationtheoryarerathersubtle,to theextentthatan
expert in thesubjectmayfrom time to time realizethathis/herunderstanding
of certainbasicresultshasbeeninadequateor evenincorrect.While a novice
shouldexpectto raisehis/herlevel of understandingof thesubjectby reading
thisbook,he/sheshouldnotbediscouragedto find afterfinishingthebookthat
thereareactuallymorethingsyet to beunderstood.In fact,this is exactly the
challengeandthebeautyof informationtheory.
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Chapter2

INFORMA TION MEASURES

Shannon’s informationmeasuresrefer to entropy, conditionalentropy, mu-
tual information,andconditionalmutualinformation. They arethemostim-
portantmeasuresof information in information theory. In this chapter, we
introducethesemeasuresandprove someof their basicproperties.Thephysi-
cal meaningof thesemeasureswill bediscussedin depthin subsequentchap-
ters.Wethenintroduceinformationaldivergencewhichmeasuresthedistance
betweentwo probability distributions and prove someuseful inequalitiesin
informationtheory. The chapterendswith a sectionon the entropy rateof a
stationaryinformationsource.

2.1 INDEPENDENCE AND MARK OV CHAINS
We begin our discussionin this chapterby reviewing two basicnotionsin

probability: independenceof randomvariablesand Markov chain. All the
randomvariablesin thisbookarediscrete.

Let 7 bearandomvariabletakingvaluesin analphabet8 . Theprobability
distribution for 7 is denotedas 9;:.<=�?>@�BA;>DCE8GF , with :.<=�?>@�IHKJMLN9O7PHQ>#F .
Whenthereis no ambiguity, : < �?>R� will be abbreviatedas :��?>R� , and 9;:��?>R�SF
will beabbreviatedas :T�?>R� . The supportof 7 , denotedby U < , is the setof
all >'CV8 suchthat :T�?>R��WYX . If U < HZ8 , we saythat : is strictly positive.
Otherwise,we saythat : is not strictly positive, or : containszeroprobability
masses.All theabove notationsnaturallyextendto two or morerandomvari-
ables. As we will see,probability distributionswith zeroprobability masses
areverydelicatein general,andthey needto behandledwith greatcare.[�\^]`_ba%_dc%_?e�agf@hji

Two randomvariables 7 and k are independent,denoted
by 7mlQk , if :T�?>#A;n^�MHo:��?>@�d:��?np� (2.1)

D R A F T September 13, 2001, 6:27pm D R A F T



6 A FIRSTCOURSEIN INFORMATIONTHEORY

for all > and n (i.e., for all �?>#A;n^�qCE8)rts ).

For morethantwo randomvariables,we distinguishbetweentwo typesof
independence.[�\^]`_ba%_dc%_?e�agf@hufovxwzyRc%yR{�|~}Sa%��\^�^\^a%��\^a#��\��

For ����� , randomvari-
ables7G��A;7 � AN�N�N��A;7 � aremutuallyindependentif:��?>%�OA;> � AN�N�N��A;> � �MHo:��?>#�S�d:T�?> � ���N�N��:T�?> � � (2.2)

for all >%�OA;> � AN�N�N� , > � .[�\^]`_ba%_dc%_?e�agf@hu�ov���{�_?����_��O\D}Ba%�#\^�.\^a%�#\.a#��\��
For �)��� , randomvari-

ables7G�OA;7 � AN�N�N��A;7 � arepairwiseindependentif 7�� and 7�� are independent
for all �
�g� �o¡��g� .

Notethatmutualindependenceimpliespairwiseindependence.We leave it
asanexercisefor thereaderto show thattheconverseis not true.[�\^]`_ba%_dc%_?e�agf@h£¢¤vS¥�e�a%��_uc%_�e#aR{�|D}Sa%��\^�^\^a%��\^a#��\��

For randomvariables7¦Axk , and § , 7 is independentof § conditioningon k , denotedby 7¨l©§=ª k ,
if :��?>#A;n�Ax«¬�d:��?n^�IH­:��?>#A;n^�d:��?n�Ax«¬� (2.3)

for all >#A;n , and « , or equivalently,

:��?>�A;n�Ax«¬� H ®Z¯�°²±�³ ´�µ¶¯�°£´O³ ·Sµ¯�°²´�µ Ho:��?>#A;n^�d:���«�ª n^� if :��?np� W¸XX otherwise.
(2.4)

The first definition of conditionalindependenceabove is sometimesmore
convenientto usebecauseit is not necessaryto distinguishbetweenthecases:��?np�
W¹X and :T�?np�ºH»X . However, thephysicalmeaningof conditionalinde-
pendenceis moreexplicit in theseconddefinition.�!�Re#��e��¼_uc%_�e#a'f@hu½

For randomvariables7¦Axk , and § , 7mlK§,ª k if andonly
if :��?>#A;n�Ax«¬�MH¿¾��?>�A;np�ÁÀ��?n�Ax«¬� (2.5)

for all > , n , and « such that :��?n^�qWVX .
Proof The‘only if ’ partfollowsimmediatelyfromthedefinitionof conditional
independencein (2.4),sowewill only prove the‘if ’ part.Assume:��?>#A;n�Ax«¬�MH¿¾��?>�A;np�ÁÀ��?n�Ax«¬� (2.6)
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InformationMeasures 7

for all > , n , and « suchthat :T�?np�qW¸X . Then:��?>#A;n^��HKÂ · :��?>�A;n�Ax«¬� HKÂ · ¾R�?>#A;n^�ÁÀÃ�?n�Ax«¬�qHÄ¾��?>�A;np�pÂ · À��?n�Ax«¬�BA (2.7)

:��?n�Ax«¬�IH Â ± :��?>#A;n�Ax«¬�MH Â ± ¾R�?>#A;n^�ÁÀ��?n�Ax«`� H¿À��?n�Ax«¬� Â ± ¾R�?>#A;n^�BA (2.8)

and :��?n^�MH Â · :��?n�Ax«¬�MHPÅ Â ± ¾��?>�A;np�ÇÆÈÅ Â · À��?n�Ax«¬�ÇÆoÉ (2.9)

Therefore,

:��?>#A;n^�d:��?n�Ax«¬�:��?n^� H Åp¾��?>�A;np� Â · À��?n�Ax«¬�ÇÆYÅ^ÀÃ�?n�Ax«¬� Â ± ¾R�?>#A;n^�ÇÆ
Å^Â ± ¾R�?>#A;n^�ÇÆYÅpÂ · À��?n�Ax«`�ÇÆ (2.10)

H ¾R�?>#A;n^�ÁÀ��?n�Ax«`� (2.11)H :T�?>#A;n�Ax«¬�BÉ (2.12)

Hence,7mlK§,ª k . Theproof is accomplished.[�\^]`_ba%_dc%_?e�agf@huÊËvxwo{��@Ì#e�ÍÎ¥
ÏR{�_?a��
For randomvariables7G�NA;7 � AN�N�N�OA;7 � ,

where �D�¸� , 7G�qÐÑ7 � ÐÒ�N�N��ÐÑ7 � formsa Markov chain if:��?> � A;> � AN�N�N�¼A;> � �d:��?> � �d:T�?> � ���N�N�j:��?> �ÔÓ � �H :��?>#�NA;> � �d:��?> � A;> � ���N�N��:��?> �ÔÓ �NA;> � � (2.13)

for all > � A;> � AN�N�N� , > � , or equivalently,

:��?>%�NA;> � AN�N�N��A;> � �MHÕ :��?>#�OA;> � �d:��?> � ª > � ���N�N��:��?> � ª > �ÔÓ �B� if :T�?> � �BA�:��?> � �BAN�N�N��A�:��?> �¬Ó �Ö�qWVXX otherwise.
(2.14)

Wenotethat 7mlK§,ª k is equivalentto theMarkov chain 7mÐ�kÈÐ×§ .�!�Re#��e��¼_uc%_�e#a'f@hdØ 7 � Ð 7 � Ð �N�N� Ð 7 � formsa Markov chain if and
only if 7 � ÐÑ7 �ÔÓ �qÐÒ�N�N�`ÐÑ7G� formsa Markov chain.

Proof This follows directly from thesymmetryin thedefinitionof a Markov
chainin (2.13).
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8 A FIRSTCOURSEIN INFORMATIONTHEORY

In the following, we statetwo basicpropertiesof a Markov chain. The
proofsareleft asanexercise.�!�Re#��e��¼_uc%_�e#a'f@huÙ 7G��Ð 7 � Ð �N�N�qÐ 7 � formsa Markov chain if and
only if 7G�qÐÑ7 � ÐÑ7 ��?7G�OA;7 � �MÐÑ7 � Ð�7�Ú

...�?7 � A;7 � AN�N�N�¼A;7 �¬Ó � �MÐÑ7 �¬Ó � ÐÑ7 � (2.15)

formMarkov chains.�!�Re#��e��¼_uc%_�e#a'f@huÛ 7G��Ð 7 � Ð �N�N�qÐ 7 � formsa Markov chain if and
only if:��?>#�OA;> � AN�N�N�OA;> � ��H¿Ü¬�¼�?>#�OA;> � �ÁÜ � �?> � A;> � ���N�N�BÜ �ÔÓ �¼�?> �ÔÓ �NA;> � � (2.16)

for all >%�OA;> � AN�N�N� , > � such that :��?> � �BA�:T�?> � �BAN�N�N�¼A�:T�?> �¬Ó �Ö� WVX .
NotethatProposition2.9isageneralizationof Proposition2.5.FromPropo-

sition 2.9,onecanprove thefollowing importantpropertyof a Markov chain.
Again,thedetailsareleft asanexercise.�!�Re#��e��¼_uc%_�e#a'f@hji�ÝZvxwo{��@Ì�e�Í»�¼y%ÞR��Ï@{�_ba����

Let ß � Hm9Ô��ASà`AN�N�N��A;�TF and
let 7G��Ðá7 � Ðâ�N�N�#Ðã7 � formsa Markov chain. For anysubsetä of ß � ,
denote�?7 � A;�IC~äT� by 7�å . Thenfor anydisjointsubsetsä � Axä � AN�N�N��Axä#æ of ß �
such that ç �è� ç � �K�N�N�^� ç æ (2.17)

for all
ç ��CtäR� , ¡=HY��ASà`AN�N�N��A;é ,7 å`ê ÐÑ7 å�ë ÐÒ�N�N�`ÐÑ7 åíì (2.18)

formsa Markov chain. Thatis, a subchain of 7G�îÐï7 � Ðð�N�N�.Ðï7 � is also
a Markov chain.ñºò%{�óº�^|¬\ôf@hji^i

Let 7 � Ð 7 � Ð �N�N�õÐ 7 �÷ö formsa Markov chain andäM��Hø9Ô��ASà¬F , ä � H¨9Où�F , ä � Hø9�ú`ABû¬ASü¬F , and 9Ô�NX`F be subsetsof ßE�÷ö . Then
Proposition2.10saysthat7 å`ê Ð�7 å�ë Ð�7 åíý ÐÑ7 åíþ (2.19)

alsoformsa Markov chain.

D R A F T September 13, 2001, 6:27pm D R A F T



InformationMeasures 9

We have beenvery careful in handlingprobability distributionswith zero
probabilitymasses.In therestof thesection,we show thatsuchdistributions
arevery delicatein general.We first prove thefollowing propertyof a strictly
positive probabilitydistribution involving four randomvariables1.�!�Re#��e��¼_uc%_�e#a'f@hjiÔf

Let 7G�OA;7 � A;7 � , and 7�Ú berandomvariablessuch that:��?> � A;> � A;> � A;> Ú � is strictly positive. Then7G�qlÄ7�Ú¬ªÿ�?7 � A;7 � �7G�qlÄ7 � ªÿ�?7 � A;7�Ú������ 7G�qlÈ�?7 � A;7�Ú��Nª 7 � É (2.20)

Proof If 7G�qlQ7�Ú¬ªÿ�?7 � A;7 � � , wehave

:��?>#�OA;> � A;> � A;>�Ú��MH :��?>#�NA;> � A;> � �d:T�?> � A;> � A;>�Ú��:T�?> � A;> � � É (2.21)

On theotherhand,if 7G�qlÄ7 � ªÿ�?7 � A;7�ÚÃ� , wehave

:��?>#�OA;> � A;> � A;>�Ú��MH :��?> � A;> � A;> Ú �d:T�?> � A;> � A;> Ú �:T�?> � A;>.Ú¼� É (2.22)

Equating(2.21)and(2.22),wehave

:��?>%�NA;> � A;> � �MH :��?> � A;> � �d:��?>#�OA;> � A;>.Ú¼�:��?> � A;>.Ú�� É (2.23)

Then :��?> � A;> � �ÒH Â ± ý :��?> � A;> � A;> � � (2.24)

H Â ± ý :��?> � A;> � �d:T�?>%�OA;> � A;>�Ú¼�:��?> � A;>�Ú�� (2.25)

H :��?> � �d:��?>#�OA;> � A;>.Ú¼�:T�?> � A;> Ú � A (2.26)

or :��?> � A;> � A;> Ú �:��?> � A;>�Ú�� H :��?> � A;> � �:T�?> � � É (2.27)

Hencefrom (2.22),:��?>%�NA;> � A;> � A;>.Ú���H :T�?>%�OA;> � A;>�Ú��d:��?> � A;> � A;>.Ú��:��?> � A;>�Ú�� H :��?>#�OA;> � �d:��?> � A;> � A;>.Ú��:��?> � �
(2.28)

1Proposition2.12is calledtheintersectionaxiomin Bayesiannetworks.See[151].
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10 A FIRSTCOURSEIN INFORMATIONTHEORY

for all >%�OA;> � A;> � , and >.Ú , i.e., 7G�qlÈ�?7 � A;7�Ú��Nª 7 � .
If :��?>%�OA;> � A;> � A;>.Ú���H¨X for some >#�OA;> � A;> � , and >.Ú , i.e., : is not strictly

positive,theargumentsin theaboveproofarenotvalid. In fact,theproposition
may not hold in this case. For instance,let 7G�GH¨k , 7 � H § , and 7 � H7 Ú HË��k AB§!� , where k and § areindependentrandomvariables.Then 7 � l7�Ú¬ªÿ�?7 � A;7 � � , 7G�Dl�7 � ªÿ�?7 � A;7�Ú�� , but 7G���l��?7 � A;7�Ú��Nª 7 � . Note that for
this construction,: is not strictly positive because:��?>#�OA;> � A;> � A;>.Ú¼�ÎH×X if> � �HÈ�?>#��A;> � � or >�Ú��H»�?>%�OA;> � � .

The above exampleis somewhat counter-intuitive becauseit appearsthat
Proposition2.12shouldhold for all probabilitydistributionsvia a continuity
argument.Specifically, suchanargumentgoeslike this. For any distribution: , let 9;:��ÔF beasequenceof strictly positivedistributionssuchthat :��
Ð : and:�� satisfies(2.21)and(2.22)for all

ç
, i.e.,:��¬�?> � A;> � A;> � A;> Ú �d:��`�?> � A;> � ��H­:��`�?> � A;> � A;> � �d:	�`�?> � A;> � A;> Ú � (2.29)

and :����?>%�OA;> � A;> � A;>.Ú��d:	�`�?> � A;>�Ú��MHo:��`�?>%�OA;> � A;>.Ú��d:��`�?> � A;> � A;>�Ú��BÉ (2.30)

Thenby theproposition,:�� alsosatisfies(2.28),i.e.,:��¬�?>#�OA;> � A;> � A;>�Ú��d:��¬�?> � �MHo:��`�?>%�OA;> � �d:��¬�?> � A;> � A;>.Ú��BÉ (2.31)

Letting
ç Ð�
 , wehave:��?> � A;> � A;> � A;> Ú �d:��?> � ��H­:��?> � A;> � �d:��?> � A;> � A;> Ú � (2.32)

for all >%�NA;> � A;> � , and >.Ú , i.e., 7G�qlÈ�?7 � A;7�Ú��Nª 7 � . Suchanargumentwouldbe
valid if therealwaysexistsa sequence9;:��ÔF asprescribed.However, theexis-
tenceof thedistribution :��?>#�OA;> � A;> � A;>�Ú�� constructedimmediatelyafterPropo-
sition 2.12simply saysthat it is not alwayspossibleto find sucha sequence9;:���F .

Therefore,probability distributions which are not strictly positive can be
very delicate. In fact, thesedistributions have very complicatedconditional
independencestructures.For a completecharacterizationof the conditional
independencestructuresof strictly positively distributions,we referthereader
to ChanandYeung[41].

2.2 SHANNON’S INFORMA TION MEASURES
We begin this sectionby introducingtheentropyof a randomvariable.As

we will seeshortly, all Shannon’s informationmeasurescanbe expressedas
linearcombinationsof entropies.
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InformationMeasures 11[�\^]`_ba%_dc%_?e�agf@hjiÔ�
Theentropy �z�?7Î� of a randomvariable 7 is definedby�­�?7D�IH�
 Â ± :T�?>R��� ��� :��?>R�BÉ (2.33)

In theabove andsubsequentdefinitionsof informationmeasures,we adopt
theconventionthatsummationis takenover thecorrespondingsupport.Sucha
conventionis necessarybecause:��?>R��� ��� :��?>R� in (2.33)is undefinedif :��?>R��HX .

The baseof the logarithm in (2.33) can be chosento be any convenient
real numbergreatthan1. We write �­�?7D� as ��å@�?7Î� whenthe baseof the
logarithmis ä . Whenthebaseof thelogarithmis 2, theunit for entropy is bit.
Whenthe baseof the logarithmis an integer �ã�¤à , the unit for entropy is� -it ( � -arydigit). In thecontext of sourcecoding,thebaseis usuallytakento
bethesizeof thecodealphabet.Thiswill bediscussedin Chapter3.

In computerscience,a bit meansanentity which cantake thevalue0 or 1.
In informationtheory, abit is ameasureof information,whichdependson the
probabilitiesof occurrenceof 0 and1. Thereadershoulddistinguishthesetwo
meaningsof abit from eachothercarefully.

Let ���?7Î� be any function of a randomvariable 7 . We will denotethe
expectationof �R�?7Î� by �����?7D� , i.e.,�����?7Î� H Â ± :��?>@�����?>R�BA (2.34)

wherethesummationis over U < . Thenthedefinitionof theentropy of a ran-
domvariable7 canbewrittenas�z�?7Î� H�
���� ��� :��?7Î�BÉ (2.35)

Expressionsof Shannon’s informationmeasuresin termsof expectationswill
beusefulin subsequentdiscussions.

Theentropy �z�?7Î� of arandomvariable7 is a functionalof theprobability
distribution :��?>R� whichmeasurestheamountof informationcontainedin 7 , or
equivalently, theamountof uncertaintyremoveduponrevealingtheoutcome
of 7 . Notethat �z�?7Î� dependsonly on :��?>@� but notontheactualvaluesin 8 .

For X��D:~�©� , define��� �²:@�MH�
�:�� ��� :�
¸�Á��
t:R��� ��� �Á��
t:R� (2.36)

with theconvention X � ��� X HQX , sothat

��� ��XÔ�IH ��� �Á�¼�MH¿X . With thisconven-
tion,

��� �²:R� is continuousat :ôH X and :ôH¤� . �!� is calledthebinaryentropy
function.For abinaryrandomvariable7 with distribution 9;:#AO�"
�:%F ,�z�?7Î�MH �!� �²:R�BÉ (2.37)
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Figure2.1. #%$'&)(�* versus( in thebase2.

Figure 2.1 shows the graph

��� �²:R� versus: in the base2. Note that

��� �²:R�
achievesthemaximumvalue1 when:GH �� .

For two randomvariables,their joint entropy is definedasbelow. Extension
of thisdefinitionto morethantwo randomvariablesis straightforward.[�\^]`_ba%_dc%_?e�agf@hji�¢

Thejoint entropy �­�?7~Axk�� of a pair of randomvariables7 and k is definedby�z�?7¦Axk���H�
 Â ±�³ ´ :��?>#A;n^��� ��� :��?>#A;n^�MH�
��+� ��� :��?7~Axk��BÉ (2.38)

[�\^]`_ba%_dc%_?e�agf@hjiÔ½
For randomvariables 7 and k , the conditionalentropy

of 7 given k is definedby�­��ktª 7D�MH�
 Â ±�³ ´ :��?>�A;np��� ��� :��?n%ª >R�MH,
���� ��� :���k�ª 7Î�BÉ (2.39)

From(2.39),wecanwrite�z��kGª 7D�IH Â ± :T�?>R��-.
 Â ´ :��?n%ª >R��� ��� :��?n%ª >R�0/�É (2.40)

The innersumis theentropy of k conditioningon a fixed >zC­U < . Thuswe
aremotivatedto express�z��kGª 7D� as�z��k�ª 7Î�MHKÂ ± :T�?>R�1�z��k�ª 7mHÄ>@�BA (2.41)
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where �z��kGª 7mHÄ>R��H,
EÂ ´ :��?n%ª >R��� ��� :��?n@ª >@�BÉ (2.42)

Similarly, for �­��ktª 7~AB§ � , wewrite�­��ktª 7¦AB§!�MH©Â · :���«¬�1�z��k�ª 7~AB§¿HQ«¬�BA (2.43)

where �­��k�ª 7¦AB§¿H¿«¬�MH�
EÂ ±�³ ´ :T�?>#A;n%ª «¬��� ��� :��?n@ª >�Ax«¬�BÉ (2.44)�!�Re#��e��¼_uc%_�e#a'f@hjiÔÊ �­�?7~Axk��MH2�­�?7D�435�z��k�ª 7Î� (2.45)

and �z�?7¦Axk��MH6�z��k��735�­�?7'ª k��BÉ (2.46)

Proof Consider�­�?7~Axk�� H 
���� ��� :��?7~Axk�� (2.47)H 
���� ���	8 :��?7D�d:���ktª 7Î��9 (2.48)H 
���� ��� :��?7D�:
���� ��� :���k�ª 7Î� (2.49)H �­�?7D�;35�z��ktª 7Î�BÉ (2.50)

Note that (2.48)is justifiedbecausethesummationof theexpectationis overU@<=< , andwe have usedthe linearity of expectation2 to obtain(2.49). This
proves(2.45),and(2.46)follows by symmetry.

This propositionhasthe following interpretation. Considerrevealing the
outcomeof 7 and k in two steps:first the outcomeof 7 andthenthe out-
comeof k . Then the propositionsaysthat the total amountof uncertainty
removeduponrevealingboth 7 and k is equalto thesumof theuncertainty
removeduponrevealing 7 (uncertaintyremovedin thefirst step)andtheun-
certaintyremoveduponrevealing k once7 is known (uncertaintyremovedin
thesecondstep).[�\^]`_ba%_dc%_?e�agf@hji¬Ø

For randomvariables 7 and k , the mutualinformation
between7 and k is definedby� �?7�>xk��MHKÂ ±�³ ´ :T�?>#A;n^��� ��� :��?>#A;n^�:��?>@�d:��?n^� H6��� ��� :��?7~Axk��:��?7D�d:���k�� É (2.51)

2SeeProblem5 at theendof thechapter.
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14 A FIRSTCOURSEIN INFORMATIONTHEORY

Remark
� �?7�>xk�� is symmetricalin 7 and k .�!�Re#��e��¼_uc%_�e#a'f@hjiÔÙ

Themutualinformationbetweena randomvariable 7
anditself is equalto theentropyof 7 , i.e.,

� �?7+>;7Î� H6�­�?7D� .
Proof Thiscanbeseenby considering� �?7+>;7Î�áH �+� ��� :��?7Î�:��?7Î� � (2.52)H 
��+� ��� :��?7Î� (2.53)H �­�?7D�BÉ (2.54)

Thepropositionis proved.

Remark Theentropy of 7 is sometimescalledtheself-informationof 7 .�!�Re#��e��¼_uc%_�e#a'f@hjiÔÛ� �?7�>xk�� H �z�?7Î�?
��­�?7'ª k��BA (2.55)� �?7�>xk�� H �z��k��:
��z��kGª 7D�BA (2.56)

and � �?7�>xk��MH@�­�?7D�;35�z��k,�:
+�­�?7~Axk��BÉ (2.57)

Theproofof thispropositionis leafasanexercise.

From(2.55),wecaninterpret
� �?7+>xk�� asthereductionin uncertaintyabout7 when k is given,or equivalently, theamountof informationabout 7 pro-

videdby k . Since
� �?7�>xk�� is symmetricalin 7 and k , from (2.56),wecanas

well interpret
� �?7�>xk�� astheamountof informationaboutk providedby 7 .

Therelationsbetweenthe(joint) entropies,conditionalentropies,andmu-
tual informationfor two randomvariables7 and k aregiven in Propositions
2.16and2.19.Theserelationscanbesummarizedby thediagramin Figure2.2
which is avariationof theVenndiagram3. Onecancheckthatall therelations
betweenShannon’s informationmeasuresfor 7 and k which areshown in
Figure2.2areconsistentwith therelationsgivenin Propositions2.16and2.19.
Thisone-to-onecorrespondencebetweenShannon’s informationmeasuresand

3Therectanglerepresentingtheuniversalsetin ausualVenndiagramis missingin Figure2.2.
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Figure2.2. Relationshipbetweenentropiesandmutualinformationfor two randomvariables.

settheoryis not just a coincidencefor two randomvariables.We will discuss
this in depthwhenwe introducethe

�
-Measurein Chapter6.

Analogousto entropy, thereis a conditionalversionof mutualinformation
calledconditionalmutualinformation.[�\^]`_ba%_dc%_?e�agf@hufpÝ

For randomvariables 7 , k and § , themutualinforma-
tion between7 and k conditioningon § is definedby� �?7+>xktª § �IHPÂ±�³ ´O³ · :��?>�A;n�Ax«`��� ��� :��?>�A;n@ª «¬�:T�?>Tª «¬�d:��?n%ª «¬� H6��� ��� :��?7~Axktª § �:��?7zª §!�d:���k�ª §!� É

(2.58)

Remark
� �?7�>xk¦ª §!� is symmetricalin 7 and k .

Analogousto conditionalentropy, wewrite� �?7+>xk�ª §!�MH Â · :���«¬� � �?7+>xk¦ª §QHQ«¬�BA (2.59)

where � �?7�>xk¦ª §QHQ«`�MHKÂ ±�³ ´ :��?>�A;n@ª «¬��� ��� :��?>#A;n%ª «¬�:��?>�ª «¬�d:��?n%ª «¬� É (2.60)

Similarly, whenconditioningon two randomvariables,wewrite� �?7+>xk�ª §èA.F!� HKÂHG~:��JIx� � �?7�>xktª §èA.FKH6I;� (2.61)

where� �?7+>xk�ª §èA.F¿H6I;�MH Â±�³ ´O³ · :��?>�A;n�Ax«�ª Ix��� ��� :��?>#A;n%ª «pAKIx�:��?>Tª «^AKI;�d:��?n%ª «pAKIx� É (2.62)
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16 A FIRSTCOURSEIN INFORMATIONTHEORY

Conditionalmutualinformationsatisfiesthe samesetof relationsgiven in
Propositions2.18and2.19for mutualinformationexceptthatall thetermsare
now conditionedon a randomvariable § . We statetheserelationsin thenext
two propositions.Theproofsareomitted.�!�Re#��e��¼_uc%_�e#a'f@huf@i

Themutualinformationbetweena randomvariable 7
and itself conditioningon a randomvariable § is equal to the conditional
entropyof 7 given § , i.e.,

� �?7�>;7'ª § � H6�z�?7zª §!� .�!�Re#��e��¼_uc%_�e#a'f@huf^f� �?7�>xktª §!� H �z�?7zª §!�:
+�­�?7'ª kIAB§!�BA (2.63)� �?7�>xktª §!� H �z��k�ª § �?
��­��k�ª 7¦AB§!�BA (2.64)

and � �?7+>xk¦ª §!��H6�­�?7'ª §!�;35�z��kGª §!�:
L�z�?7¦Axk¦ª §!�BÉ (2.65)

2.3 CONTINUITY OF SHANNON’S INFORMA TION
MEASURES

Thissectionis devotedto adiscussionof thecontinuityof Shannon’s infor-
mationmeasures.To begin with, we first show thatall Shannon’s information
measuresarespecialcasesof conditionalmutualinformation. Let M bea de-
generaterandomvariable, i.e., M takes a constantvalue with probability 1.
Considerthe mutual information

� �?7+>xk¦ª §!� . When 7 H�k and §�HNM ,� �?7�>xktª §!� becomestheentropy �­�?7D� . When 7×HYk ,
� �?7�>xk¦ª §!� becomes

the conditionalentropy �z�?7zª §!� . When §ïHOM ,
� �?7�>xktª §!� becomesthe

mutual information
� �?7�>xk�� . Thusall Shannon’s informationmeasuresare

specialcasesof conditionalmutualinformation. Therefore,we only needto
discussthecontinuityof conditionalmutualinformation.

Recallthedefinitionof conditionalmutualinformation:� ¯ �?7�>xktª §!��H Â°²±�³ ´¼³ ·SµQP%RTS7UWV.° ¯¼µ :��?>�A;n�Ax«¬��� ��� :��?>#A;n%ª «¬�:��?>�ª «¬�d:��?n%ª «¬� A (2.66)

wherewe have written
� �?7�>xktª §!� and U@<=<:X as

� ¯ �?7+>xk�ª §!� and U@<Y<4X �²:R� ,
respectively to emphasizetheir dependenceon : . Since � ��� ¾ is continuous
in ¾ for ¾EW X , � ¯ �?7+>xk�ª §!� variescontinuouslywith : aslong asthesupportU <=<:X �²:R� doesnotchange.Theproblemariseswhensomepositiveprobability
massesbecomezeroor somezeroprobabilitymassesbecomepositive. Since
continuityin theformercaseimpliescontinuityin thelattercaseandviceversa,
we only needto considerthe formercase.As :��?>#A;n�Ax«¬� Ð X andeventually
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InformationMeasures 17

become(s)zero for some >#A;n , and « , the support U <=<:X �²:R� is reduced,and
thereis a discretechangein thenumberof termsin (2.66). Now for >#A;n�A and« suchthat :��?>�A;n�Ax«¬�õWVX , consider

:��?>�A;n�Ax«¬��� ��� :��?>�A;n@ª «¬�:��?>�ª «¬�d:��?n%ª «¬� H :��?>#A;n�Ax«¬��� ��� ¯�°²±�³ ´¼³ ·Sµ¯�°ÿ·Sµ¯�°£±�³ ·Sµ¯�°£·Bµ ¯�°£´O³ ·Sµ¯�°£·Sµ (2.67)

H :��?>#A;n�Ax«¬��� ��� :��?>�A;n�Ax«¬�d:T��«¬�:��?>�Ax«¬�d:��?n�Ax«¬� (2.68)H :��?>#A;n�Ax«¬� 8 � ��� :��?>�A;n�Ax«¬�435� ��� :T��«¬�
Z� ��� :T�?>#Ax«¬�:
+� ��� :��?n�Ax«¬��9�É (2.69)

It canreadybeverifiedby L’Hospital’s rule that :��?>�A;n�Ax«¬��� ��� :��?>�A;n�Ax«`�
Ð�X
as :��?>#A;n�Ax«¬� Ð X . For :��?>�A;n�Ax«¬��� ��� :���«`� , since :T�?>#A;n�Ax«¬���È:���«`���P� , we
have X,�D:��?>�A;n�Ax«¬��� ��� :���«`�q�D:��?>�A;n�Ax«¬��� ��� :��?>�A;n�Ax«`�IÐ�X�É (2.70)

Thus :T�?>#A;n�Ax«¬��� ��� :���«¬�
Ð X as :T�?>#A;n�Ax«¬��Ð X . Similarly, we canshow that
both :��?>#A;n�Ax«¬��� ��� :��?>#Ax«`� and :��?>�A;n�Ax«`��� ��� :T�?n�Ax«¬�¦Ð X as :��?>�A;n�Ax«`��Ð X .
Therefore, :��?>�A;n�Ax«`��� ��� :��?>�A;n@ª «¬�:T�?>Tª «¬�d:��?n%ª «¬� Ð�X (2.71)

as :T�?>#A;n�Ax«¬��ÐâX . Hence,
� �?7+>xk�ª §!� variescontinuouslywith : evenwhen:��?>#A;n�Ax«¬�MÐ�X for some>#A;n , and « .

To conclude,for any :��?>#A;n�Ax«¬� , if 9;:��ÔF is a sequenceof joint distributions
suchthat :��
Ð : as

ç Ð[
 , then�u5]\�_^a` � ¯cb �?7�>xktª §!�MH � ¯ �?7+>xktª § �BÉ (2.72)

2.4 CHAIN RULES
In this section,we presenta collectionof informationidentitiesknown as

thechainruleswhichareoftenusedin informationtheory.�!�Re#��e��¼_uc%_�e#a'f@huf^�ovS¥
Ï@{�_ba'��y%|¬\D]Ôe#�V\^aRc%��e���d��
�z�?7G�OA;7 � AN�N�N�OA;7 � ��H �Â �fe�� �z�?7��xª 7G�OAN�N�N��A;7�� Ó �Ö�BÉ (2.73)

Proof The chainrule for �ÈHÑà hasbeenproved in Proposition2.16. We
prove the chain rule by inductionon � . Assume(2.73) is true for �»H é ,
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18 A FIRSTCOURSEIN INFORMATIONTHEORY

whereé¨�¸à . Then�z�?7G�OAN�N�N�¼A;7 æ A;7 æYg �Ö�H �z�?7 � AN�N�N�OA;7�æ��735�z�?7�æ=g � ª 7 � AN�N�N�¼A;7�æ
� (2.74)H æÂ �]e�� �z�?7��Sª 7G�OAN�N�N�OA;7�� Ó �Ö�;35�z�?7 æ=g �Ãª 7G�OAN�N�N��A;7 æ � (2.75)

H æYg �Â�]e�� �­�?7��Sª 7G�OAN�N�N��A;7�� Ó �Ö�BA (2.76)

wherein (2.74),we have used(2.45),andin (2.75),we have used(2.73) for�~HÄé . Thisprovesthechainrule for entropy.

Thechainrule for entropy hasthefollowing conditionalversion.�!�Re#��e��¼_uc%_�e#a'f@huf`¢'vS¥
Ï@{�_ba'��y%|¬\D]Ôe#�¸��e�a%��_uc%_�e#aR{�|�\^aRc%��e���d��
�z�?7G�OA;7 � AN�N�N�¼A;7 � ª k���H �Â�]e�� �­�?7��Sª 7G�OAN�N�N�¼A;7�� Ó �OAxk��BÉ (2.77)

Proof Thiscanbeprovedby considering�z�?7 � A;7 � AN�N�N�¼A;7 � ª k��H Â ´ :��?n^�1�­�?7 � A;7 � AN�N�N��A;7 � ª k»HÄn^� (2.78)

H Â ´ :��?n^� �Â�]e�� �­�?7��Sª 7G�OAN�N�N�¼A;7�� Ó �OAxkÈHÄn^� (2.79)

H �Â�]e�� Â ´ :��?n^�1�­�?7��Sª 7G�OAN�N�N�OA;7�� Ó �OAxk»HÄn^� (2.80)

H �Â�]e�� �­�?7��xª 7G�OAN�N�N�¼A;7�� Ó �OAxk��BA (2.81)

wherewe have used(2.41) in (2.78)and(2.43) in (2.81),and(2.79) follows
from Proposition2.23.�!�Re#��e��¼_uc%_�e#a'f@huf^½ovS¥
Ï@{�_ba'��y%|¬\D]Ôe#�VóºyRc%yR{�|t_ba#]Ôe#�@óî{pc%_?e�a��

� �?7G�OA;7 � AN�N�N�¼A;7 � >xk��MH �Â �]e�� � �?7��1>xk�ª 7G�OAN�N�N�¼A;7�� Ó �Ö�BÉ (2.82)
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Proof Consider� �?7G�OA;7 � AN�N�N��A;7 � >xk��H �z�?7G�OA;7 � AN�N�N�OA;7 � �:
L�­�?7G��A;7 � AN�N�N�OA;7 � ª k�� (2.83)H �Â�fe�� 8 �z�?7��xª 7G�OAN�N�N��A;7�� Ó �Ö�:
��z�?7��;ª 7G�OAN�N�N��A;7�� Ó �OAxk���9 (2.84)

H �Â�fe�� � �?7 � >xk�ª 7 � AN�N�N�¼A;7 � Ó � �BA (2.85)

wherein (2.84),we have invokedbothPropositions2.23and2.24. Thechain
rule for mutualinformationis proved.�!�Re#��e��¼_uc%_�e#a'f@huf^Ê vS¥
Ï@{�_ba¸��y#|Ô\ ]¬e#�Ä��e�a%��_uc%_�e#aR{�|~ó yRc%yR{�|E_ba#]Ôe#��hóè{pc%_�e#a��

For randomvariables7G�OA;7 � AN�N�N�OA;7 � , k , and § ,� �?7G�OA;7 � AN�N�N�¼A;7 � >xktª § ��H �Â�]e�� � �?7��.>xkGª 7G�OAN�N�N��A;7�� Ó �OAB§ �BÉ (2.86)

Proof This is theconditionalversionof thechainrule for mutualinformation.
Theproof is similar to thatfor Proposition2.24.Thedetailsareomitted.

2.5 INFORMA TION AL DIVERGENCE
Let : and i betwo probabilitydistributionson a commonalphabet8 . We

veryoftenwantto measurehow much: is differentfrom i , andvice versa.In
orderto beuseful,this measuremustsatisfytherequirementsthatit is always
nonnegative andit takesthe zerovalueif andonly if :¸Hji . We denotethe
supportof : and i by U ¯ and U;k , respectively. The informationaldivergence
definedbelow servesthispurpose.[�\^]`_ba%_dc%_?e�agf@huf.Ø

Theinformationaldivergencebetweentwoprobabilitydis-
tributions: and i ona commonalphabet8 is definedas

�E�²:mlni��MH©Â ± :��?>R��� ��� :��?>R�ip�?>R� H@� ¯ � ��� :��?7Î�ip�?7Î� A (2.87)

where � ¯ denotesexpectationwith respectto : .

In theabove definition,in additionto theconventionthatthesummationis
takenover U ¯ , wefurtheradopttheconvention:��?>@��� ��� ¯�°£±¼µk °£±¼µ Ho
 if ip�?>R�IHQX .

In theliterature,informationaldivergenceis alsoreferredto asrelativeen-
tropyor theKullback-Leiblerdistance. Wenotethat �Î�²:mlni�� isnotsymmetrical
in : and i , soit is nota truemetricor “distance.”
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Figure2.3. Thefundamentalinequality prq7s�t�svu�w .
In the restof the book, informationaldivergencewill be referredto asdi-

vergencefor brevity. Beforewe prove thatdivergenceis alwaysnonnegative,
we first establishthefollowing simplebut importantinequalitycalledthe fun-
damentalinequalityin informationtheory.x \^ó óî{¸f@huf^ÙovKyõy%a%��{�ó \^aRc`{�|¦}Ba%\!z�yR{�|¬_uc	d��

For any ¾ W¸X ,�]{õ¾ �V¾�
V� (2.88)

with equalityif andonly if ¾,HY� .
Proof Let Ü���¾p�IH|�]{õ¾�
o¾�3¿� . Then Ü	}j��¾p� H �c~Ã¾�
V� and Ü	} }?��¾p� H�
��c~Ã¾ � .
Since Ü��Á�¼��H¤X , Ü } �Á�¼� H¤X , and Ü } } �Á�¼��H�
����ZX , we seethat Ü���¾�� attains
its maximumvalue0 when ¾VH�� . This proves (2.88). It is alsoclear that
equalityholdsin (2.88)if andonly if ¾�HY� . Figure2.3is anillustrationof the
fundamentalinequality.¥�e���e�|Ô|�{���dÄf@huf^Û

For any ¾ WVX ,�]{õ¾ �©��
 �¾ (2.89)

with equalityif andonly if ¾,HY� .
Proof Thiscanbeprovedby replacing¾ by �c~Ã¾ in (2.88).

We can seefrom Figure 2.3 that the fundamentalinequality resultsfrom
the convexity of the logarithmicfunction. In fact, many importantresultsin
informationtheoryarealsodirector indirectconsequencesof theconvexity of
thelogarithmicfunction!
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InformationMeasures 21��Ï%\.e��@\^óËf@hu�pÝ­v;[�_ ÍT\^�	��\^a#��\D}Ba%\!z�yR{�|Ô_dc	d��
For anytwoprobabilitydis-

tributions: and i ona commonalphabet8 ,�Î�²:mlni��q�VX (2.90)

with equalityif andonly if :GH6i .
Proof If i��?>@��HZX for some>VCgU ¯ , then �E�²:mlni���H�
 andthe theoremis
trivially true.Therefore,weassumethat ip�?>R�qW¸X for all >¦CtU ¯ . Consider

�Î�²:mlni�� H �Q� ���Y� �,Â±HP%R�� :T�?>R���]{ :��?>@�ip�?>@� (2.91)

� �Q� ���Y� �,Â±HP%R � :T�?>R�=�.�Y
 ip�?>R�:��?>R�%� (2.92)

H �Q� ���Y� �a��#Â±HP%R�� :T�?>R�:
PÂ±HP%R�� i��?>@�0�� (2.93)

� �Q� ���Y� ���Á�"
¸�¼� (2.94)H X�A (2.95)

where(2.92)resultsfrom anapplicationof (2.89),and(2.94)follows fromÂ±HPTRc� ip�?>R� �©��É (2.96)

This proves(2.90). Now for equalityto hold in (2.90),equalitymusthold in
(2.92)for all >ÎC~U ¯ , andequalitymusthold in (2.94).For theformer, we see
from Lemma2.28thatthisis thecaseif andonly if :��?>@�MH6ip�?>R� for all >~CtU ¯ .
For thelatter, i.e., Â±HPTRc� ip�?>R��HY��A (2.97)

this is thecaseif andonly if U ¯ and U;k coincide.Therefore,we concludethat
equalityholdsin (2.90)if andonly if :��?>R�ºH,ip�?>R� for all >­C­8 , i.e., :ôH�i .
Thetheoremis proved.

Wenow proveaveryusefulconsequenceof thedivergenceinequalitycalled
the log-suminequality.��Ï%\.e��@\^óËf@hu�@iYv;|¬e:��hB�¼y%ó _?a%\!z�yR{�|¬_uc	d��

For positivenumbers ¾ � Ax¾ � AN�N�N�
andnonnegativenumbers À¼�OASÀ � AN�N�N� such that � � ¾¬���2
 and X��2� � ÀB�T��
 ,

Â � ¾¬�%� ��� ¾Ô�ÀB� � Å.Â � ¾Ô�?ÆZ� ��� � � ¾Ô�� � ÀS� (2.98)
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22 A FIRSTCOURSEIN INFORMATIONTHEORY

with theconventionthat � ���a�n�ö H�
 . Moreover, equalityholdsif andonly if�n�� � H��n�H�W�_�0�H�!� for all � .
The log-suminequalitycaneasilybe understoodby writing it out for the

casewhentherearetwo termsin eachof thesummations:¾.�!� ��� ¾.�À¼� 3z¾ � � ��� ¾ �À � � ��¾^�:3­¾ � ��� ��� ¾^�:3z¾ �À¼�:3'À � É (2.99)

Proof of Theorem 2.31 Let ¾�}� H ¾Ô�0~ � � ¾Ã� and À�}� HËÀB��~ � � ÀÁ� . Then 9¼¾�}� F
and 9�À }� F areprobabilitydistributions.Usingthedivergenceinequality, wehave

X � Â � ¾ }� � ��� ¾�}�À }� (2.100)

H Â � ¾Ô�� � ¾�� � ��� ¾¬�0~ � � ¾Ã�ÀB�0~ � � À�� (2.101)

H �� � ¾�� - Â � ¾ � � ��� ¾¬�ÀB� 
ËÅ Â � ¾ � ÆZ� ��� � � ¾Ã�� � À�� /
A (2.102)

which implies (2.98). Equalityholdsif andonly if ¾ }� HËÀ }� for all � , or �n�� � H�n�H�W�_�0�H�!� for all � . Thetheoremis proved.

Onecanalsoprove thedivergenceinequalityby usingthelog-suminequal-
ity (seeProblem14), so the two inequalitiesarein fact equivalent. The log-
suminequalityalsofindsapplicationin proving thenext theoremwhich gives
a lower boundon the divergencebetweentwo probability distributionson a
commonalphabetin termsof thevariationaldistancebetweenthem.[�\^]`_ba%_dc%_?e�agf@hu�^f

Let : and i betwo probabilitydistributionsona common
alphabet8 . Thevariationaldistancebetween: and i is definedby� �²:#A'i��MH¨Â±HPH  ª :T�?>R�:
�ip�?>@�Nª²É (2.103)

��Ï%\.e��@\^óËf@hu�^�Ëv��!_?a#�¼Ì�\^��¡u�=_?a%\!z�yR{�|Ô_dc	d��
�Î�²:mlni��q� �à?�]{îà � � �²:#A'i��BÉ (2.104)

Theproofof thistheoremis left asanexercise(seeProblem17). Wewill see
furtherapplicationsof thelog-suminequalitywhenwediscusstheconvergence
of someiterative algorithmsin Chapter10.
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2.6 THE BASIC INEQUALITIES
In this section,we prove thatall Shannon’s informationmeasures,namely

entropy, conditionalentropy, mutual information,andconditionalmutualin-
formationarealwaysnonnegative. By this, we meanthat thesequantitiesare
nonnegative for all joint distributionsfor therandomvariablesinvolved.¢a£;¤!¥§¦7¤�¨ª©7«]¬�­

For randomvariables® , ¯ , and ° ,±�² ®�³'¯�´)°!�vµ�¶¸· (2.105)

with equalityif andonly if ® and ¯ are independentconditioningon ° .

Proof Thiscanbereadilyprovedby observingthat±�² ®+³'¯Z´)° �¹ º»H¼ ½c¼ ¾%¿ ²JÀ ·KÁ	·'Â¬��ÃfÄ�Å ¿ ²JÀ ·KÁ;´ Â¬�¿ ²JÀ ´ Â`� ¿ ² Á7´ Â`� (2.106)¹ º ¾L¿ ² Â`� º »H¼ ½§¿ ²JÀ ·KÁ;´ Â¬��ÃfÄ�Å ¿ ²JÀ ·KÁ;´ Â¬�¿ ²JÀ ´ Â¬� ¿ ² Á;´ Â¬� (2.107)¹ º ¾ ¿ ² Â`��� ² ¿!ÆYÇ=È ¾�É ¿�ÆÊÈ ¾ ¿�ÇËÈ ¾ ��· (2.108)

wherewe have used¿ ÆYÇmÈ ¾ to denoteÌ ¿ ²JÀ ·KÁ;´ Â¬��· ²JÀ ·KÁ^�ÎÍ+ÏÑÐÓÒaÔ , etc. Since
for a fixed Â , both ¿ Æ=ÇËÈ ¾ and ¿ ÆÎÈ ¾ ¿ ÇmÈ ¾ are joint probability distributionsonÏÕÐ�Ò , wehave � ² ¿ ÆYÇËÈ ¾ É ¿ ÆÎÈ ¾ ¿ ÇmÈ ¾ �vµ�¶¸Ö (2.109)

Therefore,we concludethat
±�² ®+³'¯×´)°!�Lµ�¶ . Finally, we seefrom Theo-

rem2.30that
±�² ®�³'¯�´)°!� ¹ ¶ if andonly if for all ÂØÍ�Ù ¾ ,¿ ²JÀ ·KÁ;´ Â¬� ¹ ¿ ²JÀ ´ Â¬� ¿ ² Á;´ Â¬��· (2.110)

or ¿ ²JÀ ·KÁ�·'Â¬� ¹ ¿ ²JÀ ·'Â`� ¿ ² Á7´ Â`� (2.111)

for all
À

and Á . Therefore,® and ¯ areindependentconditioningon ° . The
proof is accomplished.

As wehaveseenin Section2.3thatall Shannon’s informationmeasuresare
specialcasesof conditionalmutualinformation,we alreadyhave proved that
all Shannon’s informationmeasuresarealwaysnonnegative. Thenonnegativ-
ity of all Shannon’s informationmeasuresarecalledthebasicinequalities.

For entropy and conditionalentropy, we offer the following more direct
prooffor theirnonnegativity. Considertheentropy Ú ² ®D� of arandomvariable
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24 A FIRSTCOURSEIN INFORMATIONTHEORY® . For all
À ÍÛÙ Æ , since ¶�Ü ¿ ²JÀ7Ý�Þ�ß

, ÃfÄ�Å ¿ ²JÀ�Ý�Þ ¶ . It thenfollows from
thedefinitionin (2.33)that Ú ² ® Ý µ|¶ . For theconditionalentropy Ú ² ¯×´ ® Ý
of randomvariable ¯ givenrandomvariable ® , since Ú ² ¯×´ ® ¹ À�Ý µà¶ for
each

À Í�Ù Æ , weseefrom (2.41)that Ú ² ¯×´ ® Ý µ�¶ .áÎ¦�¥4â�¥§ãcä]å;äQ¥4æç©7«]¬�è Ú ² ® Ý ¹ ¶ if andonly if ® is deterministic.

Proof If ® is deterministic,i.e., thereexists
À�é Í,Ï suchthat ¿ ²JÀ�é�Ý ¹ ß

and ¿ ²JÀ�Ý ¹ ¶ for all
Àëê¹ À é

, then Ú ² ® Ý ¹íì ¿ ²JÀ é Ý ÃfÄ�Å ¿ ²JÀ é Ý ¹ ¶ . On
the otherhand,if ® is not deterministic,i.e., thereexists

À é ÍàÏ suchthat¶îÜ ¿ ²JÀ�é�Ý Ü ß
, then Ú ² ® Ý µ ì ¿ ²JÀ	é�Ý Ã]Ä�Å ¿ ²JÀ�é_ÝYï ¶ . Therefore,weconclude

that Ú ² ® Ý ¹ ¶ if andonly if ® is deterministic.áÎ¦�¥4â�¥§ãcä]å;äQ¥4æç©7«]¬�ð Ú ² ¯ñ´ ® Ý ¹ ¶ if andonly if ¯ is a functionof ® .

Proof From(2.41),weseethat Ú ² ¯×´ ® Ý ¹ ¶ if andonly if Ú ² ¯�´ ® ¹ À�Ý ¹ ¶
for each

À ÍZÙ Æ . Thenfrom thelastproposition,thishappensif andonly if ¯
is deterministicfor eachgiven

À
. In otherwords, ¯ is a functionof ® .áÎ¦�¥4â�¥§ãcä]å;äQ¥4æç©7«]¬!òo±	² ®�³'¯ Ý ¹ ¶ if andonly if ® and ¯ are independent.

Proof This is a specialcaseof Theorem2.34with ° beinga degenerateran-
domvariable.

Onecanregard(conditional)mutual informationasa measureof (condi-
tional) dependency betweentwo randomvariables. When the (conditional)
mutualinformationis exactly equalto 0, thetwo randomvariablesare(condi-
tionally) independent.

We refer to inequalitiesinvolving Shannon’s information measuresonly
(possiblywith constantterms)asinformationinequalities. Thebasicinequali-
tiesareimportantexamplesof informationinequalities.Likewise,we refer to
identitiesinvolving Shannon’s informationmeasuresonly asinformationiden-
tities. From the informationidentities(2.45),(2.55),and(2.63),we seethat
all Shannon’s informationmeasurescanbe expressedaslinear combinations
of entropies.Specifically,Ú ² ¯ñ´ ® Ý ¹ Ú ² ®Z·'¯ Ý ì Ú ² ® Ý · (2.112)±�² ®+³'¯ Ý ¹ Ú ² ® Ý;ó Ú ² ¯ Ý ì Ú ² ®Z·'¯ Ý · (2.113)

and ±	² ®�³'¯�´)° Ý ¹ Ú ² ®Z·�° Ý;ó Ú ² ¯Ë·�° Ý ì Ú ² ®Z·'¯v·�° Ý ì Ú ² ° Ý Ö (2.114)

Therefore,an informationinequalityis an inequalitywhich involvesonly en-
tropies.
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In informationtheory, informationinequalitiesform themostimportantset
of toolsfor proving conversecodingtheorems.Exceptfor afew so-callednon-
Shannon-typeinequalities,all known informationinequalitiesareimplied by
thebasicinequalities.Informationinequalitieswill bestudiedsystematically
in Chapter12 to Chapter14 . In thenext section,we will prove someconse-
quencesof thebasicinequalitieswhichareoftenusedin informationtheory.

2.7 SOME USEFUL INFORMA TION INEQUALITIES
In this section,we prove someusefulconsequencesof the basicinequali-

ties introducedin the lastsection.Note that theconditionalversionsof these
inequalitiescanbeprovedby similar techniquesasin Proposition2.24.¢a£;¤!¥§¦7¤�¨ª©7«]¬�ô+õnö�¥§æ;÷4äøå;äJ¥§æ;äJæ4ùú÷:¥4¤!ãØæ4¥7åúäJæ4û	¦7¤¸ü:ãc¤ý¤�æ�å;¦	¥§â�þ ÿÚ ² ¯�´ ® Ý=Þ Ú ² ¯ Ý (2.115)

with equalityif andonly if ® and ¯ are independent.

Proof Thiscanbeprovedby consideringÚ ² ¯�´ ® Ý ¹ Ú ² ¯ Ý ì ±	² ®�³'¯ Ý=Þ Ú ² ¯ Ý · (2.116)

wherethe inequality follows because
±�² ®�³'¯ Ý is always nonnegative. The

inequalityis tight if andonly if
±�² ®�³'¯ Ý ¹ ¶ , which is equivalentto that ®

and ¯ areindependentby Proposition2.37.

Similarly, it canbeshown that Ú ² ¯×´ ®Z·�° Ý Þ Ú ² ¯×´)° Ý , which is thecon-
ditional versionof the above proposition. Theseresultshave the following
interpretation.Supposē is a randomvariablewe are interestedin, and ®
and ° areside-informationabout ¯ . Thenour uncertaintyabout ¯ cannotbe
increasedon the averageuponknowing side-information® . Oncewe know® , our uncertaintyabout ¯ againcannotbe increasedon the averageupon
furtherknowing side-information° .

Remark Unlike entropy, the mutual informationbetweentwo randomvari-
ablescanbe increasedby conditioningon a third randomvariable. We refer
thereaderto Section6.4for adiscussion.¢a£;¤!¥§¦7¤�¨ª©7«]¬ � õ��næ;÷§¤�â�¤�æ;÷§¤�æ4û	¤���¥��;æ4÷	��¥§¦ç¤�æ�å;¦�¥4â�þmÿ

Ú ² ®�
�·K®
�H·������c·K®�� Ý=Þ �º ��� 
 Ú ² ® � Ý (2.117)

with equalityif andonly if ® � , � ¹ ß ·���·������T·�� aremutuallyindependent.
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Proof By thechainrule for entropy,Ú ² ®�
�·K®
��·�������·K®�� Ý ¹ �º ��� 
 Ú ² ® � ´ ®�
�·�������·K® ��� 
 Ý (2.118)Þ �º ��� 
 Ú ² ® � Ý · (2.119)

wherethe inequalityfollows becausewe have proved in the last theoremthat
conditioningdoesnot increaseentropy. Theinequalityis tight if andonly if it
is tight for each� , i.e., Ú ² ® � ´ ® 
 ·�������·K® ��� 
 Ý ¹ Ú ² ® � Ý (2.120)

for
ßaÞ � Þ � . Fromthelasttheorem,this is equivalentto that ® � is indepen-

dentof ®�
 ·K®
��·�������·K® ��� 
 for each� . Then¿ ²JÀ 
 · À �H·������T· À � Ý¹ ¿ ²JÀ 
_· À �H·������c· À � � 
 Ý ¿ ²JÀ � Ý (2.121)¹ ¿ ² ¿ ²JÀ 
 · À �H·������c· À � � � Ý ¿ ²JÀ � � 
 Ý ¿ ²JÀ � Ý (2.122)
...¹ ¿ ²JÀ 
 Ý ¿ ²JÀ � Ý ����� ¿ ²JÀ � Ý (2.123)

for all
À 
 · À � ·������c· À � , or ® 
 ·K® � ·������c·K® � aremutuallyindependent.

Alternatively, wecanprove thetheoremby considering�º��� 
 Ú ² ® � Ý ì Ú ² ®�
�·K®
�H·������c·K®�� Ý¹ ì �º��� 
 � Ã]Ä�Å ¿ ² ® � Ý7ó�� ÃfÄ�Å ¿ ² ®�
�·K®
�H·������T·K®�� Ý (2.124)¹ ì � ÃfÄ�Å�� ¿ ² ® 
 Ý ¿ ² ® � Ý ����� ¿ ² ® � Ý �¸ó!� ÃfÄ�Å ¿ ² ® 
 ·K® � ·������c·K® � Ý (2.125)¹ � ÃfÄ�Å ¿ ² ®�
�·K®
�H·�������·K®�� Ý¿ ² ®�
 Ý ¿ ² ®
� Ý ����� ¿ ² ®�� Ý (2.126)¹ " ² ¿ Æ$#0Æ&%(')')' Æ+* É ¿ Æ$# ¿ Æ&% ����� ¿ Æ,* Ý (2.127)µ ¶¸· (2.128)

whereequalityholdsif andonly if¿ ²JÀ 
 · À � ·������T· À � Ý ¹ ¿ ²JÀ 
 Ý ¿ ²JÀ � Ý ����� ¿ ²JÀ � Ý (2.129)

for all
À 
�· À �%·������c· À � , i.e., ®�
�·K®
�H·������T·K®�� aremutuallyindependent.
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InformationMeasures 27¢a£;¤!¥§¦7¤�¨ª©7« ­.- ±�² ®+³'¯Ë·�° Ý µ ±	² ®�³'¯ Ý · (2.130)

with equalityif andonly if ®0/ ¯1/�° formsa Markov chain.

Proof By thechainrule for mutualinformation,wehave±�² ®+³'¯Ë·�° Ý ¹ ±�² ®�³'¯ Ý;óç±�² ®�³�°�´ ¯ Ý µ ±	² ®�³'¯ Ý Ö (2.131)

Theabove inequalityis tight if andonly if
±	² ®�³�°�´ ¯ Ý ¹ ¶ , or ®2/ ¯3/ °

formsaMarkov chain.Thetheoremis proved.4v¤�¨Ê¨�ü�©7« ­65
If ®7/ ¯1/�° formsa Markov chain, then±�² ®+³�° ÝYÞ�±	² ®�³'¯ Ý (2.132)

and ±�² ®+³�° Ý=Þ�±�² ¯ ³�° Ý Ö (2.133)

The meaningof this inequality is the following. Suppose® is a random
variablewe are interestedin, and ¯ is an observation of ® . If we infer ®
via ¯ , our uncertaintyabout ® on the averageis Ú ² ®ç´ ¯ Ý . Now suppose
weprocess̄ (eitherdeterministicallyor probabilistically)to obtaina random
variable ° . If we infer ® via ° , our uncertaintyabout ® on the averageisÚ ² ®ç´)° Ý . Since®7/ ¯1/[° formsaMarkov chain,from (2.132),wehaveÚ ² ®ç´)° Ý ¹ Ú ² ® Ý ì ±�² ®�³�° Ý (2.134)µ Ú ² ® Ý ì ±�² ®�³'¯ Ý (2.135)¹ Ú ² ®5´ ¯ Ý · (2.136)

i.e., further processinḡ canonly increaseour uncertaintyabout ® on the
average.

Proof of Lemma 2.41 Assume® / ¯8/ ° , i.e., ® 9 °�´ ¯ . By Theo-
rem2.34,wehave ±�² ®�³�°�´ ¯ Ý ¹ ¶¸Ö (2.137)

Then ±	² ®�³�° Ý ¹ ±	² ®�³'¯v·�° Ý ì ±	² ®�³'¯�´)° Ý (2.138)Þ ±	² ®�³'¯v·�° Ý (2.139)¹ ±	² ®�³'¯ Ý7ó5±	² ®�³�°�´ ¯ Ý (2.140)¹ ±	² ®�³'¯ Ý Ö (2.141)
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28 A FIRSTCOURSEIN INFORMATIONTHEORY

In (2.138)and(2.140),we have usedthe chainrule for mutual information.
The inequalityin (2.139)follows because

±�² ®+³'¯Z´)° Ý is alwaysnonnegative,
and(2.141)follows from (2.137).Thisproves(2.132).

Since ®:/ ¯;/ ° is equivalentto °</ ¯7/ ® , we alsohave proved
(2.133).Thiscompletestheproofof thelemma.

FromLemma2.41,wecanprovethemoregeneraldataprocessingtheorem.¢a£;¤!¥§¦7¤�¨ª©7« ­	©+õ�=�üWå�üúá�¦	¥:û	¤!ãcãcä æ4ù�¢a£;¤�¥4¦7¤�¨�ÿ
If >?/ ®@/[¯1/BA

formsa Markov chain, then ±	² > ³CA Ý=Þú±�² ®+³'¯ Ý Ö (2.142)

Proof Assume>D/ ®E/ ¯1/8A . Thenby Proposition2.10,wehave >D/®7/ ¯ and >F/ ¯G/HA . Fromthefirst Markov chainandLemma2.41,we
have ±	² > ³'¯ ÝvÞ�±�² ®+³'¯ Ý Ö (2.143)

FromthesecondMarkov chainandLemma2.41,wehave±	² > ³CA Ý=Þ�±	² > ³'¯ Ý Ö (2.144)

Combining(2.143)and(2.144),weobtain(2.142),proving thetheorem.

2.8 FANO’S INEQUALITY
In thelastsection,we have proveda few informationinequalitiesinvolving

only Shannon’s informationmeasures.In this section,we first prove anupper
boundon the entropy of a randomvariablein termsof the sizeof the alpha-
bet. This inequality is thenusedin the proof of Fano’s inequality, which is
extremelyusefulin proving conversecodingtheoremsin informationtheory.¢a£;¤!¥§¦7¤�¨ª©7« ­	¬

For anyrandomvariable ® ,Ú ² ® Ý=Þ ÃfÄ�ÅÎ´)ÏÓ´ · (2.145)

where ´)ÏÓ´ denotesthesizeof thealphabetÏ . Thisupperboundis tight if and
only if ® distributesuniformlyon Ï .

Proof Let I be the uniform distribution on Ï , i.e., I ²JÀ�Ý ¹ ´)Ï�´ � 
 for allÀ ÍÓÏ . ThenÃfÄ�Å�´)Ï�´ ì Ú ² ® Ý¹ ìNº»KJMLON ¿ ²JÀ�Ý ÃfÄ�Å�´)Ï�´ � 
 ó º»KJOLMN ¿ ²JÀ�Ý Ã]Ä�Å ¿ ²JÀ7Ý (2.146)
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InformationMeasures 29¹ ìNº»KJMLON ¿ ²JÀ7Ý ÃfÄ�ÅPI ²JÀ�Ý;ó º»KJMLON ¿ ²JÀ7Ý ÃfÄ�Å ¿ ²JÀ�Ý (2.147)¹ º»KJMLON ¿ ²JÀ7Ý ÃfÄ�Å Q ¿ ²JÀ7ÝI ²JÀ�ÝMR (2.148)¹ " ² ¿ É I Ý (2.149)µ ¶¸· (2.150)

proving (2.145).This upperboundis tight if andif only " ² ¿ É I Ý ¹ ¶ , which
from Theorem2.30is equivalentto ¿ ²JÀ�Ý ¹ I ²JÀ7Ý for all

À ÍÓÏ , completingthe
proof.ö�¥§¦	¥6STS ü§¦�þ2©7« ­�­

Theentropyof a randomvariablemaytakeanynonnega-
tive real value.

Proof Considera randomvariable ® andlet ´)ÏÓ´ befixed. We seefrom the
last theoremthat Ú ² ® Ý ¹ ÃfÄ�ÅÎ´)ÏÓ´ is achieved when ® distributesuniformly
on Ï . On theotherhand,Ú ² ® Ý ¹ ¶ is achievedwhen ® is deterministic.For
any value ¶�ÜVU Ü,ÃfÄ�ÅÎ´)ÏÓ´ , by the intermediatevaluetheorem,thereexistsa
distribution for ® suchthat Ú ² ® Ý ¹ U . Thenwe seethat Ú ² ® Ý cantake any
positivevalueby letting ´)ÏÓ´ besufficiently large.Thisaccomplishestheproof.

Remark Let ´)Ï�´ ¹<" , or therandomvariable ® is a " -ary symbol. When
thebaseof thelogarithmis " , (2.145)becomesÚXW ² ® ÝYÞ|ß Ö (2.151)

Recall that the unit of entropy is the " -it whenthe logarithmis in the base" . This inequalitysaysthat a " -ary symbolcancarry at most1 " -it of in-
formation.Thismaximumis achievedwhen ® hasauniformdistribution. We
alreadyhaveseenthebinarycasewhenwediscussthebinaryentropy functionY[Z ² ¿ Ý in Section2.2.

Weseefrom Theorem2.43thattheentropy of a randomvariableis finite as
long asit hasa finite alphabet.However, if a randomvariablehasan infinite
alphabet,its entropy mayor maynot befinite. This will beshown in thenext
two examples.\^];ü:¨�â[S�¤L©7« ­	è

Let ® bea randomvariablesuch that_a` Ì�® ¹ �KÔ ¹ � �[� · (2.152)� ¹ ß ·���·������%Ö Then Ú
� ² ® Ý ¹cbº��� 
 �d� �[� ¹ ��· (2.153)
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30 A FIRSTCOURSEIN INFORMATIONTHEORY

which is finite.\^];ü:¨�â[S�¤L©7« ­	ð
Let ¯ bea randomvariablewhich takesvaluein thesubset

of pairs of integers e ² �'· f Ýhg!ßÎÞ �ËÜji and
ßÎÞ f Þ � ��k� �ml (2.154)

such that _a` Ìc¯ ¹ ² �n· f Ý Ô ¹ � � � k
(2.155)

for all � and f . First,wecheck thatbº��� 
 � % k n � kºoC� 
 _P` Ìc¯ ¹ ² �'· f Ý Ô ¹ bº ��� 
 � � � k$p � � k� �6q ¹ ß Ö (2.156)

Then Ú
� ² ¯ Ý ¹�ìrbº�s� 
 � % k n � kºot� 
 � � � k ÃfÄ�Å � � � � k ¹cbº��� 
 ß · (2.157)

which doesnotconverge.

Let ® bea randomvariableand u® beanestimateof ® which takesvalue
in thesamealphabetÏ . Let theprobabilityof error v,w bev,w ¹ _P` Ì�® ê¹ u®LÔ Ö (2.158)

If v6w ¹ ¶ , i.e., ® ¹ u® with probability 1, then Ú ² ®ç´ u® Ý ¹ ¶ by Proposi-
tion 2.36. Intuitively, if v,w is small, i.e., ® ¹ u® with probability closeto
1, then Ú ² ®ç´ u® Ý shouldbecloseto 0. Fano’s inequalitymakesthis intuition
precise.¢a£;¤!¥§¦7¤�¨ª©7« ­�ò õ�x�ü§æ4¥v¡]ã�äJæ;¤zy6��ü6S�äøå	þ ÿ

Let ® and u® berandomvariables
takingvaluesin thesamealphabetÏ . ThenÚ ² ®ç´ u® ÝYÞ Y[Z ² v,w Ý;ó v6w�ÃfÄ�Å ² ´)ÏÓ´ ì ßcÝ · (2.159)

where
Y[Z

is thebinaryentropyfunction.

Proof Definea randomvariable¯ ¹ e ¶ if ® ¹ u®ß
if ® ê¹ u® .

(2.160)
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The randomvariable ¯ is an indicator of the error event Ì�® ê¹ u®�Ô , with_a` Ìc¯ ¹ ß Ô ¹ v,w and Ú ² ¯ Ý ¹ YzZ ² v6w Ý . Sincē is a function ® and u® ,Ú ² ¯×´ ®�· u® Ý ¹ ¶¸Ö (2.161)

ThenÚ ² ®5´.u® Ý¹ ±�² ®�³'¯Z´ u® Ý;ó Ú ² ®5´ u®Û·'¯ Ý (2.162)¹ Ú ² ¯�´[u® Ý ì Ú ² ¯×´ ®Z·{u® Ý7ó Ú ² ®5´.u®Û·'¯ Ý (2.163)¹ Ú ² ¯�´ u® Ý4ó Ú ² ®ç´ u®+·'¯ Ý (2.164)Þ Ú ² ¯ Ý7ó Ú ² ®5´ u®5·'¯ Ý (2.165)¹ Ú ² ¯ Ý7ó º|»KJ~}�� _P` Ì u® ¹ uÀ ·'¯ ¹ ¶�ÔcÚ ² ®5´ u® ¹ uÀ ·'¯ ¹ ¶ Ýó�_a` Ì u® ¹ uÀ ·'¯ ¹ ß ÔcÚ ² ®5´ u® ¹ uÀ ·'¯ ¹ ßcÝ � Ö (2.166)

In the above, (2.164) follows from (2.161), (2.165) follows becausecondi-
tioning doesnot increaseentropy, and(2.166)follows from anapplicationof
(2.41). Now ® musttake thevalue uÀ if u® ¹ uÀ and ¯ ¹ ¶ . In otherwords,® is conditionallydeterministicgiven u® ¹ uÀ and ¯ ¹ ¶ . Therefore,by
Proposition2.35, Ú ² ®ç´ u® ¹ uÀ ·'¯ ¹ ¶ Ý ¹ ¶¸Ö (2.167)

If u® ¹ uÀ and ¯ ¹ ß
, then ® musttake valuesin theset Ì À Í�Ï g�Àoê¹ uÀ Ô

whichcontainś)Ï�´ ì ß
elements.Fromthelasttheorem,wehaveÚ ² ®ç´zu® ¹ uÀ ·'¯ ¹ ßcÝ=Þ Ã]Ä�Å ² ´)ÏÓ´ ì ßcÝ · (2.168)

wherethisupperbounddoesnotdependon uÀ . Hence,Ú ² ®5´ u® ÝÞ Y[Z ² v,w Ý;ó@�� º|»KJK} _P` Ì�u® ¹ uÀ ·'¯ ¹ ß Ô���5ÃfÄ�Å ² ´)ÏÓ´ ì ßcÝ
(2.169)¹ Y[Z ² v,w Ý;ó!_a` Ìc¯ ¹ ß Ô4ÃfÄ�Å ² ´)Ï�´ ì ßcÝ
(2.170)¹ Y[Z ² v,w Ý;ó v6w�ÃfÄ�Å ² ´)ÏÓ´ ì ßcÝ · (2.171)

proving (2.159).Thisaccomplishestheproof.

Very often,we only needthe following simplifiedversionwhenwe apply
Fano’s inequality. Theproof is omitted.ö�¥§¦	¥6STS ü§¦�þ2©7« ­	ô Ú ² ®ç´ u® Ý Ü ßvó v,w!ÃfÄ�Å�´)Ï�´ .
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Fano’s inequalityhasthefollowing implication. If thealphabetÏ is finite,
as v w / ¶ , theupperboundin (2.159)tendsto 0, whichimplies Ú ² ®5´ u® Ý also
tendsto 0. However, this is not necessarilythecaseif Ï is infinite, which is
shown in thenext example.\^];ü:¨�â[S�¤L©7« ­ �

Let u® take the value0 with probability 1. Let ° bean in-
dependentbinary randomvariabletakingvaluesin Ìc¶¸· ß Ô . Definetherandom
variable ® by ® ¹�� ¶ if ° ¹ ¶¯ if ° ¹ ß

,
(2.172)

where ¯ is therandomvariablein Example2.46whoseentropyis infinity. Letv,w ¹ _a` Ì�® ê¹ u®+Ô ¹ _a` Ì%° ¹ ß Ô Ö (2.173)

ThenÚ ² ®ç´ u® Ý (2.174)¹ Ú ² ® Ý (2.175)µ Ú ² ®5´)° Ý (2.176)¹ _a` Ì%° ¹ ¶�ÔcÚ ² ®ç´)° ¹ ¶ Ý;ó�_P` Ì%° ¹ ß ÔcÚ ² ®ç´)° ¹ ßcÝ
(2.177)¹ ².ß ì v,w Ý ��¶ ó v,wa�cÚ ² ¯ Ý (2.178)¹ i (2.179)

for any v,w ï ¶ . Therefore, Ú ² ®5´ u® Ý doesnot tendto 0 as v6wh/ ¶ .
2.9 ENTROPY RATE OF STATION ARY SOURCE

In the previous sections,we have discussedvariouspropertiesof the en-
tropy of a finite collectionof randomvariables.In this section,we discussthe
entropy rateentropyrateof adiscrete-timeinformationsource.

A discrete-timeinformationsourceÌ�®
��·��Óµ ß Ô is aninfinite collectionof
randomvariablesindexedby thesetof positive integers.Sincetheindex setis
ordered,it is naturalto regardtheindicesastime indices.We will referto the
randomvariables®
� asletters.

We assumethat Ú ² ®
� Ý Ü�i for all � . Thenfor any finite subset� of the
index set ÌM� g �ñµ ß Ô , wehaveÚ ² ®
��·��ñÍ�� Ý=Þ º� JK� Ú ² ®
� Ý Ü�i2Ö (2.180)

However, it is not meaningfulto discussÚ ² ®
��·���µ ßcÝ
becausethe joint en-

tropy of aninfinite collectionof lettersis infinite exceptfor veryspecialcases.
On theotherhand,sincethe indicesareordered,we cannaturallydefinethe
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entropy rate of an informationsource,which gives the averageentropy per
letterof thesource.=Ø¤[��ä æ;äøå;äJ¥§æú©7«]è�-

Theentropyrateof aninformationsource Ì�®
��Ô is defined
by Ú Æ ¹ Ã�����K� b ß� Ú ² ®�
�·K®
��·�������·K®�� Ý (2.181)

whenthelimit exists.

We show in thenext two examplesthattheentropy rateof a sourcemayor
maynotexist.\^];ü:¨�â[S�¤L©7«]è�5

Let Ì�®
��Ô be an i.i.d. source with genericrandomvariable® . Then Ã�����K� b ß� Ú ² ®�
�·K®
�H·������c·K®�� Ý ¹ Ã�����~� b �;Ú ² ® Ý� (2.182)¹ Ã�����~� b Ú ² ® Ý (2.183)¹ Ú ² ® Ý · (2.184)

i.e., theentropyrateof an i.i.d. sourceis theentropyof a singleletter.\^];ü:¨�â[S�¤L©7«]è�©
Let Ì�®
��Ô bea sourcesuch that ®
� aremutuallyindependent

and Ú ² ®
� Ý ¹ � for �ñµ ß
. ThenÃ�����K� b ß� Ú ² ®�
�·K®
�H·������c·K®�� Ý ¹ Ã�����~� b ß� �º� � 
 � (2.185)¹ Ã�����~� b ß� � ² � ó6ßcÝ� (2.186)¹ ß� Ã�����~� b ² � ó6ßcÝ · (2.187)

which doesnot converge although Ú ² ®
� Ý Ü�i for all � . Therefore, the
entropyrateof Ì�®
��Ô doesnotexist.

Towardcharacterizingtheasymptoticbehavior of Ì�®
� Ô , it is naturalto con-
siderthelimit Ú��Æ ¹ Ã�����~� b Ú ² ® � ´ ® 
 ·K® � ·������T·K® � � 
 Ý (2.188)

if it exists. Thequantity Ú ² ®���´ ®�
�·K®
�H·������T·K®�� � 
 Ý is interpretedasthecon-
ditionalentropy of thenext lettergiventhatweknow all thepasthistoryof the
source,and Ú �Æ is thelimit of thisquantityafterthesourcehasbeenrunfor an
indefiniteamountof time.
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An informationsource Ì�®
� Ô is stationaryif®�
 ·K®
��·�������·K®�� (2.189)

and ® 
d��� ·K® �(��� ·������c·K® ����� (2.190)

havethesamejoint distribution for any �ý·(�?µ ß
.

In therestof thesection,wewill show thatstationarityis asufficientcondi-
tion for theexistenceof theentropy rateof aninformationsource.4v¤�¨Ê¨�ü�©7«]è�­

Let Ì�®
� Ô bea stationarysource. ThenÚ �Æ exists.

Proof Since Ú ² ®��;´ ®�
�·K®
�H·�������·K®�� � 
 Ý is lower boundedby zerofor all � ,
it suffices to prove that Ú ² ®��7´ ®�
�·K®
�H·�������·K®�� � 
 Ý is non-increasingin � to
concludethatthelimit Ú �Æ exists.Towardthisend,for �ýµ � , considerÚ ² ®��7´ ®�
�·K®
�H·������c·K®�� � 
 ÝÞ Ú ² ® � ´ ® � ·K®
¡H·������T·K® � � 
 Ý (2.191)¹ Ú ² ®�� � 
%´ ®�
�·K®
�H·������T·K®�� � � Ý · (2.192)

wherethe last step is justified by the stationarityof Ì�®
��Ô . The lemmais
proved.4v¤�¨Ê¨�ü�©7«]è�è+õnö�¤!ãa¢ü§¦	¥ £5¤¸ü§æ§ÿ

Let U¤� and ¥C� bereal numbers. If UT�X/BU
as ��/Hi and ¥C� ¹ 
�§¦ �� � 
 U¤� , then ¥C�
/¨U as ��/Hi .

Proof Theideaof thelemmais thefollowing. If U©��/2U as ��/8i , thenthe
averageof thefirst � termsin ÌªU¤��Ô , namely¥C� , alsotendsto U as ��/8i .

The lemmais formally proved asfollows. Since U � / U as ��/ i , for
every « ï ¶ , thereexists ¬ ² « Ý suchthat ´ U©� ì U�´;ÜG« for all � ï ¬ ² « Ý . For� ï ¬ ² « Ý , consider´ ¥C� ì U7´ ¹ ­­­­­ ß� �º��� 
 U � ì U ­­­­­ (2.193)¹ ­­­­­ ß� �º��� 
 ² U � ì U Ý ­­­­­ (2.194)Þ ß� �º ��� 
 ´ U � ì U�´ (2.195)

¹ ß� ��.®h¯±°³²º ��� 
 ´ U � ì U�´ ó �º��� ®´¯µ°¶² �6
 ´ U � ì U7´ �� (2.196)
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Ü ß� ®´¯µ°¶²º��� 
 ´ U � ì U7´ ó ² � ì ¬ ² « ÝKÝ «� (2.197)

Ü ß� ®´¯µ°¶²º��� 
 ´ U � ì U7´ ó « Ö (2.198)

Thefirst termtendsto 0 as �·/¸i . Therefore,for any « ï ¶ , by taking � to
besufficiently large,we canmake ´ ¥C� ì U7´	Ü?�~« . Hence¥C��/¹U as �º/¸i ,
proving thelemma.

We now prove that Ú �Æ is analternative definition/interpretation of theen-
tropy rateof Ì�®
� Ô when Ì�®
��Ô is stationary.¢a£;¤!¥§¦7¤�¨ª©7«]è�ð

For a stationarysource Ì�®
��Ô , the entropy rate Ú Æ exists,
andit is equalto Ú �Æ .

Proof Sincewe have proved in Lemma2.54 that Ú �Æ always exists for a
stationarysourceÌ�®
��Ô , in orderto prove thetheorem,we only have to prove
that Ú Æ ¹ Ú �Æ . By thechainrule for entropy,ß� Ú ² ® 
 ·K® � ·������c·K® � Ý ¹ ß� �º� � 
 Ú ² ®
��´ ® 
 ·K® � ·�������·K®
� � 
 Ý Ö (2.199)

Since Ã����� � b Ú ² ®
��´ ®�
�·K®
�H·�������·K®
� � 
 Ý ¹ Ú �Æ (2.200)

from (2.188),it follows from Lemma2.55thatÚ Æ ¹ Ã����� � b ß� Ú ² ® 
 ·K® � ·�������·K® � Ý ¹ Ú��Æ Ö (2.201)

Thetheoremis proved.

In this theorem,we have proved that the entropy rateof a randomsourceÌ�®
� Ô existsunderthefairly generalassumptionthat Ì�®
��Ô is stationary. How-
ever, theentropy rateof a stationarysourceÌ�®
��Ô maynot carryany physical
meaningunlessÌ�®
��Ô is alsoergodic.Thiswill beexplainedwhenwediscuss
theShannon-McMillan-BreimanTheoremin Section4.4.
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PROBLEMS
1. Let ® and ¯ berandomvariableswith alphabetsÏ ¹ Ò ¹ Ì ß ·���·�»�·�¼W·�½�Ô

andjoint distribution ¿ ²JÀ ·KÁ Ý givenby

ß�~½
¾¿¿¿¿À ß ß ß ß ß� ß � ¶ ¶� ¶ ß ß ß¶ » ¶ � ¶¶ ¶ ß ß »

ÁÃÂÂÂÂÄ Ö
DetermineÚ ² ® Ý ·'Ú ² ¯ Ý ·'Ú ² ®5´ ¯ Ý ·'Ú ² ¯Z´ ® Ý , and

±	² ®�³'¯ Ý .
2. Prove Propositions2.8,2.9,2.10,2.19,2.21,and2.22.

3. Give anexamplewhich shows thatpairwiseindependencedoesnot imply
mutualindependence.

4. Verify that ¿ ²JÀ ·KÁ	·'Â Ý asdefinedin Definition 2.4 is a probabilitydistribu-
tion. You shouldexcludeall thezeroprobabilitymassesfrom thesumma-
tion carefully.

5. Linearity of Expectation It is well-known that expectationis linear, i.e.,� �)Å ² ® Ý�óDÆ	² ¯ Ý � ¹ � Å ² ® ÝYó?�{Æ	² ¯ Ý , wherethe summationin an ex-
pectationis takenover thecorrespondingalphabet.However, we adoptin
informationtheorytheconventionthat thesummationin anexpectationis
takenover thecorrespondingsupport.Justifycarefullythelinearity of ex-
pectationunderthisconvention.

6. Let ÇÉÈ ¹ ¦ b� � 
 
� ¯ËÊ)Ì�Í � ²sÎ .

a) Prove that ÇÉÈ � Ü�i if Ï ï|ß¹ i if ¶ Þ Ï Þoß Ö
Then ¿ È ² � Ý ¹ �ÐÇÉÈÑ� ² ÃfÄ�Åa� Ý È � � 
 ·3� ¹ ß ·���·������
is aprobabilitydistribution for Ï ï|ß

.

b) Prove that Ú ² ¿ È Ý � Ü�i if Ï ï �¹ i if
ß Ü	Ï Þ ��Ö

7. Prove that Ú ² ¿ Ý is concave in ¿ , i.e.,Ò Ú ² ¿ 
 Ý;óDÓÒ Ú ² ¿ � Ý=Þ Ú ² Ò ¿ 
 óFÓÒ ¿ � Ý Ö
8. Let

² ®�·'¯ Ý&Ô ¿ ²JÀ ·KÁ Ý ¹ ¿ ²JÀ�Ý ¿ ² Á;´ À�Ý .
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a) Prove thatfor fixed ¿ ²JÀ7Ý , ±�² ®+³'¯ Ý is aconvex functionalof ¿ ² Á;´ À�Ý .
b) Prove thatfor fixed ¿ ² Á;´ À�Ý , ±	² ®�³'¯ Ý is a concave functionalof ¿ ²JÀ�Ý .

9. Do
±�² ®+³'¯ Ý ¹ ¶ and

±	² ®�³'¯�´)° Ý ¹ ¶ imply eachother?If so,giveaproof.
If not,give acounterexample.

10. Let ® bea functionof ¯ . Prove that Ú ² ® Ý�Þ Ú ² ¯ Ý . Interpretthis result.

11. Prove thatfor any �ýµ � ,Ú ² ®�
�·K®
�H·������c·K®�� Ý µ �º��� 
 Ú ² ® � ´ ® o · f ê¹ � Ý Ö
12. Prove thatß� � Ú ² ®�
�·K®
� Ý7ó Ú ² ®
�H·K® ¡ Ý;ó Ú ² ®�
�·K® ¡ Ý � µ�Ú ² ®�
�·K®
�H·K® ¡ Ý Ö

Hint: SumtheidentitiesÚ ² ®�
�·K®
�H·K® ¡ Ý ¹ Ú ² ® o · f ê¹ � Ý;ó Ú ² ® � ´ ® o · f ê¹ � Ý
for � ¹ ß ·���·�» andapplytheresultin Problem11.

13. Let Õ�� ¹ Ì ß ·���·������%·��?Ô anddenoteÚ ² ® � ·��ËÍ�Ï Ý by Ú ² ®
È Ý for any subsetÏ of Õ�� . For
ß�Þ � Þ � , letÚX� ¹ ßÖ � � 
� � 
Ø× ºÈ¤Ù È È È � � Ú ² ® È Ý Ö

Prove that Ú�
�µ�ÚX��µF�����!µ�Ú��!Ö
This sequenceof inequalities,dueto Han [87], is a generalizationof the
independenceboundfor entropy (Theorem2.39).

14. Prove thedivergenceinequalityby usingthelog-suminequality.

15. Prove that " ² ¿ É�Ú Ý is convex in thepair
² ¿ · Ú Ý , i.e., if

² ¿ 
 · Ú 
 Ý and
² ¿ �%· Ú � Ýaretwo pairsof probabilitydistributionsonacommonalphabet,then" ² Ò ¿ 
 ó Ò ¿ � É Ò Ú 
 ó Ò Ú � Ý=Þ Ò " ² ¿ 
 É�Ú 
 Ý7ó Ò " ² ¿ � É�Ú � Ý

for all ¶ Þ Ò Þ|ß
, where

Ò ¹ ß ì Ò
.

16. Let ¿ Æ=Ç and Ú ÆYÇ be two probabilitydistributionson Ï�ÐýÒ . Prove that" ² ¿ ÆYÇ É�Ú ÆYÇ Ý µ " ² ¿ Æ É�Ú Æ Ý Ö
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38 A FIRSTCOURSEIN INFORMATIONTHEORY

17. Pinsker’s inequality Let Û ² ¿ · Ú Ý denotesthe variationaldistancebetween
two probability distributions ¿ and Ú on a commonalphabetÏ . We will
determinethelargestÜ whichsatisfies" ² ¿ É�Ú Ý µ	ÜÝÛ � ² ¿ · Ú Ý Ö
a) Let � ¹ Ì À@g ¿ ²JÀ�Ý µ Ú ²JÀ�Ý Ô , u¿ ¹ Ì ¿ ² � Ý · ß ì ¿ ² � Ý Ô , and uÚ ¹Ì Ú ² � Ý · ß ì Ú ² � Ý Ô . Show that " ² ¿ É�Ú Ý µ " ² u¿ É uÚ Ý and Û ² ¿ · Ú Ý ¹ Û ² u¿ · uÚ Ý .
b) Show that toward determiningthe largestvalueof Ü , we only have to

considerthecasewhen Ï is binary.

c) By virtueof b), it sufficesto determinethelargest Ü suchthat¿ Ã]Ä�Å ¿ Ú ó@².ß ì ¿ Ý ÃfÄ�Å ß ì ¿ß ì Ú ì ¼ÞÜ ² ¿ ì Ú Ý � µú¶
for all ¶ Þ ¿ · Ú ÞÑß

, with theconventionthat ¶ ÃfÄ�ÅàßZ ¹ ¶ for ¥ µ ¶
and U=ÃfÄ�Åàáß ¹ i for U ï ¶ . By observingthatequalityin theabove
holdsif ¿ ¹ Ú andconsideringthederivative of theleft handsidewith
respectto Ú , show thatthelargestvalueof Ü is equalto

² �?Ã�âm� Ý � 
 .
18. Findanecessaryandsufficient conditionfor Fano’s inequalityto betight.

19. Let ã ¹ Ì ¿ 
�· ¿ �T·������T· ¿ ��Ô and ä ¹ Ì Ú 
�· Ú �%·������c· Ú ��Ô be two probability
distributionssuchthat ¿ � µ ¿ �±å and Ú � µ Ú �µå for all ��Ü?� � , and ¦ ��s� 
 ¿ � Þ¦ �ot� 
 Ú o for all � ¹ ß ·���·������%·�� . Prove that Ú ² ã Ý µ�Ú ² ä Ý . Hint:

a) Show that for ã ê¹ ä , thereexist
ß�Þ fúÜæ� Þ � which satisfythe

following:

i) f is thelargestindex � suchthat ¿ � Ü Ú �
ii) � is thesmallestindex � suchthat � ï f and¿ � ï Ú �

iii) ¿ � ¹ Ú � for all f�Üç�ËÜ � .

b) Considerthedistribution ä é ¹ Ì Ú é
 · Ú é� ·������c· Ú é� Ô definedby Ú é� ¹ Ú � for� ê¹ f�·�� and² Ú éo · Ú é� Ý ¹ � ² ¿ o · Ú � óo² Ú o ì ¿ o ÝKÝ if ¿ � ì Ú �aµ Ú o ì ¿ o² Ú o ì ² ¿ � ì Ú � Ý · ¿ � Ý if ¿ � ì Ú �aÜ Ú o ì ¿ o .
Notethateither Ú éo ¹ ¿ o or Ú é� ¹ ¿ � . Show that

i) Ú é� µ Ú é� å for all � Þ � �
ii) ¦ ���� 
 ¿ � Þ ¦ ���� 
 Ú é� for all � ¹ ß ·���·������T·��

iii) Ú ² ä é Ý µ�Ú ² ä Ý .
c) Prove theresultby inductionon theHammingdistancebetweenã andä , i.e., thenumberof placeswhereã and ä differ.

(Hardy, Littlewood,andP èÄ lya [91].)
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HISTORICAL NOTES
Theconceptof entropy hasits root in thermodynamics.Shannon[173] was

thefirst to useentropy asa measureof information.Informationaldivergence
wasintroducedby KullbackandLeibler [119], andit hasbeenstudiedexten-
sively by Csiszèé r [50] andAmari [11].

Thematerialin this chaptercanbefoundin mosttextbooksin information
theory. The main conceptsandresultsaredueto Shannon[173]. Pinsker’s
inequalityis dueto Pinsker [155]. Fano’s inequalityhasits origin in thecon-
verseproof of the channelcodingtheorem(to be discussedin Chapter8) by
Fano[63].
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Chapter3

ZERO-ERROR DATA COMPRESSION

In a randomexperiment,acoin is tossed� times.Let ® � betheoutcomeof
the � th toss,with_a` Ì�® � ¹ HEAD Ô ¹ ¿ and

_a` Ì�® � ¹ TAIL Ô ¹ ß ì ¿ · (3.1)

where¶ Þ ¿ Þàß
. It is assumedthat ® � arei.i.d., andthevalueof ¿ is known.

Weareaskedto describetheoutcomeof therandomexperimentwithouterror
(with zeroerror) by usingbinary symbols. Oneway to do this is to encode
a HEAD by a ‘0’ and a TAIL by a ‘1.’ Then the outcomeof the random
experimentis encodedinto a binarycodeword of length � . Whenthecoin is
fair, i.e., ¿ ¹ ¶¸ÖÃ½ , this is thebestwe cando becausetheprobabilityof every
outcomeof theexperimentis equalto � � � . In otherwords,all theoutcomes
areequallylikely.

However, if thecoin is biased,i.e., ¿ ê¹ ¶¸ÖÃ½ , theprobabilityof anoutcome
of theexperimentdependsonthenumberof HEADsandthenumberof TAILs
in theoutcome.In otherwords,theprobabilitiesof theoutcomesareno longer
uniform. It turns out that we can take advantageof this by encodingmore
likely outcomesinto shortercodewordsandlesslikely outcomesinto longer
codewords.By doingso,it is possibleto uselessthan � bitson theaverage to
describetheoutcomeof therandomexperiment.In particular, when¿ ¹ ¶ or
1, we actuallydo not needto describetheoutcomeof theexperimentbecause
it is deterministic.

At thebeginningof Chapter2, we mentionedthat theentropy Ú ² ® Ý mea-
suresthe amountof informationcontainedin a randomvariable ® . In this
chapter, wesubstantiatethis claimby exploring therole of entropy in thecon-
text of zero-errordatacompression.
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42 A FIRSTCOURSEIN INFORMATIONTHEORY

3.1 THE ENTROPY BOUND
In thissection,weestablishthat Ú ² ® Ý is a fundamentallowerboundonthe

expectedlengthof thenumberof symbolsneededto describetheoutcomeof a
randomvariable® with zeroerror. This is calledtheentropybound.=Ø¤[��ä æ;äøå;äJ¥§æú¬7«¶5

A " -ary sourcecodeê for a source randomvariable ® is
a mappingfrom Ï to ë é , thesetof all finite lengthsequencesof symbolstaken
froma " -ary codealphabet.

Consideran informationsourceÌ�®
��·��úµ ß Ô , where ®
� arediscreteran-
domvariableswhich takevaluesin thesamealphabet.Weapplyasourcecodeê to each ®
� andconcatenatethe codewords. Oncethe codewordsarecon-
catenated,the boundariesof the codewords areno longerexplicit. In other
words,whenthe code ê is appliedto a sourcesequence,a sequenceof code
symbolsareproduced,andthe codewordsmay no longerbe distinguishable.
We areparticularlyinterestedin uniquelydecodablecodeswhich aredefined
asfollows.=Ø¤[��ä æ;äøå;äJ¥§æú¬7«]©

A code ê is uniquelydecodableif for anyfinite sourcese-
quence, thesequenceof codesymbolscorrespondingto thissourcesequenceis
differentfromthesequenceof codesymbolscorrespondingto anyother(finite)
sourcesequence.

Supposewe usea code ê to encodea sourcefile into a codedfile. If ê is
uniquelydecodable,thenwecanalwaysrecover thesourcefile from thecoded
file. An importantclassof uniquelydecodablecodes,calledprefixcodes, are
discussedin thenext section.But we first look at anexampleof a codewhich
is notuniquelydecodable.\^];ü:¨�â[S�¤L¬7«]¬

Let Ï ¹ Ìª� ·(ì ·CÇÊ· " Ô . Considerthecodeê definedbyí î[ïsíÞð
A 0
B 1
C 01
D 10

Thenall the threesource sequencesAAD, ACA, andAABA producethecode
sequence0010.Thusfromthecodesequence0010,wecannottell which of the
threesourcesequencesit comesfrom.Therefore, ê is notuniquelydecodable.

In the next theorem,we prove that for any uniquelydecodablecode,the
lengthsof thecodewordshave to satisfyaninequalitycalledtheKraft inequal-
ity.
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Let ê bea " -ary sourcecode, and

let �ò
�·(���H·������c·(��� be the lengthsof thecodewords. If ê is uniquelydecodable,
then �º� � 
 " � �Ãó Þàß Ö (3.2)

Proof Let ¬ beanarbitrarypositive integer, andconsidertheidentityp �º� � 
 " � � ó q ® ¹ �º� # � 
 �º� % � 
 ����� �º�Cô � 
 " � ¯ � ó # ��� ó % � ')')' ��� ó ô ² Ö (3.3)

By collectingtermson theright-handside,wewritep �º� � 
 " � �Ãó q ® ¹ ® �Ðõ�ö³÷º ��� 
 � � " �[�
(3.4)

where ��øaùØú ¹ � éOû
�ü � ü[� ��� (3.5)

and � � is thecoefficientof " �[�
in ý ¦ � � � 
 " � �Ãóªþ ® . Now observethat � � gives

the total numberof sequencesof ¬ codewordswith a total lengthof � code
symbols.Sincethecodeis uniquelydecodable,thesecodesequencesmustbe
distinct,andtherefore� � Þ " �

becausethereare " �
distinct sequencesof �

codesymbols.Substitutingthis inequalityinto (3.4),wehavep �º� � 
 " � �Ãó q ® Þ ® �Ðõ�ö³÷º ��� 
 ß ¹ ¬�� øaùØú · (3.6)

or �º� � 
 " � �Ãó Þà² ¬ÿ��øaùØú Ý 
 n ® Ö (3.7)

Sincethis inequalityholdsfor any ¬ , uponletting ¬H/¹i , we obtain(3.2),
completingtheproof.

Let ® beasourcerandomvariablewith probabilitydistributionÌ ¿ 
_· ¿ �H·������c· ¿ ��Ô · (3.8)

where � µB� . When we usea uniquely decodablecode ê to encodethe
outcomeof ® , wearenaturallyinterestedin theexpectedlengthof acodeword,
which is givenby � ¹oº � ¿ � � � Ö (3.9)
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We will alsorefer to
�

astheexpectedlengthof thecode ê . Thequantity
�

givestheaveragenumberof symbolswe needto describethe outcomeof ®
whenthe code ê is used,andit is a measureof the efficiency of the code ê .
Specifically, thesmallertheexpectedlength

�
is, thebetterthecodeê is.

In the next theorem,we will prove a fundamentallower boundon the ex-
pectedlengthof any uniquelydecodable" -arycode.Wefirst explainwhy this
is the lower boundwe shouldexpect. In a uniquelydecodablecode,we use� " -ary symbolson theaverageto describetheoutcomeof ® . Recallfrom
theremarkfollowing Theorem2.43thata " -arysymbolcancarryatmostone" -it of information.Thenthemaximumamountof informationwhich canbe
carriedby the codeword on the averageis

� � ß ¹ � " -its. Sincethe code
is uniquelydecodable,theamountof entropy carriedby thecodeword on the
averageis Ú ² ® Ý . Therefore,wehaveÚ W ² ® Ý=Þ � Ö (3.10)

In otherwords, the expectedlengthof a uniquelydecodablecodeis at least
theentropy of thesource.This argumentis rigorizedin theproof of thenext
theorem.¢a£;¤!¥§¦7¤�¨ª¬7«]èÛõØ\Îæ�å;¦�¥4â¸þ���¥��;æ4÷:ÿ

Let ê bea " -ary uniquelydecodable
codefor a sourcerandomvariable ® with entropy Ú W ² ® Ý . Thentheexpected
lengthof ê is lowerboundedby ÚXW ² ® Ý , i.e.,� µ�ÚXW ² ® Ý Ö (3.11)

Thislowerboundis tight if andonly if � � ¹�ì Ã]Ä�Å W ¿ � for all � .
Proof Sinceê is uniquelydecodable,thelengthsof its codewordssatisfythe
Kraft inequality. Write � ¹oº � ¿ � ÃfÄ�Å W " � k (3.12)

andrecallfrom Definition2.33thatÚ W ² ® Ý ¹�ì º � ¿ � Ã]Ä�Å W ¿ � Ö (3.13)

Then � ì ÚXW ² ® Ý ¹ º � ¿ � ÃfÄ�Å W ² ¿ � " � k Ý (3.14)¹ ² Ã�â " Ý � 
 º � ¿ � Ã�â ² ¿ � " � k Ý (3.15)µ ² Ã�â " Ý � 
 º � ¿ � Q ß ì ß¿ � " � k R (3.16)
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 � º � ¿ � ìÛº � " � � k�� (3.17)µ ² Ã�â " Ý � 
 ².ß ì ßcÝ
(3.18)¹ ¶¸· (3.19)

wherewe have invoked thefundamentalinequalityin (3.16)andtheKraft in-
equalityin (3.18).Thisproves(3.11).In orderfor this lowerboundto betight,
both (3.16)and(3.18)have to be tight simultaneously. Now (3.16)is tight if
andonly if ¿ � " � k ¹ ß

, or � � ¹�ì ÃfÄ�Å W ¿ � for all � . If thisholds,wehaveº � " � � k ¹ º � ¿ � ¹ ß · (3.20)

i.e., (3.18)is alsotight. Thiscompletestheproofof thetheorem.

Theentropy boundcanberegardedasageneralizationof Theorem2.43,as
is seenfrom thefollowing corollary.ö�¥§¦	¥6STS ü§¦�þ2¬7«]ð Ú ² ® Ý=Þ ÃfÄ�Å�´)Ï�´ Ö
Proof Consideringencodingeachoutcomeof a randomvariable ® by a dis-
tinctsymbolin Ì ß ·���·������%·T´)Ï�´ Ô . Thisisobviouslya ´)ÏÓ´ -aryuniquelydecodable
codewith expectedlength1. Thenby theentropy bound,wehaveÚ È } È ² ® Ý�Þ|ß · (3.21)

whichbecomes Ú ² ® ÝYÞ ÃfÄ�Å�´)Ï�´ (3.22)

whenthebaseof thelogarithmis notspecified.

Motivatedby the entropy bound,we now introducethe redundancyof a
uniquelydecodablecode.=Ø¤[��ä æ;äøå;äJ¥§æú¬7«øò

Theredundancy� of a " -ary uniquelydecodablecodeis
thedifferencebetweentheexpectedlengthof thecodeand theentropy of the
source.

We seefrom the entropy boundthat the redundancy of a uniquelydecodable
codeis alwaysnonnegative.

3.2 PREFIX CODES
3.2.1 DEFINITION AND EXISTENCE=Ø¤[��ä æ;äøå;äJ¥§æú¬7«]ô

A codeis calleda prefix-freecodeif nocodeword is a prefix
of anyothercodeword. For brevity, a prefix-freecodewill bereferred to asa
prefixcode.
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Thecode ê in Example3.3 is not a prefix codebecausethe

codeword 0 is a prefix of the codeword 01, and thecodeword 1 is a prefix of
thecodeword 10. It caneasilybecheckedthat thefollowingcodeê � is a prefix
code.

x î å ïsíÞð
A 0
B 10
C 110
D 1111

A " -ary treeis agraphicalrepresentationof acollectionof finite sequences
of " -ary symbols. In a " -ary tree,eachnodehasat most " children. If a
nodehasat leastonechild, it is calledan internalnode, otherwiseit is calleda
leaf. Thechildrenof aninternalnodearelabeledby the " symbolsin thecode
alphabet.

A " -ary prefix codecanberepresentedby a " -ary treewith the leavesof
thetreebeingthecodewords.Sucha treeis calledthecodetreefor theprefix
code.Figure3.1shows thecodetreefor theprefixcodeê � in Example3.9.

As we have mentionedin Section3.1, oncea sequenceof codewordsare
concatenated,the boundariesof the codewords are no longer explicit. Pre-
fix codeshave the desirablepropertythat the endof a codeword canbe rec-
ognizedinstantaneouslyso that it is not necessaryto make referenceto the
futurecodewordsduringthedecodingprocess.For example,for thesourcese-
quenceì
Ç " ��Ç ����� , thecodeê � in Example3.9producesthecodesequenceß ¶ ß�ß ¶ ß�ß�ß�ß ¶ ß�ß ¶������ . Basedon this binary sequence,the decodercanrecon-
struct the sourcesequenceas follows. The first bit 1 cannotform the first
codeword because1 is not a valid codeword. Thefirst two bits 10 mustform
thefirst codeword becauseit is a valid codeword andit is not theprefix of any
othercodeword. Thesameprocedureis repeatedto locatetheendof thenext

0

�

10


110


1111


Figure3.1. Thecodetreefor thecodeî å .
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codeword, andthecodesequenceis parsedas
ß ¶¸· ß�ß ¶¸· ß�ß�ß�ß ·'¶¸· ß�ß ¶¸·������ . Then

thesourcesequenceì
Ç " �{Ç ����� canbereconstructedcorrectly.
Sinceaprefixcodecanalwaysbedecodedcorrectly, it is auniquelydecod-

ablecode.Therefore,by Theorem3.4, thecodeword lengthsof a prefix code
alsosatisfiestheKraft inequality. In thenext theorem,we show thattheKraft
inequalityfully characterizestheexistenceof aprefixcode.¢a£;¤!¥§¦7¤�¨ª¬7«¶5Þ-

There existsa " -ary prefixcodewith codeword lengths�¶
�·���%·������c·(��� if andonly if theKraft inequality�º� � 
 " � �Ãó Þ|ß
(3.23)

is satisfied.

Proof We only needto prove theexistenceof a " -ary prefix codewith code-
wordlengths�¶
�·(� �H·�������·(��� if theselengthssatisfytheKraft inequality. Without
lossof generality, assumethat �¶
 Þ � � Þ ����� Þ ��� .

Considerall the " -ary sequencesof lengthslessthanor equalto ��� and
regardthemasthenodesof thefull " -ary treeof depth ��� . We will referto a
sequenceof length � asa nodeof order � . Our strategy is to choosenodesas
codewordsin nondecreasingorderof the codeword lengths.Specifically, we
choosea nodeof order �¶
 asthefirst codeword, thena nodeof order ��� asthe
secondcodeword,soonandsoforth, suchthateachnewly chosencodeword is
notprefixedby any of thepreviouslychosencodewords.If wecansuccessfully
chooseall the � codewords,thentheresultantsetof codewordsformsaprefix
codewith thedesiredsetof lengths.

Thereare " � # ï�ß
(since �ò
îµ ß

) nodesof order �¶
 which canbechosen
as the first codeword. Thuschoosingthe first codeword is alwayspossible.
Assumethat thefirst � codewordshave beenchosensuccessfully, where

ßñÞ� Þ � ì ß , andwewantto chooseanodeof order � � �6
 asthe
² � óñßcÝ stcodeword

suchthatit is notprefixedby any of thepreviouslychosencodewords.In other
words,the

² � ó,ßcÝ
st nodeto be chosencannotbea descendantof any of the

previously chosencodewords. Observe that for
ß�Þ f Þ � , the codeword

with length � o has " � k	� # � � 
 descendentsof order � � �6
 . Sinceall thepreviously
chosencodewordsarenot prefecesof eachother, their descendentsof order� � �6
 do not overlap. Therefore,uponnotingthat thetotal numberof nodesof
order � � �6
 is " � k	� # , thenumberof nodeswhich canbechosenasthe

² � ó@ßcÝ
st

codeword is " � k	� # ì " � k�� # � � # ì ����� ì " � k�� # � � k Ö (3.24)

If �ò
�·(���H·�������·(��� satisfytheKraft inequality, wehave" � � # ó ����� ó " � � k ó " � � k	� # Þ|ß Ö (3.25)
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Multiplying by " � k	� # andrearrangingtheterms,wehave" � k	� # ì·" � k�� # � � # ì ����� ì " � k	� # � � k µ ß Ö (3.26)

Theleft handsideis thenumberof nodeswhichcanbechosenasthe
² � óúßcÝ

st
codeword asgiven in (3.24). Therefore,it is possibleto choosethe

² � ó�ßcÝ
st

codeword. Thuswe have shown theexistenceof a prefix codewith codeword
lengths� 
 ·(� � ·������c·(� � , completingtheproof.

A probabilitydistribution Ì ¿ � Ô suchthat for all � , ¿ � ¹G" �
� k , where � � is a
positive integer, is calleda " -adicdistribution. When "�¹ � , Ì ¿ � Ô is calleda
dyadicdistribution. FromTheorem3.5andtheabove theorem,we canobtain
thefollowing resultasacorollary.ö�¥§¦	¥6STS ü§¦�þ2¬7«¶5[5

There existsa " -ary prefix codewhich achievesthe en-
tropyboundfor a distribution Ì ¿ � Ô if andonly if Ì ¿ � Ô is " -adic.

Proof Considera " -ary prefix codewhich achievestheentropy boundfor a
distribution Ì ¿ � Ô . Let � � be thelengthof thecodeword assignedto theproba-
bility ¿ � . By Theorem3.5, for all � , � � ¹ªì ÃfÄ�Å W ¿ � , or ¿ � ¹�" � � k . Thus Ì ¿ � Ôis " -adic.

Conversely, supposeÌ ¿ � Ô is " -adic,andlet ¿ � ¹ " �
� k for all � . Let � � ¹ � �
for all � . Thenby theKraft inequality, thereexistsaprefixcodewith codeword
lengthsÌª� � Ô , becauseº � " � � k ¹oº � " �
� k ¹oº � ¿ � ¹ ß Ö (3.27)

Assigningthe codeword with length � � to the probability ¿ � for all � , we see
from Theorem3.5thatthiscodeachievestheentropy bound.

3.2.2 HUFFMAN CODES
As wehave mentioned,theefficiency of auniquelydecodablecodeis mea-

suredby its expectedlength. Thusfor a givensource® , we arenaturallyin-
terestedin prefixcodeswhichhave theminimumexpectedlength.Suchcodes,
calledoptimalcodes,canbeconstructedby theHuffmanprocedure, andthese
codesarereferredto asHuffmancodes. In general,thereexistsmorethanone
optimalcodefor a source,andsomeoptimalcodescannotbeconstructedby
theHuffmanprocedure.

For simplicity, wefirst discussbinaryHuffmancodes.A binaryprefixcode
for a source ® with distribution Ì ¿ � Ô is representedby a binary codetree,
with eachleaf in the codetreecorrespondingto a codeword. The Huffman
procedureis to form a codetreesuchthat the expectedlength is minimum.
Theprocedureis describedby averysimplerule:
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Figure3.2. TheHuffmanprocedure.

Keepmerging thetwo smallestprobabilitymassesuntil oneprobability
mass(i.e.,1) is left.

The merging of two probability massescorrespondsto the formationof an
internalnodeof thecodetree.Wenow illustratetheHuffmanprocedureby the
following example.\^];ü:¨�â[S�¤L¬7«¶5�©

Let ® be the source with Ï ¹ Ìª� ·(ì ·CÇÊ· " · � Ô , and the
probabilitiesare 0.35, 0.1, 0.15, 0.2, 0.2, respectively. TheHuffmanproce-
dure is shownin Figure 3.2. In the first step,we merge probability masses
0.1and0.15into a probability mass0.25. In thesecondstep,wemerge prob-
ability masses0.2 and 0.2 into a probability mass0.4. In the third step,we
merge probability masses0.35and0.25into a probability mass0.6. Finally,
wemergeprobabilitymasses0.6and0.4into a probabilitymass1. A codetree
is thenformed.Uponassigning0 and1 (in anyconvenientway)to each pair of
branchesat an internalnode, weobtainthecodeword assignedto each source
symbol.

In the Huffman procedure, sometimesthere are more than one choice of
merging the two smallestprobability masses.We can take any oneof these
choiceswithoutaffectingtheoptimalityof thecodeeventuallyobtained.

For an alphabetof size � , it takes � ì ß
stepsto completethe Huffman

procedurefor constructinga binary code,becausewe merge two probability
massesin eachstep.In theresultingcodetree,thereare � leavesand � ì ß
internalnodes.

In the Huffman procedurefor constructinga " -ary code,the smallest"
probabilitymassesaremergedin eachstep.If theresultingcodetreeis formed
in � óªß

steps,where � µ ¶ , then therewill be � ó ß
internal nodesand" ó � ² " ì ßcÝ

leaves,whereeachleaf correspondsto a sourcesymbolin the
alphabet.If thealphabetsize � hastheform " ó � ² "6ì ßcÝ , thenwecanapply
the Huffman proceduredirectly. Otherwise,we needto add a few dummy
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symbolswith probability0 to thealphabetin orderto make the total number
of symbolshave theform " ó � ² " ì ßcÝ

.\^];ü:¨�â[S�¤L¬7«¶5�¬
If wewantto constructa quaternaryHuffmancode( "Õ¹ ¼ )

for thesourcein thelastexample, weneedto add2 dummysymbolssothat the
total numberof symbolsbecomes� ¹ ¼ óo².ßcÝ » , where � ¹ ß

. In general, we
needto addat most " ì � dummysymbols.

In Section3.1,we have provedtheentropy boundfor a uniquelydecodable
code.This boundalsoappliesto a prefix codesincea prefix codeis uniquely
decodable.In particular, it appliesto a Huffmancode,which is a prefix code
by construction.Thusthe expectedlengthof a Huffman codeis at leastthe
entropy of thesource.In Example3.12,theentropy Ú ² ® Ý is 2.202bits,while
theexpectedlengthof theHuffmancodeis¶¸ÖÃ»~½ ² � Ý:ó ¶¸Ö ß ² » Ý§ó ¶¸Ö ß ½ ² » Ý§ó ¶¸ÖÃ� ² � Ý:ó ¶¸ÖÃ� ² � Ý ¹ ��ÖÃ�~½�Ö (3.28)

We now turn to proving theoptimality of a Huffmancode. For simplicity,
we will only prove theoptimalityof a binaryHuffmancode.Extensionof the
proof to thegeneralcaseis straightforward.

Without lossof generality, assumethat¿ 
 µ ¿ � µD�����!µ ¿ � Ö (3.29)

Denotethecodewordassignedto ¿ � by Ü � , anddenoteits lengthby � � . To prove
thataHuffmancodeis actuallyoptimal,wemake thefollowing observations.4v¤�¨Ê¨�ü�¬7«¶5H­

In an optimalcode, shortercodewords are assignedto larger
probabilities.

Proof Consider
ß�Þ �ËÜºf Þ � suchthat ¿ � ï ¿ o . Assumethatin acode,the

codewords Ü � and Ü o aresuchthat � � ï � o , i.e., a shortercodeword is assigned
to a smallerprobability. Thenby exchangingÜ � and Ü o , theexpectedlengthof
thecodeis changedby² ¿ � � o ó ¿ o � � Ý ì ² ¿ � � � ó ¿ o � o Ý ¹ ² ¿ � ì ¿ o Ý_² � o ì � � Ý Ü�¶ (3.30)

since ¿ � ï ¿ o and � � ï � o . In otherwords, the codecanbe improved and
thereforeis notoptimal.Thelemmais proved.4v¤�¨Ê¨�ü�¬7«¶5�è

There existsan optimalcodein which thecodewordsassigned
to thetwo smallestprobabilitiesare siblings,i.e., thetwo codewordshavethe
samelengthandthey differ only in thelastsymbol.

Proof Thereaderis encouragedto tracethestepsin this proof by drawing a
codetree.Considerany optimalcode.Fromthelastlemma,thecodeword Üt�
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assignedto ¿ � hasthe longestlength. Thenthe sibling of ÜC� cannotbe the
prefixof anothercodeword.

We claim that the sibling of Üt� mustbe a codeword. To seethis, assume
that it is not a codeword (andit is not theprefix of anothercodeword). Then
we canreplaceÜt� by its parentto improve thecodebecausethelengthof the
codewordassignedto ¿ � is reducedby 1,while all theothercodewordsremain
unchanged.This is a contradictionto theassumptionthatthecodeis optimal.
Therefore,thesiblingof Üt� mustbeacodeword.

If thesiblingof Ü � isassignedto ¿ � � 
 , thenthecodealreadyhasthedesired
property, i.e., thecodewordsassignedto thetwo smallestprobabilitiesaresib-
lings. If not,assumethatthesiblingof Ü � is assignedto ¿ � , where�vÜç� ì ß

.
Since¿ � µ ¿ � � 
 , ��� � 
�µ � � ¹ ��� . On theotherhand,by Lemma3.14, ��� � 

is alwayslessthanor equalto ��� , whichimpliesthat ��� � 
 ¹ ��� ¹ � � . Thenwe
canexchangethecodewordsfor ¿ � and ¿ � � 
 without changingtheexpected
lengthof thecode(i.e., thecoderemainsoptimal) to obtainthedesiredcode.
Thelemmais proved.

SupposeÜ � and Ü o aresiblingsin a codetree. Then � � ¹ � o . If we replaceÜ � and Ü o by a commoncodeword at their parent,call it Ü �Ðo , thenwe obtain
a reducedcodetree,andthe probability of Ü �)o is ¿ � ó ¿ o . Accordingly, the
probabilitysetbecomesa reducedprobabilitysetwith ¿ � and¿ o replacedby a
probability ¿ � ó ¿ o . Let

�
and

� � betheexpectedlengthsof theoriginal code
andthereducedcode,respectively. Then� ì � � ¹ ² ¿ � � � ó ¿ o � o Ý ì ² ¿ � ó ¿ o Ý_² � � ì ßcÝ

(3.31)¹ ² ¿ � � � ó ¿ o � � Ý ì ² ¿ � ó ¿ o Ý_² � � ì ßcÝ
(3.32)¹ ¿ � ó ¿ o · (3.33)

which implies � ¹ � � ó6² ¿ � ó ¿ o Ý Ö (3.34)

This relationsaysthat thedifferencebetweentheexpectedlengthof theorig-
inal codeand the expectedlengthof the reducedcodedependsonly on the
valuesof thetwo probabilitiesmergedbut not on thestructureof thereduced
codetree.¢a£;¤!¥§¦7¤�¨ª¬7«¶5�ð

TheHuffmanprocedure producesanoptimalprefixcode.

Proof Consideranoptimalcodein which Üt� and Üt� � 
 aresiblings.Suchan
optimalcodeexistsby Lemma3.15. Let Ì ¿ �� Ô be the reducedprobabilityset
obtainedfrom Ì ¿ � Ô by merging ¿ � and ¿ � � 
 . From(3.34),we seethat

� � is
theexpectedlengthof anoptimalcodefor Ì ¿ �� Ô if andonly if

�
is theexpected

lengthof anoptimalcodefor Ì ¿ � Ô . Therefore,if we canfind anoptimalcode
for Ì ¿ �� Ô , we canuseit to constructan optimal codefor Ì ¿ � Ô . Note that by
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merging ¿ � and ¿ � � 
 , the sizeof the problem,namelythe total numberof
probabilitymasses,is reducedby one. To find an optimal codefor Ì ¿ �� Ô , we
againmergethetwo smallestprobabilityin Ì ¿ �� Ô . This is repeateduntil thesize
of theproblemis eventuallyreducedto 2, whichweknow thatanoptimalcode
hastwo codewordsof length1. In thelaststepof theHuffmanprocedure,two
probabilitymassesaremerged,which correspondsto the formationof a code
with two codewordsof length1. ThustheHuffmanprocedureindeedproduces
anoptimalcode.

Wehave seenthattheexpectedlengthof aHuffmancodeis lower bounded
by theentropy of thesource.Ontheotherhand,it wouldbedesirableto obtain
anupperboundin termsof theentropy of thesource.This is givenin thenext
theorem.¢a£;¤!¥§¦7¤�¨ª¬7«¶5�ò

Theexpectedlengthof a Huffmancode, denotedby
�������

,
satisfies ������� Ü�ÚXW ² ® Ý;ó6ß Ö (3.35)

Thisboundis thetightestamongall theupperboundson
�������

which depend
onlyon thesourceentropy.

Proof Wewill constructaprefixcodewith expectedlengthlessthanÚ ² ® Ý'óØß .
Then,becausea Huffmancodeis anoptimalprefix code,its expectedlength�������

is upperboundedby Ú ² ® Ý;ó6ß
.

Considerconstructingaprefixcodewith codeword lengthsÌª� � Ô , where� � ¹�� ì ÃfÄ�Å W ¿ ��� Ö (3.36)

Then ì Ã]Ä�Å W ¿ � Þ � � Ü ì Ã]Ä�Å W ¿ � ó@ß · (3.37)

or ¿ � µ " � � k ï " � 
 ¿ � Ö (3.38)

Thus º � " � � k Þ º � ¿ � ¹ ß · (3.39)

i.e., Ìª� � Ô satisfiestheKraft inequality, which impliesthat it is possibleto con-
structaprefixcodewith codeword lengthsÌª� � Ô .

It remainsto show that
�

, the expectedlength of this code, is lessthanÚ ² ® Ý;ó6ß
. Towardthisend,consider� ¹ º � ¿ � � � (3.40)Ü º � ¿ � ² ì Ã]Ä�Å W ¿ � ó2ßcÝ

(3.41)
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Zero-Error DataCompression 53¹ ìÓº � ¿ � ÃfÄ�Å W ¿ � ó º � ¿ � (3.42)¹ Ú ² ® Ý§ó6ß · (3.43)

where(3.41)follows from theupperboundin (3.37).Thusweconcludethat������� Þ � Ü�Ú ² ® Ý;ó6ß Ö (3.44)

To seethatthisupperboundis thetightestpossible,wehave to show thatthere
existsasequenceof distributions v6� suchthat

�������
approachesÚ ² ® Ý7ó2ß

as�
/Hi . Thiscanbedoneby consideringthesequenceof " -arydistributionsv,� ¹<� ß ì " ì ß� · ß� ·������c· ß�! · (3.45)

where �6µ " . The Huffman codefor each v6� consistsof " codewordsof
length1. Thus

�������
is equalto 1 for all � . As �X/8i , Ú ² ® Ý / ¶ , andhence�������

approachesÚ ² ® Ý4ó6ß
. Thetheoremis proved.

The codeconstructedin the above proof is known as the Shannoncode.
The ideais that in orderfor thecodeto benear-optimal,we shouldchoose� �
closeto ì ÃfÄ�Å ¿ � for all � . When Ì ¿ � Ô is " -adic, � � canbechosento beexactlyì ÃfÄ�Å ¿ � becausethelatterareintegers.In thiscase,theentropy boundis tight.

Fromtheentropy boundandtheabove theorem,wehaveÚ ² ® ÝYÞ ������� Ü�Ú ² ® Ý;ó6ß Ö (3.46)

Now supposewe usea Huffmancodeto encode® 
 ·K® � ·�������·K® � which are �
i.i.d. copiesof ® . Let us denotethe lengthof this Huffman codeby

� � ����� .
Then(3.46)becomes�;Ú ² ® ÝYÞ � � ����� Üç�;Ú ² ® Ý;ó6ß Ö (3.47)

Dividing by � , weobtainÚ ² ® ÝYÞ ß� � � ����� Ü�Ú ² ® Ý;ó ß� Ö (3.48)

As ��/Hi , theupperboundapproachesthelowerbound.Therefore,� � 
 � � ����� ,
the coding rate of the code, namely the averagenumberof code symbols
neededto encodea sourcesymbol, approachesÚ ² ® Ý as �3/ i . But of
course,as � becomeslarge,constructinga Huffmancodebecomesvery com-
plicated.Nevertheless,this resultindicatesthatentropy is a fundamentalmea-
sureof information.
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3.3 REDUNDANCY OF PREFIX CODES
Theentropy boundfor a uniquelydecodablecodehasbeenproved in Sec-

tion 3.1. In this section,we presentanalternative proof specificallyfor prefix
codeswhichoffersmuchinsightinto theredundancy of suchcodes.

Let ® beasourcerandomvariablewith probabilitydistributionÌ ¿ 
�· ¿ �%·������c· ¿ �aÔ · (3.49)

where� µ�� . A " -ary prefixcodefor ® canberepresentedby a " -arycode
treewith � leaves,whereeachleafcorrespondsto acodeword. Wedenotethe
leaf correspondingto ¿ � by Ü � andthe orderof Ü � by � � , andassumethat the
alphabetis Ìc¶¸· ß ·������%· " ì ß Ô Ö (3.50)

Let " betheindex setof all theinternalnodes(includingtheroot) in thecode
tree.

Insteadof matchingcodewordsby bruteforce,we canusethecodetreeof
aprefix codefor moreefficientdecoding.To decodea codeword,we tracethe
pathspecifiedby thecodewordfrom therootof thecodetreeuntil it terminates
at theleaf correspondingto thatcodeword. Let Ú � betheprobabilityof reach-
ing aninternalnodeduringthedecodingprocess.Theprobability Ú � is called
the reaching probability of internalnode � . Evidently, Ú � is equalto thesum
of theprobabilitiesof all theleavesdescendingfrom node � .

Let #¿ � ¼ o be the probability that the f th branchof node � is taken during
thedecodingprocess.The probabilities #¿ � ¼ o ·'¶ Þ f Þ "�ì ß

, arecalledthe
branching probabilitiesof node � , andÚ � ¹ º o #¿ � ¼ o Ö (3.51)

Oncenode � is reached,theconditionalbranching distribution is� #¿ � ¼ ßÚ � · #¿ � ¼ 
Ú � ·�������· #¿ � ¼ W � 
Ú �  Ö (3.52)

Thendefinetheconditionalentropyof node� byY � ¹ Ú W Q � #¿ � ¼ ßÚ � · #¿ � ¼ 
Ú � ·������T· #¿ � ¼ W � 
Ú �  R · (3.53)

wherewith a slight abuseof notation,we have usedÚXW ² � Ý to denotetheen-
tropy in thebase" of theconditionalbranchingdistribution in theparenthesis.
By Theorem2.43,

Y � Þ|ß
. Thefollowing lemmarelatestheentropy of ® with

thestructureof thecodetree.4v¤�¨Ê¨�ü�¬7«¶5�ô ÚXW ² ® Ý ¹ ¦ � J%$ Ú � Y ��Ö
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Proof We prove the lemmaby inductionon thenumberof internalnodesof
thecodetree.If thereis only oneinternalnode,it mustbetheroot of thetree.
Thenthe lemmais trivially trueuponobservingthat the reachingprobability
of theroot is equalto 1.

Assumethe lemmais true for all codetreeswith � internalnodes. Now
considera codetreewith � óoß

internalnodes.Let � beaninternalnodesuch
that � is theparentof a leaf Ü with maximumorder. Thesiblingsof Ü mayor
maynot bea leaf. If it is not a leaf, thenit cannotbetheascendentof another
leaf becausewe assumethat Ü is a leaf with maximumorder. Now consider
revealingtheoutcomeof ® in twosteps.In thefirst step,if theoutcomeof ® is
nota leafdescendingfrom node� , we identify theoutcomeexactly, otherwise
we identify the outcometo be a descendentof node � . We call this random
variable A . If we do not identify theoutcomeexactly in thefirst step,which
happenswith probability Ú � , we further identify in the secondstepwhich of
thedescendent(s)of node � theoutcomeis (node � hasonly onedescendent
if all thesiblingsof Ü arenot leaves). We call this randomvariable & . If the
secondstepis not necessary, we assumethat & takesa constantvaluewith
probability1. Then ® ¹ ² A ·�& Ý

.
Theoutcomeof A canberepresentedby a codetreewith � internalnodes

which is obtainedby pruningthe original codetreeat node � . Thenby the
inductionhypothesis, Ú ² A Ý ¹ º� å J%$('*) �,+ Ú � å Y � å Ö (3.54)

By thechainrule for entropy, wehaveÚ ² ® Ý ¹ Ú ² A Ý4ó Ú ² &�´)A Ý (3.55)¹ º� å J-$('*) �-+ Ú � å Y � å ó@².ß ì Ú � Ý ��¶ ó Ú � Y � (3.56)¹ º� å J-$ Ú � å Y � å Ö (3.57)

Thelemmais proved.

Thenext lemmaexpressestheexpectedlength
�

of a prefix codein terms
of thereachingprobabilitiesof theinternalnodesof thecodetree.4v¤�¨Ê¨�ü�¬7«¶5 � � ¹ ¦ � J%$ Ú ��Ö
Proof DefineU¤� � ¹<� ß

if leaf Ü � is adescendentof internalnodek¶ otherwise.
(3.58)
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Then � � ¹�º� J%$ U©� � · (3.59)

becausethereareexactly � � internalnodesof which Ü � is a descendentif the
orderof Ü � is � � . On theotherhand,Ú � ¹ º � U¤� � ¿ � Ö (3.60)

Then � ¹ º � ¿ � � � (3.61)¹ º � ¿ � º� J%$ U©� � (3.62)¹ º� J%$ º � ¿ � U©� � (3.63)¹ º� J%$ Ú ��· (3.64)

proving thelemma.

Definethe local redundancyof aninternalnode� by. � ¹ Ú � ².ß ì Y � Ý Ö (3.65)

Thisquantityis local to node� in thesensethatit dependsonly onthebranch-
ing probabilitiesof node � , andit vanishesif andonly if #¿ � ¼ o ¹D" � 
 for all f ,
or thenodeis balanced. Notethat . � µ�¶ because

Y � Þ|ß
.

Thenext theoremsaysthattheredundancy � of aprefixcodeis equalto the
sumof thelocal redundanciesof all theinternalnodesof thecodetree.¢a£;¤!¥§¦7¤�¨ª¬7«]©�-�õ�4=¥:û!ü6S0/�¤�÷��;æ4÷	ü§æ4û�þ�¢a£;¤�¥4¦7¤�¨�ÿ

Let
�

betheexpected
lengthof a " -ary prefixcodefor a source randomvariable ® , and � be the
redundancyof thecode. Then � ¹ º� J-$ . ��Ö (3.66)

Proof By Lemmas3.18and3.19,wehave� ¹ � ì ÚXW ² ® Ý (3.67)¹ º� J%$ Ú � ì º � Ú � Y � (3.68)
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Zero-Error DataCompression 57¹ º� J%$ Ú � ².ß ì Y � Ý (3.69)¹ º� J%$ . ��Ö (3.70)

Thetheoremis proved.

Wenow presentanslightly differentversionof theentropy bound.ö�¥§¦	¥6STS ü§¦�þ2¬7«]©�5ÓõØ\Îæ�å;¦�¥4â¸þ���¥��;æ4÷:ÿ
Let � betheredundancyof a pre-

fix code. Then �Õµà¶ with equalityif andonly if all the internal nodesin the
codetreearebalanced.

Proof Since. ��µ2¶ for all � , it is evidentfrom thelocal redundancy theorem
that ��µ�¶ . Moreover � ¹ ¶ if andonly if . � ¹ ¶ for all � , whichmeansthat
all theinternalnodesin thecodetreearebalanced.

Remark Beforethe entropy boundwasstatedin Theorem3.5, we gave the
intuitive explanationthat the entropy boundresultsfrom the fact that a " -
ary symbolcancarry at mostone " -it of information. Therefore,whenthe
entropy boundis tight, eachcodesymbol hasto carry exactly one " -it of
information. Now considerrevealinga randomcodeword one symbol after
another. The above corollarystatesthat in orderfor theentropy boundto be
tight, all theinternalnodesin thecodetreemustbebalanced.Thatis, aslong
asthecodeword is not completed,thenext codesymbolto berevealedalways
carriesone" -it of informationbecauseit distributesuniformlyonthealphabet.
Thisis consistentwith theintuitiveexplanationwegavefor theentropy bound.\^];ü:¨�â[S�¤L¬7«]©�©

Thelocal redundancytheoremallowsusto lowerboundthe
redundancyof a prefixcodebasedonpartial knowledge onthestructure of the
codetree. Morespecifically, �,µ º� J-$ å . � (3.71)

for anysubset" � of " .
Let ¿ � � 
�· ¿ � be the two smallestprobabilities in the source distribution.

In constructinga binary Huffmancode, ¿ � � 
 and ¿ � are merged. Thenthe
redundancyof a Huffmancodeis lowerboundedby² ¿ � � 
 ó ¿ � Ý ÚXW Q � ¿ � � 
¿ � � 
 ó ¿ � · ¿ �¿ � � 
 ó ¿ �1 R · (3.72)

the local redundancyof the parent of the two leavescorrespondingto ¿ � � 

and ¿ � . SeeYeung[214] for progressivelower andupperboundson there-
dundancyof a Huffmancode.
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PROBLEMS
1. ConstructabinaryHuffmancodefor thedistribution Ìc¶¸ÖÃ�~½�·c¶¸Ör¶Þ½�·c¶¸Ö ß ·�¶¸Ö ß »�·¶¸ÖÃ��·'¶¸Ö ß ��·'¶¸Ör¶32�·'¶�Ör¶4��Ô .
2. Constructa ternaryHuffmancodefor thesourcedistribution in Problem1.

3. Constructanoptimalbinaryprefixcodefor thesourcedistribution in Prob-
lem 1 suchthatall thecodewordshave evenlengths.

4. Prove directly that thecodeword lengthsof a prefix codesatisfytheKraft
inequalitywithoutusingTheorem3.4.

5. Provethatif ¿ 
 µ�¶¸Ö)¼ , thentheshortestcodewordof abinaryHuffmancode
haslengthequalto 1. Thenprove that theredundancy of sucha Huffman
codeis lower boundedby

ß ì Y[Z ² ¿ 
 Ý . (Johnsen[103].)

6. Suffix codesA codeis a suffix codeif no codeword is a suffix of any other
codeword. Show thatasuffix codeis uniquelydecodable.

7. Fix-freecodesA codeis a fix-free codeif it is both a prefix codeanda
suffix code.Let � 
 ·(� � ·������c·(� � be � positive integers.Prove thatif�º� � 
 � � � ó Þ ß� ·
thenthereexistsabinaryfix-freecodewith codewordlengths�¶
�·(� �H·�������·(��� .
(Ahlswedeetal. [5].)

8. Randomcodingfor prefixcodesConstructabinaryprefixcodewith code-
word lengths�¶
 Þ ��� Þ ����� Þ ��� asfollows. For each

ß�Þ � Þ � , the
codewordwith length ��� is chosenindependentlyfrom thesetof all � � ó pos-
siblebinarystringswith length ��� accordingtheuniform distribution. Letv � ² Æ6575 Û Ý betheprobabilitythatthecodesoconstructedis aprefixcode.

a) Prove that v6� ² Æ8595 Û Ý ¹ ².ß ì � � � # Ý � , where²JÀ7Ý � ¹<� À
if
À µ�¶¶ if
À Ü�¶WÖ

b) Proveby inductionon � thatv�� ² Æ8595 Û Ý ¹ �:� � 
 ��4ß ì � � 
ºoC� 

; � � 
 �� � Ö
c) Observethatthereexistsaprefixcodewith codeword lengths�¶
 ·(� �H·������ ,� � if andonly if v � ² Æ6575 Û ÝÎï ¶ . Show that v � ² Æ8595 Û ÝÎï ¶ is equiva-

lent to theKraft inequality.
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By usingthis randomcodingmethod,onecanderive theKraft inequality
withoutknowing theinequalityaheadof time. (YeandYeung[210].)

9. Let ® bea sourcerandomvariable.Supposea certainprobabilitymass¿ �in thedistribution of ® is given.Let� o ¹<� � ì Ã]Ä�Å ¿ o � if f ¹ �� ì Ã]Ä�Å ² ¿ o ó5À o Ý � if f ê¹ � ,

where À o ¹ ¿ o p ¿ � ì � �=<s� Ê)Ì�Í9> ó*?ß ì ¿ � q
for all f ê¹ � .

a) Show that
ß�Þ � o Þ � ì ÃfÄ�Å ¿ o%� for all f .

b) Show that Ìª����Ô satisfiestheKraft inequality.

c) Obtainan upperboundon
�������

in termsof Ú ² ® Ý and ¿ � which is
tighterthan Ú ² ® Ý;ó�ß

. Thisshows thatwhenpartialknowledgeabout
the sourcedistribution in addition to the sourceentropy is available,
tighterupperboundson

�������
canbeobtained.

(YeandYeung[211].)

HISTORICAL NOTES
The foundationfor the materialin this chaptercanbe found in Shannon’s

original paper[173]. TheKraft inequalityfor uniquelydecodablecodeswas
first provedby McMillan [142]. Theproof givenhereis dueto Karush[106].
TheHuffmancodingprocedurewasdevisedandprovedto beoptimalby Huff-
man [97]. The sameprocedurewas devised independentlyby Zimmerman
[224]. Linder et al. [125] have provedtheexistenceof anoptimalprefix code
for an infinite sourcealphabetwhich canbeconstructedfrom Huffmancodes
for truncationsof thesourcedistribution. Thelocalredundancy theoremis due
to Yeung[214].
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Chapter4

WEAK TYPICALITY

In the last chapter, we have discussedthe significanceof entropy in the
context of zero-errordatacompression.In thischapterandthenext, weexplore
entropy in termsof the asymptoticbehavior of i.i.d. sequences.Specifically,
two versionsof theasymptoticequipartitionproperty(AEP),namelytheweak
AEPandthestrongAEP, arediscussed.Theroleof theseAEP’sin information
theoryis analogousto theroleof theweaklaw of largenumbersin probability
theory. In this chapter, theweakAEP andits relationwith thesourcecoding
theoremarediscussed.All the logarithmsarein the base2 unlessotherwise
specified.

4.1 THE WEAK AEP
We consideran informationsourceÌ�®
��·���µ ß Ô where ®
� arei.i.d. with

distribution ¿ ²JÀ�Ý . Weuse® to denotethegenericrandomvariableand Ú ² ® Ý
to denotethe commonentropy for all ®
� , where Ú ² ® Ý ÜHi . Let @ ¹² ®�
�·K®
�H·������c·K®�� Ý . Since®
� arei.i.d.,¿ ² @ Ý ¹ ¿ ² ®�
 Ý ¿ ² ®
� Ý ����� ¿ ² ®�� Ý Ö (4.1)

Note that ¿ ² @ Ý is a randomvariablebecauseit is a function of the random
variables ®�
 ·K®
�H·������c·K®�� . We now prove an asymptoticpropertyof ¿ ² @ Ýcalledtheweakasymptoticequipartitionproperty(weakAEP).¢a£;¤!¥§¦7¤�¨�­§«¶5 õBA ¤¸üDC�E \�á<�_ÿì ß� ÃfÄ�Å ¿ ² @ Ý / Ú ² ® Ý (4.2)

in probabilityas ��/8i , i.e., for any « ï ¶ , for � sufficientlylarge,_a` � ­­­­ ì ß� Ã]Ä�Å ¿ ² @ Ý ì Ú ² ® Ý ­­­­ Ü «  ï|ß ì « Ö (4.3)
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62 A FIRSTCOURSEIN INFORMATIONTHEORY

Proof Since®�
 ·K®
�H·������c·K®�� arei.i.d., by (4.1),ì ß� ÃfÄ�Å ¿ ² @ Ý ¹�ì ß� �º� � 
 ÃfÄ�Å ¿ ² ®
� Ý Ö (4.4)

TherandomvariablesÃfÄ�Å ¿ ² ®
� Ý arealsoi.i.d. Thenby theweaklaw of large
numbers,theright handsideof (4.4) tendstoì � ÃfÄ�Å ¿ ² ® Ý ¹ Ú ² ® Ý · (4.5)

in probability, proving thetheorem.

The weakAEP is nothingmore thana straightforward applicationof the
weaklaw of largenumbers.However, aswewill seeshortly, this propertyhas
significantimplications.=Ø¤[��ä æ;äøå;äJ¥§æÛ­§«]©

Theweaklytypical set & �F Æ�G ° with respectto ¿ ²JÀ7Ý is theset
of sequencesH ¹ ²JÀ 
�· À �H·�������· À � Ý ÍÓÏ � such that­­­­ ì ß� ÃfÄ�Å ¿ ² H Ý ì Ú ² ® Ý ­­­­ Þ «�· (4.6)

or equivalently, Ú ² ® Ý ì « Þ ì ß� ÃfÄ�Å ¿ ² H ÝYÞ Ú ² ® Ý4ó «�· (4.7)

where « is an arbitrarily smallpositivereal number. Thesequencesin & �F Æ�G °arecalledweakly « -typicalsequences.

Thequantity ì ß� ÃfÄ�Å ¿ ² H Ý ¹�ì ß� �º� � 
 ÃfÄ�Å ¿ ²JÀ � Ý (4.8)

is calledthe empirical entropy of the sequenceH . The empiricalentropy of
a weakly typical sequenceis closeto the true entropy Ú ² ® Ý . The important
propertiesof theset & �F Æ�G ° aresummarizedin thenext theoremwhich we will
seeis equivalentto theweakAEP.¢a£;¤!¥§¦7¤�¨�­§«]¬ÛõBA ¤¸üDC�E \�á3��� ÿ

Thefollowinghold for any « ï ¶ :
1) If HLÍI& �F Æ�G ° , then� � � ¯KJh¯ Æ ² � °³² Þ ¿ ² H ÝYÞ � � � ¯KJh¯ Æ ² � °¶² Ö (4.9)
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2) For � sufficientlylarge,_a` ÌL@ëÍI& �F Æ�G ° Ô ï|ß ì «�Ö (4.10)

3) For � sufficientlylarge,².ß ì « Ý � � ¯MJ´¯ Æ ² � °¶² Þ ´N& �F Æ�G ° ´ Þ � � ¯MJ´¯ Æ ² � °¶² Ö (4.11)

Proof Property1 follows immediatelyfrom thedefinitionof & �F Æ�G ° in (4.7).
Property2 is equivalentto Theorem4.1.To proveProperty3, weusethelower
boundin (4.9)andconsider´N& �F Æ�G ° ´ � � � ¯KJh¯ Æ ² � °³² Þ	_P` Ì7& �F Æ�G ° Ô Þ|ß · (4.12)

which implies ´N& �F Æ�G ° ´ Þ � � ¯MJ´¯ Æ ² � °¶² Ö (4.13)

Notethat this upperboundholdsfor any �5µ ß
. On theotherhand,usingthe

upperboundin (4.9)andTheorem4.1,for � sufficiently large,wehaveß ì « Þ _a` Ì7& �F Æ�G ° Ô Þ ´N& �F Æ�G ° ´ � � � ¯MJ´¯ Æ ² � °¶² Ö (4.14)

Then ´N& �F Æ�G ° ´�µ ².ß ì « Ý � � ¯MJ´¯ Æ ² � °¶² Ö (4.15)

Combining(4.13)and(4.15)givesProperty3. Thetheoremis proved.

Remark 1 Theorem4.3is aconsequenceof Theorem4.1. However, Property
2 in Theorem4.3 is equivalentto Theorem4.1. Therefore,Theorem4.1 and
Theorem4.3areequivalent,andthey will bothbereferredto astheweakAEP.

TheweakAEPhasthefollowing interpretation.Suppose@ ¹ ² ®�
�·K®
�H·������c·®�� Ý is drawn i.i.d. accordingto ¿ ²JÀ7Ý , where � is large. After thesequenceis
drawn, weaskwhattheprobabilityof occurrenceof thesequenceis. Theweak
AEP saysthat theprobabilityof occurrenceof thesequencedrawn is closeto� � � J´¯ Æ ² with veryhighprobability. Suchasequenceis calledaweaklytypical
sequence.Moreover, thetotal numberof weaklytypical sequencesis approx-
imatelyequalto � � J´¯ Æ ² . TheweakAEP, however, doesnot saythatmostof
the sequencesin Ï � areweakly typical. In fact, the numberof weakly typ-
ical sequencesis in generalinsignificantcomparedwith the total numberof
sequences,because´N& �F Æ�GPO ´´)ÏÓ´ � Q � � Jh¯ Æ ²� � Ê)Ì�Í È } È ¹ � � � ¯ËÊ)Ì�Í È } È � J´¯ Æ ²�² / ¶ (4.16)
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64 A FIRSTCOURSEIN INFORMATIONTHEORY

as �G/ i as long as Ú ² ® Ý is strictly lessthan ÃfÄ�ÅÎ´)ÏÓ´ . The idea is that,
althoughthesizeof theweaklytypicalsetmaybeinsignificantcomparedwith
thesizeof thesetof all sequences,theformerhasalmostall theprobability.

When � is large,onecanalmostthink of thesequence@ asbeingobtained
by choosinga sequencefrom theweakly typical setaccordingto theuniform
distribution. Veryoften,weconcentrateon thepropertiesof typical sequences
becauseany propertywhichis provedto betruefor typicalsequenceswill then
betruewith high probability. This in turn determinestheaveragebehavior of
a largesample.

Remark Themostlikely sequenceis in generalnot weakly typical although
the probabilityof a weakly typical setis closeto 1 when � is large. For ex-
ample,for ®
� i.i.d. with ¿ ² ¶ Ý ¹ ¶¸Ö ß and ¿ ².ßcÝ ¹ ¶¸ÖPR , ².ß · ß ·������T· ßcÝ is themost
likely sequence,but it is notweaklytypicalbecauseits empiricalentropy is not
closeto thetrueentropy. Theideais thatas � /¹i , theprobabilityof every
sequence,includingthatof themostlikely sequence,tendsto 0. Therefore,it
is notnecessaryfor aweaklytypicalsetto includethemostlikely sequencein
orderto make upaprobabilitycloseto 1.

4.2 THE SOURCECODING THEOREM
To encodea randomsequence@ ¹ ² ®�
�·K®
�H·�������·K®�� Ý drawn i.i.d. accord-

ing to ¿ ²JÀ�Ý by ablock code, weconstructaone-to-onemappingfrom a subsetS
of Ï � to anindex set " ¹ Ì ß ·���·������T·*T Ô · (4.17)

where ´ S ´ ¹ T Þ ´)ÏÓ´ � . We do not have to assumethat ´)Ï�´ is finite. The
indicesin " arecalledcodewords, andtheinteger � is calledtheblock length
of thecode.If a sequenceH5Í S occurs,theencoderoutputsthecorrespond-
ing codeword which is specifiedby approximatelyÃfÄ�Å�T bits. If a sequenceH êÍ S

occurs,the encoderoutputsthe constantcodeword 1. In eithercase,
the codeword outputby the encoderis decodedto the sequencein

S
corre-

spondingto thatcodeword by thedecoder. If a sequenceH�Í S occurs,thenH is decodedcorrectlyby the decoder. If a sequenceH êÍ S
occurs,then H

is not decodedcorrectlyby the decoder. For sucha code,its performanceis
measuredby thecodingratedefinedas � � 
 Ã]Ä�Å�T (in bitspersourcesymbol),
andtheprobabilityof erroris givenbyv,w ¹ _a` ÌL@ êÍ S Ô Ö (4.18)

If the codeis not allowed to make any error, i.e., v6w ¹ ¶ , it is clear thatT mustbe taken to be ´)Ï�´ � , or
S ¹ Ï � . In that case,the codingrate is

equalto ÃfÄ�ÅÊ´)ÏÓ´ . However, if we allow v w to beany smallquantity, Shannon
[173] showed that thereexists a block codewhosecodingrate is arbitrarily
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closeto Ú ² ® Ý when� is sufficiently large.Thisis thedirectpartof Shannon’s
sourcecodingtheorem, andin this sensethesourcesequence@ is saidto be
reconstructedalmostperfectly.

We now prove thedirectpartof thesourcecodingtheoremby constructing
adesiredcode.First,wefix « ï ¶ andtakeS ¹ & �F Æ�G ° (4.19)

and T ¹ ´ S ´ Ö (4.20)

For sufficiently large � , by theweakAEP,².ß ì « Ý � � ¯MJ´¯ Æ ² � °¶² Þ T ¹ ´ S ´ ¹ ´N& �F Æ�G ° ´ Þ � � ¯MJ´¯ Æ ² � °¶² Ö (4.21)

Therefore,thecodingrate � � 
 ÃfÄ�Å�T satisfiesß� ÃfÄ�Å ².ß ì « Ý;ó Ú ² ® Ý ì « Þ ß� ÃfÄ�Å�T Þ Ú ² ® Ý;ó « Ö (4.22)

Also by theweakAEP,v,w ¹ _a` ÌL@ êÍ S Ô ¹ _a` ÌL@ êÍU& �F Æ�G ° ÔaÜ «�Ö (4.23)

Letting «$/ ¶ , thecodingratetendsto Ú ² ® Ý , while v6w tendsto 0. Thisproves
thedirectpartof thesourcecodingtheorem.

Theconversepartof thesourcecodingtheoremsaysthat if we usea block
codewith block length � andcodingratelessthan Ú ² ® Ý ìWV , where V ï ¶
doesnot changewith � , then v,w^/ ß

as �·/:i . To prove this, considerany
codewith block length � andcodingratelessthan Ú ² ® Ý ìXV , sothat T , the
total numberof codewords,is at most � � ¯MJ´¯ Æ ² ��Y ² . We canusesomeof these
codewordsfor thetypical sequencesH+ÍZ& �F Æ�G ° , andsomefor thenon-typical
sequencesH êÍ[& �F Æ�G ° . Thetotal probabilityof the typical sequencescovered
by thecode,by theweakAEP, is upperboundedby� � ¯MJ´¯ Æ ² ��Y ² � � � ¯MJ´¯ Æ ² � °¶² ¹ � � � ¯ YÝ� °¶² Ö (4.24)

Therefore,thetotal probabilitycoveredby thecodeis upperboundedby� � � ¯ YÝ� °¶² ó�_a` ÌL@ êÍ\& �F Æ�G ° Ô�Ü � � � ¯ YÝ� °¶² ó « (4.25)

for � sufficiently large, againby the weakAEP. This probability is equaltoß ì v w becausev w is theprobabilitythatthesourcesequence@ is notcovered
by thecode.Thus ß ì v,w�Ü � � � ¯ Y�� °³² ó « · (4.26)
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or v6w ï|ß ì ² � � � ¯ Y�� °³² ó « Ý Ö (4.27)

This inequalityholdswhen � is sufficiently large for any « ï ¶ , in particular
for «ZÜ V . Thenfor any «ZÜ V , v6w ï ß ì �~« when � is sufficiently large.
Hence,v,w�/ ß

as �º/ i andthen «�/í¶ . This provestheconversepartof
thesourcecodingtheorem.

4.3 EFFICIENT SOURCECODING¢a£;¤!¥§¦7¤�¨�­§« ­
Let ] ¹ ² ¯ 
 ·'¯ �H·�������·'¯.� Ý be a randombinary sequenceof

length � . Then Ú ² ] Ý Þ � with equality if and only if ¯ � are drawn i.i.d.
according to theuniformdistribution on Ìc¶¸· ß Ô .
Proof By theindependenceboundfor entropy,Ú ² ] ÝvÞ �º ��� 
 Ú ² ¯ � Ý (4.28)

with equalityif andonly if ¯ � aremutuallyindependent.By Theorem2.43,Ú ² ¯ � ÝvÞ ÃfÄ�ÅÉ� ¹ ß
(4.29)

with equality if and only if ¯ � distributesuniformly on Ìc¶¸· ß Ô . Combining
(4.28)and(4.29),wehaveÚ ² ] Ý=Þ �º��� 
 Ú ² ¯ � ÝYÞ �ý· (4.30)

wherethisupperboundis tight if andonly if ¯ � aremutuallyindependentand
eachof themdistributesuniformly on Ìc¶¸· ß Ô . Thetheoremis proved.

Let ] ¹ ² ¯ 
 ·'¯ � ·������T·'¯ � Ý bea sequenceof length � suchthat ¯ � aredrawn
i.i.d. accordingto the uniform distribution on Ìc¶¸· ß Ô , and let ¯ denotethe
genericrandomvariable. Then Ú ² ¯ Ý ¹ ß

. Accordingto the sourcecoding
theorem,for almostperfectreconstructionof ] , thecodingrateof thesource
codemustbe at least1. It turnsout that in this caseit is possibleto usea
sourcecodewith codingrateexactly equalto 1 while thesourcesequence]
canbereconstructedwith zeroerror. Thiscanbedoneby simplyencodingall
the � � possiblebinarysequencesof length � , i.e., by taking ^ ¹ � � . Then
thecodingrateis givenby� � 
 Ã]Ä�ÅÎ´ ^�´ ¹ � � 
 ÃfÄ�Å�� � ¹ ß Ö (4.31)

Sinceeachsymbolin ] is abit andtherateof thebestpossiblecodedescribing] is 1 bit persymbol, ¯ 
 ·'¯ � ·�������·'¯ � arecalledrawbits, with theconnotation
thatthey areincompressible.
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It turnsout thatthewholeideaof efficientsourcecodingby ablockcodeis
to describethe information sourceby a binary sequenceconsistingof “ap-
proximatelyraw” bits. Considera sequenceof block codeswhich encode@ ¹ ² ® 
 ·K® � ·������T·K® � Ý into ] ¹ ² ¯ 
 ·'¯ � ·�������·'¯ � Ý , where ®
� arei.i.d. with
genericrandomvariable® , ] is abinarysequencewith length � Q �;Ú ² ® Ý ,
and �?/ i . For simplicity, we assumethat the commonalphabetÏ is fi-
nite. Let u@ ÍoÏ � be the reconstructionof @ by the decoderand v,w be the
probabilityof error, i.e. v6w ¹ _a` ÌL@ ê¹ u@�Ô Ö (4.32)

Furtherassumev w /[¶ as �ÿ/�i . We will show that ] consistsof approxi-
matelyraw bits.

By Fano’s inequality,Ú ² @L´Mu@ ÝvÞ|ßvó v,w!ÃfÄ�Å�´)Ï�´ � ¹ ßËó � v,w!Ã]Ä�ÅÎ´)ÏÓ´ Ö (4.33)

Since u@ is a functionof ] ,Ú ² ] Ý ¹ Ú ² ]+· u@ Ý µ�Ú ² u@ Ý Ö (4.34)

It follows that Ú ² ] Ý µ Ú ² u@ Ý (4.35)µ ±	² @�³ u@ Ý (4.36)¹ Ú ² @ Ý ì Ú ² @ý´Mu@ Ý (4.37)µ �;Ú ² ® Ý ì ².ßvó � v,w!ÃfÄ�ÅÊ´)ÏÓ´ Ý (4.38)¹ � ² Ú ² ® Ý ì v w ÃfÄ�ÅÎ´)ÏÓ´ Ý ì ß Ö (4.39)

On theotherhand,by Theorem4.4,Ú ² ] ÝvÞ �ýÖ (4.40)

Combining(4.39)and(4.40),wehave� ² Ú ² ® Ý ì v6w�ÃfÄ�ÅÎ´)ÏÓ´ Ý ì ß�Þ Ú ² ] ÝvÞ �ýÖ (4.41)

Since v w / ¶ as �º/¹i , theabove lower boundon Ú ² ] Ý is approximately
equalto �;Ú ² ® Ý Q � (4.42)

when � is large.Therefore, Ú ² ] Ý Q �ýÖ (4.43)

In light of Theorem4.4, ] almostattainsthemaximumpossibleentropy. In
thissense,wesaythat ] consistsof approximatelyraw bits.
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4.4 THE SHANNON-MCMILLAN-BREIMAN
THEOREM

For ani.i.d. informationsourceÌ�®
��Ô with genericrandomvariable ® and
genericdistribution ¿ ²JÀ�Ý , theweakAEPstatesthatì ß� ÃfÄ�Å ¿ ² @ Ý / Ú ² ® Ý (4.44)

in probabilityas �!/ i , where @ ¹ ² ®�
�·K®
�H·������c·K®�� Ý . Here Ú ² ® Ý is the
entropy of the genericrandomvariables® aswell asthe entropy rateof the
sourceÌ�®
� Ô .

In Section2.9,weshowedthattheentropy rate Ú of asourceÌ�®
��Ô existsif
thesourceis stationary. TheShannon-McMillan-Breimantheoremstatesthat
if Ì�®
��Ô is alsoergodic, then_a` �?ì Ã�����~� b ß� ÃfÄ�Å _P` ÌL@ZÔ ¹ Ú  ¹ ß Ö (4.45)

This meansthat if Ì�®
��Ô is stationaryand ergodic, then ì 
� Ã]Ä�Å _a` ÌL@�Ô not
only almostalwaysconverges,but it alsoalmostalwaysconvergesto Ú . For
this reason,theShannon-McMillan-Breimantheoremis alsoreferredto asthe
weakAEPfor stationaryergodicsources.

Theformaldefinitionof anergodicsourceandthestatementof theShannon-
McMillan-Breimantheoremrequiretheuseof measuretheorywhichis beyond
thescopeof thisbook.Wepointoutthattheeventin (4.45)involvesaninfinite
collectionof randomvariableswhich cannotbedescribedby a joint distribu-
tion unlessfor very specialcases.Without measuretheory, theprobabilityof
this event in generalcannotbeproperlydefined.However, this doesnot pre-
ventusfromdevelopingsomeappreciationof theShannon-McMillan-Breiman
theorem.

Let Ï be the commonalphabetfor a stationarysource Ì�®
� Ô . Roughly
speaking,a stationarysource Ì�®
��Ô is ergodic if the time averageexhibited
by a single realizationof the sourceis equal to the ensembleaveragewith
probability1. Morespecifically, for any ��
_·��T��·�������·��Þ� ,_P` e Ã�����~� b ß� � � 
º � � ß Å ² ®
� # ��� ·K®
� % ��� ·������c·K®
��_ ��� Ý

¹ � Å ² ®
� # ·K®
� % ·������T·K®
�`_ Ý l ¹ ß · (4.46)

where Å is a functiondefinedon Ï � which satisfiessuitableconditions.For
thespecialcasethat Ì�®
��Ô satisfies_a` e Ã�����~� b ß� �º � � 
 ® � ¹ � ®
� l ¹ ß · (4.47)
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wesaythat Ì�®
��Ô is meanergodic.\^];ü:¨�â[S�¤Ó­§«]è
Thei.i.d. source Ì�®
��Ô is meanergodicundersuitablecondi-

tionsbecausethestronglaw of thelargenumbersstatesthat(4.47)is satisfied.\^];ü:¨�â[S�¤Ó­§«]ð
Considerthe source Ì�®
��Ô definedas follows. Let ° be a

binaryrandomvariableuniformlydistributedon Ìc¶¸· ß Ô . For all � , let ®
� ¹ ° .
Then _a` e Ã�����~� b ß� �º � � 
 ® � ¹ ¶ l ¹ ß� (4.48)

and _P` e Ã�����~� b ß� �º � � 
 ® � ¹ ß l ¹ ß� Ö (4.49)

Since
� ®
� ¹ 
� , _a` e Ã�����K� b ß� �º � � 
 ® � ¹ � ®
� l ¹ ¶¸Ö (4.50)

Therefore, Ì�®
��Ô is notmeanergodicandhencenotergodic.

If an informationsourceÌ�®
��Ô is stationaryandergodic,by the Shannon-
McMillan-Breimantheorem,ß� ÃfÄ�Å _a` ÌL@�Ô Q � � � J (4.51)

when � is large, i.e., with probability closeto 1, the probability of the se-
quence@ which occursis approximatelyequalto � � � J . Thenby meansof
argumentssimilar to theproofof Theorem4.3,weseethatthereexist approx-
imately � � J sequencesin Ï � whoseprobabilitiesareapproximatelyequalto� � � J , andthe total probabilityof thesesequencesis almost1. Therefore,by
encodingthesesequenceswith approximate�;Ú bits, thesourcesequence@
canberecoveredwith anarbitrarily smallprobabilityof errorwhentheblock
length � is sufficiently large. This is a generalizationof thedirectpartof the
sourcecodingtheoremwhich givesa physicalmeaningto theentropy rateof
a stationaryergodic sources.We remarkthat if a sourceis stationarybut not
ergodic,althoughtheentropy ratealwaysexists,it maynot carryany physical
meaning.
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PROBLEMS
1. Show thatfor any « ï ¶ , & �F Æ�G ° is nonemptyfor sufficiently large � .

2. Thesourcecodingtheoremwith a general block code In proving thecon-
verseof the sourcecodingtheorem,we assumethat eachcodeword in "
correspondsto a uniquesequencein Ï � . More generally, a block code
with block length � is definedby anencodingfunction

Æ�g Ï � /a" anda
decodingfunction Å g " /íÏ � . Prove that v,w^/O¶ as �·/:i evenif we
areallowedto useageneralblockcode.

3. Following Problem2, wefurtherassumethatwecanuseablockcodewith
probabilisticencodinganddecoding.For sucha code,encodingis defined
by a transitionmatrix b from Ï � to " anddecodingis definedby a transi-
tion matrix c from " to Ï � . Prove that v,wm/N¶ as � /ci evenif we are
allowedto usesucha code.

4. In thediscussionin Section4.3,wemadetheassumptionthatthecommon
alphabetÏ is finite. Canyoudraw thesameconclusionwhen Ï is infinite
but Ú ² ® Ý is finite?Hint: useProblem2.

5. Let ¿ and Ú betwo probabilitydistributionson thesamefinite alphabetÏ
suchthat Ú ² ¿ ÝÊê¹ Ú ² Ú Ý . Show thatthereexistsan « ï ¶ suchthat> * ý9d » * Jh} * Ù ­­­ � 
� Ê)Ì�Í9> * ¯ » * ² � J´¯�e�² ­­­Lf °*g þ � ß
as �ÿ/�¶ . Give anexamplethat ¿ ê¹ Ú but theabove convergencedoesnot
hold.

6. Let ¿ and Ú betwo probabilitydistributionson thesamefinite alphabetÏ
with thesamesupport.

a) Prove thatfor any h ï ¶ ,> * ý7d » * J�} * Ù ­­­ � 
� Ê)Ì�Í6e * ¯ » * ² � ¯KJh¯ >ª² �{W ¯ >jike�² ² ­­­ f O g þ � 

as ��/Hi .

b) Prove thatfor any h ï ¶ ,­­­ d » * Jh} * Ù ­­­ � 
� Ê)Ì�Í(e * ¯ » * ² � ¯MJ´¯ >M² �§W ¯ >jike�²�² ­­­ f O g ­­­ ü � *LlPmnl o*p �4q l o%r�stp �ju pwv
7. Universal sourcecoding Let x ¹ Ì�Ì�® ¯Kyd²� ·��×µ ß Ô g ; ÍZÙ"Ô bea family of

i.i.d. informationsourcesindexedby afinite set Ù with acommonalphabetÏ . Define ÓÚ ¹ � éOûy JML Ú ² ® ¯MyØ² Ý
where® ¯MyØ² is thegenericrandomvariablefor Ì�® ¯Kyd²� ·�� µ ß Ô , and� � ° ² Ù Ý ¹{zy JOL & �F Æ l}|~p G ° ·
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where« ï ¶ .
a) Prove thatfor all ; Í�Ù ,_a` ÌL@ ¯Kyd² Í�� ° ² Ù Ý Ô{/ ß

as ��/Hi , where@ ¯Kyd² ¹ ² ® ¯Kyd²
 ·K® ¯Kyd²� ·������c·K® ¯Kyd²� Ý
.

b) Prove thatfor any « � ï « ,´ � � ° ² Ù Ý ´ Þ � � ¯9�J � ° å ² Ö
c) Supposewe know that an informationsourceis in the family x but

we do not know which one it is. Devise a compressionschemefor
theinformationsourcesuchthat it is asymptoticallyoptimalfor every
possiblesourcein x .

8. Let Ì�®
��·���µ ß Ô beani.i.d. informationsourcewith genericrandomvari-
able ® andfinite alphabetÏ . Assumeº »5¿ ²JÀ�Ý � ÃfÄ�Å ¿ ²JÀ�Ý � � Ü�i
anddefine °&� ¹�ì ÃfÄ�Å ¿ ² @ Ý� � ì Ú ² ® Ý
for � ¹ ß ·���·������ . Prove that ° � / ° in distribution, where ° is the
Gaussianrandomvariablewith mean0 andvariance¦ » ¿ ²JÀ�Ý � Ã]Ä�Å ¿ ²JÀ7Ý � � ìÚ ² ® Ý � .

HISTORICAL NOTES
Theweakasymptoticequipartitionproperty(AEP),whichis instrumentalin

proving thesourcecodingtheorem,wasfirst provedby Shannonin hisoriginal
paper[173]. In this paper, he alsostatedthat this propertycanbe extended
to a stationaryergodic source. Subsequently, McMillan [141] andBreiman
[34] provedthispropertyfor astationaryergodicsourcewith afinite alphabet.
Chung[44] extendedthethemeto acountablealphabet.
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Chapter5

STRONG TYPICALITY

Weaktypicality requiresthattheempiricalentropy of asequenceis closeto
the true entropy. In this chapter, we introducea strongernotionof typicality
which requiresthattherelative frequency of eachpossibleoutcomeis closeto
thecorrespondingprobability. As we will seelater, strongtypicality is more
powerful andflexible thanweaktypicality asa tool for theoremproving for
memorylessproblems.However, strongtypicality canbe usedonly for ran-
domvariableswith finite alphabets.Throughoutthis chapter, typicality refers
to strongtypicality andall the logarithmsarein the base2 unlessotherwise
specified.

5.1 STRONG AEP
We consideran informationsourceÌ�®
��·���µ ß Ô where ®
� arei.i.d. with

distribution ¿ ²JÀ�Ý . Weuse® to denotethegenericrandomvariableand Ú ² ® Ý
to denotethe commonentropy for all ®
� , where Ú ² ® Ý ÜHi . Let @ ¹² ®�
�·K®
�H·������c·K®�� Ý .=Ø¤[��ä æ;äøå;äJ¥§æúè7«¶5

Thestronglytypicalset � �F Æ�GPO with respectto ¿ ²JÀ7Ý is theset
of sequencesH ¹ ²JÀ 
�· À �T·������T· À � Ý ÍÓÏ � such thatº » ­­­­ ß� ¬ ²JÀ ³�H Ý ì ¿ ²JÀ�Ý ­­­­ Þ h�· (5.1)

where ¬ ²JÀ ³�H Ý is thenumberof occurrencesof
À

in thesequenceH , and h is
an arbitrarily small positivereal number. Thesequencesin � �F Æ�GPO are called
strongly h -typical sequences.

Throughoutthis chapter, we adopttheconventionthatall thesummations,
products,unions,etcaretakenover thecorrespondingsupports.Thestrongly
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74 A FIRSTCOURSEIN INFORMATIONTHEORY

typical set � �F Æ�GPO sharessimilar propertieswith its weaklytypical counterpart,
which is summarizedasthe strong asymptoticequipartitionproperty(strong
AEP)below. Theinterpretationof thestrongAEPis similarto thatof theweak
AEP.¢a£;¤!¥§¦7¤�¨ªè7«]©Ûõ`��å;¦	¥§æ4ù�E \�áaÿ

In thefollowing, � isasmallpositivequan-
tity such that �X/ ¶ as h{/ ¶ .

1) If HLÍ�� �F Æ�GPO , then� � � ¯KJh¯ Æ ² ��� ² Þ ¿ ² H ÝYÞ � � � ¯KJh¯ Æ ² � � ² Ö (5.2)

2) For � sufficientlylarge,_a` ÌL@ëÍ�� �F Æ�GPO Ô ï|ß ì h�Ö (5.3)

3) For � sufficientlylarge,².ß ì h Ý � � ¯MJ´¯ Æ ² � � ² Þ ´ � �F Æ�GPO ´ Þ � � ¯MJ´¯ Æ ² ��� ² Ö (5.4)

Proof To prove Property1, wewrite

¿ ² H Ý ¹ : »Z¿ ²JÀ7Ý ®h¯ »9� � ² Ö (5.5)

ThenÃ]Ä�Å ¿ ² H Ý¹ º » ¬ ²JÀ ³�H Ý ÃfÄ�Å ¿ ²JÀ�Ý (5.6)¹ º » ² ¬ ²JÀ ³�H Ý ì � ¿ ²JÀ7Ý7ó � ¿ ²JÀ7ÝKÝ ÃfÄ�Å ¿ ²JÀ7Ý (5.7)¹ � º » ¿ ²JÀ�Ý ÃfÄ�Å ¿ ²JÀ�Ý ì � º » Q ß� ¬ ²JÀ ³�H Ý ì ¿ ²JÀ7Ý R ² ì Ã]Ä�Å ¿ ²JÀ7ÝKÝ (5.8)¹ ì � � Ú ² ® Ý4ó º » Q ß� ¬ ²JÀ ³�H Ý ì ¿ ²JÀ�Ý R ² ì ÃfÄ�Å ¿ ²JÀ7ÝKÝ � Ö (5.9)

If HLÍ�� �F Æ�GPO , then º » ­­­­ ß� ¬ ²JÀ ³�H Ý ì ¿ ²JÀ�Ý ­­­­ Þ h�· (5.10)
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which impliesº » Q ß� ¬ ²JÀ ³�H Ý ì ¿ ²JÀ�Ý R ² ì ÃfÄ�Å ¿ ²JÀ7ÝKÝÞ ì ÃfÄ�Å ýt�
��â» ¿ ²JÀ7Ý þ º » ­­­­ ß� ¬ ²JÀ ³�H Ý ì ¿ ²JÀ�Ý ­­­­ (5.11)Þ ì h4ÃfÄ�Å ý �
��â» ¿ ²JÀ7Ý þ (5.12)¹ �	· (5.13)

where � ¹,ì h:ÃfÄ�Å ýt�
��â» ¿ ²JÀ�Ý þ ï ¶¸Ö (5.14)

On theotherhand,º » Q ß� ¬ ²JÀ ³�H Ý ì ¿ ²JÀ�Ý R ² ì ÃfÄ�Å ¿ ²JÀ�ÝKÝµ ìÓº » ­­­­ ß� ¬ ²JÀ ³�H Ý ì ¿ ²JÀ�Ý ­­­­ ² ì ÃfÄ�Å ¿ ²JÀ�ÝKÝ (5.15)

µ ì ÃfÄ�Å ýt�
��â» ¿ ²JÀ�Ý þ p ì º » ­­­­ ß� ¬ ²JÀ ³�H Ý ì ¿ ²JÀ�Ý ­­­­ q (5.16)¹ ÃfÄ�Å ýt�
��â» ¿ ²JÀ�Ý þ º » ­­­­ ß� ¬ ²JÀ ³�H Ý ì ¿ ²JÀ�Ý ­­­­ (5.17)µ h§Ã]Ä�Å ýt�
��â» ¿ ²JÀ7Ý þ (5.18)¹ ì ��Ö (5.19)

Combining(5.13)and(5.19),wehaveì � Þ º » Q ß� ¬ ²JÀ ³�H Ý ì ¿ ²JÀ7Ý R ² ì ÃfÄ�Å ¿ ²JÀ�ÝKÝYÞ ��Ö (5.20)

It thenfollows from (5.9) thatì � ² Ú ² ® Ý;ó � Ý=Þ ÃfÄ�Å ¿ ² H Ý=Þ ì � ² Ú ² ® Ý ì � Ý · (5.21)

or � � � ¯MJ´¯ Æ ² ��� ² Þ ¿ ² H Ý=Þ � � � ¯MJ´¯ Æ ² � � ² · (5.22)

where��/ ¶ as h{/ ¶ , proving Property1.
To prove Property2, wewrite¬ ²JÀ ³*@ Ý ¹ �º� � 
 ì � ²JÀ�Ý · (5.23)
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where ì�� ²JÀ�Ý ¹<� ß
if ®
� ¹ À¶ if ®
� ê¹ À

.
(5.24)

Then ì�� ²JÀ�Ý ·�� ¹ ß ·���·������T·�� arei.i.d. randomvariableswith_a` Ìªì�� ²JÀ�Ý ¹ ß Ô ¹ ¿ ²JÀ�Ý (5.25)

and _P` Ìªì�� ²JÀ7Ý ¹ ¶�Ô ¹ ß ì ¿ ²JÀ�Ý Ö (5.26)

Notethat � ì�� ²JÀ7Ý ¹ ².ß ì ¿ ²JÀ�ÝKÝ �c¶ ó ¿ ²JÀ�Ý � ß ¹ ¿ ²JÀ�Ý Ö (5.27)

By theweaklaw of largenumbers,for any h ï ¶ andfor any
À ÍÓÏ ,_a` e ­­­­­ ß� �º� � 
 ì�� ²JÀ7Ý ì ¿ ²JÀ�Ý ­­­­­ ï h´)ÏÓ´ l Ü h´)Ï�´ (5.28)

for � sufficiently large.Then_P` � ­­­­ ß� ¬ ²JÀ ³*@ Ý ì ¿ ²JÀ7Ý ­­­­ ï h´)ÏÓ´ for some
À  ¹ _a` e ­­­­­ ß� �º� � 
 ì�� ²JÀ7Ý ì ¿ ²JÀ7Ý ­­­­­ ï h´)ÏÓ´ for some

À l (5.29)¹ _a` e z »
e ­­­­­ ß� �º� � 
 ì�� ²JÀ�Ý ì ¿ ²JÀ�Ý ­­­­­ ï h´)ÏÓ´ lml (5.30)Þ º » _a` e ­­­­­ ß� �º� � 
 ì�� ²JÀ7Ý ì ¿ ²JÀ7Ý ­­­­­ ï h´)ÏÓ´ l (5.31)Ü º » h´)Ï�´ (5.32)¹ h�· (5.33)

wherewehave usedtheunionbound1 to obtain(5.31).Sinceº » ­­­­ ß� ¬ ²JÀ ³�H Ý ì ¿ ²JÀ�Ý ­­­­ ï h (5.34)

implies ­­­­ ß� ¬ ²JÀ ³�H Ý ì ¿ ²JÀ�Ý ­­­­ ï h´)ÏÓ´ for some
À ÍÓÏ , (5.35)

1Theunionboundrefersto �8� )Ø�0��� + ü �6� )Ø� + � �6� )�� + v
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wehave_a` d(@ÑÍ�� �F Æ�GPO g¹ _P` e º » ­­­­ ß� ¬ ²JÀ ³*@ Ý ì ¿ ²JÀ�Ý ­­­­ Þ h l (5.36)¹ ß ì _P` e º » ­­­­ ß� ¬ ²JÀ ³*@ Ý ì ¿ ²JÀ7Ý ­­­­ ï h l (5.37)µ ß ì _P` � ­­­­ ß� ¬ ²JÀ ³*@ Ý ì ¿ ²JÀ7Ý ­­­­ ï h´)Ï�´ for some
À Í�Ï  (5.38)ï ß ì hc· (5.39)

proving Property2.
Finally, Property3 follows from Property1 andProperty2 in exactly the

samewayasin Theorem4.3,soit is omitted.

Remark Analogousto weak typicality, we note that the upperboundon´ � �F Æ�GPO ´ in Property3 holdsfor all �àµ ß
, andfor any h ï ¶ , thereexists at

leastonestronglytypicalsequencewhen � is sufficiently large.SeeProblem1
in Chapter4.

In the restof the section,we prove an enhancementof Property2 of the
strongAEP which givesanexponentialboundon theprobabilityof obtaining
anon-typicalvector2. This result,however, will notbeuseduntil Chapter15.¢a£;¤!¥§¦7¤�¨ªè7«]¬

For sufficientlylarge � , there exists � ² h ÝYï ¶ such that_P` ÌL@ êÍ�� �F Æ�GPO Ô�Ü � � �j� ¯ O ² Ö (5.40)

The proof of this theoremis basedon the Chernoff bound[43] which we
prove in thenext lemma.4v¤�¨Ê¨�ü�è7« ­úõnö�£;¤�¦7æ§¥��¤�I��¥��;æ4÷:ÿ

Let ¯ bea real randomvariableand ;beanynonnegativerealnumber. Thenfor anyrealnumberU ,Ã]Ä�Å _a` Ìc¯ªµ	U!Ô Þ ì ; U ó ÃfÄ�Å � �)� y Ç �
(5.41)

and Ã]Ä�Å _a` Ìc¯ Þ U!Ô Þ ; U ó ÃfÄ�Å � �)� � y Ç � Ö (5.42)

2This resultis dueto Ning CaiandRaymondW. Yeung.An alternative proofbasedonPinsker’s inequality
(Theorem2.33)andthemethodof typeshasbeengivenby PrakashNarayan(privatecommunication).
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Figure5.1. An illustrationof � ïK�����Oð���� |tl}���9��p .
Proof Let I ² Á Ý ¹�� ß

if Á µ�¶¶ if Á Ü�¶�Ö (5.43)

Thenfor any ; µ�¶ , I ² Á ì U Ý=Þ � y(¯ ½ � á ² Ö (5.44)

This is illustratedin Fig. 5.1. Then� � I ² ¯ ì U Ý �4Þ	� �)� y�¯ Ç � á ² � ¹ � � y á � �)� y Ç � Ö (5.45)

Since� � I ² ¯ ì U Ý � ¹ _P` Ìc¯ªµ	U�Ô´� ßËó�_a` Ìc¯ Ü	U!Ôm�c¶ ¹ _P` Ìc¯ µ	U�Ô · (5.46)

weseethat _a` Ìc¯ªµ	U!Ô Þ � � y á � �)� y Ç � ¹ � � y á � Ê)Ì�Í�� F � | � G Ö (5.47)

Then(5.41)is obtainedby taking logarithmin thebase2. Uponreplacinḡ
by ì ¯ and U by ì U in (5.41),(5.42)is obtained.Thelemmais proved.

Proofof Theorem5.3 Wewill follow thenotationin theproofof Theorem5.2.
Consider¡£¢�¤ suchthat ¥§¦w¡©¨�ª[« . Applying (5.41),wehave¬K­j®°¯=±=²´³µ¶%·D¸4¹ ¶ ¦w¡º¨°»[¼½¦	¥§¦w¡º¨©¾À¿9¨9ÁÂ Ã!Ä ¼½¦	¥Å¦w¡º¨©¾À¿9¨Æ¾ ¬K­j®°ÇÉÈËÊjÌjÍZÎÏBÐ�Ñ7Ò Ï-Ó�ÔLÕ Ö

(5.48)
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StrongTypicality 79× ÕØ Ã!Ä ¼½¦P¥§¦w¡©¨Æ¾À¿9¨Æ¾ ¬K­j®�ÙÀ³Ú¶-·D¸ Ç È ÊjÌBÒ Ï Ó	ÔLÕ Ö%Û
(5.49)Z ÕØ Ã!Ä ¼½¦P¥§¦w¡©¨Æ¾À¿9¨Æ¾Ü¼ ¬K­j® ¦�Ý Ã ¥§¦w¡©¨Æ¾U¥§¦w¡©¨ Ê Ì ¨ (5.50)Þ ÕÂ Ã!Ä ¼½¦P¥§¦w¡©¨Æ¾À¿9¨Æ¾Ü¼�¦ ¬ËßàÊ ¨`á ¸ ¦ Ã ¥§¦w¡º¨Æ¾\¥§¦w¡º¨ ÊjÌ ¨ (5.51)Ø Ã ¼ È Ä ¦	¥§¦w¡©¨©¾À¿9¨n¾â¦ ¬ËßàÊ ¨ á ¸ ¥Å¦w¡º¨%¦�Ý Ã Ê Ì ¨ Ö=ã (5.52)

where

a) follows because¹ ¶ ¦w¡º¨ aremutuallyindependent;

b) is a direct evaluationof the expectationfrom the definition of ¹ ¶ ¦w¡º¨ in
(5.24);

c) follows from thefundamentalinequality
¬�ßåä Â ä Ã Ý .

In (5.52),upondefiningæ Ô ¦ Ä ã ¿9¨ Ø Ä ¦	¥§¦w¡º¨©¾W¿7¨D¾â¦ ¬ËßàÊ ¨ á ¸ ¥§¦w¡©¨%¦�Ý Ã Ê Ì ¨ ã (5.53)

wehave ¬K­j®�¯�±ç² ³µ¶-·D¸ ¹ ¶ ¦w¡©¨°»W¼½¦	¥§¦w¡©¨©¾À¿9¨7Á ÂèÃ ¼ æ Ô ¦ Ä ã ¿9¨ ã (5.54)

or ¯�±=²é³µ¶-·D¸ ¹ ¶ ¦w¡©¨°»W¼½¦	¥§¦w¡©¨Æ¾À¿9¨7Á Â Ê á ³7ê,ë Ó Ì*ì í Õ�î (5.55)

It is readilyseenthat æ Ô ¦ « ã ¿7¨ Ø « î (5.56)

Regarding¿ asfixedanddifferentiatewith respectto
Ä
, wehaveæÆïÔ ¦ Ä ã ¿9¨ Ø ¥§¦w¡º¨%¦�Ý Ã Ê Ì ¨Æ¾À¿ î (5.57)

Then æ ïÔ ¦ « ã ¿7¨ Ø ¿�ª[« (5.58)

andit is readilyverifiedthat æÆïÔ ¦ Ä ã ¿9¨ð»[« (5.59)

for « Â�ÄñÂ ¬K­j®½ò Ý�¾ ¿¥§¦w¡º¨ôó î (5.60)
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Therefore,weconcludethat
æ Ô ¦ Ä ã ¿7¨ is strictly positive for«öõ ÄñÂ ¬K­j®½ò Ý�¾ ¿¥§¦w¡º¨ôó î (5.61)

On the otherhand,by applying(5.42),we canobtainin the samefashion
thebound ¬K­j®�¯�±ç²é³µ¶-·D¸ ¹ ¶ ¦w¡©¨ Â ¼½¦�¥§¦w¡©¨ Ã ¿9¨7Á ÂèÃ ¼Æ÷ Ô ¦ Ä ã ¿9¨ ã (5.62)

or ¯�±=² ³µ¶-·D¸ ¹ ¶ ¦w¡©¨ Â ¼½¦	¥§¦w¡©¨ Ã ¿7¨jÁ Â Ê á ³9ø ë Ó Ì*ì í Õ ã (5.63)

where ÷ Ô ¦ Ä ã ¿7¨ Ø Ã!Ä ¦	¥Å¦w¡º¨ Ã ¿9¨Æ¾â¦ ¬�ßàÊ ¨`á ¸ ¥§¦w¡º¨%¦�Ý Ã Ê á Ì ¨ î (5.64)

Then ÷ Ô ¦ « ã ¿7¨ Ø « ã (5.65)

and ÷ ïÔ ¦ Ä ã ¿9¨ Ø ¥§¦w¡©¨%¦ Ê á Ì Ã ÝL¨Æ¾À¿ ã (5.66)

which is nonnegative for« Â�ÄùÂèÃ ¬K­j®úò Ý Ã ¿¥§¦w¡©¨ôó î (5.67)

In particular, ÷ ïÔ ¦ « ã ¿9¨ Ø ¿ûª[« î (5.68)

Therefore,weconcludethat ÷ Ô ¦ Ä ã ¿7¨ is strictly positive for«üõ ÄùÂèÃ ¬K­j® ò Ý Ã ¿¥§¦w¡©¨ ó î (5.69)

By choosing
Ä

satisfying«üõ ÄùÂ[ýöþ ß\ÿË¬K­j®úò Ý�¾ ¿¥§¦w¡©¨ôó ã Ã ¬Ë­j®½ò Ý Ã ¿¥Å¦w¡º¨ôó�� ã (5.70)

both
æ Ô ¦ Ä ã ¿9¨ and ÷ Ô ¦ Ä ã ¿9¨ arestrictly positive. From (5.55) and(5.63), we

have ¯�± ²������ Ý¼ ³µ¶%·D¸ ¹ ¶ ¦w¡º¨ Ã ¥§¦w¡º¨ ����� »�¿ Á
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StrongTypicality 81Ø ¯=±=²������ ³µ¶-·D¸ ¹ ¶ ¦w¡©¨ Ã ¼(¥§¦w¡©¨ ����� »W¼n¿�Á (5.71)Â ¯=± ² ³µ¶%·D¸ ¹ ¶ ¦w¡º¨°»W¼½¦	¥Å¦w¡º¨Æ¾À¿9¨ Á
¾ ¯=±ç²é³µ¶%·D¸ ¹ ¶ ¦w¡º¨ Â ¼½¦	¥§¦w¡º¨ Ã ¿9¨7Á (5.72)Â Ê á ³ôê,ë Ó Ì*ì í Õ ¾ Ê á ³9ø-ë Ó Ì*ì í Õ (5.73)Â Ê��LÊ á ³��
	�� Ó ê,ë Ó Ì*ì í Õ ì ø-ë Ó Ì�ì í Õ�Õ (5.74)Ø Ê á ³�
 �
	�� Ó ê,ë Ó Ì*ì í Õ ì ø-ë Ó Ì*ì í Õ�Õ á ÑÎ�� (5.75)Ø Ê á ³��jë Ó í Õ ã (5.76)

where � Ô ¦~¿9¨ Ø ý½þ ß ¦ æ Ô ¦ Ä ã ¿9¨ ã ÷ Ô ¦ Ä ã ¿9¨�¨ Ã Ý¼ î (5.77)

Then

� Ô ¦~¿9¨ is strictly positive for sufficiently large ¼ becauseboth
æ Ô ¦ Ä ã ¿7¨

and ÷ Ô ¦ Ä ã ¿9¨ arestrictly positive.
Finally, consider¯�±���� ¢�� ³� ��� í��Ø ¯=± ² µ Ô ���� Ý¼ � ¦w¡"! � ¨ Ã ¥§¦w¡©¨ ���� Â ¿ Á (5.78)

» ¯=±
# ���� Ý¼ � ¦w¡"! � ¨ Ã ¥§¦w¡©¨ ���� Â ¿ for all ¡\¢%$'& (5.79)Ø Ý Ã ¯=±(# ���� Ý¼ � ¦w¡"! � ¨ Ã ¥§¦w¡º¨ ���� ª�¿ for some¡£¢)$)& (5.80)» Ý Ã µ Ô ¯=±(# ���� Ý¼ � ¦w¡"! � ¨ Ã ¥§¦w¡º¨ ���� ª�¿*& (5.81)Ø Ý Ã µ Ô ¯=±ç² ����� Ý¼ ³µ¶-·D¸ ¹ ¶ ¦w¡©¨ Ã ¥§¦w¡©¨ ����� ª ¿
Á (5.82)

Ø Ý Ã µÔ�+ ,9Ó�ÔLÕ.-0/ ¯=±=²������ Ý¼ ³µ¶-·D¸4¹ ¶ ¦w¡©¨ Ã ¥§¦w¡©¨ ����� ª ¿
Á (5.83)

» Ý Ã µÔ�+ ,9Ó�ÔLÕ.-0/ Ê á ³��3ë Ó í Õ ã (5.84)

wherethelaststepfollows from (5.76).Define� ¦~¿7¨ Ø ÝÊ21 ýöþ ßÔ�+ ,9Ó	ÔLÕ3-0/ � Ô ¦~¿9¨54 î (5.85)
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Thenfor sufficiently large ¼ ,¯=±���� ¢�� ³� ��� í6� ª Ý Ã Ê á ³�� Ó í Õ ã (5.86)

or ¯�±����87¢�� ³� �9� í � õ Ê á ³:� Ó í Õ ã (5.87)

where

� ¦~¿9¨ is strictly positive. Thetheoremis proved.

5.2 STRONG TYPICALITY VERSUSWEAK
TYPICALITY

As we have mentionedat thebeginningof thechapter, strongtypicality is
morepowerful andflexible thanweaktypicality asa tool for theoremproving
for memorylessproblems,but it canbe usedonly for randomvariableswith
finite alphabets.We will prove in thenext propositionthatstrongtypicality is
strongerthanweaktypicality in thesensethattheformerimpliesthelatter.;�<>="?@=BA�CEDFC.="GIH�JEH

For any Kè¢L$ ³ , if K ¢M� ³� �9� í , then K ¢ON ³� ���QP , whereRTS « as ¿ S « .
Proof By Property1 of strongAEP(Theorem5.2),if K ¢�� ³� �9� í , thenÊ á ³ ÓVUàÓ � ÕXW P Õ Â ¥§¦YKD¨ Â Ê á ³ ÓVUàÓ � Õ á P Õ ã (5.88)

or Z ¦w¤I¨ Ã R Â Ã Ý¼ ¬K­j® ¥§¦YKD¨ Â Z ¦w¤1¨n¾ R ã (5.89)

whereR[S « as ¿ S « . Then K1¢%N ³� ���QP by Definition4.2.Thepropositionis
proved.

We have provedin this propositionthatstrongtypicality impliesweaktyp-
icality, but theconverseis not true. The ideacaneasilybeexplainedwithout
any detailedanalysis. Considera distribution ¥ ï ¦w¡º¨ on $ different from the
distribution ¥§¦w¡º¨ suchthatÃ µ Ô ¥ ï ¦w¡º¨ ¬Ë­j® ¥ ï ¦w¡º¨ Ø Z ¦w¤1¨ ã (5.90)

i.e., thedistribution ¥ ï ¦w¡º¨ hasthesameentropy asthedistribution ¥§¦w¡º¨ . Such
a distribution ¥ ï ¦w¡º¨ canalwaysbe found. For example,the two distributions¥§¦w¡º¨ and¥ ï ¦w¡©¨ on $ Ø � « ã Ý � definedrespectively by¥§¦ «4¨ Ø « î]\ ã ¥§¦�ÝL¨ Ø « î_^ ! (5.91)

and ¥ ï ¦ «4¨ Ø « î_^ ã ¥ ï ¦�ÝL¨ Ø « î]\ (5.92)
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have thesameentropy ` Z ¦ « î]\ ¨ . Now considera sequenceKè¢a$ ³ suchthat
therelative occurrenceof each¡£¢%$ is closeto ¥ ï ¦w¡©¨ . By theabove theorem,
the empirical entropy of K is closeto the entropy of the distribution ¥ ï ¦w¡©¨ ,
i.e.,

Z ¦w¤I¨ . Therefore,K is weakly typical with respectto ¥§¦w¡©¨ , but it is not
stronglytypical with respectto ¥Å¦w¡º¨ becausethe relative occurrenceof each¡£¢%$ is closeto ¥ ï ¦w¡©¨ , which is differentfrom ¥§¦w¡©¨ .
5.3 JOINT TYPICALITY

In this section,we discussstrongjoint typicality with respectto a bivariate
distribution. Generalizationto a multivariatedistribution is straightforward.

Considera bivariateinformationsource
� ¦w¤ ¶ ãcb ¶ ¨ ãed » Ý � where ¦w¤ ¶ ãcb ¶ ¨

arei.i.d. with distribution ¥§¦w¡ ãgf ¨ . Weuse ¦w¤ ãcb ¨ to denotethepairof generic
randomvariables.hTi*jkClGFCXDFCY=BGMH�JEm

Thestronglyjointly typicalset� ³� �on�� í with respectto ¥§¦w¡ ãgf ¨
is thesetof ¦YK ãgp ¨ð¢%$ ³rqts!³ such thatµ Ô µvu ���� Ý¼ � ¦w¡ ãgf !gK ãgp ¨ Ã ¥§¦w¡ ãgf ¨ ���� Â ¿ ã (5.93)

where � ¦w¡ ãgf !gK ãgp ¨ is the numberof occurrencesof ¦w¡ ãgf ¨ in the pair of se-
quences¦YK ãgp ¨ , and ¿ is an arbitrarily small positivereal number. A pair of
sequences¦YK ãgp ¨ is calledstronglyjointly ¿ -typical if it is in � ³� �on�� í .

Strongtypicality satisfiesthefollowing consistencyproperty.wyxFi0=B<�i*z{H�JX|~}e��=BG"A6C.A�DFi*G"�*�
�
If ¦YK ãgp ¨ ¢�� ³� �on�� í , then K ¢�� ³� ��� í andp ¢�� ³� n�� í .

Proof If ¦YK ãgp ¨ð¢�� ³� ��n�� í , thenµ Ô µ u ���� Ý¼ � ¦w¡ ãgf !gK ãgp ¨ Ã ¥§¦w¡ ãgf ¨ ���� Â ¿ î (5.94)

Uponobservingthat � ¦w¡B!gKD¨ Ø µ�u � ¦w¡ ãgf !gK ãgp ¨ ã (5.95)

wehave µ Ô ���� Ý¼ � ¦w¡"!gKD¨ Ã ¥§¦w¡º¨ ����Ø µ Ô ����� Ý¼ µ u � ¦w¡ ãgf !gK ãgp ¨ Ã µ u ¥§¦w¡ ãgf ¨ ����� (5.96)
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84 A FIRSTCOURSEIN INFORMATIONTHEORYØ µ Ô ����� µvu ò Ý¼ � ¦w¡ ãgf !gK ãgp ¨ Ã ¥Å¦w¡ ãgf ¨ ó ����� (5.97)Â µ Ô µ u ���� Ý¼ � ¦w¡ ãgf !gK ãgp ¨ Ã ¥§¦w¡ ãgf ¨ ���� (5.98)Â ¿ ã (5.99)

i.e., K ¢�� ³� �9� í . Similarly,
p ¢�� ³� n>� í . Thetheoremis proved.

For a bivariatei.i.d. source
� ¦w¤ ¶ ãcb ¶ ¨ � , we have the strong joint asymp-

totic equipartitionproperty(strongJAEP), which canreadilybe obtainedby
applyingthestrongAEPto thesource

� ¦w¤ ¶ ãcb ¶ ¨ � .wyxFi0=B<�i*z{H�JE�2}e�@DF<�=BG"���0����;��
Let¦ � ãg� ¨ Ø ¦�¦w¤ ¸ ãcb ¸ ¨ ã ¦w¤T� ãcb �L¨ ã ����� ã ¦w¤ ³ ãcb ³ ¨�¨ ã (5.100)

where ¦w¤�� ãcb �~¨ are i.i.d. with genericpair of randomvariables ¦w¤ ãcb ¨ . In the
following, � is a smallpositivequantitysuch that � S « as ¿ S « .

1) If ¦YK ãgp ¨à¢�� ³� ��n�� í , thenÊ á ³ ÓVUàÓ � ì n ÕlW>�LÕ Â ¥§¦YK ãgp ¨ Â Ê á ³ Ó�UåÓ � ì n Õ á �LÕ î (5.101)

2) For ¼ sufficientlylarge,¯=±�� ¦ � ãg� ¨ð¢�� ³� �on�� í � ª Ý Ã ¿ î (5.102)

3) For ¼ sufficientlylarge,¦�Ý Ã ¿7¨ Ê ³ ÓVUàÓ � ì n Õ á �LÕ Â�� � ³� ��nF� í �6Â Ê ³ ÓVUàÓ � ì n ÕXW>�LÕ î (5.103)

FromthestrongJAEP, we canseethe following. Sincethereareapproxi-
mately

Ê ³ UàÓ � ì n Õ typical ¦YK ãgp ¨ pairsandapproximately
Ê ³ UåÓ � Õ typical K , for

a typical K , thenumberof
p

suchthat ¦YK ãgp ¨ is jointly typical is approximatelyÊ ³ UàÓ � ì n ÕÊ ³ UåÓ � Õ Ø Ê ³ UåÓ n�� � Õ (5.104)

on the average. The next theoremreveals that this is not only true on the
average,but it is in fact truefor every typical K aslong asthereexistsat least
one

p
suchthat ¦YK ãgp ¨ is jointly typical.wyxFi0=B<�i*z{H�JE�

For any K1¢t� ³� ��� í , define� ³� n9� �9� í9¦YKD¨ Ø � p ¢�� ³� n�� í���¦YK ãgp ¨à¢�� ³� ��nF� í � î (5.105)

D R A F T September 13, 2001, 6:27pm D R A F T



StrongTypicality 85

If
� � ³� n9� ��� í ¦YKD¨ � » Ý , thenÊ ³ ÓVUàÓ n�� � Õ á0� Õ Â�� � ³� n�� ��� í7¦YKD¨ �(Â Ê ³ Ó�UåÓ n�� � ÕXW � Õ ã (5.106)

where   S « as ¼ S¢¡ and ¿ S « .
We first prove the following lemmawhich is along the line of Stirling’s

approximation[67].£�i*z�z�¤�H�J3¥�¦
For any ¼1ª�« ,¼ ¬Ëß ¼ Ã ¼ Â ¬Ëß ¼
§ Â ¦w¼ú¾âÝL¨ ¬Ëß ¦w¼�¾ ÝL¨ Ã ¼ î (5.107)

Proof First,wewrite ¬Ëß ¼
§ Ø ¬�ß Ý�¾ ¬ËßàÊ ¾ ����� ¾ ¬Ëß ¼ î (5.108)

Since
¬�ß ¡ is a monotonicallyincreasingfunctionof ¡ , wehave¨ ¶¶ á ¸ ¬Ëß ¡�©3¡\õ ¬Ëß d õ ¨ ¶ W ¸¶ ¬Ëß ¡T©3¡ î (5.109)

Summingover Ý Â d Â ¼ , wehave¨ ³/ ¬Ëß ¡T©3¡Uõ ¬Ëß ¼
§�õ ¨ ³ W ¸¸ ¬�ß ¡ª©4¡ ã (5.110)

or ¼ ¬Ëß ¼ Ã ¼1õ ¬Ëß ¼
§�õ ¦w¼ú¾âÝL¨ ¬Ëß ¦w¼�¾ ÝL¨ Ã ¼ î (5.111)

Thelemmais proved.

Proof of Theorem 5.9 Let ¿ bea smallpositive realnumberand ¼ bea large
positive integerto bespecifiedlater. Fix an K ¢t� ³� ��� í , sothatµ Ô ���� Ý¼ � ¦w¤~!gKD¨ Ã ¥Å¦w¡º¨ ���� Â ¿ î (5.112)

This impliesthatfor all ¡£¢%$ ,���� Ý¼ � ¦w¤«!gKD¨ Ã ¥§¦w¡º¨ ���� Â ¿ ã (5.113)

or ¥§¦w¡©¨ Ã ¿ Â Ý¼ � ¦w¡B!gKD¨ Â ¥§¦w¡©¨Æ¾À¿ î (5.114)
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Assumethat
� � ³� n�� ��� í ¦YKD¨ � » Ý , andlet��¬ ¦w¡ ãgf ¨ ã ¦w¡ ãgf ¨å¢­$ qts � (5.115)

beany setof nonnegative integerssuchthat

1. µvu ¬ ¦w¡ ãgf ¨ Ø � ¦w¡"!gKD¨ (5.116)

for all ¡£¢)$ , and

2. if � ¦w¡ ãgf !gK ãgp ¨ Ø ¬ ¦w¡ ãgf ¨ (5.117)

for all ¦w¡ ãgf ¨°¢%$ qts , then ¦YK ãgp ¨ð¢t� ³� �on�� í .
Thenfrom (5.93),

��¬ ¦w¡ ãgf ¨ � satisfyµ Ô µvu ���� Ý¼ ¬ ¦w¡ ãgf ¨ Ã ¥Å¦w¡ ãgf ¨ ���� Â ¿ ã (5.118)

which impliesthatfor all ¦w¡ ãgf ¨°¢%$ qts ,���� Ý¼ ¬ ¦w¡ ãgf ¨ Ã ¥Å¦w¡ ãgf ¨ ���� Â ¿ ã (5.119)

or ¥§¦w¡ ãgf ¨ Ã ¿ Â Ý¼ ¬ ¦w¡ ãgf ¨ Â ¥§¦w¡ ãgf ¨Æ¾À¿ î (5.120)

Sucha set
��¬ ¦w¡ ãgf ¨ � exists because� ³� n�� ��� í ¦YKD¨ is assumedto be nonempty.

Straightforward combinatoricsrevealsthat thenumberof
p

which satisfythe
constraintsin (5.117)is equalto® ¦ ¬ ¨ Ø Ú Ô � ¦w¡B!gKD¨¯§° u ¬ ¦w¡ ãgf ¨¯§ î (5.121)

UsingLemma5.10,wecanlower bound
¬Ëß ® ¦ ¬ ¨ asfollows.¬Ëß ® ¦ ¬ ¨» µ Ô # � ¦w¡B!gKD¨ ¬Ëß � ¦w¡"!gKD¨ Ã � ¦w¡B!gKD¨Ã µvu 
 ¦ ¬ ¦w¡ ãgf ¨D¾ ÝL¨ ¬Ëß ¦ ¬ ¦w¡ ãgf ¨n¾ ÝL¨ Ã ¬ ¦w¡ ãgf ¨ � Á (5.122)× ÕØ µ Ô ÿ � ¦w¡"!gKD¨ ¬Ëß � ¦w¡B!gKD¨
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StrongTypicality 87Ã µ�u ¦ ¬ ¦w¡ ãgf ¨Æ¾âÝL¨ ¬Ëß ¦ ¬ ¦w¡ ãgf ¨Æ¾ ÝL¨ 4 (5.123)± Õ» µ Ô � � ¦w¡"!gKD¨ ¬�ß ¦w¼½¦�¥§¦w¡©¨ Ã ¿7¨`¨Ã µ�u ¦ ¬ ¦w¡ ãgf ¨Æ¾âÝL¨ ¬Ëß ÿ ¼ ò ¥§¦w¡ ãgf ¨Æ¾W¿ð¾ Ý¼åó�� Á î (5.124)

In the above, a) follows from (5.116), and b) is obtainedby applying the
lowerboundon ¼ á ¸ � ¦w¡"!gKD¨ in (5.114)andtheupperboundon ¼ á ¸ ¬ ¦w¡ ãgf ¨ in
(5.120).Also from (5.116),thecoefficientof

¬Ëß ¼ in (5.124)is givenbyµ Ô 1 � ¦w¡"!gKD¨ Ã µ u ¦ ¬ ¦w¡ ãgf ¨n¾ ÝL¨ 4 Ø Ã�� $ ��� s � î (5.125)

Let ¿ besufficiently smalland ¼ besufficiently largesothat«üõ1¥§¦w¡©¨ Ã ¿�õ Ý (5.126)

and ¥§¦w¡ ãgf ¨©¾W¿ð¾ Ý¼ õ Ý (5.127)

for all ¡ and
f
. Thenin (5.124),boththelogarithms¬Ëß ¦	¥§¦w¡º¨ Ã ¿7¨ (5.128)

and ¬�ß�ò ¥§¦w¡ ãgf ¨Æ¾À¿å¾ Ý¼ ó (5.129)

arenegative. Note that the logarithmin (5.128)is well-definedby virtue of
(5.126).Rearrangingthetermsin (5.124),applyingtheupperboundin (5.114)
andthelowerbound3 in (5.120),anddividing by ¼ , wehave¼ á ¸ ¬Ëß ® ¦ ¬ ¨» µ Ô ¦�¥§¦w¡º¨©¾W¿7¨ ¬Ëß ¦�¥§¦w¡º¨ Ã ¿7¨ Ã µ Ô µvu ò ¥§¦w¡ ãgf ¨ Ã ¿ð¾ Ý¼°óq ¬Ëß�ò ¥§¦w¡ ãgf ¨n¾À¿å¾ Ý¼ ó Ã � $ ��� s � ¬�ß ¼¼ (5.130)Ø Ã ZT² ¦w¤1¨n¾ ZT² ¦w¤ ãcb ¨Æ¾´³�µt¦w¼ ã ¿7¨ (5.131)Ø Z ² ¦ b � ¤I¨Æ¾I³9µt¦w¼ ã ¿9¨ ã (5.132)

3For thedegeneratecasewhen
,9Ó	Ô ì u Õ ·ú¸ for some

Ô
and

u
,
,9Ó	Ô ì u Õ�W í W ÑÎ - ¸ , andthelogarithmin

(5.129)is in factpositive. Thentheupperboundinsteadof thelower boundshouldbeapplied.Thedetails
areomitted.
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where ³9µt¦w¼ ã ¿9¨ denotesa functionof ¼ and ¿ which tendsto 0 as ¼ S¶¡ and¿ S « . Usinga similar method,we canobtaina correspondingupperbound
asfollows.¬Ëß ® ¦ ¬ ¨Â µ Ô # ¦ � ¦w¡"!gKD¨Æ¾âÝL¨ ¬Ëß ¦ � ¦w¡"!gKD¨n¾âÝL¨ Ã � ¦w¡"!gKD¨Ã µ u 
 ¬ ¦w¡ ãgf ¨ ¬Ëß ¬ ¦w¡ ãgf ¨ Ã ¬ ¦w¡ ãgf ¨ � Á (5.133)Ø µ Ô ÿ ¦ � ¦w¡"!gKD¨D¾ ÝL¨ ¬Ëß ¦ � ¦w¡"!gKD¨n¾ ÝL¨Ã µ u ¬ ¦w¡ ãgf ¨ ¬Ëß ¬ ¦w¡ ãgf ¨ 4 (5.134)Â µ Ô # ¦ � ¦w¡"!gKD¨Æ¾âÝL¨ ¬ËßIÿ ¼ ò ¥§¦w¡©¨©¾À¿å¾ Ý¼åó
�Ã µ u ¬ ¦w¡ ãgf ¨ ¬Ëß 
 ¼½¦	¥§¦w¡ ãgf ¨ Ã ¿7¨ � Á î (5.135)

In theabove, thecoefficientof
¬Ëß ¼ is givenbyµ Ô 1 ¦ � ¦w¡B!gKD¨n¾ ÝL¨ Ã µvu ¬ ¦w¡ ãgf ¨ 4 Ø � $ � î (5.136)

We let ¿ besufficiently smalland ¼ besufficiently largesothat¥§¦w¡©¨©¾À¿å¾ Ý¼ õ Ý (5.137)

and «üõ1¥Å¦w¡ ãgf ¨ Ã ¿�õ Ý (5.138)

for all ¡ and
f
. Thenin (5.135),boththelogarithms¬�ß�ò ¥§¦w¡º¨©¾W¿ð¾ Ý¼åó (5.139)

and ¬Ëß ¦	¥§¦w¡ ãgf ¨ Ã ¿9¨ (5.140)

arenegative, andthelogarithmin (5.140)is well-definedby virtue of (5.138).
Rearrangingthetermsin (5.135),applyingthelowerbound4 in (5.114)andthe

4If
,9Ó�ÔLÕ ·£¸

,
,9Ó	ÔLÕ�W í W ÑÎ -T/ , andthelogarithmin (5.139)is in factpositive. Thentheupperbound

insteadof thelower boundshouldbeapplied.Thedetailsareomitted.
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upperboundin (5.120),anddividing by ¼ , wehave¼Åá ¸ ¬Ëß ® ¦ ¬ ¨Â µ Ô ò ¥§¦w¡º¨ Ã ¿ð¾ Ý¼ ó ¬Ëß ò ¥§¦w¡©¨©¾À¿å¾ Ý¼ óÃ µ Ô µ�u ¦�¥§¦w¡ ãgf ¨Æ¾X¿9¨ ¬Ëß ¦	¥Å¦w¡ ãgf ¨ Ã ¿9¨Æ¾ � $ � ¬Ëß ¼¼ (5.141)Ø Ã ZT² ¦w¤I¨D¾ ZT² ¦w¤ ãcb ¨Æ¾´³�·�¦w¼ ã ¿9¨ (5.142)Ø Z ² ¦ b � ¤I¨Æ¾´³ · ¦w¼ ã ¿7¨ ã (5.143)

where³ · ¦w¼ ã ¿9¨ denotesa functionof ¼ and ¿ which tendsto 0 as ¼ S¸¡ and¿ S « .
Now from (5.132)and(5.143)andchangingthebaseof thelogarithmto 2,

wehaveZ ¦ b � ¤I¨D¾´³9µk¦w¼ ã ¿9¨ Â ¼ á ¸ ¬Ë­j® ® ¦ ¬ ¨ Â Z ¦ b � ¤I¨n¾´³ · ¦w¼ ã ¿9¨ î (5.144)

Fromthelower boundabove,we immediatelyhave¼Åá ¸ ¬K­j® � � ³� n�� �9� í7¦YKD¨ � » Z ¦ b � ¤1¨Æ¾´³�µt¦w¼ ã ¿7¨ î (5.145)

Toupperbound
� � ³� n�� �9� í ¦YKD¨ � , wehaveto considerthattherearein generalmore

thanonepossiblesetof
��¬ ¦w¡ ãgf ¨ � . Towardthisend,by observingthat

¬ ¦w¡ ãgf ¨
takesvaluesbetween0 and ¼ , the total numberof possiblesetsof

��¬ ¦w¡ ãgf ¨ �
is atmost ¦w¼�¾ ÝL¨ � ¹o��� º(� î (5.146)

This is a very crudeboundbut it is goodenoughfor our purpose.Thenfrom
theupperboundin (5.144),weobtain¼Åá ¸ ¬Ë­j® � � ³� n�� �9� í9¦YKD¨ �6Â ¼Åá ¸ ¬K­j® ¦w¼ù¾ÜÝL¨ � ¹o��� º»� ¾ Z ¦ b � ¤I¨(¾%³�·�¦w¼ ã ¿9¨ î (5.147)

Sincethefirst termof theaboveupperboundtendsto 0 as ¼ S¸¡ , combining
(5.145)and(5.147),it is possibleto choosea   (dependingon ¼ and ¿ ) which
tendsto 0 as ¼ S¸¡ and ¿ S « suchthat� ¼ á ¸ ¬K­j® � � � n�� ��� í Î Ó_¼jÕ �ôÃ Z ¦ b � ¤I¨ �(Â   ã (5.148)

or Ê ³ ÓVUàÓ n�� � Õ á0� Õ Â�� � ³� n�� ��� í7¦YKD¨ �(Â Ê ³ Ó�UåÓ n�� � ÕXW � Õ î (5.149)

Thetheoremis proved.

Theabovetheoremsaysthatfor any typical K , aslongasthereis onetypicalp
suchthat ¦YK ãgp ¨ is jointly typical, thereareapproximately

Ê ³ UåÓ n9� � Õ p such
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Figure5.2. A two-dimensionalstrongjoint typicality array.

that ¦YK ãgp ¨ is jointly typical. This theoremhasthefollowing corollarythatthe
numberof suchtypical K grows with ¼ at almostthe samerateas the total
numberof typical K .��=B<�=BÄÅÄ�¤B<Å�aH�J3¥*¥

For a joint distribution ¥§¦w¡ ãgf ¨ on $ qTs , let Æ ³� ��� í bethe
setof all sequencesK ¢�� ³� �9� í such that � ³� n�� �9� í ¦YKD¨ is nonempty. Then� Æ ³� ��� í � » ¦�Ý Ã ¿7¨ Ê ³ ÓVUàÓ � Õ á*Ç Õ ã (5.150)

where È S « as ¼ S¢¡ and ¿ S « .
Proof By the consistency of strong typicality (Theorem5.7), if ¦YK ãgp ¨�¢� ³� �on>� í , then K1¢�� ³� ��� í . In particular, K1¢)Æ ³� �9� í . Then� ³� ��nF� í Ø É¼ËÊ�Ì ÎÍ Î>Ï Ð � ¦YK ãgp ¨Ñ� p ¢�� ³� n9� �9� í9¦YKD¨ � î (5.151)

Using the lower boundon
� � ³� ��nF� í � in Theorem5.8 andthe upperboundon� � ³� n�� �9� í ¦YKD¨ � in thelasttheorem,wehave¦�Ý Ã ¿7¨ Ê ³ ÓVUàÓ � ì n Õ á �ôÕ Â�� � ³� ��nF� í �6Â�� Æ ³� �9� í � Ê ³ Ó�UåÓ n�� � ÕXW � Õ (5.152)

which implies � Æ ³� ��� í � » ¦�Ý Ã ¿7¨ Ê ³ ÓVUàÓ � Õ á ÓV��W � Õ�Õ î (5.153)

Thetheoremis proveduponletting È Ø �û¾I  .
In this section,We have establisheda rich setof structuralpropertiesfor

strongtypicality with respectto a bivariatedistribution ¥§¦w¡ ãgf ¨ , which is sum-
marizedin thetwo-dimensionalstrong joint typicality array in Figure5.2. In
this array, therows andthecolumnsarethe typical sequencesK ¢MÆ ³� �9� í and
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Figure5.3. A three-dimensionalstrongjoint typicality array.

p ¢�Æ ³� n>� í , respectively. The total numberof rows andcolumnsareapproxi-

matelyequalto
Ê ³ UàÓ � Õ and

Ê ³ UåÓ n Õ , respectively. An entryindexedby ¦YK ãgp ¨
receivesa dot if ¦YK ãgp ¨ is strongly jointly typical. The total numberof dots
is approximatelyequalto

Ê ³ UàÓ � ì n Õ . The numberof dots in eachrow is ap-
proximatelyequalto

Ê ³ UàÓ n9� � Õ , while the numberof dots in eachcolumnis
approximatelyequalto

Ê ³ UàÓ ��� n Õ .
For reasonswhichwill becomeclearin Chapter16,thestrongjoint typical-

ity arrayin Figure5.2is saidto exhibit anasymptoticquasi-uniformstructure.
By atwo-dimensionalasymptoticquasi-uniformstructure,wemeanthatin the
arrayall the columnshave approximatelythe samenumberof dots,andall
the rows have approximatelythesamenumberof dots. The strongjoint typ-
icality arrayfor a multivariatedistribution continuesto exhibit anasymptotic
quasi-uniformstructure. The three-dimensionalstrongjoint typicality array
with respectto a distribution ¥§¦w¡ ãgf�ãcà ¨ is illustratedin Figure5.3. As before,
anentry ¦YK ãgp=ãcá ¨ receivesa dot if ¦YK ãgp=ãcá ¨ is stronglyjointly typical. This is
not shown in thefigureotherwiseit will bevery confusing.Thetotal number
of dotsin the whole arrayis approximatelyequalto

Ê ³ UàÓ � ì n ì â Õ . Thesedots
aredistributedin thearraysuchthatall theplanesparallelto eachotherhave
approximatelythesamenumberof dots,andall thecylindersparallelto each
otherhaveapproximatelythesamenumberof dots.Morespecifically, thetotal
numberof dotson the planefor any fixed

á / ¢OÆ ³� â � í (asshown) is approxi-

matelyequalto
Ê ³ UàÓ � ì n�� â Õ , andthetotalnumberof dotsin thecylinderfor any

fixed ¦YK / ãgp / ¨ pair in Æ ³� �on>� í (asshown) is approximatelyequalto
Ê ³ UåÓ â � � ì n Õ ,

soonandsoforth.
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5.4 AN INTERPRETATION OF THE BASIC
INEQUALITIES

Theasymptoticquasi-uniformstructureexhibitedin astrongjoint typicality
arraydiscussedin the last sectionis extremelyimportantin informationthe-
ory. In this section,we show how the basicinequalitiescanbe revealedby
examiningthis structure.It hasfurtherbeenshown by Chan[39] thatall un-
constrainedinformationinequalitiescanbeobtainedfrom this structure,thus
giving aphysicalmeaningto theseinequalities.

Considerrandomvariables ¤ ãcb , and ã and a fixed
á ¢äÆ ³� â � í . By the

consistency of strongtypicality, if ¦YK ãgp�ãcá ¨û¢2� ³� �on â � í , then ¦YK ãcá ¨�¢2� ³� � â � í
and ¦ p�ãcá ¨ð¢�� ³� n â � í . Thus� ³� ��n�� â � íô¦ á ¨�åI� ³� ��� â � íô¦ á ¨ q � ³� n9� â � í7¦ á ¨ ã (5.154)

which implies � � ³� ��n�� â � í ¦ á ¨ �(Â�� � ³� ��� â � í ¦ á ¨ ��� � ³� n�� â � í ¦ á ¨ � î (5.155)

Applying thelowerboundin Theorem5.9to � ³� �on�� â � í ¦ á ¨ andtheupperbound
to � ³� ��� â � í ¦ á ¨ and � ³� n�� â � í ¦ á ¨ , wehaveÊ ³ Ó�UåÓ � ì n�� â Õ á0æ Õ Â Ê ³ Ó�UåÓ ��� â ÕXW@çôÕ Ê ³ ÓVUàÓ n�� â ÕlW>èôÕ ã (5.156)

where é ãëê§ãeì S « as ¼ S¶¡ and ¿ S « . Takinglogarithmto thebase2 and
dividing by ¼ , weobtainZ ¦w¤ ãcb � ã ¨ Â Z ¦w¤ � ã ¨Æ¾ Z ¦ b � ã ¨ (5.157)

uponletting ¼ Sí¡ and ¿ S « . This inequalityis equivalenttoî ¦w¤«! b � ã ¨°»[« î (5.158)

Thus we have proved the nonnegativity of conditionalmutual information.
Sinceall Shannon’s informationmeasuresarespecialcasesof conditionalmu-
tual information,we have provedthenonnegativity of all Shannon’s informa-
tion measures,namelythebasicinequalities.

PROBLEMS
1. Show that ¦YK ãgp ¨U¢�� ³� � ì nF� í and ¦ p�ãcá ¨U¢�� ³� n ì â � í do not imply ¦YK ãcá ¨\¢� ³� � ì â � í .
2. Let

� Ø ¦w¤ ¸ ã ¤T� ã ����� ã ¤ ³ ¨ , where¤ ¶ arei.i.d. with genericrandomvari-
able ¤ . Prove that ¯�±���� ¢�� ³� ��� í�� » Ý Ã � $ � ï¼n¿ �
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for any ¼ and ¿�ª « . This shows that
¯=±���� ¢«� ³� ��� í � S Ý as ¿ S « and¼ S¸¡ if ð ¼n¿ S¢¡ .

3. Prove thatfor adiscreterandomvariable¤ with aninfinite alphabet,Prop-
erty2 of thestrongAEPholds,while Properties1 and3 donothold.

4. ConsiderasequenceK Ø ¦w¡ ¸ ã ¡@� ã ����� ã ¡ ³ ¨ where¡0� is in somefinite alpha-
bet $ for all ñ . Thetype ò ¼ of thesequenceK is theempiricalprobability
distribution over $ in K , i.e., ò ¼ ¦w¡º¨ Ø � ¦w¡ � KD¨góô¼ for all ¡£¢%$ . Provethat
therearea total of ô ³ W � ¹o� á ¸³ õ distinct types ò ¼ . Hint: Thereare ô × W ± á ¸× õwaysto distribute

ä
identicalballsin ö boxes.

5. Show that for a joint distribution ¥§¦w¡ ãgf ¨ , for any ¿UªÉ« , thereexists «Iõ¿ ï õ�¿ suchthat � ³� �9� íø÷ åOÆ ³� �9� í for sufficiently large ¼ .

6. Let ù½¦5$ú¨ bethesetof all probabilitydistributionsoverafinite alphabet$ .
Find a polynomial úö¦w¼D¨ suchthat for any integer ¼ , thereexists a subsetù ³ ¦5$�¨ of ù½¦5$ú¨ suchthat

a)
� ù ³ ¦5$�¨ �(Â úö¦w¼D¨ ;

b) for all òé¢tù½¦5$�¨ , thereexists ò ³ ¢tù ³ ¦5$�¨ suchthat� ò ³ ¦w¡©¨ Ã ò½¦w¡º¨ � õ Ý¼
for all ¡£¢%$ .

Hint: Let ù ³ ¦5$�¨ bethesetof all probabilitydistributionsover $ suchthat
all theprobabilitymassescanbeexpressedasfractionswith denominator¼ .

7. Let ¥ be any probability distribution over a finite set $ and R be a real
numberin ¦ « ã ÝL¨ . Prove thatfor any subsetû of $ ³ with ¥ ³ ¦.û0¨°» R ,� ûMü[� ³� ��� í � » Ê ³ Ó�UåÓ ,LÕ á í ÷ Õ ã
where¿ ï S « as ¿ S « and ¼ S¢¡ .

HISTORICAL NOTES
Berger [21] introducedstrongtypicality which wasfurther developedinto

themethodof typesin thebookby Csiszýþ r andK ÿ­ rner[52]. Thetreatmentof
thesubjectherehasalevel betweenthetwo, while avoidingtheheavy notation
in [52]. Theinterpretationof thebasicinequalitiesin Section5.4is apreamble
to therelationbetweenentropy andgroupsto bediscussedin Chapter16.
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Chapter6

THE � -MEASURE

In Chapter2, we have shown therelationshipbetweenShannon’s informa-
tion measuresfor two randomvariablesby thediagramin Figure2.2.For con-
venience,Figure2.2 is reproducedin Figure6.1with therandomvariables¤
and

b
replacedby ¤ ¸ and ¤T� , respectively. Thisdiagramis very illuminating

becauseit suggeststhat Shannon’s informationmeasuresfor any ¼è» Ê
ran-

domvariablesmayhave aset-theoreticstructure.In thischapter, wedevelopa
theorywhich establishesa one-to-onecorrespondencebetweenShannon’s in-
formationmeasuresandsettheoryin full generality. With thiscorrespondence,
manipulationsof Shannon’s informationmeasurescanbeviewedassetopera-
tions,thusallowing therich setof toolsin settheoryto beusedin information
theory. Moreover, thestructureof Shannon’s informationmeasurescaneasily
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Figure6.1. Relationshipbetweenentropiesandmutualinformationfor two randomvariables.
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bevisualizedby meansof an informationdiagram if four randomvariablesor
lessareinvolved.

Themainconceptsto beusedin thischapterarefrom measuretheory. How-
ever, it is not necessaryfor the readerto know measuretheory to readthis
chapter.

6.1 PRELIMIN ARIES
In this section,we introducea few basicconceptsin measuretheorywhich

will beusedsubsequently. Theseconceptswill beillustratedby simpleexam-
ples.hTi*jkClGFCXDFCY=BGMm�J3¥

Thefield � ³ generatedby sets 	¤ ¸ ã 	¤T� ã ����� ã 	¤ ³ is thecol-
lectionof setswhich canbeobtainedby anysequenceof usualsetoperations
(union,intersection,complement,anddifference)on 	¤ ¸ ã 	¤ � ã ����� ã 	¤ ³ .hTi*jkClGFCXDFCY=BGMm�J�


Theatomsof � ³ are setsof the form ü ³� ·D¸ b � , where
b � is

either 	¤�� or 	¤ Þ� , thecomplementof 	¤�� .
Thereare

Ê ³ atomsand
Ê � Î setsin � ³ . Evidently, all theatomsin � ³ are

disjoint,andeachsetin � ³ canbeexpresseduniquelyastheunionof asubset
of theatomsof � ³ 1. We assumethat thesets 	¤ ¸ ã 	¤T� ã ����� ã 	¤ ³ intersectwith
eachothergenerically, i.e.,all theatomsof � ³ arenonemptyunlessotherwise
specified.�
�F¤»z�?*ÄËi m�J��

Thesets 	¤ ¸ and 	¤T� generate thefield ��� . Theatomsof ���
are 	¤ ¸ ü 	¤ � ã 	¤ Þ¸ ü 	¤ � ã 	¤ ¸ ü 	¤ Þ� ã 	¤ Þ¸ ü 	¤ Þ� ã (6.1)

which are representedby thefour distinctregionsin theVenndiagramin Fig-
ure 6.2. Thefield ��� consistsof the unionsof subsetsof the atomsin (6.1).
Therearea total of 16setsin ��� , which arepreciselyall thesetswhich canbe
obtainedfrom 	¤ ¸ and 	¤T� by theusualsetoperations.hTi*jkClGFCXDFCY=BGMm�J��

A real function � definedon � ³ is calleda signedmeasure
if it is set-additive, i.e., for disjoint û and ¹ in � ³ ,��¦.û�� ¹ ¨ Ø ��¦.û ¨Æ¾���¦ ¹ ¨ î (6.2)

For asignedmeasure� , wehave

��¦��3¨ Ø « ã (6.3)

1Weadopttheconventionthattheunionof theemptysubsetof theatomsof � Î is theemptyset.
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Figure6.2. TheVenndiagramfor �� Ñ and ���� .
whichcanbeseenasfollows. For any û in � ³ ,��¦.û0¨ Ø ��¦.û����3¨ Ø ��¦.û ¨Æ¾���¦��3¨ (6.4)

by set-additivity becauseû and � aredisjoint,which implies(6.3).
A signedmeasure� on � ³ is completelyspecifiedby its valuesontheatoms

of � ³ . Thevaluesof � ontheothersetsin � ³ canbeobtainedviaset-additivity.�
�F¤»z�?*ÄËi m�JEH
A signedmeasure � on ��� is completelyspecifiedby theval-

ues ��¦ 	¤ ¸ ü 	¤T�L¨ ã ��¦ 	¤ Þ¸ ü 	¤T�L¨ ã ��¦ 	¤ ¸ ü 	¤ Þ� ¨ ã ��¦ 	¤ Þ¸ ü 	¤ Þ� ¨ î (6.5)

Thevalueof � on 	¤ ¸ , for example, canbeobtainedas

��¦ 	¤ ¸ ¨ Ø ��¦�¦ 	¤ ¸ ü 	¤ � ¨�� ¦ 	¤ ¸ ü 	¤ Þ� ¨�¨ (6.6)Ø ��¦
	¤ ¸ ü 	¤T�L¨Æ¾���¦!	¤ ¸ ü"	¤ Þ� ¨ î (6.7)

6.2 THE # -MEASURE FOR TWO RANDOM
VARIABLES

To fix ideas,wefirst formulatein thissectiontheone-to-onecorrespondence
betweenShannon’s informationmeasuresandsettheoryfor two randomvari-
ables.For randomvariables¤ ¸ and ¤T� , let 	¤ ¸ and 	¤T� besetscorresponding
to ¤ ¸ and ¤T� , respectively. Thesets 	¤ ¸ and 	¤T� generatesthefield ��� whose
atomsare listed in (6.1). In our formulation,we set the universalset $ to	¤ ¸ �"	¤T� for reasonswhich will becomeclearlater. With thischoiceof $ , the
Venndiagramfor 	¤ ¸ and 	¤T� is representedby thediagramin Figure6.3. For
simplicity, the sets 	¤ ¸ and 	¤T� arerespectively labeledby ¤ ¸ and ¤T� in the
diagram. We call this the informationdiagram for the randomvariables¤ ¸
and ¤ � . In thisdiagram,theuniversalset,which is theunionof 	¤ ¸ and 	¤ � , is
not shown explicitly asin a usualVenndiagram.Notethatwith our choiceof
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Figure6.3. Thegenericinformationdiagramfor
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.

theuniversalset,theatom 	¤ Þ¸ ü 	¤ Þ� is degeneratedto theemptyset,because

	¤ Þ¸ ü 	¤ Þ� Ø ¦ 	¤ ¸ � 	¤ � ¨ Þ Ø $ Þ Ø � î (6.8)

Thusthis atomis notshown in theinformationdiagramin Figure6.3.
For randomvariables¤ ¸ and ¤T� , theShannon’s informationmeasuresareZ ¦w¤ ¸ ¨ ã Z ¦w¤T�ô¨ ã Z ¦w¤ ¸ � ¤T�L¨ ã Z ¦w¤T� � ¤ ¸ ¨ ã Z ¦w¤ ¸ ã ¤T�L¨ ã î ¦w¤ ¸ !�¤T�L¨ î (6.9)

Writing ûIü ¹ Þ as û Ã ¹ , wenow defineasignedmeasure�'& by

� & ¦ 	¤ ¸ Ã 	¤T�-¨ Ø Z ¦w¤ ¸ � ¤T�L¨ (6.10)� & ¦(	¤T� Ã 	¤ ¸ ¨ Ø Z ¦w¤T� � ¤ ¸ ¨ ã (6.11)

and � & ¦ 	¤ ¸ ü 	¤T�L¨ Ø î ¦w¤ ¸ !�¤T�L¨ î (6.12)

Thesearethe valuesof �'& on the nonemptyatomsof � � (i.e., atomsof � �
otherthan 	¤ Þ¸ ü)	¤ Þ� ). Thevaluesof � & on theothersetsin ��� canbeobtained
via set-additivity. In particular, therelations

� & ¦ 	¤ ¸ � 	¤ � ¨ Ø Z ¦w¤ ¸ ã ¤ � ¨ (6.13)� & ¦*	¤ ¸ ¨ Ø Z ¦w¤ ¸ ¨ ã (6.14)

and � & ¦ 	¤T�L¨ Ø Z ¦w¤T�L¨ (6.15)

canreadilybeverified.For example,(6.13)is seento betrueby considering

� & ¦+	¤ ¸ �"	¤T�L¨Ø � & ¦ 	¤ ¸ Ã 	¤T�L¨©¾�� & ¦ 	¤T� Ã 	¤ ¸ ¨Æ¾,� & ¦ 	¤ ¸ ü 	¤T�L¨ (6.16)Ø Z ¦w¤ ¸ � ¤ � ¨©¾ Z ¦w¤ � � ¤ ¸ ¨Æ¾ î ¦w¤ ¸ !�¤ � ¨ (6.17)Ø Z ¦w¤ ¸ ã ¤T�L¨ î (6.18)
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The right handsideof (6.10) to (6.15) arethe six Shannon’s information
measuresfor ¤ ¸ and ¤T� in (6.9).Now observe that(6.10)to (6.15)areconsis-
tentwith how theShannon’s informationmeasureson theright handsideare
identifiedin Figure6.1,with theleft circleandtheright circlerepresentingthe
sets 	¤ ¸ and 	¤T� , respectively. Specifically, in eachof theseequations,the left
handsideandthe right handsidecorrespondto eachothervia the following
substitutionof symbols: Z ó î - � &ã - �! - ü� - Ã î (6.19)

Note that we make no distinctionbetweenthe symbols

Z
and

î
in this sub-

stitution. Thusfor two randomvariables¤ ¸ and ¤ � , Shannon’s information
measurescanformally beregardedasa signedmeasureon ��� . We will refer
to �'& astheI-Measure for therandomvariables¤ ¸ and ¤T� 2.

Upon realizing that Shannon’s informationmeasurescan be viewed as a
signedmeasure,we canapply the rich setof operationsin set theory in in-
formationtheory. This explainswhy Figure6.1 or Figure6.3 representsthe
relationshipbetweenall Shannon’s informationmeasuresfor two randomvari-
ablescorrectly. As an example,considerthe following set identity which is
readilyidentifiedin Figure6.3:

� & ¦ 	¤ ¸ � 	¤T�L¨ Ø � & ¦ 	¤ ¸ ¨©¾�� & ¦ 	¤T�L¨ Ã � & ¦ 	¤ ¸ ü 	¤T�L¨ (6.20)

This identity is a specialcaseof theinclusion-exclusionformulain settheory.
By meansof thesubstitutionof symbolsin (6.19),we immediatelyobtainthe
informationidentityZ ¦w¤ ¸ ã ¤T�L¨ Ø Z ¦w¤ ¸ ¨©¾ Z ¦w¤T�L¨ Ã î ¦w¤ ¸ !�¤T�L¨ î (6.21)

We endthis sectionwith a remark.Thevalueof �'& on theatom 	¤ Þ¸ ü 	¤ Þ�
hasnoapparentinformation-theoretic meaning.In our formulation,wesetthe
universalset $ to 	¤ ¸ � 	¤T� so that the atom 	¤ Þ¸ ü 	¤ Þ� is degeneratedto the
emptyset.Then � & ¦*	¤ Þ¸ ü.	¤ Þ� ¨ naturallyvanishesbecause� & is ameasure,and�'& is completelyspecifiedby all Shannon’s informationmeasuresinvolving
therandomvariables¤ ¸ and ¤ � .
2Thereadershouldnotconfuse/10 with theprobabilitymeasuredefiningtherandomvariables

� Ñ
and
� �

.
Theformer, however, is determinedby thelatter.
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6.3 CONSTRUCTION OF THE # -MEASURE 2 *

We have constructedthe
î
-Measurefor two randomvariablesin the last

section. In this section,we constructthe
î
-Measurefor any ¼é» Ê

random
variables.

Consider¼ randomvariables¤ ¸ ã ¤ � ã ����� ã ¤ ³ . For any randomvariable¤ ,
let 	¤ beasetcorrespondingto ¤ . Let3 ³ Ø � Ý ã Ê ã ����� ã ¼ � î (6.22)

Definetheuniversalset $ to betheunionof thesets 	¤ ¸ ã 	¤T� ã ����� ã 	¤ ³ , i.e.,$ Ø É� Ê54 Î 	¤�� î (6.23)

Weuse� ³ to denotethefield generatedby 	¤ ¸ ã 	¤T� ã ����� ã 	¤ ³ . Thesetû / Ø 6� Ê74 Î 	¤ Þ� (6.24)

is calledtheemptyatomof � ³ because

6� Ê54 Î 	¤ Þ� Ø98: É� Ê74 Î 	¤ �<;=
Þ Ø $ Þ Ø � î (6.25)

All theatomsof � ³ otherthan û / arecallednonemptyatoms.
Let > bethesetof all nonemptyatomsof � ³ . Then

� > � , thecardinalityof> , is equalto
Ê ³ Ã Ý . A signedmeasure� on � ³ is completelyspecifiedby

thevaluesof � on thenonemptyatomsof � ³ .
To simplify notation,we will use ¤@? to denote ¦w¤�� ã ñU¢.Aù¨ and 	¤@? to

denote�»� Ê ? 	¤�� for any nonemptysubsetA of
3 ³ .wyxFi0=B<�i*z{m�JEm

LetB ØDC 	¤@?2�EA is a nonemptysubsetof
3 ³GF î (6.26)

Thena signedmeasure � on � ³ is completelyspecifiedby
� ��¦ ¹ ¨ ã ¹ ¢ B � ,

which canbeanysetof realnumbers.

Proof Thenumberof elementsin
B

is equalto thenumberof nonemptysub-
setsof

3 ³ , which is
Ê ³ Ã Ý . Thus

� > � Ø � B � Ø Ê ³ Ã Ý . Let
d Ø Ê ³ Ã Ý .

Let H bea column
d
-vectorof ��¦.û ¨ ã û ¢�> , and I bea column

d
-vectorof��¦ ¹ ¨ ã ¹ ¢ B . Sinceall thesetsin

B
canexpresseduniquelyastheunionof

somenonemptyatomsin > , by theset-additivity of � , for each¹ ¢ B , ��¦ ¹ ¨
canbeexpresseduniquelyasthesumof somecomponentsof H . ThusI ØKJ ³ H ã (6.27)
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where J ³ is a unique
d q d matrix. On theotherhand,it canbeshown (see

Appendix6.A) that for eachû�¢�> , ��¦.û ¨ canbeexpressedasa linearcom-
binationof ��¦ ¹ ¨ ã ¹ ¢ B by applications,if necessary, of the following two
identities:��¦.ûIü ¹ Ã,L ¨ Ø ��¦.û Ã,L ¨©¾���¦ ¹ Ã�L ¨ Ã ��¦.û�� ¹ Ã,L ¨ (6.28)��¦.û Ã ¹ ¨ Ø ��¦.û�� ¹ ¨ Ã ��¦ ¹ ¨ î (6.29)

However, the existenceof the saidexpressiondoesnot imply its uniqueness.
Nevertheless,wecanwrite H ØNM ³ I (6.30)

for some
d q d matrix M ³ . Uponsubstituting(6.27)into (6.30),weobtainH Ø ¦ M ³ J ³ ¨OH ã (6.31)

which implies that M ³ is the inverseof J ³ as(6.31)holdsregardlessof the
choiceof � . Since J ³ is unique,so is M ³ . Therefore,��¦.û0¨ ã û ¢P> are
uniquelydeterminedonce ��¦ ¹ ¨ ã ¹ ¢ B arespecified.Hence,a signedmea-
sure� on � ³ is completelyspecifiedby

� ��¦ ¹ ¨ ã ¹ ¢ B � , whichcanbeany set
of realnumbers.Thetheoremis proved.

We now prove thefollowing two lemmaswhich arerelatedby thesubstitu-
tion of symbolsin (6.19).£�i*z�z�¤�m�JX|
��¦.ûIü ¹ Ã,L ¨ Ø ��¦.û�� L ¨©¾,��¦ ¹ � L ¨ Ã ��¦.û�� ¹ � L ¨ Ã ��¦ L ¨ î (6.32)

Proof From(6.28)and(6.29),wehave��¦.ûMü ¹ Ã,L ¨Ø ��¦.û Ã�L ¨©¾,��¦ ¹ Ã,L ¨ Ã ��¦.û�� ¹ Ã�L ¨ (6.33)Ø ¦Q��¦.û�� L ¨ Ã ��¦ L ¨�¨Æ¾â¦Q��¦ ¹ � L ¨ Ã ��¦ L ¨�¨Ã ¦Q��¦.û�� ¹ � L ¨ Ã ��¦ L ¨�¨ (6.34)Ø ��¦.û�� L ¨©¾,��¦ ¹ � L ¨ Ã ��¦.û�� ¹ � L ¨ Ã ��¦ L ¨ î (6.35)

Thelemmais proved.£�i*z�z�¤�m�JE�î ¦w¤~! b � ã ¨ Ø Z ¦w¤ ã ã ¨Æ¾ Z ¦ b�ã ã ¨ Ã Z ¦w¤ ãcb�ã ã ¨ Ã Z ¦5ã ¨ î (6.36)
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Proof Considerî ¦w¤«! b � ã ¨Ø Z ¦w¤ � ã ¨ Ã Z ¦w¤ � b�ã ã ¨ (6.37)Ø Z ¦w¤ ã ã ¨ Ã Z ¦5ã ¨ Ã ¦ Z ¦w¤ ãcb�ã ã ¨ Ã Z ¦ b�ã ã ¨�¨ (6.38)Ø Z ¦w¤ ã ã ¨Æ¾ Z ¦ b�ã ã ¨ Ã Z ¦w¤ ãcb�ã ã ¨ Ã Z ¦5ã ¨ î (6.39)

Thelemmais proved.

Wenow constructthe
î
-Measure�'& on � ³ usingTheorem6.6by defining� & ¦ 	¤ ? ¨ Ø Z ¦w¤ ? ¨ (6.40)

for all nonemptysubsetsA of
3 ³ . In orderfor � & to bemeaningful,it hasto

beconsistentwith all Shannon’s informationmeasures(via thesubstitutionof
symbolsin (6.19)).In thatcase,thefollowing mustholdfor all (notnecessarily
disjoint)subsetsA ã A ï ã A ï ï of

3 ³ whereA and A ï arenonempty:� & ¦ 	¤ ? ü 	¤ ? ÷ Ã 	¤ ? ÷ ÷ ¨ Ø î ¦w¤ ? !�¤ ? ÷ � ¤ ? ÷ ÷ ¨ î (6.41)

When A ï ï Ø � , (6.41)becomes� & ¦ 	¤@?tü 	¤ ? ÷ ¨ Ø î ¦w¤@?�!�¤ ? ÷ ¨ î (6.42)

When A Ø A ï , (6.41)becomes� & ¦ 	¤@? Ã 	¤ ? ÷ ÷ ¨ Ø Z ¦w¤@? � ¤ ? ÷ ÷ ¨ î (6.43)

When A Ø A ï and A ï ï Ø � , (6.41)becomes� & ¦*	¤@?=¨ Ø Z ¦w¤@?=¨ î (6.44)

Thus(6.41)coversall thefour casesof Shannon’s informationmeasures,andit
is thenecessaryandsufficient conditionfor � & to beconsistentwith all Shan-
non’s informationmeasures.wyxFi0=B<�i*z{m�JE� �'& is the uniquesignedmeasure on � ³ which is consistent
with all Shannon’s informationmeasures.

Proof Consider� & ¦+	¤@?tü"	¤ ? ÷ Ã 	¤ ? ÷ ÷ ¨Ø � & ¦ 	¤ ?�RS? ÷ ÷ ¨©¾,� & ¦ 	¤ ? ÷ RT? ÷ ÷ ¨ Ã � & ¦ 	¤ ?�RS? ÷ RS? ÷ ÷ ¨ Ã � & ¦ 	¤ ? ÷ ÷ ¨ (6.45)Ø Z ¦w¤ ?�RS? ÷ ÷ ¨Æ¾ Z ¦w¤ ? ÷ RS? ÷ ÷ ¨ Ã Z ¦w¤ ?�RS? ÷ RS? ÷ ÷ ¨ Ã Z ¦w¤ ? ÷ ÷ ¨ (6.46)Ø î ¦w¤@?�!�¤ ? ÷ � ¤ ? ÷ ÷ ¨ ã (6.47)
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where(6.45) and(6.47) follow from Lemmas6.7 and6.8, respectively, and
(6.46)follows from (6.40),thedefinitionof � & . Thuswe have proved(6.41),
i.e., �'& is consistentwith all Shannon’s informationmeasures.

In orderthat �'& is consistentwith all Shannon’s informationmeasures,for
all nonemptysubsetsA of

3 ³ , � & hasto satisfy(6.44),which in fact is the
definitionof �'& in (6.40). Therefore,�'& is theuniquesignedmeasureon � ³
which is consistentwith all Shannon’s informationmeasures.

6.4 2 * CAN BE NEGATIVE
In theprevioussections,wehavebeencautiousin referringto the

î
-Measure�'& asasignedmeasureinsteadof ameasure3. In thissection,weshow that �'&

in factcantake negative valuesfor ¼1» \ .
For ¼ Ø Ê

, thethreenonemptyatomsof ��� are

	¤ ¸ ü 	¤ � ã 	¤ ¸ Ã 	¤ � ã 	¤ � Ã 	¤ ¸ î (6.48)

Thevaluesof � & on theseatomsarerespectivelyî ¦w¤ ¸ !�¤T�L¨ ã Z ¦w¤ ¸ � ¤T�L¨ ã Z ¦w¤T� � ¤ ¸ ¨ î (6.49)

ThesequantitiesareShannon’s informationmeasuresandhencenonnegative
by thebasicinequalities.Therefore,�'& is alwaysnonnegative for ¼ Ø Ê

.
For ¼ Ø \ , thesevennonemptyatomsof � ï are

	¤�� Ã 	¤VU<W ì ¶YX ã 	¤��0ü"	¤ W Ã 	¤ ¶ ã 	¤ ¸ ü"	¤T�9üZ	¤ ï ã (6.50)

where Ý Â ñ�õ�[½õ d Â \ . Thevaluesof �'& onthefirst two typesof atomsare

� & ¦ 	¤�� Ã 	¤ U<W ì ¶YX ¨ Ø Z ¦w¤�� � ¤ W ã ¤ ¶ ¨ (6.51)

and � & ¦*	¤��0ü"	¤ W Ã 	¤ ¶ ¨ Ø î ¦w¤��ë!�¤ W � ¤ ¶ ¨ ã (6.52)

respectively, which are Shannon’s informationmeasuresand thereforenon-
negative. However, � & ¦+	¤ ¸ ü\	¤T��ü]	¤ ï ¨ doesnot correspondto a Shannon’s
informationmeasure.In thenext example,we show that �'&j¦ 	¤ ¸ ü 	¤T�Ñü 	¤ ï ¨
canactuallybenegative.�
�F¤»z�?*ÄËi m�J3¥�¦

In this example, all theentropiesare in thebase2. Let ¤ ¸
and ¤T� beindependentbinary randomvariableswith¯�±�� ¤�� Ø « � Ø ¯�±�� ¤�� Ø Ý � Ø « î_^ ã (6.53)

3A measurecanonly take nonnegative values.
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104 A FIRSTCOURSEIN INFORMATIONTHEORYñ Ø Ý ã Ê . Let ¤ ï Ø ¤ ¸ ¾Ü¤T� ý ­a` Ê î (6.54)

It is easyto check that ¤ ï hasthesamemarginal distribution as ¤ ¸ and ¤T� .
Thus, Z ¦w¤ � ¨ Ø Ý (6.55)

for ñ Ø Ý ã Ê ã \ . Moreover, ¤ ¸ , ¤T� , and ¤ ï are pairwiseindependent.There-
fore, Z ¦w¤�� ã ¤ W ¨ Ø Ê

(6.56)

and î ¦w¤�� !�¤ W ¨ Ø « (6.57)

for Ý Â ñðõ�[ Â \ . We further seefrom(6.54)that each randomvariableis a
functionof theothertworandomvariables.Thenbythechainrule for entropy,
wehave Z ¦w¤ ¸ ã ¤T� ã ¤ ï ¨ Ø Z ¦w¤ ¸ ã ¤T�L¨Æ¾ Z ¦w¤ ï � ¤ ¸ ã ¤T�L¨ (6.58)Ø Ê ¾À« (6.59)Ø Ê î

(6.60)

Nowfor Ý Â ñ=õ�[½õ d Â \ ,î ¦w¤��ë!�¤ W � ¤ ¶ ¨Ø Z ¦w¤ � ã ¤ ¶ ¨©¾ Z ¦w¤ W ã ¤ ¶ ¨ Ã Z ¦w¤ ¸ ã ¤ � ã ¤ ï ¨ Ã Z ¦w¤ ¶ ¨ (6.61)Ø Ê ¾ Ê Ã Ê Ã Ý (6.62)Ø Ý ã (6.63)

wherewehaveinvokedLemma6.8. It thenfollowsthat

� & ¦ 	¤ ¸ ü 	¤ � ü 	¤ ï ¨ Ø � & ¦ 	¤ ¸ ü 	¤ � ¨ Ã � & ¦ 	¤ ¸ ü 	¤ � Ã 	¤ ï ¨ (6.64)Ø î ¦w¤ ¸ !�¤T�L¨ Ã î ¦w¤ ¸ !�¤T� � ¤ ï ¨ (6.65)Ø « Ã Ý (6.66)Ø Ã Ý î (6.67)

Thus� & takesa negativevalueon theatom 	¤ ¸ ü"	¤T�9üZ	¤ ï .
Motivatedby thesubstitutionof symbolsin (6.19)for Shannon’s informa-

tion measures,wewill write �'&7¦ 	¤ ¸ ü 	¤T�Bü 	¤ ï ¨ as
î ¦w¤ ¸ !�¤T��!�¤ ï ¨ . In general,

wewill write � & ¦ 	¤@? Ñ ü 	¤@? � ü ����� ü 	¤@?cb Ã 	¤edç¨ (6.68)

as î ¦w¤@? Ñ !�¤@? � ! ����� !�¤@?cb � ¤ed�¨ (6.69)
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Figure6.4. Thegenericinformationdiagramfor
� Ñ

,
�%�

, and
�%k

.

andreferto it asthemutualinformationbetween¤@? Ñ ã ¤@? � ã ����� ã ¤@?cb condi-
tioningon ¤ed . Then(6.64)in theabove examplecanbewrittenasî ¦w¤ ¸ !�¤ � !�¤ ï ¨ Ø î ¦w¤ ¸ !�¤ � ¨ Ã î ¦w¤ ¸ !�¤ � � ¤ ï ¨ î (6.70)

For thisexample,
î ¦w¤ ¸ !�¤T��!�¤ ï ¨°õ[« , which impliesî ¦w¤ ¸ !�¤T� � ¤ ï ¨�ª î ¦w¤ ¸ !�¤T�L¨ î (6.71)

Therefore,unlike entropy, the mutualinformationbetweentwo randomvari-
ablescanbe increasedby conditioningon a third randomvariable. Also, we
notein (6.70)thatalthoughtheexpressionon theright handsideis not sym-
bolically symmetricalin ¤ ¸ , ¤T� , and ¤ ï , we seefrom theleft handsidethat
it is in factsymmetricalin ¤ ¸ , ¤T� , and ¤ ï .
6.5 INFORMA TION DIAGRAMS

We have establishedin Section6.3 a one-to-onecorrespondencebetween
Shannon’s informationmeasuresandsettheory. Therefore,it is valid to usean
informationdiagram, which is a variationof a Venndiagram,to representthe
relationshipbetweenShannon’s informationmeasures.

For simplicity, aset 	¤�� will belabeledby ¤�� in aninformationdiagram.We
have seenthegenericinformationdiagramfor ¼ Ø Ê

in Figure6.3. A generic
information diagramfor ¼ Ø \

is shown in Figure 6.4. The information-
theoreticlabelingof the valuesof � & on someof the setsin � ï is shown in
the diagram. As an example,the informationdiagramfor the

î
-Measurefor

randomvariables¤ ¸ ã ¤T� , and ¤ ï discussedin Example6.10is shown in Fig-
ure6.5.

For ¼X»ml , it is not possibleto displayaninformationdiagramperfectlyin
two dimensions.In general,an informationdiagramfor ¼ randomvariables
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needs¼ Ã Ý dimensionsto be displayedperfectly. Nevertheless,for ¼ Ø l ,
an informationdiagramcanbedisplayedin two dimensionsalmostperfectly
asshown in Figure6.6. This informationdiagramis correctin thattheregion
representingtheset 	¤on splitseachatomin Figure6.4into two atoms.However,
the adjacency of certainatomsarenot displayedcorrectly. For example,the
set 	¤ ¸ ü 	¤T� ü 	¤ Þn , which consistsof the atoms 	¤ ¸ ü 	¤T� ü 	¤ ï ü 	¤ Þn and	¤ ¸ üp	¤T�"üq	¤ Þï ür	¤ Þn , is not representedby aconnectedregionbecausethetwo
atomsarenotadjacentto eachother.

When�'& takesthevaluezeroonanatom û of � ³ , wedonotneedto display
theatom û in aninformationdiagrambecausetheatom û doesnotcontribute
to �'&9¦ ¹ ¨ for any set ¹ containingthe atom û . As we will seeshortly, this
canhappenif certainMarkov constraintsareimposedon therandomvariables
involved, and the information diagramcan be simplified accordingly. In a
genericinformationdiagram(i.e., whenthereis no constrainton the random
variables),however, all the atomshave to be displayed,asis implied by the
next theorem.wyxFi0=B<�i*z{m�J3¥*¥

If there is no constraint on ¤ ¸ ã ¤ � ã ����� ã ¤ ³ , then �'& can
take anysetof nonnegativevalueson thenonemptyatomsof � ³ .
Proof Wewill prove thetheoremby constructinga �'& which cantake any set
of nonnegativevaluesonthenonemptyatomsof � ³ . Recallthat > is thesetof
all nonemptyatomsof � ³ . Let

bts�ã û�¢�> bemutually independentrandom
variables.Now definetherandomvariables¤�� ã ñ Ø Ý ã Ê ã ����� ã ¼ by¤�� Ø ¦ bts ��û ¢u> and û å 	¤��t¨ î (6.72)

We determinethe
î
-Measure�'& for ¤ ¸ ã ¤ � ã ����� ã ¤ ³ so definedas follows.

Since
bts

are mutually independent,for all nonemptysubsetsA of
3 ³ , we

have Z ¦w¤@?=¨ Ø µs Êwv
+ s'xzy�*{ Z ¦ bGs ¨ î (6.73)
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in Example6.10.
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Ontheotherhand,Z ¦w¤@?=¨ Ø � & ¦*	¤@?Å¨ Ø µs Êwv
+ s'xzy�*{ � & ¦.û0¨ î (6.74)

Equatingtheright handsidesof (6.73)and(6.74),wehaveµs Ê�v�+ s�x y�+{ Z ¦ bts ¨ Ø µs Ê�v
+ s'x y�+{ � & ¦.û ¨ î (6.75)

Evidently, wecanmake theabove equalityhold for all nonemptysubsetsA of3 ³ by taking � & ¦.û ¨ Ø Z ¦ bGs ¨ (6.76)

for all û ¢u> . By theuniquenessof �'& , this is alsotheonly possibilityfor �'& .
Since

Z ¦ bGs ¨ cantake any nonnegative valueby Corollary2.44, � & cantake
any setof nonnegative valueson thenonemptyatomsof � ³ . The theoremis
proved.

In therestof thissection,weexplorethestructureof Shannon’s information
measureswhen ¤ ¸ S ¤T� S ����� S ¤ ³ formsa Markov chain.To startwith,
weconsider¼ Ø \ , i.e., ¤ ¸ S ¤T� S ¤ ï formsaMarkov chain.Since

� & ¦ 	¤ ¸ ü 	¤ Þ� ü 	¤ ï ¨ Ø î ¦w¤ ¸ !�¤ ï � ¤T�L¨ Ø « ã (6.77)

theatom 	¤ ¸ ü 	¤ Þ� ü 	¤ ï doesnothavetobedisplayedin aninformationdiagram.
As such,in constructingtheinformationdiagram,theregionsrepresentingthe
randomvariables¤ ¸ , ¤T� , and ¤ ï shouldoverlapwith eachothersuchthatthe
region correspondingto theatom 	¤ ¸ ü 	¤ Þ� ü 	¤ ï is empty, while the regions
correspondingto all othernonemptyatomsarenonempty. Figure6.7 shows
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X
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Figure6.7. Theinformationdiagramfor theMarkov chain
� ÑG� ��� � ��k

.

sucha construction,in which eachrandomvariableis representedby a moun-
tain4. FromFigure6.7,weseethat 	¤ ¸ ür	¤T�Büp	¤ ï , astheonly atomonwhich�'& may take a negative value,now becomesidentical to the atom 	¤ ¸ ü 	¤ ï .
Therefore,wehaveî ¦w¤ ¸ !�¤T�:!�¤ ï ¨ Ø � & ¦ 	¤ ¸ ü 	¤T�9ü 	¤ ï ¨ (6.78)Ø � & ¦ 	¤ ¸ ü 	¤ ï ¨ (6.79)Ø î ¦w¤ ¸ !�¤ ï ¨ (6.80)» « î (6.81)

Hence,we concludethatwhen ¤ ¸ S ¤T� S ¤ ï formsa Markov chain, � & is
alwaysnonnegative.

Next, we consider¼ Ø l , i.e., ¤ ¸ S ¤T� S ¤ ï S ¤ n forms a Markov
chain. With referenceto Figure 6.6, we first show that underthis Markov
constraint,�'& alwaysvanishesoncertainnonemptyatoms:

1. TheMarkov chain ¤ ¸ S ¤T� S ¤ ï impliesî ¦w¤ ¸ !�¤ ï !�¤ n � ¤T�L¨©¾ î ¦w¤ ¸ !�¤ ï � ¤T� ã ¤ n ¨ Ø î ¦w¤ ¸ !�¤ ï � ¤T�L¨ Ø « î (6.82)

2. TheMarkov chain ¤ ¸ S ¤T� S ¤ n impliesî ¦w¤ ¸ !�¤ ï !�¤ n � ¤T�L¨©¾ î ¦w¤ ¸ !�¤ n � ¤T� ã ¤ ï ¨ Ø î ¦w¤ ¸ !�¤ n � ¤T�L¨ Ø « î (6.83)

3. TheMarkov chain ¤ ¸ S ¤ ï S ¤ n impliesî ¦w¤ ¸ !�¤ � !�¤on � ¤ ï ¨©¾ î ¦w¤ ¸ !�¤on � ¤ � ã ¤ ï ¨ Ø î ¦w¤ ¸ !�¤on � ¤ ï ¨ Ø « î (6.84)

4This form of aninformationdiagramfor aMarkov chainfirst appearedin Kawabata[107].
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4. TheMarkov chain ¤T� S ¤ ï S ¤ n impliesî ¦w¤ ¸ !�¤T��!�¤ n � ¤ ï ¨©¾ î ¦w¤T��!�¤ n � ¤ ¸ ã ¤ ï ¨ Ø î ¦w¤T��!�¤ n � ¤ ï ¨ Ø « î (6.85)

5. TheMarkov chain ¦w¤ ¸ ã ¤T�ô¨ S ¤ ï S ¤ n impliesî ¦P¤ ¸ !�¤T��!�¤ n � ¤ ï ¨©¾ î ¦w¤ ¸ !�¤ n � ¤T� ã ¤ ï ¨Æ¾ î ¦w¤T��!�¤ n � ¤ ¸ ã ¤ ï ¨Ø î ¦w¤ ¸ ã ¤T��!�¤ n � ¤ ï ¨ (6.86)Ø « î (6.87)

Now (6.82)and(6.83)implyî ¦w¤ ¸ !�¤ n � ¤T� ã ¤ ï ¨ Ø î ¦w¤ ¸ !�¤ ï � ¤T� ã ¤ n ¨ ã (6.88)

(6.84)and(6.88)implyî ¦w¤ ¸ !�¤T��!�¤ n � ¤ ï ¨ Ø Ã î ¦w¤ ¸ !�¤ ï � ¤T� ã ¤ n ¨ ã (6.89)

and(6.85)and(6.89)implyî ¦w¤T�:!�¤ n � ¤ ¸ ã ¤ ï ¨ Ø î ¦w¤ ¸ !�¤ ï � ¤T� ã ¤ n ¨ î (6.90)

Thetermsontheleft handsidesof (6.88),(6.89),and(6.90)arethethreeterms
on theleft handsideof (6.87).Thenwesubstitute(6.88),(6.89),and(6.90)in
(6.87)to obtain� & ¦*	¤ ¸ ü"	¤ Þ� üZ	¤ ï üZ	¤ Þn ¨ Ø î ¦w¤ ¸ !�¤ ï � ¤T� ã ¤ n ¨ Ø « î (6.91)

From(6.82),(6.88),(6.89),and(6.90),(6.91)implies� & ¦ 	¤ ¸ ü 	¤ Þ� ü 	¤ ï ü 	¤onL¨ Ø î ¦w¤ ¸ !�¤ ï !�¤on � ¤ � ¨ Ø « (6.92)� & ¦*	¤ ¸ ü"	¤ Þ� ü"	¤ Þï üZ	¤ n ¨ Ø î ¦w¤ ¸ !�¤ n � ¤T� ã ¤ ï ¨ Ø « (6.93)� & ¦ 	¤ ¸ ü 	¤T�9ü 	¤ Þï ü 	¤ n ¨ Ø î ¦w¤ ¸ !�¤T��!�¤ n � ¤ ï ¨ Ø « (6.94)� & ¦*	¤ Þ¸ üZ	¤T�9ü"	¤ Þï üZ	¤ n ¨ Ø î ¦w¤T�:!�¤ n � ¤ ¸ ã ¤ ï ¨ Ø « î (6.95)

From(6.91)to (6.95),weseethat �'& alwaysvanisheson theatoms

	¤ ¸ ü"	¤ Þ� üZ	¤ ï üZ	¤ Þn	¤ ¸ ü 	¤ Þ� ü 	¤ ï ü 	¤ n	¤ ¸ ü 	¤ Þ� ü 	¤ Þï ü 	¤on	¤ ¸ ü 	¤T�9ü 	¤ Þï ü 	¤ n	¤ Þ¸ ü 	¤ � ü 	¤ Þï ü 	¤on (6.96)
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Figure 6.8. Theatomsof � � on which � 0 vanisheswhen
� Ñ � � � � � k � � �

formsa
Markov chain.

of ��n , whichwemarkby anasteriskin theinformationdiagramin Figure6.8.
In fact,thereadercanbenefitby letting

î ¦w¤ ¸ !�¤ ï � ¤T� ã ¤ n ¨ Ø ä » « in (6.82)
andtracethesubsequentstepsleadingto theabove conclusionin theinforma-
tion diagramin Figure6.6.

It is not necessaryto displaythefive atomsin (6.96)in an informationdi-
agrambecause�'& alwaysvanisheson theseatoms. Therefore,in construct-
ing the informationdiagram,the regions representingthe randomvariables
shouldoverlapwith eachothersuchthat the regionscorrespondingto these
five nonemptyatomsareempty, while the regionscorrespondingto theother
tennonemptyatoms,namely

	¤ ¸ ü 	¤ Þ� ü 	¤ Þï ü 	¤ Þn	¤ ¸ ü)	¤T�9ü"	¤ Þï ü)	¤ Þn	¤ ¸ ü 	¤T�9ü 	¤ ï ü 	¤ Þn	¤ ¸ ü)	¤T�9ü"	¤ ï üZ	¤ n	¤ Þ¸ ü 	¤T�9ü 	¤ Þï ü 	¤ Þn	¤ Þ¸ ü 	¤ � ü 	¤ ï ü 	¤ Þn	¤ Þ¸ ü 	¤T�9ü 	¤ ï ü 	¤ n	¤ Þ¸ ü 	¤ Þ� ü 	¤ ï ü 	¤ Þn	¤ Þ¸ üZ	¤ Þ� ü"	¤ ï üZ	¤ n	¤ Þ¸ ü 	¤ Þ� ü 	¤ Þï ü 	¤ n ã
(6.97)

arenonempty. Figure6.9shows sucha construction.Thereadershouldcom-
paretheinformationdiagramsin Figures6.7and6.9andobserve thatthelatter
is anextensionof theformer.
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Figure6.9. Theinformationdiagramfor theMarkov chain
� ÑG� �%� � �%k � ���

.

FromFigure6.9,weseethatthevaluesof �'& on thetennonemptyatomsin
(6.97)areequivalentto Z ¦w¤ ¸ � ¤T� ã ¤ ï ã ¤ n ¨î ¦w¤ ¸ !�¤T� � ¤ ï ã ¤ n ¨î ¦w¤ ¸ !�¤ ï � ¤onô¨î ¦w¤ ¸ !�¤ n ¨Z ¦w¤ � � ¤ ¸ ã ¤ ï ã ¤onô¨î ¦w¤T��!�¤ ï � ¤ ¸ !�¤ n ¨î ¦w¤T��!�¤ n � ¤ ¸ ¨Z ¦w¤ ï � ¤ ¸ ã ¤T� ã ¤ n ¨î ¦w¤ ï !�¤ n � ¤ ¸ ã ¤T�L¨Z ¦w¤on � ¤ ¸ ã ¤ � ã ¤ ï ¨ ã

(6.98)

respectively5. Sincetheseareall Shannon’s informationmeasuresand thus
nonnegative,weconcludethat �'& is alwaysnonnegative.

When ¤ ¸ S ¤T� S ����� S ¤ ³ forms a Markov chain,for ¼ Ø \
, there

is only one nonemptyatom, namely 	¤ ¸ ü 	¤ Þ� ü 	¤ ï , on which �'& always
vanishes.This atomcanbe determineddirectly from the Markov constraintî ¦w¤ ¸ !�¤ ï � ¤T�L¨ Ø « . For ¼ Ø l , thefive nonemptyatomson which �'& always
vanishesare listed in (6.96). The determinationof theseatoms,aswe have
seen,is notstraightforward. Wehavealsoshown thatfor ¼ Ø \ and ¼ Ø l , �'&
is alwaysnonnegative.

We will extendthis themein Chapter7 to finite Markov randomfield with
Markov chainbeinga specialcase.For a Markov chain,the informationdia-
gramcanalwaysbedisplayedin two dimensions,and � & is alwaysnonnega-
tive. Thesewill beexplainedin Chapter7.

5A formalproofwill begivenin Theorem7.30.
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6.6 EXAMPLES OF APPLICATIONS
In this section,we give a few simpleapplicationsof informationdiagrams.

Theuseof informationdiagramssimplifiesmany difficult proofsin informa-
tion theoryproblems.More importantly, theseresults,which maybedifficult
to discover, caneasilybeobtainedby inspectionof aninformationdiagram.

The useof an informationdiagramis very intuitive. To obtainan infor-
mationidentity from an informationdiagramis WYSIWYG6. However, how
to obtainan informationinequalityfrom an informationdiagramneedssome
explanation.

Very often, we usea Venndiagramto representa measure� which takes
nonnegative values. If we seein the Venndiagramtwo sets û and ¹ such
that û is a subsetof ¹ , thenwecanimmediatelyconcludethat ��¦.û0¨ Â ��¦ ¹ ¨
because ��¦ ¹ ¨ Ã ��¦.û0¨ Ø ��¦ ¹ Ã û0¨°»[« î (6.99)

However, an
î
-Measure� & cantake negative values.Therefore,whenwe see

in aninformationdiagramthat û is a subsetof ¹ , we cannotbaseon this fact
aloneconcludethat �'&9¦.û ¨ Â �'&9¦ ¹ ¨ unlesswe know from the setupof the
problemthat � & is nonnegative. (For example,� & is nonnegative if therandom
variablesinvolved form a Markov chain.) Instead,information inequalities
canbe obtainedfrom an informationdiagramin conjunctionwith the basic
inequalities.Thefollowing exampleswill illustratehow it works.�
�F¤»z�?*ÄËi m�J3¥T
~}e��=BG"�0¤T�(CED��a=Bj­i*G�D�<>=B?k�
�

Let ¤ ¸�� ¥ ¸ ¦w¡º¨ and ¤T� �¥ � ¦w¡º¨ . Let ¤ � ¥§¦w¡©¨ Ø �j¥ ¸ ¦w¡º¨Æ¾���j¥@�j¦w¡º¨ ã (6.100)

where « Â � Â Ý and �� Ø Ý Ã � . Wewill showthatZ ¦w¤1¨ð»a� Z ¦w¤ ¸ ¨©¾��� Z ¦w¤T�L¨ î (6.101)

Considerthesystemin Figure6.10in which thepositionof theswitch is deter-
minedbya randomvariable ã with¯�±�� ã Ø Ý � Ø � and

¯�±�� ã Ø Ê � Ø �� ã (6.102)

where ã is independentof ¤ ¸ and ¤T� . Theswitch takesposition ñ if ã Ø ñ ,ñ Ø Ý ã Ê . Figure 6.11showstheinformationdiagramfor ¤ and ã . Fromthe
diagram,weseethat 	¤ Ã 	ã is a subsetof 	¤ . Since�'& is nonnegativefor two
randomvariables,wecanconcludethat

� & ¦(	¤ ¨°»�� & ¦*	¤ Ã 	ã!¨ ã (6.103)

6Whatyou seeis whatyouget.
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Figure6.10. Theschematicdiagramfor Example6.12.

which is equivalentto Z ¦w¤I¨å» Z ¦w¤ � ã ¨ î (6.104)

ThenZ ¦w¤I¨ » Z ¦w¤ � ã ¨ (6.105)Ø ¯=±�� ã Ø Ý � Z ¦w¤ � ã Ø ÝL¨Æ¾ ¯=±�� ã Ø Ê � Z ¦w¤ � ã Ø Ê ¨ (6.106)Ø � Z ¦w¤ ¸ ¨Æ¾ �� Z ¦w¤T�L¨ ã (6.107)

proving (6.101).Thisshowsthat

Z ¦w¤1¨ is a concavefunctionalof ¥§¦w¡º¨ .�
�F¤»z�?*ÄËi m�J3¥T�~}e��=BGG�»i��»CED��a=Bj­z��>D��>¤BÄ­ClGFjË="<�z�¤ DFCY=BGB�
Let¦w¤ ãcb ¨ � ¥Å¦w¡ ãgf ¨ Ø ¥§¦w¡©¨�¥§¦ f � ¡©¨ î (6.108)

Wewill showthat for fixed¥§¦w¡º¨ , î ¦w¤«! b ¨ is a convex functionalof ¥§¦ f � ¡º¨ .
Let ¥ ¸ ¦ f � ¡º¨ and ¥@�j¦ f � ¡©¨ be two transitionmatrices. Considerthe system

in Figure 6.12in which thepositionof theswitch is determinedby a random
variable ã asin thelastexample, where ã is independentof ¤ , i.e.,î ¦w¤«!¯ã ¨ Ø « î (6.109)

X

�

Z


Figure6.11. Theinformationdiagramfor Example6.12.
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Figure6.12. Theschematicdiagramfor Example6.13.

In theinformationdiagramfor ¤ ,
b

, and ã in Figure 6.13,letî ¦w¤«!¯ã � b ¨ Ø ä »[« î (6.110)

Since
î ¦w¤~!¯ã ¨ Ø « , weseethatî ¦w¤~! b !¯ã ¨ Ø Ã ä ã

(6.111)

because î ¦w¤~!¯ã ¨ Ø î ¦w¤~!¯ã � b ¨©¾ î ¦w¤«! b !¯ã ¨ î (6.112)

Thenî ¦w¤«! b ¨Â î ¦w¤«! b � ã ¨ (6.113)Ø ¯=±�� ã Ø Ý � î ¦w¤~! b � ã Ø ÝL¨Æ¾ ¯�±�� ã Ø Ê � î ¦w¤~! b � ã Ø Ê ¨ (6.114)Ø � î ¦	¥§¦w¡º¨ ã ¥ ¸ ¦ f � ¡º¨�¨n¾��� î ¦	¥§¦w¡º¨ ã ¥��4¦ f � ¡©¨�¨ ã (6.115)

where
î ¦	¥§¦w¡º¨ ã ¥0�`¦ f � ¡º¨�¨ denotesthemutualinformationbetweentheinput and

outputof a channelwith inputdistribution ¥§¦w¡º¨ andtransitionmatrix ¥0��¦ f � ¡©¨ .
Thisshowsthat for fixed¥§¦w¡©¨ , î ¦w¤~! b ¨ is a convex functionalof ¥§¦ f � ¡º¨ .

X

�

Z


Y


a
�-
a
�

Figure6.13. Theinformationdiagramfor Example6.13.
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Figure6.14. Theschematicdiagramfor Example6.14.£
¤�¥§¦
¨ª©S«­¬�®�¯±°�²´³¶µ¸·'¹º¥T»*¼�½G¾Nµ¸¿À¦�Ác½�Ác¥¸©À¼Â·�¿Sµ'Ã�¦!¥Ä½�¼Qµ¸·¸Å
LetÆQÇÉÈËÊeÌ+Í�Î*ÆQÏ'ÈÑÐªÌ(Ò�Î§ÆQÏ�ÌÓÎ§ÆQÐ�Ô Ï�ÌÖÕ

(6.116)

Wewill showthat for fixed
Î§ÆQÐ�Ô ÏcÌ

, � ÆQÇØ×ËÊ@Ì is a concavefunctionalof
Î§ÆQÏ�Ì

.
Considerthesystemin Figure6.14,wherethepositionof theswitch is deter-

minedby a randomvariable Ù asin thelast example. In this system,when
Ç

is given, Ù is independentof
Ê

, or ÙNÚ Ç Ú Ê formsa Markov chain. ThenÛ'Ü is nonnegative, andtheinformationdiagramfor
Ç

,
Ê

, and Ù is shownin
Figure6.15.

FromFigure6.15,since ÝÇDÞ ÝÊNß ÝÙ is a subsetof ÝÇàÞ ÝÊ and Û'Ü is nonneg-
ative, weimmediatelyseethat� ÆQÇØ×ËÊeÌá � ÆQÇØ×ËÊuÔ Ù Ì (6.117)Ò â(ã5ä Ù Òæåwç � ÆQÇ�×ËÊÉÔ Ù ÒæåèÌ�é�âêãëä Ù ÒíìSç � ÆQÇ�×ËÊÉÔ Ù ÒîìïÌ (6.118)Ò ð � ÆñÎ�òèÆQÏcÌÖÈ<Î§ÆQÐ�Ô ÏcÌÑÌ¸é�óð � ÆñÎtôïÆQÏcÌÖÈ<Î*ÆQÐ�Ô Ï�ÌÑÌÖÕ (6.119)

Thisshowsthat for fixed
Î§ÆQÐ�Ô ÏcÌ

, � ÆQÇØ×ËÊ@Ì is a concavefunctionalof
Î§ÆQÏ�Ì

.£
¤�¥§¦
¨ª©S«­¬�®�¯Tõ.²Ñö´¦�¨ª«ªÃ�¿a«º¹º½"÷è«º¹GÃ�«º¹ª¾ø½�ù�«ºµ¸Ã�«ª¦EÅ
Let
Ç

be the plain
text,
Ê

betheciphertext, and Ù bethekey in a secret key cryptosystem.Since

Y
Z

ú

X


Figure6.15. Theinformationdiagramfor Example6.14.
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Figure6.16. Theinformationdiagramfor Example6.15.Ç
canberecoveredfrom

Ê
and Ù , wehave� ÆQÇ�Ô ÊêÈ Ù Ì(Ò���Õ (6.120)

Wewill showthat thisconstraint aloneimplies� ÆQÇØ×ËÊeÌ á � ÆQÇ Ì§ß � Æ Ù ÌÖÕ (6.121)

Let � ÆQÇØ×ËÊuÔ Ù Ì(Ò�� á � (6.122)� Æ<Ê × Ù Ô Ç ÌêÒ�� á � (6.123)� Æ Ù Ô ÇÉÈËÊeÌ(Ò�� á ��È (6.124)

and � ÆQÇ�×ËÊ × Ù Ì+Ò��ªÕ (6.125)

(SeeFigure 6.16.)Since� Æ<ÊV× Ù Ì á � ,�*é�� á ��Õ
(6.126)

In comparing
� ÆQÇ Ì

with
� Æ Ù Ì , wedo not haveto consider� ÆQÇØ× Ù Ô ÊeÌ and� ÆQÇØ×ËÊ × Ù Ì sincethey belongto both

� ÆQÇ Ì
and
� Æ Ù Ì . Thenwe seefrom

Figure 6.16that � ÆQÇ Ì*ß � Æ Ù Ì+Ò�� ß	� ß
�wÕ (6.127)

Therefore, � ÆQÇ�×ËÊeÌ Ò �¶é��
(6.128)á �zß	�
(6.129)á �zß	� ß
�
(6.130)Ò � ÆQÇ Ì*ß � Æ Ù ÌÖÈ (6.131)

where (6.129)and(6.130)follow from(6.126)and(6.124),respectively, prov-
ing (6.121).

D R A F T September 13, 2001, 6:27pm D R A F T



The � -Measure 117

X

�

Y
 Z




Figure6.17. Theinformationdiagramfor theMarkov chain ��������� .

Thequantity � ÆQÇ�×ËÊ@Ì is a measureof thesecuritylevelof thecryptosystem.
In general, we want to make � ÆQÇØ×ËÊeÌ small so that the evesdroper cannot
obtain too much informationaboutthe plain text

Ç
by observingthe cipher

text
Ê

. This resultsaysthat the systemcan attain a certain level of security
only if

� Æ Ù Ì (oftencalledthekey length)is sufficiently large. In particular, if
perfectsecrecyis required,i.e., � ÆQÇØ×ËÊeÌ+Ò�� , then

� Æ Ù Ì mustbeat leastequal
to
� ÆQÇ Ì

. This specialcaseis knownas Shannon’s perfectsecrecy theorem
[174]7.

Notethat in derivingour result,theassumptionsthat
� Æ<Ê Ô ÇÀÈ Ù ÌêÒ�� , i.e.,

theciphertext is a functionof theplain text andthekey, and � ÆQÇ�× Ù Ì(Ò�� , i.e.,
theplain text andthekey are independent,arenotnecessary.£
¤�¥§¦
¨ª©S«­¬�®�¯T¬

Figure 6.17showsthe informationdiagramfor theMarkov
chain
Ç Ú Ê Ú Ù . From this diagram, we can identify the following two

informationidentities:

� ÆQÇØ×ËÊeÌ Ò � ÆQÇØ×ËÊ È Ù Ì (6.132)� ÆQÇ�Ô ÊeÌ Ò � ÆQÇ�Ô Ê È Ù ÌÖÕ (6.133)

SinceÛ'Ü is nonnegativeand ÝÇqÞ ÝÙ is a subsetof ÝÇqÞ ÝÊ , wehave

� ÆQÇØ× Ù Ì�� � ÆQÇØ×ËÊeÌÖÈ (6.134)

which hasalreadybeenobtainedin Lemma2.41.Similarly, wecanalsoobtain� ÆQÇ�Ô ÊeÌ�� � ÆQÇ�Ô Ù ÌÖÕ (6.135)

£
¤�¥§¦
¨ª©S«­¬�®�¯��Ø²��¶¥Ä½a¥ ¨ªÃcµ¸¹G«º÷�÷Y¼Q·���½�ù�«tµ'Ã�«ª¦EÅ
Figure6.18showsthein-

formationdiagram for the Markov chain
Ç Ú Ê Ú Ù)Ú � . Since Û Ü is

7Shannonuseda combinatorialargumentto prove this theorem. An information-theoreticproof canbe
foundin Massey [133].

D R A F T September 13, 2001, 6:27pm D R A F T



118 A FIRSTCOURSEIN INFORMATIONTHEORY

X
 T
Z

�

Y


Figure6.18. Theinformationdiagramfor theMarkov chain � �!�"�#�$�!% .

nonnegativeand ÝÇqÞ Ý� is a subsetof ÝÊîÞ ÝÙ , wehave

� ÆQÇØ× � Ì&� � Æ<ÊV× Ù ÌÖÈ (6.136)

which is thedataprocessingtheorem(Theorem2.42).

APPENDIX 6.A: A VARIATION OF THE INCLUSION-
EXCLUSION FORMULA

In this appendix,we show that for each'
(*) , +-,.'0/ canbeexpressedasa linearcombi-
nationof +-,.1�/3241
(65 via applicationsof (6.28)and(6.29).Wefirst proveby using(6.28)the
following variationof theinclusive-exclusive formula.7 ù�«ºµ¸Ã�«ª¦P¬�8Ö¬�®:9�®�¯<;

For a set-additivefunction + ,+ =?>@ACBED ' AGF 1IH	JLKD4MON.M > +-,.' N F 1�/ F KD4MON.PRQSM > +-,.' NUT ' Q F 1V/WYXCXCXZW , F\[ / >^] D +-,.' DET '`_ T XCXaX T ' > F 1V/3b (6.A.1)

Proof Thetheoremwill beprovedby inductionon c . First,(6.A.1)is obviouslytruefor c6J [ .
Assume(6.A.1) is truefor someced [ . Now consider+ = >f] D@ACBED ' AGF 1IHJ + =g=">@ACBED ' A H�hi' >f] D F 1IH (6.A.2)

J + = >@AaBjD ' A F 1 H W +-,.' >f] D F 1V/ F + =k= >@ACBED ' A H T ' >^] D F 1 H (6.A.3)

J l KD4MON.M > +-,.' N F 1�/ F KD4MmN:PnQSM > +-,.' N T ' Q F 1V/ WoXaXCX
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APPENDIX6.A: A Variation of theInclusion-ExclusionFormula 119W , F\[ / >f] D +-,.' D T ' _ T XCX�X T ' > F 1V/^p W +q,.' >f] D F 1V/
F + =?>@AaBjD ,.' A T ' >f] D / F 1IH (6.A.4)

J l KD4MON.M > +q,.' N F 1�/ F KD4MmN:PnQSM > +-,.' N T ' Q F 1�/ WoXaXCXW , F\[ / >f] D +-,.' D T ' _ T XCXCX T ' > F 1V/^p W +-,.' >f] D F 1V/
F l KD4MmN:M > +q,.' N T ' >f] D F 1V/ F KD4MON.PRQSM > +-,.' N T ' Q T ' >^] D F 1�/W$XCXCXSW , F\[ / >^] D +-,.' D T ' _ T XCXaX T ' > T ' >f] D F 1V/^p (6.A.5)J KD4MON.M >f] D +-,.' N F 1V/ F KD4MON.PRQSM >^] D +q,.' NOT ' Q F 1�/ W$XCX�XW , F\[ / >f] _ +-,.' D T ' _ T XCX�X T ' >^] D F 1�/3b (6.A.6)

In the above, (6.28)wasusedin obtaining(6.A.3), andthe inductionhypothesiswasusedin
obtaining(6.A.4)and(6.A.5). Thetheoremis proved.

Now anonemptyatomof r > hastheform>@NsBjD � N 2 (6.A.7)

where � N is either t� N or t�6uN , andthereexistsat leastone v suchthat � N Jwt� N . Thenwe can
write theatomin (6.A.7)as @N:x ySz{B&|} z � N F�~�� �Q�x y��CB&|}��� � QZ�Z�� b (6.A.8)

Notethattheintersectionabove is alwaysnonempty. Thenusing(6.A.1)and(6.29),weseethat
for each'�(�) , +-,.'`/ canbeexpressedasa linearcombinationof +-,.1�/3241
(65 .

PROBLEMS
1. Show that

� ÆQÇØ×ËÊ × Ù Ì+Ò��	�.�m� Î§ÆQÇÀÈËÊoÌÓÎ*Æ<ÊêÈ Ù ÌÓÎ§ÆQÇÀÈ Ù ÌÎ§ÆQÇ ÌÓÎ*Æ<ÊoÌÓÎ*Æ Ù ÌÓÎ*ÆQÇÉÈËÊ È Ù Ì
andobtainageneralformulafor � ÆQÇ òY×ÑÇeô±Èë×R�R�R��×ÑÇY�ÄÌ .
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2. Show that � ÆQÇ�×ËÊV× Ù Ì vanishesif at leastoneof the following conditions
hold:

a)
Ç

,
Ê

, and Ù aremutuallyindependent;

b)
Ç Ú Ê Ú9Ù formsaMarkov chainand

Ç
and Ù areindependent.

3. a) Verify that � ÆQÇ�×ËÊ × Ù Ì vanishesfor thedistribution
Î§ÆQÏ¸ÈÑÐtÈS�SÌ

givenbyÎ§Æ���ÈS��ÈS�TÌêÒ���Õ����1ìm�aÈDÎ§Æ���ÈS��ÈYåèÌ Ò���Õ��<�m�aån�aÈ Î§Æ���ÈYå±ÈS�TÌ�Ò���Õ����1ìm�Î§Æ���ÈYå±ÈYåèÌêÒ���Õ����1ìm�aÈDÎ§ÆOå±ÈS��ÈS�TÌ Ò���Õ����1ìm�aÈ Î§ÆOå±ÈS��ÈYåèÌ�Ò���Õ�å1åR���Î§ÆOå±ÈYå±ÈS�TÌêÒ���Õ�ån���O�aÈDÎ§ÆOå±ÈYå±ÈYåèÌ Ò���Õ������O�aÕ
b) Verify that the distribution in part b) doesnot satisfythe conditionin

parta).

4. Weakindependence
Ç

is weaklyindependentof
Ê

if therows of thetran-
sitionmatrix � Î*ÆQÏ*Ô ÐªÌ�� arelinearlydependent.

a) Show that if
Ç

and
Ê

areindependent,then
Ç

is weaklyindependent
of
Ê

.

b) Show thatfor randomvariables
Ç

and
Ê

, thereexistsarandomvariableÙ satisfying

i)
Ç Ú Ê Ú Ù

ii)
Ç

and Ù areindependent
iii)
Ê

and Ù arenot independent

if andonly if
Ç

is weaklyindependentof
Ê

.

(BergerandYeung[22].)

5. Prove that

a) � ÆQÇØ×ËÊ × Ù Ì á ß�� �.¡tä � ÆQÇØ×ËÊÉÔ Ù ÌÖÈ � Æ<ÊV× Ù Ô Ç ÌÖÈ � ÆQÇÉÈ Ù Ô Ê@Ì´ç
b) � ÆQÇØ×ËÊ × Ù Ì��¢�£�¤¡ºä � ÆQÇØ×ËÊ@ÌÖÈ � Æ<ÊV× Ù ÌÖÈ � ÆQÇØ× Ù Ì´çïÕ

6. a) Provethatif
Ç

and
Ê

areindependent,then � ÆQÇÉÈËÊ × Ù Ì á � ÆQÇØ×ËÊuÔ Ù Ì .
b) Show that the inequalityin part a) is not valid in generalby giving a

counterexample.

7. In Example6.15, it wasshown that � ÆQÇ�×ËÊ@Ì á � ÆQÇ Ì!ß � Æ Ù Ì , whereÇ
is the plain text,

Ê
is the ciphertext, and Ù is the key in a secretkey

cryptosystem.Giveanexampleof a secretkey cryptosystemsuchthatthis
inequalityis tight.
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8. Secret sharing For a given finite set ¥ anda collection ¦ of subsetsof¥ , a secretsharingschemeis a randomvariable § anda family of random
variables

äYÇ©¨Yª5Î�« ¥ ç suchthatfor all ¬ « ¦ ,� Æ § Ô Ç£­+Ì+Ò���È
andfor all ®°¯« ¦ , � Æ § Ô Ç ± Ì+Ò � Æ § ÌÖÕ
Here, § is the secret and ¥ is the setof participantsof the scheme.A
participant

Î
of the schemepossessesa share

Ç ¨
of the secret. The set¦ specifiesthe accessstructure of the scheme:For a subset¬ of ¥ , by

pooling their shares,if ¬ « ¦ , the participantsin ¬ canreconstruct§ ,
otherwisethey canknow nothingabout § .

a) i) Prove thatfor ¬ È ®³²´¥ , if ®µ¯« ¦ and ¬�¶$® « ¦ , then� ÆQÇ£­%Ô Ç ±êÌêÒ � Æ § Ì�é � ÆQÇ£­�Ô Ç ±%È § ÌÖÕ
ii) Prove thatif ® « ¦ , then� ÆQÇ£­�Ô Ç ±êÌ+Ò � ÆQÇ£­%Ô Ç ±�È § ÌÖÕ
(Capocelliet al. [37].)

b) Prove that for ¬ È ® È¸· ²¹¥ suchthat ¬�¶ ·µ« ¦ , ®�¶ ·µ« ¦ , and· ¯« ¦ , then � ÆQÇ ­ ×ÑÇ ± Ô Ç º(Ì á � Æ § ÌÖÕ
(vanDijk [193].)

9. Considerfour randomvariables
ÇÀÈËÊêÈ Ù , and � which satisfythe follow-

ing constraints:
� Æ � Ô Ç Ì¶Ò � Æ � Ì , � Æ � Ô ÇÀÈËÊeÌ¶Ò³� , � Æ � Ô ÊoÌEÒ � Æ � Ì ,� Æ<ÊuÔ Ù Ì+Ò�� , and
� Æ � Ô Ù Ì+Ò�� . Prove that

a)
� Æ � Ô ÇÀÈËÊêÈ Ù Ì(Ò � Æ Ù × � Ô ÇÉÈËÊeÌ(Ò���Õ

b) � ÆQÇØ× � Ô Ê È Ù Ì(Ò � ÆQÇØ×ËÊ × � Ô Ù Ì+Ò � Æ<ÊV× � Ô ÇÉÈ Ù Ì(Ò���Õ
c) � ÆQÇØ× Ù × � Ì(Ò � Æ<Ê × Ù × � Ì+Ò���Õ
d)
� Æ<Ê�Ô ÇÉÈ Ù È � ÌêÒ � ÆQÇØ×ËÊÉÔ Ù È � Ì(Ò�� .

e) � ÆQÇØ×ËÊ × Ù Ì á � .
f) � ÆQÇØ× Ù Ì á � Æ � Ì .

Theinequalityin f) findsapplicationin asecretsharingproblemstudiedby
Blundoetal. [32].
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In the following, we use
Ç¼»pÊ Ô Ù to denotethat

Ç
and
Ê

areindependent
given Ù .

10. a) Prove that underthe constraintthat
Ç Ú Ê Ú Ù forms a Markov

chain,
Ç½»íÊ Ô Ù and

Ç¾» Ù imply
Ç¾»mÊ

.

b) Provethattheimplicationin a)continuestobevalidwithouttheMarkov
chainconstraint.

11. a) Show that
Ê³» Ù Ô � doesnot imply

Ê³» Ù Ô ÆQÇÉÈ � Ì by giving a coun-
terexample.

b) Prove that
Ê¿» Ù Ô � implies

Ê¿» Ù Ô ÆQÇÀÈ � Ì conditioningon
Ç ÚÊ Ú9ÙmÚÀ� .

12. Prove thatfor randomvariables
Ç

,
Ê

, Ù , and � ,ÇÁ» Ù Ô ÊÆQÇÉÈËÊeÌ\» � Ô ÙÊ¹» Ù Ô �Ê¹» Ù Ô ÇÇÁ» �
Â ÃÃÃÃÄÃÃÃÃÅ�Æ ÊÇ» Ù Õ

Hint: Observe that
ÇÈ» Ù Ô Ê and

ÆQÇÉÈËÊeÌ6» � Ô Ù areequivalentto
Ç ÚÊ Ú9ÙmÚÀ� anduseaninformationdiagram.

13. Prove that Ç½»mÊÇ½»mÊ�Ô Æ Ù È � ÌÙ » � Ô ÇÙ » � Ô Ê
Â ÃÃÄÃÃÅ�É

ÊÃÃË ÃÃÌ Ù » �Ù » � Ô ÆQÇÀÈËÊeÌÇ¾»mÊ�Ô ÙÇ¾»mÊ�Ô � Õ
(StudenÍÎ [189].)

HISTORICAL NOTES
The original work on the set-theoreticstructureof Shannon’s information

measuresis dueto Hu [96]. It wasestablishedin thispaperthatevery informa-
tion identity impliesa setidentity via a substitutionof symbols.This allows
thetoolsfor proving informationidentitiesto beusedin proving setidentities.
Sincethepaperwaspublishedin Russian,it waslargely unknown to theWest
until it wasdescribedin CsiszÍÏ r andK Ð� rner [52]. Throughoutthe years,the
useof Venndiagramsto representthestructureof Shannon’s informationmea-
suresfor two or threerandomvariableshasbeensuggestedby variousauthors,
for example,Reza[161], Abramson[2], andPapoulis[150], but noformal jus-
tification wasgivenuntil Yeung[213] introducedthe � -Measure.Most of the
examplesin Section6.6werepreviously unpublished.
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McGill [140] proposeda multiple mutual informationfor any numberof
randomvariableswhich is equivalentto themutualinformationbetweentwo
or morerandomvariablesdiscussedhere.Propertiesof thisquantityhavebeen
investigatedby Kawabata[107] andYeung[213].

Along a relateddirection,Han [86] viewed the linear combinationof en-
tropiesasavectorspaceanddevelopeda lattice-theoreticdescriptionof Shan-
non’s informationmeasures.
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Chapter7

MARK OV STRUCTURES

We have proved in Section6.5 that if
Ç ò Ú Çeô Ú Ç£Ñ Ú ÇYÒ forms a

Markov chain,the � -MeasureÛ Ü alwaysvanisheson thefiveatoms

ÝÇ ò§Þ ÝÇ�Óô Þ ÝÇ£ÑêÞ ÝÇ�ÓÒÝÇ ò§Þ ÝÇ Óô Þ ÝÇ£ÑêÞ ÝÇYÒÝÇ ò§Þ ÝÇ�Óô Þ ÝÇÔÓÑ Þ ÝÇYÒÝÇ ò§Þ ÝÇeôêÞ ÝÇ ÓÑ Þ ÝÇYÒÝÇ Óò Þ ÝÇ ô Þ ÝÇ ÓÑ Þ ÝÇ Ò Õ
(7.1)

Consequently, the � -MeasureÛ'Ü is completelyspecifiedby the valuesof Û'Ü
on theothertennonemptyatomsof Õ Ò , andtheinformationdiagramfor four
randomvariablesformingaMarkov chaincanbedisplayedin two dimensions
asin Figure6.10.

Figure 7.1 is a graphwhich representsthe Markov chain
Ç ò Ú Çeô ÚÇ£Ñ Ú ÇYÒ . The observant readerwould notice that Û'Ü alwaysvanisheson

a nonemptyatom ¬ of Õ Ò if and only if the graphin Figure 7.1 becomes
disconnectedupon removing all the verticescorrespondingto the comple-
mentedset variablesin ¬ . For example, Û'Ü always vanisheson the atomÝÇ ò§Þ ÝÇ Óô Þ ÝÇ£Ñ(Þ ÝÇ ÓÒ , andthegraphin Figure7.1becomesdisconnectedupon
removing vertices2 and4. On theotherhand,Û'Ü doesnot necessarilyvanish
ontheatom ÝÇ Óò Þ ÝÇ ô Þ ÝÇ Ñ Þ ÝÇ ÓÒ , andthegraphin Figure7.1remainsconnected

1
 2

Ö

3
 4

×

Figure7.1. ThegraphrepresentingtheMarkov chain � D ��� _ �!�ÙØ�����Ú .
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uponremoving vertices1 and4. This observationwill beexplainedin a more
generalsettingin thesubsequentsections.

Thetheoryof � -Measureestablishesa one-to-onecorrespondencebetween
Shannon’s information measuresand set theory. Basedon this theory, we
develop in this chaptera set-theoreticcharacterizationof a Markov structure
calledfull conditionalmutualindependence. A Markov chain,andmoregener-
ally aMarkov randomfield, is acollectionof full conditionalmutualindepen-
dencies.Wewill show thatif acollectionof randomvariablesformsaMarkov
randomfield, thenthestructureof the � -Measurecanbesimplified.In particu-
lar, whentherandomvariablesform aMarkov chain,the � -Measureexhibitsa
very simplestructuresothattheinformationdiagramcanbedisplayedin two
dimensionsregardlessof thelengthof theMarkov chain.

Thetopicsto becoveredin thischapterarefundamental.Unfortunately, the
proofsof the resultsarevery heavy. At first reading,the readershouldstudy
Example7.8 at the end of the chapterto develop someappreciationof the
results.Thenthereadermaydecidewhetherto skip thedetaileddiscussionsin
thischapter.

7.1 CONDITION AL MUTUAL INDEPENDENCE
In thissection,weexploretheeffectof conditionalmutualindependenceon

thestructureof the � -MeasureÛ'Ü . Webegin with a simpleexample.£
¤�¥§¦
¨ª©S«
�c®�¯
Let
Ç

,
Ê

, and Ù bemutuallyindependentrandomvariables.
Then � ÆQÇ�×ËÊoÌêÒ � ÆQÇ�×ËÊV× Ù Ì�é � ÆQÇØ×ËÊuÔ Ù Ì(Ò���Õ (7.2)

Since� ÆQÇØ×ËÊuÔ Ù Ì á � , welet

� ÆQÇØ×ËÊÉÔ Ù Ì+Ò�� á ��È (7.3)

sothat � ÆQÇ�×ËÊV× Ù Ì(Òæßg�ºÕ (7.4)

Similarly, � Æ<Ê × Ù Ì+Ò � ÆQÇ�×ËÊV× Ù Ì�é � Æ<ÊV× Ù Ô Ç ÌêÒ�� (7.5)

and � ÆQÇØ× Ù Ì(Ò � ÆQÇØ×ËÊ × Ù Ì�é � ÆQÇ�× Ù Ô ÊoÌêÒ���Õ (7.6)

Thenfrom(7.4),weobtain

� Æ<Ê × Ù Ô Ç Ì(Ò � ÆQÇØ× Ù Ô ÊeÌ(Ò��tÕ (7.7)

Therelations(7.3), (7.4), and (7.7) are shownin the informationdiagram in
Figure 7.2,which indicatesthat

Ç
,
Ê

, and Ù are pairwiseindependent.
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a
Û
a
Û

a
Û
-a


X

Ü

Z

Ý

Y


Figure7.2. � , � , and � arepairwiseindependent.

Wehaveprovedin Theorem2.39that
Ç

,
Ê

, and Ù aremutuallyindependent
if andonly if � ÆQÇÉÈËÊ È Ù ÌêÒ � ÆQÇ Ì�é � Æ<ÊoÌ�é � Æ Ù ÌÖÕ (7.8)

Bycountingatomsin theinformationdiagram,weseethat� Ò � ÆQÇ Ì'é � Æ<ÊoÌ�é � Æ Ù Ì¸ß � ÆQÇÉÈËÊ È Ù Ì (7.9)Ò � ÆQÇØ×ËÊuÔ Ù Ì�é � Æ<Ê × Ù Ô Ç Ì'é � ÆQÇ�× Ù Ô ÊeÌ�é�ì � ÆQÇØ×ËÊ × Ù Ì (7.10)Ò �tÕ
(7.11)

Thus
�eÒ��

, which implies

� ÆQÇ�×ËÊÉÔ Ù ÌÖÈ � Æ<Ê × Ù Ô Ç ÌÖÈ � ÆQÇ�× Ù Ô Ê@ÌÖÈ � ÆQÇØ×ËÊ × Ù Ì (7.12)

areall equalto 0. Equivalently, Û'Ü vanisheson

ÝÇqÞ ÝÊ ß ÝÙ È ÝÊíÞ ÝÙ ß ÝÇ,È ÝÇqÞ ÝÙ ß ÝÊ@È ÝÇqÞ ÝÊíÞ ÝÙ È (7.13)

which arepreciselytheatomsin theintersectionof anytwoof thesetvariablesÝÇ , ÝÊ , and ÝÙ .
Conversely, if Û Ü vanisheson thesetsin (7.13),thenweseefrom(7.10)that

(7.8)holds,i.e.,
Ç

,
Ê

, and Ù aremutuallyindependent.Therefore,
Ç

,
Ê

, andÙ are mutually independentif and only if Û'Ü vanisheson the setsin (7.13).
Thisis shownin theinformationdiagramin Figure 7.3.

Thethemeof this examplewill beextendedto conditionalmutualindepen-
denceamongcollectionsof randomvariablesin Theorem7.9, which is the
mainresultin this section.In therestof thesection,we will developthenec-
essarytoolsfor proving this theorem.At first reading,thereadershouldtry to
understandtheresultsby studyingtheexampleswithoutgettinginto thedetails
of theproofs.
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0

Þ

0

Þ 0

Þ

0

Þ

X
 Z


Y


Figure7.3. � , � , and � aremutuallyindependent.

In Theorem2.39,we have proved that
Ç òYÈÑÇeô±ÈR�R�R�YÈÑÇY�

aremutually inde-
pendentif andonly if � ÆQÇ òYÈÑÇeôïÈR�R�R�YÈÑÇY�ÄÌ+Ò �Kß.à ò � ÆQÇ ß ÌÖÕ (7.14)

By conditioningona randomvariable
Ê

, onecanreadilyprove thefollowing.7 ù�«ºµ¸Ã�«ª¦á�c®.â Ç òYÈÑÇeô±ÈR�R�R�èÈÑÇY�
aremutuallyindependentconditioningon

Ê
if andonly if � ÆQÇ ò ÈÑÇ ô ÈR�R�R�èÈÑÇ � Ô Ê�Ì+Ò �Kß.à ò � ÆQÇ ß Ô ÊeÌÖÕ (7.15)

Wenow prove two alternative characterizationsof conditionalmutualinde-
pendence.7 ù�«ºµ¸Ã�«ª¦á�c®.ã Ç òYÈÑÇeô±ÈR�R�R�èÈÑÇY�

aremutuallyindependentconditioningon
Ê

if andonly if for all
åä�´åV�´æ

,

� ÆQÇ ß ×ÑÇèç1È�é ¯Ò å7Ô ÊeÌ(Ò���È (7.16)

i.e.,
Ç ß

and
ÆQÇ ç È�é ¯Ò å Ì are independentconditioningon

Ê
.

Remark A conditionalindependency is aspecialcaseof aconditionalmutual
independency. However, this theoremsaysthata conditionalmutualindepen-
dency is equivalentto asetof conditionalindependencies.

Proof of Theorem7.3 It sufficesto provethat(7.15)and(7.16)areequivalent.
Assume(7.15)is true,sothat

Ç òYÈÑÇeô±ÈR�R�R�YÈÑÇY�
aremutuallyindependentcon-

ditioning on
Ê

. Thenfor all
å
,
Ç ß

is independentof
ÆQÇ ç È�é ¯Ò�å Ì conditioning

on
Ê

. Thisproves(7.16).
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Now assumethat(7.16)is truefor all
åä�¢åI�´æ

. Consider� Ò � ÆQÇ ß ×ÑÇ ç È�é ¯Ò å7Ô ÊoÌ (7.17)Ò � ÆQÇ ß ×ÑÇ òYÈÑÇeô±ÈR�R�R��ÈÑÇ ß{ê òwÔ Ê�Ìé � ÆQÇ ß ×ÑÇ ß:ë òYÈR�R�R��ÈÑÇY�cÔ Ê ÈÑÇ òYÈÑÇeô1ÈR�R�R�YÈÑÇ ß{ê ò7ÌÖÕ (7.18)

Sincemutualinformationis alwaysnonnegative, this implies� ÆQÇ ß ×ÑÇ òYÈR�R�R��ÈÑÇ ß{ê òwÔ Ê�Ì(Ò���È (7.19)

or
Ç ß

and
ÆQÇ òYÈÑÇeô1ÈR�R�R�èÈÑÇ ßìê ò7Ì

areindependentconditioningon
Ê

. Therefore,Ç òYÈÑÇeô±ÈR�R�R�YÈÑÇY�
aremutuallyindependentconditioningon

Ê
(seetheproofof

Theorem2.39),proving (7.15).Hence,thetheoremis proved.7 ù�«ºµ¸Ã�«ª¦á�c®�° Ç òYÈÑÇeô±ÈR�R�R�èÈÑÇY�
aremutuallyindependentconditioningon

Ê
if andonly if � ÆQÇ òYÈÑÇeô±ÈR�R�R�YÈÑÇY��Ô ÊoÌ(Ò �K ß.à ò � ÆQÇ ß Ô ÊêÈÑÇèçïÈ�é ¯Ò�å ÌÖÕ (7.20)

Proof It sufficesto prove that(7.15)and(7.20)areequivalent.Assume(7.15)
is true,so that

Ç òYÈÑÇeô±ÈR�R�R�èÈÑÇY�
aremutually independentconditioningon

Ê
.

Sincefor all
å
,
Ç ß

is independentof
Ç ç È�é ¯Ò�å conditioningon

Ê
,� ÆQÇ ß Ô ÊoÌ(Ò � ÆQÇ ß Ô ÊêÈÑÇèçïÈ�é ¯Ò�å Ì (7.21)

Therefore,(7.15)implies(7.20).
Now assumethat(7.20)is true.Consider� ÆQÇ ò ÈÑÇ ô ÈR�R�R�èÈÑÇ � Ô Ê�Ì
Ò �K ß.à ò � ÆQÇ ß Ô ÊêÈÑÇ òYÈR�R�R�èÈÑÇ ßìê òëÌ (7.22)

Ò �K ß.à ò � � ÆQÇ ß Ô ÊêÈÑÇèçïÈ�é ¯Ò�å Ì�é � ÆQÇ ß ×ÑÇ ß.ë òYÈR�R�R��ÈÑÇY�cÔ Ê ÈÑÇ òèÈR�R�R�YÈÑÇ ß{ê ò7Ì��
(7.23)Ò �K ß.à ò � ÆQÇ ß Ô ÊêÈÑÇèçïÈ�é ¯Ò�å Ì�é �K ß.à ò � ÆQÇ ß ×ÑÇ ß.ë òYÈR�R�R��ÈÑÇY�cÔ Ê ÈÑÇ òèÈR�R�R�YÈÑÇ ß{ê ò7ÌÖÕ
(7.24)

Then(7.20)implies�K ß.à ò � ÆQÇ ß ×ÑÇ ß:ë òYÈR�R�R��ÈÑÇY��Ô Ê ÈÑÇ òYÈR�R�R�YÈÑÇ ß{ê ò7Ì(Ò���Õ (7.25)
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Sinceall the termsin theabove summationarenonnegative, they mustall be
equalto 0. In particular, for

å§Òæå
, wehave� ÆQÇ òY×ÑÇeô±ÈR�R�R�èÈÑÇY��Ô Ê�Ì(Ò���Õ (7.26)

By symmetry, it canbeshown that� ÆQÇ ß ×ÑÇèçïÈ�é ¯Ò�å7Ô ÊeÌ+Ò�� (7.27)

for all
åä�´åI�¢æ

. Thenthis implies(7.15)by thelasttheorem,completingthe
proof.7 ù�«ºµ¸Ã�«ª¦á�c®�õ

Let
·

and í ß bedisjoint index setsand î ß bea subsetof í ß
for
åï�#å6�¹ð

, where
ð á ì

. Assumethat there exist at leasttwo
å

such thatî ß ¯ÒÁñ . Let
Ç ò N Ò\ÆQÇ£ó ÈSôõ« í ß ÌÖÈYå��öå£�°ð and

Ç º Ò]ÆQÇ£ó�ÈSôõ«#· Ì
be

collectionsof randomvariables.If
Ç ò N ÈYå*��åk��ð are mutuallyindependent

conditioningon
Ç º

, then
Ç ÷ N such that î ß ¯ÒÁñ are mutually independent

conditioningon
ÆQÇ º ÈÑÇ ò N ê ÷ N , å6�´åø� ðªÌ .

Wefirst give anexamplebeforeweprove thetheorem.£
¤�¥§¦
¨ª©S«
�c®�¬
Suppose

Ç òYÈèÆQÇeô±ÈÑÇ£Ñ±ÈÑÇYÒ±ÌÖÈ
and
ÆQÇ£ù±ÈÑÇ£ú�Ì

are mutuallyinde-
pendentconditioningon

Ç û
. By Theorem 7.5,

Ç ò
,
Çeô

, and
ÆQÇ£ù±ÈÑÇ£úèÌ

are
mutuallyindependentconditioningon

ÆQÇ£Ñ±ÈÑÇYÒ1ÈÑÇ ûYÌ
.

Proof of Theorem 7.5 Assume
Ç ò N ÈYå"�öåï�µð aremutually independent

conditioningon
Ç º

, i.e.,� ÆQÇ ò N ÈYå©�´åø�¢ð�Ô Ç º Ì(Ò üKß.à ò � ÆQÇ ò N Ô Ç º ÌÖÕ (7.28)

Consider� ÆQÇ ÷ N ÈYåä�¢åø��ð�Ô Ç º ÈÑÇ ò N ê ÷ N ÈYåä�´åV��ðªÌÒ � ÆQÇ ò N ÈYå©�´åI��ð�Ô Ç º Ì§ß � ÆQÇ ò N ê ÷ N ÈYåä�´åV��ð�Ô Ç º Ì (7.29)Ò üK ß.à ò � ÆQÇ ò N Ô Ç º Ì
ß üKß.à ò � ÆQÇ ò N ê ÷ N Ô Ç º�ÈÑÇ ò Q ê ÷ Q ÈYå©�	é£�¢å�ß åèÌ (7.30)

á üK ß.à ò � ÆQÇ ò N Ô Ç º ÈÑÇ ò Q ê ÷ Q ÈYåä�	é �´å'ß åèÌ
ßýüKß.à ò � ÆQÇ ò N ê ÷ N Ô Ç º ÈÑÇ ò Q ê ÷ Q ÈYå©�	é£�¢å�ß åèÌ (7.31)
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Ò üK ß.à ò � ÆQÇ ÷ N Ô Ç ºêÈÑÇ ò Q ê ÷ Q ÈYåä�	é �´å Ì (7.32)

á üK ß.à ò � ÆQÇ ÷ N Ô Ç º ÈÑÇ ò Q ê ÷ Q ÈYåä�	é ��ðªÌÖÕ (7.33)

In thesecondstepwehaveused(7.28),andthetwo inequalitiesfollow because
conditioningdoesnot increaseentropy. On theotherhand,by the chainrule
for entropy, wehave� ÆQÇ ÷ N ÈYå©�´åI��ð�Ô Ç º�ÈÑÇ ò N ê ÷ N ÈYåä�¢åI��ðªÌÒ üKß.à ò � ÆQÇ ÷ N Ô Ç º ÈèÆQÇ ò Q ê ÷ Q ÈYå©�þéY��ðªÌÖÈèÆQÇ ÷gÿOÈYåä�¢ô0�´å'ß�åèÌÑÌÖÕ

(7.34)

Therefore,it follows from (7.33)thatüK ß.à ò � ÆQÇ ÷ N Ô Ç º ÈÑÇ ò Q ê ÷ Q ÈYåä�	é ��ðªÌ (7.35)� � ÆQÇ ÷ N ÈYå©��åø� ð�Ô Ç º ÈÑÇ ò N ê ÷ N ÈYåè�´åI��ðªÌ (7.36)Ò üKß.à ò � ÆQÇ ÷ N Ô Ç º ÈèÆQÇ ò Q ê ÷ Q ÈYå©�þéY��ðªÌÖÈèÆQÇ ÷gÿOÈYåä�¢ô0�´å'ß�åèÌÑÌÖÕ
(7.37)

However, sinceconditioningdoesnotincreaseentropy, the
å
th termin thesum-

mationin (7.35)is lower boundedby the
å
th termin thesummationin (7.37).

Thuswe concludethat theinequalityin (7.36)is anequality. Hence,thecon-
ditionalentropy in (7.36)is equalto thesummationin (7.35),i.e.,� ÆQÇ ÷ N ÈYåä�´åV��ð�Ô Ç º ÈÑÇ ò N ê ÷ N ÈYåä�´åV��ðªÌ (7.38)Ò üK ß.à ò � ÆQÇ ÷ N Ô Ç º ÈÑÇ ò Q ê ÷ Q ÈYåä�	é ��ðªÌÖÕ (7.39)

Thetheoremis proved.

Theorem7.5 specifiesa setof conditionalmutualindependencies(CMI’s)
whichis impliedby aCMI. Thistheoremis crucialfor understandingtheeffect
of aCMI on thestructureof the � -MeasureÛ'Ü , whichwediscussnext.� «ª¦�¦!¥ �c®¤�

Let
Æ Ù ß ò ÈR�R�R��È Ù ß�� N ÌÖÈYåï��å����

be
�

collectionsof randomvari-
ables,where

� á ì
, andlet

Ê
bea randomvariable, such that

Æ Ù ß òYÈR�R�R�èÈ Ù ß�� N Ì ,
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are mutuallyindependentconditioningon

Ê
. Then

Û Ü ~� �@ß.à ò � N@ç à ò ÝÙ ß ç%ß ÝÊ �� Ò���Õ (7.40)

We first prove thefollowing setidentity which will beusedin proving this
lemma.� «ª¦�¦!¥ �c®.;

Let § and � bedisjoint index sets,and ¬ ß and ® besets.Let Û
bea set-additivefunction.Then

Û ~� = @ß��
	 ¬ ß H Þ ~� @ç ��� ¬ ç �� ß ® ��
Ò K	�
���	 K��
���� Æ ß åèÌ�� 	 
 � ë � � 
 �ëÆ Û Æ ¬ 	�
 ß ® Ì�é Û Æ ¬ ��
 ß ® Ì§ß Û Æ ¬ 	

�����
 ß ® ÌÑÌGÈ

(7.41)
where ¬ 	�
 denotes¶ ß���	�
 ¬ ß .
Proof Theright handsideof (7.41)is equaltoK	 
 ��	 K� 
 ��� Æ ß åèÌ � 	 
 � ë � � 
 � Û Æ ¬ 	 
 ß ® Ì�é K	 
 ��	 K� 
 ��� Æ ß åèÌ � 	 
 � ë � � 
 � Û Æ ¬ � 
 ß ® Ì

ß K	 
 ��	 K� 
 ��� Æ ß åèÌ � 	 
 � ë � � 
 � Û Æ ¬ 	�
�����
 ß ® ÌÖÕ (7.42)

NowK	 
 ��	 K� 
 ��� Æ ß åèÌ � 	 
 � ë � � 
 � Û Æ ¬ 	�
 ß ® Ì(Ò K	 
 ��	 Æ ß åèÌ � 	 
 � Û Æ ¬ 	

 ß ® Ì K� 
 ��� Æ ß åèÌ � � 
 � Õ
(7.43)

Since K��
���� Æ ß åèÌ�� � 
 �ïÒ � � �Kü à��
� Ô � Ôð�� Æ ß åèÌ ü Ò�� (7.44)

by thebinomialformula1, weconcludethatK	

���	 K��
���� Æ ß åèÌ � 	 
 � ë � � 
 � Û Æ ¬ 	

 ß ® Ì+Ò���Õ (7.45)

1Thiscanbeobtainedby letting  à ò and ! àïê ò in thebinomialformula"  ë !$#&% '(% à % '(%K ACB*),+ � � �ü.-  A !/% '0% 1 A32
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Similarly, K	 
 ��	 K� 
 ��� Æ ß åèÌ�� 	 
 � ë � � 
 � Û Æ ¬ � 
 ß ® Ì+Ò���Õ (7.46)

Therefore,(7.41)is equivalentto

Û ~� = @ß���	 ¬ ß H Þ ~� @ç ��� ¬ ç �� ß ® �� Ò K	 
 ��	 K� 
 ��� Æ ß åèÌ � 	 
 � ë � � 
 � ë ò Û Æ ¬ 	

�����
 ß ® Ì
(7.47)

which can readily be obtainedfrom Theorem6.A.1. Hence,the lemmais
proved.

Proof of Lemma 7.7 Wefirst prove thelemmafor
�¶Òíì

. By Lemma7.8,

Û Ü ~� ô@ß.à ò � N@ç à ò ÝÙ ß ç ß ÝÊ �� Ò
K	

��54 ò76989898 6 � D;: K��
<�54 ò76989898 6 � _ : Æ ß åèÌ �

	 
 � ë � � 
 �,=> Û Ü ~� �ç ��	�
 ÝÙ òìç�ß ÝÊ ��
é Û Ü ~� �ü ����
 ÝÙ ô ü ß ÝÊ �� ß Û Ü ~� ~� �ç ��	�
 ÝÙ òìç �� ¶ ~� �ü ����
 ÝÙ ô ü �� ß ÝÊ ��@?A Õ (7.48)

Theexpressionin thesquarebracket is equalto� Æ Ù òìç È�é « §CB Ô Ê�Ì'é � Æ Ù ô ü ÈZðo« �DB Ô Ê�Ìß � ÆÑÆ Ù òìçïÈ�éï« §CB ÌÖÈèÆ Ù ô ü ÈZð$« �DB ÌëÔ ÊoÌÖÈ (7.49)

which is equalto 0 because
Æ Ù òìç1È�é�« § B Ì and

Æ Ù ô ü ÈZð?« � B Ì areindependent
conditioningon

Ê
. Thereforethelemmais provedfor

� Òíì
.

For
�FE ì

, wewrite

Û Ü ~� �@ß.à ò � N@ç à ò ÝÙ ß ç ß ÝÊ �� Ò Û Ü ~� ~� � ê ò@ß.à ò � N@ç à ò ÝÙ ß ç �� Þ ~� ��G@ç à ò ÝÙ � ç �� ß ÝÊ �� Õ (7.50)

Since
ÆÑÆ Ù ß òYÈR�R�R�YÈ Ù ß�� N ÌÖÈYåÔ�áåY�H��ß�åèÌ

and
Æ Ù � òYÈR�R�R�YÈ Ù � � G Ì areindependent

conditioningon
Ê

, uponapplyingthelemmafor
� Òíì

, weseethat

Û Ü ~� �@ß.à ò � N@ç à ò ÝÙ ß ç�ß ÝÊ �� Ò���Õ (7.51)

Thelemmais proved.
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Let � and í ß ÈYåè�¢å�� ð bedisjoint index sets,where

ð á ì
,

and let
Ç ò N Ò ÆQÇ£ó ÈSô©« í ß ÌÖÈYåÔ�³å*� ð and

Ç � Ò ÆQÇ£ó ÈSôè« � Ì be collec-
tions of randomvariables. Then

Ç ò N ÈYå��áå£�öð are mutuallyindependent
conditioningon

Ç �
if andonly if for any î òYÈ î ôwÈR�R�R�èÈ î ü , where î ß ² í ß ,åä�´åI��ð

, if there exist at leasttwo
å

such that î ß ¯Ò!ñ , then

Û Ü ~� ~� ü@ß:à ò @ç � ÷ N ÝÇèç �� ß ÝÇ �5� " � AN BED " ò N ê ÷ N #�# �� Ò���Õ (7.52)

Wefirst giveanexamplebeforeproving this fundamentalresult.Thereader
shouldcomparethisexamplewith Example7.6.£
¤�¥§¦
¨ª©S«
�c®�¯�J

Suppose
Ç òYÈèÆQÇeô1ÈÑÇ£Ñ±ÈÑÇYÒ�ÌÖÈ

and
ÆQÇ£ùïÈÑÇ£úèÌ

are mutually in-
dependentconditioningon

Ç û
. ByTheorem7.9,Û Ü Æ ÝÇ ò Þ ÝÇ ô Þ ÝÇ ù Þ ÝÇ ú ß Æ ÝÇ Ñ ¶ZÝÇ Ò ¶"ÝÇ û ÌÑÌ(Ò���Õ (7.53)

However, thetheoremdoesnotsay, for instance, thatÛ Ü Æ ÝÇeô Þ ÝÇYÒ�ß Æ ÝÇ ò ¶"ÝÇ£Ñ ¶ZÝÇ£ù ¶"ÝÇ£ú ¶"ÝÇ ûëÌÑÌ (7.54)

is equalto 0.

Proof of Theorem 7.9 We first prove the ‘if ’ part. Assumethat for anyî òëÈ î ô±ÈR�R�R�èÈ î ü , where î ß ²Áí ß , å"�°å �µð , if thereexist at leasttwo
å

suchthat î ß ¯Ò�ñ , then(7.52)holds.Then� ÆQÇ ò N ÈYåä�´åV��ð�Ô Ç � Ì Ò Û Ü + ÝÇ � ANsBjD ò N ß ÝÇ � - (7.55)Ò K± ��	 Û Ü Æ ® Ì (7.56)

where § consistsof setsof theform

~� ü@ß.à ò @ç � ÷ N ÝÇ ç �� ß ÝÇ ��� " � ANsBjD " ò N ê ÷ N #�# (7.57)

with î ß ²�í ß for
å*��å&�!ð

andthereexistsat leastone
å

suchthat î ß ¯Ò�ñ .
By our assumption,if ® « § is suchthat thereexist at leasttwo

å
for whichî ß ¯Ò ñ , then Û'Ü Æ ® ÌzÒö� . Therefore,if Û'Ü Æ ® Ì is possiblynonzero,then ®

mustbesuchthatthereexistsaunique
å
for which î ß ¯Ò�ñ . Now for

å6�¢ô0��ð
,

definethe set § ó consistingof setsof the form in (7.57) with î ß ²¾í ß for
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, î ó ¯Ò�ñ , and î ß Ò�ñ for

å ¯Ò�ô . In otherwords, § ó consistsof atoms
of theform ~� @ç � ÷gÿ ÝÇèç �� ß ÝÇ �5� Æ � N<KB ÿ ò N Ì � " ò ÿ ê ÷ ÿ # Õ (7.58)

Then K± ��	 Û Ü Æ ® Ì(Ò üK ó à ò K± ��	 ÿ Û Ü Æ ® ÌÖÕ (7.59)

Now ÝÇ ò N ß ÝÇ �5� Æ � Q�KB�N ò Q ÌÒ �L ÿ�M�N<ÿL ÿ KB0O => ~� @ç � ÷kÿ ÝÇèç �� ß ÝÇ �5� Æ � N<KB ÿ:ò N Ì � " ò ÿ ê ÷kÿ # ?A (7.60)

Ò �± ��	 ÿ ® Õ (7.61)

SinceÛ'Ü is set-additive, wehaveÛ Ü + ÝÇ ò N ß ÝÇ �5� Æ � Q�KB�N ò Q Ì - Ò K± �
	 ÿ Û Ü Æ ® ÌÖÕ (7.62)

Hence,from (7.56)and(7.59),wehave� ÆQÇ ò N ÈYåä�¢åI��ð�Ô Ç � ÌÒ üKß.à ò K± ��	 N Û Ü Æ ® Ì (7.63)

Ò üKß.à ò Û Ü + ÝÇ ò N ß ÝÇ �5� Æ � Q�KB�N ò Q Ì - (7.64)

Ò üKß.à ò � ÆQÇ ò N Ô Ç � ÈÑÇ ò Q È�é ¯Ò å ÌÖÈ (7.65)

where(7.64) follows from (7.62). By Theorem7.4,
Ç ò N ÈYå��Lå?�¿ð are

mutuallyindependentconditioningon
Ç �

.
We now prove the ‘only if ’ part. Assume

Ç ò N ÈYå?�µåï�Áð aremutually
independentconditioningon

Ç �
. For any collectionof setsî òëÈ î ô±ÈR�R�R�YÈ î ü ,

where î ß ²öí ß , å��³å*�áð , if thereexist at leasttwo
å

suchthat î ß ¯Ò ñ ,
by Theorem7.5,

Ç ÷ N ÈYåo� åe�³ð aremutually independentconditioningonÆQÇ � ÈÑÇ ò N ê ÷ N ÈYå*��åk��ðªÌ . By Lemma7.7,we obtain(7.52). Thetheoremis
proved.
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7.2 FULL CONDITION AL MUTUAL INDEPENDENCE�e«ª¿a¼Â·�¼Ó½�¼Qµ¸·¢�c®�¯ª¯
A conditionalmutualindependencyon

Ç òYÈÑÇeô±ÈR�R�R�èÈÑÇY�
is

full if all
Ç ò ÈÑÇ ô ÈR�R�R��ÈÑÇ �

are involved. Such a conditionalmutual indepen-
dencyis calleda full conditionalmutualindependency(FCMI).£
¤�¥§¦
¨ª©S«
�c®�¯<â

For
æÀÒ��

,Ç ò
,
Çeô±ÈÑÇYÒ

, and
Ç£ù

are mutuallyindependentconditioningon
Ç£Ñ

is anFCMI. However,Ç ò
,
Ç ô

, and
Ç ù

are mutuallyindependentconditioningon
Ç Ñ

is notanFCMI because
ÇYÒ

is not involved.

As in thepreviouschapters,we letP ��ÒKäTå±È´ìaÈR�R�R�wÈ�æ*çïÕ
(7.66)

In Theorem7.9,if ��¶ = ü�ß.à ò í ß H Ò P � È (7.67)

thenthetuple
Æ � È í ß ÈYå©� å�� ðªÌ definesthefollowing FCMI on

Ç òëÈÑÇeô±ÈR�R�R�èÈÇY�
:Q ªïÇ ò D ÈÑÇ ò _ ÈR�R�R�èÈÑÇ ò A aremutuallyindependentconditioningon

Ç �
.

Wewill denote
Q

by
Æ � È í ß ÈYå©��åV��ðªÌ .�e«ª¿a¼Â·�¼Ó½�¼Qµ¸·¢�c®�¯<ã

Let
Q ÒDÆ � È í ß ÈYåè�¢åV� ðªÌ beanFCMI on

Ç òëÈÑÇeô±ÈR�R�R�èÈÇ �
. Theimage of

Q
, denotedby RTS Æ Q Ì , is thesetof all atomsof Õ � which

hastheformof thesetin (7.57),where î ß ² í ß , åä�¢åI��ð , andthere existat
leasttwo

å
such that î ß ¯Ò!ñ .U Ãcµ'¨tµ¸÷è¼�½�¼<µ'·´�c®�¯±°

Let
Q ÒqÆ � È í ò È í ô Ì bean FCI (full conditionalinde-

pendency)on
Ç òYÈÑÇeô±ÈR�R�R�YÈ�ÇY�

. ThenRTS Æ Q Ì(ÒKä ¬ « ¦ ª ¬�² Æ ÝÇ ò D Þ ÝÇ ò _ ß ÝÇ � Ì´çïÕ (7.68)

U Ãcµ'¨tµ¸÷è¼�½�¼<µ'·´�c®�¯Tõ
Let

Q Ò Æ � È í ß ÈYåä�¢åI��ðªÌ beanFCMI on
Ç òYÈÑÇeô±ÈR�R�R�èÈÇY�

. Then

RTS Æ Q Ì(Ò ÊË Ì ¬ « ¦ ª ¬�² �ò7V ß�W ç3V ü Æ ÝÇ ò N Þ ÝÇ ò Q ß ÝÇ � Ì
Â ÄÅ Õ (7.69)
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Thesetwo propositionsgreatlysimplify the descriptionof RTS Æ Q Ì . Their
proofsareelementaryandthey areleft asexercises.We first illustratethese
two propositionsin thefollowing example.£
¤�¥§¦
¨ª©S«
�c®�¯T¬

Consider
æ ÒHX

andFCMI’s
Q òzÒZÆ ä �SçïÈ5äTåwçïÈ5ä�ìaÈ7X�çwÌ

andQ ô!Ò Æ4ñaÈ5äTåwçïÈ5ä�ìaÈZ�SçïÈ5äYX�ç±Ì
. ThenRTS Æ Q ò7Ì(ÒKä ¬ « ¦ ª ¬�² Æ ÝÇ ò§Þ ÝÇ 4 ô�6 Ò : ß ÝÇ£ÑYÌ´ç (7.70)

andRTS Æ Q ôèÌ+Ò ä ¬ « ¦ ª ¬�² Æ ÝÇ ò5Þ ÝÇ 4 ô�6 Ñ : Ì ¶ Æ ÝÇ 4 ô�6 Ñ : Þ ÝÇYÒèÌ ¶ Æ ÝÇ ò5Þ ÝÇYÒèÌ´çïÕ (7.71)7 ù�«ºµ¸Ã�«ª¦á�c®�¯��
Let

Q
be an FCMI on

Ç òYÈÑÇeô±ÈR�R�R�èÈÑÇY�
. Then

Q
holds if

andonly if Û'Ü Æ ¬ ÌêÒ�� for all ¬ « RTS Æ Q Ì .
Proof First, (7.67) is true if

Q
is an FCMI. Then the set in (7.57) can be

writtenas ~�� @ç ��� AN BED ÷ N ÝÇèç � �� ß ÝÇ[Z > ê�� AN BED ÷ N È (7.72)

whichis seento beanatomof Õ � . Thetheoremcanthenbeprovedby adirect
applicationof Theorem7.9to theFCMI

Q
.

Let ¬ ÒîÞ �ß.à ò ÝÊ ß beanonemptyatomof Õ � . Definetheset\ ­ ÒKänåø« P � ª ÝÊ ß Ò ÝÇ Óß çïÕ (7.73)

Notethat ¬ is uniquelyspecifiedby
\ ­

because

¬ Ò ~� @ß�� Z > ê5]*^ ÝÇ ß �� Þ ~� @ß��
]*^ ÝÇ Óß �� Ò ~� @ß�� Z > ê5]�^ ÝÇ ß �� ß ÝÇ ] ^ Õ (7.74)

Define _ Æ ¬ Ì Ò!æußíÔ \ ­ Ô astheweightof theatom ¬ , thenumberof ÝÇ ß in ¬
which arenot complemented.We now show thatanFCMI

Q ÒøÆ � È í ß ÈYå �åø� ðªÌ
is uniquelyspecifiedby RTS Æ Q Ì . First,by letting î ß Ò í ß for

åä��åø�ð
in Definition7.13,weseethattheatom

~�� @ç ��� ANsBjD ò N ÝÇèç �Z�� ß ÝÇ � (7.75)

is in RTS Æ Q Ì , andit is theuniqueatomin RTS Æ Q Ì with thelargestweight.From
this atom, � canbe determined.To determineí ß ÈYå
�°å � ð , we definea
relation ` on � Ó Ò P �ba � asfollows. For

ô ÈSô B « � Ó , Æ�ô ÈSô B Ì is in ` if andonly if

D R A F T September 13, 2001, 6:27pm D R A F T



138 A FIRSTCOURSEIN INFORMATIONTHEORY

i)
ô'Ò�ô B ; or

ii) thereexistsanatomof theformÝÇ£óSÞ ÝÇ£ó 
 Þ @D4MnQ�M >QTKB ÿ�c ÿ 
 ÝÊ ç (7.76)

in ¦ ß RTS Æ Q Ì , where ÝÊEç!Ò ÝÇèç or ÝÇ Óç .
Recallthat ¦ is thesetof nonemptyatomsof Õ � . Theideaof ii) is that

Æ�ô ÈSô B Ì
is in ` if and only if

ô ÈSô B « í ß for some
å¢� åÔ�wð

. Then ` is reflexive
andsymmetricby construction,andis transitive by virtue of the structureofRTS Æ Q Ì . In otherwords, ` is anequivalencerelationwhich partitions � Ó intoä í ß ÈYå©�´åI� ðtç . Therefore,

Q
and RTS Æ Q Ì uniquelyspecifyeachother.

The imageof anFCMI
Q

completelycharacterizestheeffect of
Q

on the� -Measurefor
Ç òYÈÑÇeô±ÈR�R�R�YÈÑÇY�

. The joint effect of morethanoneFCMI can
easilybedescribedin termsof theimagesof theindividual FCMI’s. Letd ÒKä Q ó�ÈYå©�´ô`�fe ç

(7.77)

bea setof FCMI’s. By Theorem7.9,
Q ó

holdsif andonly if Û'Ü vanisheson
theatomsin Im

Æ Q óQÌ
. Then

Q ó�ÈYåY�!ô��ge
hold simultaneouslyif andonly ifÛ'Ü vanisheson theatomsin ¶ üó à ò RTS Æ Q óQÌ . This is summarizedasfollows.�e«ª¿a¼Â·�¼Ó½�¼Qµ¸·¢�c®�¯<;

Theimage of a setof FCMI’s
d Òøä Q ó�ÈYå � ô��he ç

is
definedas RTS Æ d Ì Ò ü�ó à ò RTS Æ Q óQÌÖÕ (7.78)

7 ù�«ºµ¸Ã�«ª¦á�c®�¯*I
Let

d
bea setof FCMI’sfor

Ç òYÈÑÇeô±ÈR�R�R��ÈÑÇY�
. Then

d
holds

if andonly if Û'Ü Æ ¬ Ì(Ò�� for all ¬ « RTS Æ d Ì .
In probability problems,we areoften given a setof conditionalindepen-

denciesandwe needto seewhetheranothergiven conditionalindependency
is logically implied. This is calledthe implicationproblemwhich will bedis-
cussedin detail in Section12.5. The next theoremgives a solution to this
problemif only FCMI’sareinvolved.7 ù�«ºµ¸Ã�«ª¦á�c®.â�J

Let
d ò

and
d ô

betwo setsof FCMI’s. Then
d ò

implies
d ô

if andonly if RTS Æ d ôèÌ ²iRTS Æ d ò7Ì .
Proof Wefirst prove thatif RTS Æ d ôèÌ ²iRTS Æ d ò7Ì , then

d ò
implies

d ô
. AssumeRTS Æ d ô Ì ²jRTS Æ d ò Ì and

d ò
holds.Thenby Theorem7.19, Û'Ü Æ ¬ Ì!ÒÇ� for all¬ « RTS Æ d ò7Ì . Since RTS Æ d ôèÌ ²kRTS Æ d ò7Ì , this impliesthat Û'Ü Æ ¬ Ì Ò � for all
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Markov Structures 139¬ « RTS Æ d ôèÌ . Againby Theorem7.19,this implies
d ô

alsoholds.Therefore,
if RTS Æ d ôèÌ ²iRTS Æ d ò7Ì , then

d ò
implies

d ô
.

Wenow provethatif
d ò

implies
d ô

, then RTS Æ d ôèÌ ²iRTS Æ d ò7Ì . Toprovethis,
we assumethat

d ò
implies

d ô
but RTS Æ d ôèÌ ¯²gRTS Æ d ò7Ì , andwe will show that

this leadsto a contradiction.Fix a nonemptyatom ¬ « RTS Æ d ôèÌ ß RTS Æ d ò7Ì .
By Theorem6.11, we canconstructrandomvariables

Ç òYÈÑÇeô±ÈR�R�R�YÈÑÇY�
such

that Û'Ü vanisheson all theatomsof Õ � exceptfor ¬ . Then Û'Ü vanisheson all
theatomsin RTS Æ d ò7Ì but not on all theatomsin RTS Æ d ôèÌ . By Theorem7.19,
this impliesthatfor

Ç òëÈÑÇeô1ÈR�R�R�YÈÑÇY�
soconstructed,

d ò
holdsbut

d ô
doesnot

hold. Therefore,
d ò

doesnot imply
d ô

, which is acontradiction.Thetheorem
is proved.

Remark In the courseof proving this theoremandall its preliminaries,we
have usednothingmorethanthebasicinequalities.Therefore,wehave shown
that thebasicinequalitiesarea sufficient setof tools to solve the implication
problemif only FCMI’sareinvolved.³¶µ¸ÃGµ¸©T©ï¥¸ÃT¾��c®.â�¯

Twosetsof FCMI’sare equivalentif andonly if their im-
agesare identical.

Proof Two setof FCMI’s
d ò

and
d ô

areequivalentif andonly ifd ò Æ d ô
and

d ô Æ d ò Õ
(7.79)

Thenby thelasttheorem,this is equivalentto RTS Æ d ôèÌ ²iRTS Æ d ò7Ì and RTS Æ d ò7Ì²iRTS Æ d ôèÌ , i.e., RTS Æ d ôèÌ+Ò RTS Æ d ò7Ì . Thecorollaryis proved.

Thusa setof FCMI’s is completelycharacterizedby its image. A setof
FCMI’s is a set of probabilisticconstraints,but the characterizationby its
image is purely set-theoretic! This characterizationoffers an intuitive set-
theoreticinterpretationof the joint effect of FCMI’s on the � -MeasureforÇ òYÈÑÇeô±ÈR�R�R�YÈÑÇY�

. For example, RTS Æ Q ò7Ì%Þ RTS Æ Q ôèÌ is interpretedas the ef-
fect commonlydue to

Q ò
and

Q ô
, RTS Æ Q ò7Ì%ß RTS Æ Q ôèÌ is interpretedasthe

effectdueto
Q ò

but not
Q ô

, etc.Weendthissectionwith anexample.£
¤�¥§¦
¨ª©S«
�c®.â â
Consider

æÀÒiX
. LetQ ò�Ò Æ4ñaÈ5äTå±È´ìaÈZ�SçïÈ5äYX�çwÌÖÈ Q ô!Ò Æ4ñaÈ5äTå±È´ìaÈ7X�çïÈ5ä �SçwÌ

(7.80)Q Ñ!Ò Æ4ñaÈ5äTå±È´ìSçïÈ5ä �aÈ7X�çwÌÖÈ Q Ò
Ò Æ4ñaÈ5äTå±ÈZ�SçïÈ5ä�ìaÈ7X�çwÌ
(7.81)

andlet
d ò�ÒKä Q òYÈ Q ôwç

and
d ô!ÒKä Q Ñ±È Q Ò±ç

. ThenRTS Æ d ò7Ì+Ò RTS Æ Q ò7Ì ¶lRTS Æ Q ôèÌ (7.82)
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and RTS Æ d ô ÌêÒ RTS Æ Q Ñ Ì ¶mRTS Æ Q Ò ÌÖÈ (7.83)

where RTS Æ Q ò7Ì Ò ä ¬ « ¦ ª ¬#² Æ ÝÇ 4 ò76 ô�6 Ñ : Þ ÝÇYÒ�Ì´ç (7.84)RTS Æ Q ô Ì Ò ä ¬ « ¦ ª ¬#² Æ ÝÇ 4 ò76 ô�6 Ò : Þ ÝÇ Ñ Ì´ç (7.85)RTS Æ Q ÑèÌ Ò ä ¬ « ¦ ª ¬#² Æ ÝÇ 4 ò76 ô : Þ ÝÇ 4 Ñ�6 Ò : Ì´ç (7.86)RTS Æ Q Ò�Ì Ò ä ¬ « ¦ ª ¬#² Æ ÝÇ 4 ò76 Ñ : Þ ÝÇ 4 ô�6 Ò : Ì´çïÕ (7.87)

It canreadilybeseenbyusinganinformationdiagramthat RTS Æ d ò7Ì ²nRTS Æ d ôèÌ .
Therefore,

d ô
implies

d ò
. Notethat no probabilisticargumentis involvedin

thisproof.

7.3 MARK OV RANDOM FIELD
A Markov randomfield is a generalizationof a discretetime Markov chain

in thesensethat the time index for the latter, regardedasa chain,is replaced
by a generalgraphfor the former. Historically, thestudyof Markov random
field stemsfrom statisticalphysics.TheclassicalIsingmodel,whichis defined
ona rectangularlattice,wasusedto explaincertainempiricallyobservedfacts
aboutferromagneticmaterials.In this section,we explorethestructureof the� -Measurefor aMarkov randomfield.

Let o ÒpÆ$p(ÈS�zÌ beanundirectedgraph,where
p

is thesetof verticesand�
is thesetof edges.We assumethat thereis no loop in o , i.e., thereis no

edgein o which joins a vertex to itself. For any (possiblyempty)subset
\

ofp
, denoteby o a \ thegraphobtainedfrom o by eliminatingall thevertices

in
\

and all the edgesjoining a vertex in
\

. Let q Æ \ Ì be the numberof
distinctcomponentsin o a \ . Denotethesetsof verticesof thesecomponents
by
p�òèÆ \ ÌÖÈTpºôTÆ \ ÌÖÈR�R�R��ÈTp�r " ] # Æ \ Ì . If q Æ \ ÌsE�å , wesaythat

\
is acutsetin o .�e«ª¿a¼Â·�¼Ó½�¼Qµ¸·¢�c®.â ã.²ut�¥¸Ãwv'µG» ÃG¥¸·yx§µ'¦m¿a¼Â«º©*x§Å

Let o ÒDÆ$p+ÈS��Ì beanundi-
rectedgraph with

p]Ò P � Ò äTå±È´ìaÈR�R�R�wÈ�æ*ç
, and let

Ç ß
be a randomvari-

ablecorrespondingto vertex
å
. Then

Ç òYÈÑÇeô±ÈR�R�R�èÈÑÇY�
form a Markov random

field representedby o if for all cutsets
\

in o , thesetsof randomvariablesÇ{z D " ] # ÈÑÇ{z _ " ] # ÈR�R�R�èÈÑÇ{z3|~}���� " ] # aremutuallyindependentconditioningon
Ç ]

.

Thisdefinitionof aMarkov randomfield is referredto astheglobalMarkov
propertyin theliterature.If

Ç òYÈÑÇeô±ÈR�R�R�YÈÑÇY�
form aMarkov randomfield rep-

resentedby agrapho , wealsosaythat
Ç ò ÈÑÇ ô ÈR�R�R��ÈÑÇ �

form aMarkov grapho . When o is achain,wesaythat
Ç òYÈÑÇeô±ÈR�R�R�YÈÑÇY�

form aMarkov chain.
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In thedefinitionof a Markov randomfield, eachcutset
\

in o specifiesan
FCMI on

Ç ò ÈÑÇ ô ÈR�R�R��ÈÑÇ �
, denotedby � \ � . Formally,� \ ��ªTÇ{z D " ] # ÈR�R�R��ÈÑÇ{z3|~}���� " ] # aremutuallyindependentconditioningon

Ç ]
.

For acollectionof cutsets
\ òYÈ \ ô±ÈR�R�R�èÈ \ ü in o , we introducethenotation� \ òYÈ \ ô±ÈR�R�R��È \ ü �GÒ � \ ò��(� � \ ô^�(�Ô�R�R��� � \ ü � (7.88)

where‘
�

’ denotes‘logical AND.’ Usingthisnotation,
Ç ò5ÈÑÇeô±ÈR�R�R��ÈÑÇY�

form a
Markov graph o if andonly if� \ ² p ª \ ¯Ògp

and q Æ \ Ì�EKå^� Õ (7.89)

Therefore,aMarkov randomfield is simplyacollectionof FCMI’s inducedby
agraph.

We now definetwo typesof nonemptyatomsof Õ � with respectto a grapho . Recallthedefinitionof theset
\ ­

for anonemptyatom ¬ of Õ � in (7.73).�e«ª¿a¼Â·�¼Ó½�¼Qµ¸·¢�c®.âa°
For a nonemptyatom ¬ of Õ � , if q Æ \ ­§Ì�Òqå , i.e., o a \ ­

is connected,then ¬ is a TypeI atom,otherwise¬ is a TypeII atom.Thesets
of all TypeI andTypeII atomsof Õ � are denotedby � ò and � ô , respectively.7 ù�«ºµ¸Ã�«ª¦á�c®.âªõ Ç ò ÈÑÇ ô ÈR�R�R�YÈÑÇ �

form a Markov graph o if and only if Û'Ü
vanishesonall TypeII atoms.

Beforeweprovethistheorem,wefirst statethefollowing propositionwhich
is thegraph-theoreticanalogof Theorem7.5. Theproof is trivial andis omit-
ted. This propositionandTheorem7.5 togetherestablishananalogybetween
the structureof conditionalmutual independenceand the connectivity of a
graph.Thisanalogywill playakey role in proving Theorem7.25.U Ãcµ'¨tµ¸÷è¼�½�¼<µ'·´�c®.âª¬

Let
·

and í ß bedisjointsubsetsof thevertex set
p

of a
graph o and î ß bea subsetof í ß for

å*�!åi�#ð
, where

ð á ì
. Assumethat

there exist at leasttwo
å

such that î ß ¯Ò ñ . If í ß ÈYåo� åe� ð are disjoint ino am· , thenthose î ß which are nonemptyare disjoint in o a�Æ · ¶��iüß.à ò Æ í ß ßî ß ÌÑÌ .£
¤�¥§¦
¨ª©S«
�c®.â-�
In thegraph o in Figure 7.4,

äTåwç
,
ä�ìaÈZ�aÈ7X�ç

, and
ä �aÈZ�Sç

are
disjoint in o aTäU�Tç . ThenProposition7.26saysthat

äTåwç
,
ä�ìSç

, and
ä �aÈZ�Sç

are
disjoint in o aTä �aÈ7XÄÈ¸�Tç .
Proof of Theorem 7.25 Recall the definition of the set

\ ­
for a nonempty

atom ¬ in (7.73).Wenotethat
ä \ ­ È ¬ « ¦ ç containspreciselyall theproper

subsetsof
P �

. Thusthesetof FCMI’sspecifiedby thegrapho canbewritten
as � \ ­
ª ¬ « ¦ and q Æ \ ­§ÌsEKå^� (7.90)
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Figure7.4. Thegraph � in Example7.27.

(cf. (7.89)).By Theorem7.19,it sufficesto prove thatRTS Æ � \ ­	ª ¬ « ¦ and q Æ \ ­*ÌsE�å^�QÌêÒ � ô±Õ (7.91)

Wefirst prove that� ô ²iRTS Æ � \ ­	ª ¬ « ¦ and q Æ \ ­*Ì�E�å^�QÌÖÕ (7.92)

Consideranatom ¬ « � ô sothat q Æ \ ­*Ì�Eæå . In Definition7.13,let � Ò \ ­ ,ð�Ò q Æ \ ­ Ì , and í ß Ò�p ß Æ \ ­ Ì
for
å��°å£� q Æ \ ­ Ì . By consideringî ß Òp ß Æ \ ­+Ì

for
åä�´åV� q Æ \ ­§Ì , weseethat ¬ « RTS Æ � \ ­��QÌ . Therefore,� ô Ò ä ¬ « ¦ ª q Æ \ ­§ÌsE�åwç (7.93)² �­ ����� r " ]*^ #�� ò RTS Æ � \ ­ �QÌ (7.94)Ò RTS Æ � \ ­ ª ¬ « ¦ and q Æ \ ­ Ì�E�å^�QÌÖÕ (7.95)

Wenow prove thatRTS Æ � \ ­	ª ¬ « ¦ and q Æ \ ­*ÌsE�å^�QÌ ²�� ô±Õ (7.96)

Consider¬ « RTS Æ � \ ­´ª ¬ « ¦ and q Æ \ ­*Ì�EDå^�QÌ . Thenthereexists ¬ Ü « ¦
with q Æ \ ­w�ëÌ�E�å suchthat ¬ « RTS Æ � \ ­w�¸�QÌ . FromDefinition7.13,

¬ Ò ~�� @ç �
� |~}�� ^ � �N BED ÷ N ÝÇ ç � �� ß ÝÇ ] ^ � � + � |~}�� ^ � �N BED " z N " ] ^ � # ê ÷ N # - È (7.97)

where î ß ² p ß Æ \ ­w�YÌ , åè��åÙ� q Æ \ ­w�ëÌ andthereexist at leasttwo
å

suchthatî ß ¯Ò!ñ . It follows from (7.97)andthedefinitionof
\ ­

that

\ ­ Ò \ ­w� ¶ r " ] ^ � #�ß.à ò Æ$p ß Æ \ ­w�ëÌ§ß î ß ÌÖÕ (7.98)
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1


2

� 3
 4


Figure7.5. Thegraph � in Example7.28.

With
\ ­��

playingtheroleof
·

and
p ß7� \ ­w�Y�

playingtheroleof í ß in Proposi-
tion 7.26,weseeby applyingthepropositionthatthose(at leasttwo) î ß which
arenonemptyaredisjoint in

o a ~� \ ­ ��� ~� r " ] ^ � #�ß.à,� � p ß � \ ­ � �C� î ß � �� ��h� o a \ ­�� (7.99)

This implies q � \ ­���E¡ 
, i.e., ¬ «�¢w£ . Therefore,we have proved(7.96),and

hencethetheoremis proved.¤�¥y¦C§�¨ª©0«­¬�®�¯ª°
With respectto thegraph ± in Figure 7.5,theTypeII atoms

are²³ �C´ ²³ £ ´ ²³¶µ· ´ ²³¹¸�º ²³»µ� ´ ²³ £ ´ ²³¶µ· ´ ²³¹¸�º ²³ �C´ ²³»µ£ ´ ²³¶µ· ´ ²³¹¸�º
(7.100)

while the other twelvenonemptyatomsof ¼ ¸ are TypeI atoms.Therandom
variables

³ � º7³ £ º7³ · º and
³ ¸

forma Markov graph ± if andonly if ½¿¾ ��À � �Á
for all TypeII atoms

À
.

7.4 MARK OV CHAIN
Whenthegraph± representingaMarkov randomfield isachain,theMarkov

randomfield becomesa Markov chain. In this section,we furtherexplorethe
structureof the Â -Measurefor a Markov randomfield for this specialcase.
Specifically, wewill show thatthe Â -Measure½¿¾ for aMarkov chainis always
nonnegative, and it exhibits a very simple structureso that the information
diagramcanalwaysbedisplayedin two dimensions.Thenonnegativity of ½ ¾
facilitatestheuseof theinformationdiagrambecauseif Ã is seento beasubset
of ÃÅÄ in theinformationdiagram,then½ ¾ � Ã Ä � � ½ ¾ � Ã �wÆ ½ ¾ � Ã Ä � Ã �sÇ ½ ¾ � Ã � � (7.101)

Thesepropertiesare not possessedby the Â -Measurefor a generalMarkov
randomfield.
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1
 2
 n
È -1
 n
È...


Figure7.6. Thegraph É representingtheMarkov chain Ê�Ë5Ì�Ê�Í,ÌhÎ/Î/ÎYÌgÊ�Ï .
Without lossof generality, we assumethattheMarkov chainis represented

by the graph ± in Figure7.6. This correspondsto the Markov chain
³ �ÑÐ³ £ Ð Ò3Ò3Ò�Ð ³¹Ó

. We first prove the following characterizationof a Type I
atomfor aMarkov chain.Ôs«ª§Õ§D¦i¬�®�¯ªÖ

For theMarkov chainrepresentedbythegraph ± in Figure7.6,
a nonemptyatom

À
of ¼ Ó is a TypeI atomif andonly if× Ó�Ø*ÙCÚ �ÜÛ�Ý º Ý Æn  º Ò3Ò3Ò º7Þ¿ß�º (7.102)

where
 Fà Ý à Þ àâá , i.e., theindicesof thesetvariablesin

À
which are not

complementedareconsecutive.

Proof It is easyto seethatfor anonemptyatom
À

, if (7.102)is satisfied,then± Ø*ÙCÚ is connected,i.e., ã � Ù�Ú � �  
. Therefore,

À
is a Type I atomof ¼ Ó .

On theotherhand,if (7.102)is notsatisfied,then ± Ø*ÙCÚ is notconnected,i.e.,ã � Ù�Ú ��ä� 
, or

À
is aTypeII atomof ¼ Ó . Thelemmais proved.

We now show how the informationdiagramfor a Markov chainwith any
length

áåÇ�æ
canbe constructedin two dimensions.Since ½¿¾ vanisheson

all the Type II atomsof ¼ Ó , it is not necessaryto displaytheseatomsin the
informationdiagram.In constructingtheinformationdiagram,theregionsrep-
resentingtherandomvariables

³ �
,
³ £ º Ò3Ò3Ò º7³¹Ó

shouldoverlapwith eachother
suchthat theregionscorrespondingto all theTypeII atomsareempty, while
the regionscorrespondingto all the Type I atomsarenonempty. Figure7.7
shows sucha construction.Note that this informationdiagramincludesFig-
ures6.7and6.9asspecialcases,which areinformationdiagramsfor Markov
chainswith lengths3 and4, respectively.

...

X

ç

1
 X

ç

2

è X


ç
n
é -1
 X


ç
n
é

Figure7.7. Theinformationdiagramfor theMarkov chain Ê Ë Ì�Ê Í ÌkÎ/Î7ÎêÌ�Ê Ï .
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We have alreadyshown that ½ ¾ is nonnegative for a Markov chain with
length3 or 4. Towardproving thatthis is truefor any length

áëÇiæ
, it suffices

to show that ½ ¾ ��À �ìÇ Á
for all TypeI atoms

À
of ¼ Ó because½ ¾ ��À � � Á

for
all TypeII atomsA of ¼ Ó . Wehaveseenin Lemma7.29thatfor aTypeI atomÀ

of ¼ Ó , Ù Ú hastheform asprescribedin (7.102).Considerany suchatom
À

.
Thenaninspectionof theinformationdiagramin Figure7.7revealsthat½ ¾ ��À � � ½ ¾ � ²³Ñí ´ ²³Ñí�î � ´ Ò3Ò3Ò ´ ²³¹ï � ²³ñð*ò �

(7.103)� Â � ³Ñí$ó7³ ï5ô ³ ð ò � (7.104)Ç Á �
(7.105)

Thisshows that ½¿¾ is alwaysnonnegative. However, sinceFigure7.7 involves
anindefinitenumberof randomvariables,wegivea formalproofof this result
in thefollowing theorem.õ@öy«�÷,øw«ª§ù¬�®�ú�û

For a Markov chain
³ ��Ð ³ £ ÐüÒ3Ò3Ò(Ð ³ Ó

, ½¿¾ is nonneg-
ative.

Proof Since½ ¾ ��À � � Á for all TypeII atomsA of ¼ Ó , it sufficesto show that½¿¾ ��À �ýÇ Á
for all TypeI atoms

À
of ¼ Ó . We have seenin Lemma7.29that

for aTypeI atom
À

of ¼ Ó , ÙCÚ hastheform asprescribedin (7.102).Consider
any suchatom

À
anddefinethesetþ �ÜÛ�Ý Æn  º Ò3Ò3Ò º7Þ �f  ß � (7.106)

Then Â � ³Ñíÿó7³¹ï ô ³ñð�ò �� ½ ¾ � ²³Ñí ´ ²³ ï � ²³ ð ò �
(7.107)� ½ ¾��������� � ²³Ñí ´ �
	�
� � ²³ ��� ´ ²³¹ï � ²³ñð ò������������ ��� (7.108)

� ������ ½ ¾�� ²³Ñí ´ �
	�
� � ²³ � � ´ ²³¹ï � ²³ñð ò������������ � � (7.109)

In theabovesummation,exceptfor theatomcorrespondingto  � þ
, namely� ²³Ñí ´ ²³Ñí î � ´ Ò3Ò3Ò ´ ²³¹ï � ²³ñð*ò �

, all theatomsareTypeII atoms.Therefore,Â � ³Ñí&ó7³¹ï ô ³ñð*ò � � ½ ¾ � ²³Ñí ´ ²³Ñí î � ´ Ò3Ò3Ò ´ ²³¹ï � ²³ñð�ò � �
(7.110)

Hence, ½ ¾ ��À � � ½ ¾ � ²³Ñí ´ ²³Ñí�î � ´ Ò3Ò3Ò ´ ²³¹ï � ²³ñð*ò �
(7.111)� Â � ³Ñí$ó7³ ï5ô ³ ð ò � (7.112)Ç Á �
(7.113)
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Figure7.8. Theatomsof !#"%$'&�()!#"+*,& .
Thetheoremis proved.

Weendthissectionby giving anapplicationof this informationdiagramforá �.- .¤�¥y¦C§�¨ª©0«­¬�®�ú0/214365y©87:9�¨ª©*«<;Ñ«�=�>5ø09<¨�709�÷@?A=CB
In this example, we prove

with thehelpofaninformationdiagramthatfor fiverandomvariables
³ º4DsºFE

,¢
, and

Ù
such that

³ Ð D Ð E Ð ¢ Ð Ù
formsa Markov chain,G � D �¿Æ G � ¢ � �

Â � E@ó7³»º4D º ¢ º Ù �¿Æ Â � ³ º4D ó ¢ º Ù �yÆ G � D ô E �yÆ G � ¢ ô E � � (7.114)

In theinformationdiagramfor
³ º4DsºFE º ¢

, and
Ù

in Figure7.8,wefirst identify
theatomsof

G � D �
and thentheatomsof

G � ¢ì�
by markingeach of themby

a dot. If an atombelongsto both
G � D �

and
G � ¢ �

, it receivestwo dots. The
resultingdiagramrepresents G � D �wÆ G � ¢ � �

(7.115)

By repeatingthesameprocedure forÂ � E@ó7³»º4D º ¢ º Ù �¿Æ Â � ³ º4D ó ¢ º Ù �yÆ G � D ô E �yÆ G � ¢ ô E � º (7.116)

we obtain the informationdiagram in Figure 7.9. Comparingthesetwo in-
formationdiagrams,we find that they are identical. Hence, the information
identityin (7.114)alwaysholdsconditioningon theMarkov chain

³ Ð D ÐE Ð ¢ Ð Ù
. This identity is critical in proving an outer boundon the

achievablecodingrateregionof themultipledescriptionsproblemin Fu etal.
[73]. It is virtually impossibleto discover this identitywithout thehelpof an
informationdiagram!
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Figure7.9. Theatomsof HI"KJML&ÊONP$QNR*AN�SM&�(THI"�ÊON
$�L
*:NUSM&V(T!#"%$XW J@&�(Y!#"+*'W JA& .
PROBLEMS
1. ProveProposition7.14andProposition7.15.

2. In Example7.22,it wasshown that Z\[ implies Z^] . Show that Z^] doesnot
imply Z [ . Hint: Useaninformationdiagramtodetermine_F`ba
Z [�c Ø _F`da
Z ]ec .

3. Alternativedefinition of the global Markov property: For any partitionÛ Ù ºFf ] ºFf [ ß of
f

suchthat thesetsof vertices
f ] and

f [ aredisconnected
in ± Ø*Ù , thesetsof randomvariables

³Yg Ë and
³Yg Í areindependentcondi-

tioningon
³ ð

.

Show that this definition is equivalent to the global Markov propertyin
Definition7.23.

4. Thelocal Markov property: For h àjisàfá ,
³Tk

and
³ gMl�m:n
l k

areindepen-
dentconditioningon

³Ym0n
, where o k is thesetof neighbors2 of vertex

i
in± .

a) Show that theglobalMarkov propertyimpliesthelocal Markov prop-
erty.

b) Show thatthelocalMarkov propertydoesnot imply theglobalMarkov
propertyby giving a counterexample. Hint: Considera joint distribu-
tion which is notstrictly positive.

5. Constructa Markov randomfield whose Â -Measure½ ¾ cantake negative
values.Hint: ConsideraMarkov “star.”

6. a) Show that
³ ] , ³ [ , ³ · , and

³ ¸
aremutuallyindependentif andonly if³ ]qpra ³ [ º7³ · º7³ ¸ c º,³ [Xpra ³ · º7³ ¸ c ô ³ ] º,³ · p ³ ¸ ô a ³ ] º7³ [ cFs

Hint: Useaninformationdiagram.

2Vertices
k

andt in anundirectedgraphareneighborsif
k

andt areconnectedby anedge.
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b) Generalizetheresultin a) to
á

randomvariables.

7. Determinethe Markov randomfield with four randomvariables
³ ] º7³ [ º³ · º and

³ ¸
which is characterizedby the following conditionalindepen-

dencies: a ³ ] º7³ [ º7³)u c p ³ ¸ ô ³ ·³ [ pva ³¹¸
º7³ u c ô a ³ ] º7³ · c³ ]qpva ³ · º7³ ¸ c ô a ³ [ º7³)u cFs
What arethe otherconditionalindependenciespertainingto this Markov
randomfield?

HISTORICAL NOTES
A Markov randomfield canbe regardedasa generalizationof a discrete-

timeMarkov chain.Historically, thestudyof Markov randomfield stemsfrom
statisticalphysics.TheclassicalIsingmodel,whichis definedonarectangular
lattice,wasusedto explaincertainempiricallyobservedfactsaboutferromag-
neticmaterials.Thefoundationof thetheoryof Markov randomfieldscanbe
foundin Preston[157] or Spitzer[188].

Thestructureof the Â -Measurefor a Markov chainwasfirst investigatedin
theunpublishedwork of Kawabata[107]. Essentiallythesameresultwasinde-
pendentlyobtainedbyYeungelevenyearslaterin thecontext of the Â -Measure,
andthe resultwaseventuallypublishedin KawabataandYeung[108]. Full
conditional independencieswere shown to be axiomatizableby Malvestuto
[128]. The resultsin this chapteraredueto Yeunget al. [218], wherethey
obtainedaset-theoreticcharacterizationof full conditionalindependenciesand
investigatedthestructureof the Â -Measurefor a Markov randomfield. These
resultshave beenfurther appliedby Ge and Ye [78] to characterizecertain
graphicalmodels.
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Chapter8

CHANNEL CAPACITY

In all practicalcommunicationsystems,whena signalis transmittedfrom
onepoint to anotherpoint, the signal is inevitably contaminatedby random
noise,i.e.,thesignalreceivedis correlatedwith but possiblydifferentfrom the
signaltransmitted.We usea noisychannelto modelsucha situation.A noisy
channelis a “system” which hasone input and one output1, with the input
connectedto thetransmissionpoint andtheoutputconnectedto thereceiving
point. Thesignalis transmittedat the input andreceived at theoutputof the
channel.Whenthesignalis transmittedthroughthechannel,it is distortedin a
randomwaywhichdependsonthechannelcharacteristics.As such,thesignal
receivedmaybedifferentfrom thesignaltransmitted.

In communicationengineering,we are interestedin conveying messages
reliably througha noisychannelat themaximumpossiblerate. We first look
at a very simplechannelcalledthe binary symmetricchannel(BSC), which
is representedby the transitiondiagramin Figure8.1. In this channel,both
the input

³
andtheoutput

D
take valuesin theset Û Á º h ß . Thereis a certain

probability, denotedby w , thattheoutputis notequalto theinput. Thatis, if the
input is 0, thentheoutputis 0 with probability h
xyw , andis 1 with probabilityw . Likewise,if theinput is 1, thentheoutputis 1 with probability h�xyw , andis
0 with probability w . Theparameterw is calledthecrossover probabilityof the
BSC.

Let Û À º Ã ß be the messageset which containstwo possiblemessagesto
be conveyed througha BSC with

Á à w{z Á s - . We further assumethat the
two messages

À
and Ã areequallylikely. If the messageis

À
, we mapit to

thecodeword 0, andif themessageis Ã , we mapit to thecodeword 1. This

1Thediscussiononnoisychannelshereis confinedto point-to-pointchannels.
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1
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Figure8.1. A binarysymmetricchannel.

is thesimplestexampleof a channelcode. Thecodeword is thentransmitted
throughthechannel.Our taskis to decodethemessagebasedon theoutputof
thechannel,andanerroris saidto occurif themessageis decodedincorrectly.

Consider|~} Û À ô Dv� Á ß � |�} Û ³�� Á ô Dr� Á ß
(8.1)� |�} Û ³�� Á ß |~} Û Dr� Á ô ³�� Á ß|~} Û Dv� Á ß (8.2)� Á s - a�hXxyw c|�} Û Dv� Á ßAs (8.3)

Since
|~} Û D2� Á ß�� |~} Û Dv� h ß�� Á s - (8.4)

by symmetry2, it follows that|~} Û À ô Dv� Á ßO� h�xyw (8.5)

and
|~} Û Ã ô Dv� Á ßO� h�x |�} Û À ô Dr� Á ßO� w s (8.6)

Since w�z Á s - , |~} Û Ã ô Dr� Á ß z |~} Û À ô Dv� Á ß s (8.7)

Therefore,in orderto minimizethe probabilityof error, wedecodea received
0 to themessage

À
. By symmetry, wedecodea received1 to themessageÃ .

2Moreexplicitly, �V�P���Y������� �V�
� Ú �U���P��������� Ú � î �V�
���A�U�V�����Y�#��� �A�� �e� u �V�
��������� ������� î �e� u ������������� �d� ] �� �e� ue� ] lX��� î �e� u��� �e� u �
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An erroroccursif a 0 is receivedandthemessageis Ã , or if a1 is received
andthe messageis

À
. Therefore,the probability of error, denotedby �,� , is

givenby� � � |�} Û Dr� Á ß |~} Û Ã ô Dv� Á ß Æ |�} Û Dv� h ß |~} Û À ô Dv� h ß (8.8)� Á s - w Æ Á s - w (8.9)� w º (8.10)

where(8.9)follows from (8.6)because|~} Û À ô Dv� h ßO� |�} Û Ã ô D2� Á ß�� w (8.11)

by symmetry.
Let us assumethat w.�� Á

. Then the above schemeobviously doesnot
provideperfectlyreliablecommunication.If weareallowedto usethechannel
only once,thenthis is alreadythebestwe cando. However, if weareallowed
to usethe samechannelrepeatedly, then we can improve the reliability by
generalizingtheabove scheme.

Wenow considerthefollowing channelcodewhichwereferto asthebinary
repetitioncode. Let

á Ç h beanoddpositive integerwhich is calledtheblock
lengthof thecode.In this code,themessage

À
is mappedto thesequenceofá

0’s, andthemessageÃ is mappedto thesequenceof
á

1’s. Thecodeword,
which consistsof a sequenceof either

á
0’s or

á
1’s, is transmittedthrough

the channelin
á

uses. Upon receiving a sequenceof
á

bits at the outputof
thechannel,we usethemajority vote to decodethemessage,i.e., if thereare
more 0’s than 1’s in the sequence,we decodethe sequenceto the messageÀ

, otherwisewe decodethesequenceto themessageÃ . Note that theblock
length is chosento be odd so that therecannotbe a tie. When

á � h , this
schemereducesto thepreviousscheme.

For thismoregeneralscheme,wecontinueto denotetheprobabilityof error
by � � . Let o � and o)] bethenumberof 0’s and1’s in thereceivedsequence,
respectively. Clearly, o � Æ o ] � á s (8.12)

For large
á

, if themessageis
À

, thenumberof 0’s received is approximately
equalto ��  o � ô À�¡ � á a�h�xyw c (8.13)

andthenumberof 1’s receivedis approximatelyequalto��  o)] ô ÀX¡ � á w (8.14)

with high probabilityby theweaklaw of largenumbers.This impliesthatthe
probabilityof anerror, namelytheevent Û o � z¢o)] ß , is smallbecauseá a�h
x£w c ä�á w (8.15)
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with theassumptionthat w�z Á s - . Specifically,|�} Û error
ô À ß � |�} Û o � z¤o ] ô À ß (8.16)à |�} Û á x¥oY]
z¤o)] ô À ß (8.17)� |�} Û o)] ä Á s - á ô À ß (8.18)à |�} Û o)] ä a�w Æ§¦ c á ô À ß�º (8.19)

where Á z ¦ z Á s - xyw º (8.20)

sothat
¦

is positive and w Æj¦ z Á s - s (8.21)

Note that sucha
¦

exists becausew¨z Á s - . Thenby the weak law of large
numbers,the upperboundin (8.19) tendsto 0 as

á Ð ©
. By symmetry,

|~} Û error
ô Ã ß alsotendsto 0 as

á Ðª©
. Therefore,� � � |~} Û À ß |~} Û error

ô À ß Æ |�} Û Ã ß |~} Û error
ô Ã ß (8.22)

tendsto 0 as
á Ð ©

. In other words, by using a long enoughrepetition
code,we can make � � arbitrarily small. In this sense,we say that reliable
communicationis achievedasymptotically.

Wepointout thatfor aBSCwith w ä Á , for any giventransmittedsequence
of length

á
, the probability of receiving any given sequenceof length

á
is

nonzero.It follows thatfor any two distinctinputsequences,thereis alwaysa
nonzeroprobabilitythatthesameoutputsequenceis producedsothatthetwo
input sequencesbecomeindistinguishable. Therefore,exceptfor very special
channels(e.g., the BSC with w � Á

), no matterhow the encoding/decoding
schemeis devised,a nonzeroprobabilityof erroris inevitable,andasymptoti-
cally reliablecommunicationis thebestwecanhopefor.

Thougharathernaiveapproach,asymptoticallyreliablecommunicationcan
beachievedby usingtherepetitioncode.Therepetitioncode,however, is not
without catch. For a channelcode,the rate of the codein bit(s) per use,is
definedastheratioof thelogarithmof thesizeof themessagesetin thebase2
to theblock lengthof thecode.Roughlyspeaking,therateof a channelcode
is the averagenumberof bits the channelcodeattemptsto convey through
thechannelin oneuseof thechannel.For a binary repetioncodewith block
length

á
, the rate is ]ÓO«%¬I­'® � ]Ó , which tendsto 0 as

á Ð ©
. Thus in

orderto achieve asymptoticreliability by usingtherepetitioncode,we cannot
communicatethroughthenoisychannelatany positive rate!

In thischapter, wecharacterizethemaximumrateatwhich informationcan
becommunicatedthrougha discretememorylesschannel(DMC) with anar-
bitrarily small probability of error. This maximumrate,which is generally
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positive, is known asthechannelcapacity. Thenwe discusstheuseof feed-
backin communicatingthrougha channel,andshow that feedbackdoesnot
increasethe capacity. At the endof the chapter, we discusstransmittingan
informationsourcethrougha DMC, andwe show that asymptoticoptimality
canbeachievedby separatingsourcecodingandchannelcoding.

8.1 DISCRETE MEMOR YLESS CHANNELS;Ñ«°¯V9±?:9K7:9�÷@?�°w®�/
Let ² and ³ bediscretealphabets,and ´,aRµ ô ¶ c bea tran-

sition matrix from ² to ³ . A discretechanneĺMaRµ ô ¶ c is a single-inputsingle-
outputsystemwith input randomvariable

³
taking valuesin ² and output

randomvariable
D

takingvaluesin ³ such that|�} Û ³·� ¶ º4Dv� µ ß�� |~} Û ³·� ¶ ß ´MaRµ ô ¶ c (8.23)

for all a ¶ º µ cq¸ ²º¹»³ .

Remark From(8.23),weseethatif

|�} Û ³·� ¶ ß ä Á
, then´,aRµ ô ¶ c � |�} Û ³�� ¶ º4Dv� µ ß|~} Û ³·� ¶ ß � |~} Û Dv� µ ô ³¼� ¶ ß s (8.24)

However,

|�} Û D2� µ ô ³·� ¶ ß
is notdefinedif

|�} Û ³·� ¶ ß½� Á
. Nevertheless,

(8.23)is valid for bothcases.;Ñ«°¯V9±?:9K7:9�÷@?�°w®�¯
A discretememorylesschannelis a sequenceof replicates

ofagenericdiscretechannel.Thesediscretechannelsareindexedbyadiscrete-
timeindex

i
, where

i�Ç h , with the
i
th channelbeingavailablefor transmission

at time
i
. Transmissionthrougha channelis assumedto beinstantaneous.

The DMC is the simplestnontrivial model for a communicationchannel.
For simplicity, aDMC will bespecifiedby ´,aRµ ô ¶ c , thetransitionmatrixof the
genericdiscretechannel.

Let
³ k

and
D k

berespectively the input andtheoutputof a DMC at time
i
,

where
i�Ç h . Figure8.2 is anillustrationof a discretememorylesschannel.In

thefigure,thememorylessattributeof thechannelmanifestsitself by that for
all
i
, the

i
th discretechannelonly has

³ k
asits input.

For each
i Ç h ,|�} Û ³ k � ¶ º4D k � µ ßO� |�} Û ³ k � ¶ ß ´MaRµ ô ¶ c (8.25)

sincethe
i
th discretechannelis a replicateof the genericdiscretechannel´,aRµ ô ¶ c . However, thedependency of theoutputrandomvariablesÛ D k ß on the

input randomvariables Û ³ k ß cannotbe further describedwithout specifying
how theDMC is beingused.In this chapter, we will studytwo representative
models.In thefirst model,thechannelis usedwithout feedback.This will be
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Figure8.2. A discretememorylesschannel.

discussedin Section8.2throughSection8.5. In thesecondmodel,thechannel
is usedwith completefeedback.Thiswill bediscussedin Section8.6.To keep
ourdiscussionsimple,wewill assumethatthealphabets² and ³ arefinite.;Ñ«°¯V9±?:9K7:9�÷@?�°w®�ú

The capacityof a discrete memorylesschannel ´,aRµ ô ¶ c is
definedas Ä ��ÅYÆÈÇÉ �ËÊ�� ÂQa ³­ó4D c º (8.26)

where
³

and
D

arerespectivelytheinputandtheoutputof thegenericdiscrete
channel,andthemaximumis takenoverall inputdistributionś,a ¶ c .

Fromtheabove definition,weseethatÄ Ç Á
(8.27)

because ÂQa ³­ó4D c Ç Á (8.28)

for all inputdistributionś,a ¶ c . By Theorem2.43,wehaveÄ ��Å)ÆÈÇÉ �ÌÊ�� Â�a ³ëó4D c à Å)ÆÈÇÉ �ËÊ�� G a ³ c � «%¬I­ ô ² ô s (8.29)

Likewise,wehave Ä à «%¬I­ ô ³ ô s (8.30)

Therefore, Ä à Å)ÍÏÎ a «%¬I­ ô ² ô º «%¬I­ ô ³ ô cFs (8.31)

Since Â�a ³ëó4D c is a continuousfunctionalof ´,a ¶ c andthesetof all ´,a ¶ c is a
compactset(i.e.,closedandbounded)in Ð � Ñ
� , themaximumvalueof Â�a ³ëó4D c
canbeattained3. This justifiestakingthemaximumratherthanthesupremum
in thedefinitionof channelcapacityin (8.26).

3Theassumptionthat

Ñ
is finite is essentialin thisargument.
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Figure8.3. An alternative representationfor abinarysymmetricchannel.

We will prove subsequentlythat
Ä

is in fact the maximumrateat which
informationcanbecommunicatedreliablythroughaDMC. Wefirst givesome
examplesof DMC’s for which thecapacitiescanbeobtainedin closedform.
In thefollowing,

³
and

D
denoterespectively theinput andtheoutputof the

genericdiscretechannel,andall logarithmsarein thebase2.¤�¥y¦C§�¨ª©0« °w®ÌÓÔ1�Õ�9±?w¦,ø�Ö¼×ØÖC§Õ§�«Ù7yø09
>ÛÚ[ö�¦@?:?y«�©VB
The binary symmetric

channel(BSC)has beenshownin Figure 8.1. Alternatively, a BSCcan be
representedby Figure 8.3. Here,

E
is a binary randomvariablerepresenting

thenoiseof thechannel,with|~} Û E�� Á ßO� h�xyw and

|~} Û E�� h ß�� w º (8.32)

and
E

is independentof
³

. ThenDv�i³ Æ E
mod ® s (8.33)

In order to determinethe capacityof the BSC,we first bound Â�a ³­ó4D c as
follows. Â�a ³­ó4D c � G a D c x G a D ô ³ c (8.34)� G a D c x � Ê ´,a ¶ c G a D ô ³·� ¶ c (8.35)� G a D c x � Ê ´,a ¶ c�Ü°Ý a�w c (8.36)� G a D c x ÜØÝ a�w c (8.37)à h�x Ü°Ý a�w c º (8.38)

where wehaveusedÜØÝ to denotethebinary entropyfunctionin thebase2. In
order to achievethisupperbound,wehaveto make

G a D c � h , i.e., theoutput
distribution of the BSCis uniform. This can be doneby letting ´,a ¶ c be the
uniformdistribution on Û Á º h ß . Therefore, theupperboundon Â�a ³­ó4D c canbe
achieved,andweconcludethatÄ � h�x ÜØÝ a�w c bit peruse. (8.39)
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Figure8.4. Thecapacityof abinarysymmetricchannel.

Figure8.4is a plot of thecapacity
Ä

versusthecrossover probability w . We
seefrom theplot that

Ä
attainsthe maximumvalue1 when w � Á

or w � h ,
andattainstheminimumvalue0 when w � Á s - . Whenw � Á

, it is easyto see
that

Ä � h is themaximumrateat which informationcanbecommunicated
throughthechannelreliably. Thiscanbeachievedsimplyby transmittingun-
encodedbitsthroughthechannel,andnodecodingis necessarybecauseall the
bits are receivedunchanged. Whenw � h , thesamecanbeachievedwith the
additionaldecodingstepwhich complementsall thereceivedbits. Bydoingso,
thebits transmittedthroughthechannelcanberecoveredwithouterror. Thus
from the communicationpoint of view, for binary channels,a channelwhich
nevermakeserror anda channelwhich alwaysmakeserrorsareequallygood.
Whenw � Á s - , thechanneloutputis independentof thechannelinput. There-
fore, no informationcanpossiblybecommunicatedthroughthechannel.

¤�¥y¦C§�¨ª©0« °w®ÏÞß1�Õ�9±?w¦,ø�Ö»¤ ø5¦,=�5yøw«�Ú ö�¦@?A?y«ª©VB
Thebinaryerasurechannel

is shownin Figure 8.5. In this channel,the input alphabetis Û Á º h ß , while
the outputalphabetis Û Á º h º�à
ß . With probability á , the erasure symbol

à
is

producedat the output,which meansthat the input bit is lost; otherwisethe
input bit is reproducedat theoutputwithouterror. Theparameterá is called
theerasure probability.

To determinethecapacityof thischannel,wefirst considerÄ � Å)ÆÈÇÉ �ÌÊ�� Â�a ³ëó4D c (8.40)� Å)ÆÈÇÉ �ÌÊ�� a G a D c x G a D ô ³ c�c (8.41)� Å)ÆÈÇÉ �ÌÊ�� G a D c x Ü°Ý a±á cFs (8.42)
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Figure8.5. A binaryerasurechannel.

Thusweonlyhaveto maximize
G a D c . To thisend,let|~} Û ³·� Á ßO�.ä

(8.43)

anddefinea binary randomvariable
�

by� �Ûå Á
if
D ��.àh if
D2�.à

.
(8.44)

Therandomvariable
�

indicateswhetheran erasure hasoccured,andit is a
functionof

D
. ThenG a D c � G a Dsº � c (8.45)� G a � c Æ G a D ô � c (8.46)� Ü°Ý a±á c Æ a�h�xdá c�Ü°Ý a ä cFs (8.47)

Hence, Ä � Å)ÆÈÇÉ �ËÊ�� G a D c x ÜØÝ a±á c (8.48)� Å)ÆÈÇæ   Ü°Ý a±á c Æ a�h�xdá c�Ü°Ý a ä c ¡ x Ü°Ý a±á c (8.49)� a�h�xdá c Å)ÆÈÇæ Ü°Ý a ä c (8.50)� a�h�xdá c º (8.51)

where capacityis achieved by letting
ä¤� Á s - , i.e., the input distribution is

uniform.

It is in generalnotpossibleto obtainthecapacityof aDMC in closedform,
andwehaveto resortto numericalcomputation.In Chapter10,wewill discuss
theBlahut-Arimotoalgorithmfor computingchannelcapacity.
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8.2 THE CHANNEL CODING THEOREM
We will justify thedefinitionof thecapacityof a DMC by theproving the

channelcodingtheorem. This theorem,which consistsof two parts,will be
formally statedat the endof the section. The direct part of the theoremas-
sertsthatinformationcanbecommunicatedthroughaDMC with anarbitrarily
smallprobabilityof errorat any ratelessthanthechannelcapacity. Hereit is
assumedthat the decoderknows the transitionmatrix of the DMC. The con-
versepartof thetheoremassertsthatif informationis communicatedthrougha
DMC ataratehigherthanthecapacity, thentheprobabilityof erroris bounded
away from zero. For betterappreciationof thedefinitionof channelcapacity,
we will first prove the conversepart in Section8.3 andthenprove the direct
partin Section8.4.;Ñ«°¯V9±?:9K7:9�÷@?�°w®Ïç

An a á º4è c codefor a discretememorylesschannelwith in-
putalphabet² andoutputalphabet³ is definedbyanencodingfunctioné¨ê Û h º ® º Ò3Ò3Ò º4è¡ß Ð ² Ó (8.52)

anda decodingfunction ë ê ³ Ó Ð Û h º ® º Ò3Ò3Ò º4è¡ß s (8.53)

Theset Û h º ® º Ò3Ò3Ò º4è¡ß
, denotedby ì , is calledthemessageset.Thesequencesé a�h c º é a ® c º Ò3Ò3Ò º é a è c in ² Ó are calledcodewords,and thesetof codewords

is calledthecodebook.

In orderto distinguisha channelcodeasdefinedabove from a channelcode
with feedbackwhich will be discussedin Section8.6, we will refer to the
formerasa channelcodewithout feedback.

We assumethata message
þ

is randomlychosenfrom themessageset ì
accordingto theuniformdistribution. Therefore,G a þ c � «%¬I­ è s (8.54)

With respectto a channelcodefor aDMC ´MaRµ ô ¶ c , we letíÔ� a ³ ] º7³ [ º Ò3Ò3Ò º7³ Ó c (8.55)

and î � a D ] º4D [ º Ò3Ò3Ò º4D Ó c (8.56)

be the input sequenceand the outputsequenceof the channel,respectively.
Evidently, íï� é a þ cFs (8.57)

Wealsolet ðþñ� ë a î cFs (8.58)

D R A F T September 13, 2001, 6:27pm D R A F T



ChannelCapacity 159

Encoder

Channel

p
ò (
y
ó |
x
ô )
 Decoder


X

õ

Y
 W


Estimate

of message


W


Message


Figure8.6. A channelcodewith block length ö .

Figure8.6is theblockdiagramfor a channelcode.;Ñ«°¯V9±?:9K7:9�÷@?�°w®�¬
For all h àj÷�à è

, letø�ù � |~} Û ðþ �� ÷ ô þú� ÷ ßO� �û �Èü Ïþý ÿ � û ���� ù
|�} Û î ��� ô í � é a ÷ c ß (8.59)

betheconditionalprobabilityof error giventhat themessage is
÷

.

Wenow definetwo performancemeasuresfor achannelcode.;Ñ«°¯V9±?:9K7:9�÷@?�°w®�°
Themaximalprobability of error of an a á º4è c codeis de-

finedas ø�� æ Ê ��ÅYÆÈÇù ø°ù s (8.60);Ñ«°¯V9±?:9K7:9�÷@?�°w®�Ö
Theaverage probability of error of an a á º4è c codeis de-

finedas �@� � |~} Û ðþ ��gþkß s (8.61)

Fromthedefinitionof � � , wehave� � � |~} Û ðþ ��gþkß
(8.62)� � ù |~} Û þú� ÷ ß |~} Û ðþ ��gþ ô þñ� ÷ ß
(8.63)� � ù hè |�} Û ðþ �� ÷ ô þ � ÷ ß
(8.64)� hè � ù ø ù º
(8.65)

i.e., �@� is thearithmeticmeanof
ø ù

, h àj÷Üà è
. It thenfollows that�@� à ø � æ Ê s (8.66)

;Ñ«°¯V9±?:9K7:9�÷@?�°w®�/�û
Therateof an a á º4è c channelcodeis

á l ] «%¬I­ è in bits
peruse.
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A rate � is asymptoticallyachievablefor a discretemem-

orylesschanneĺ,aRµ ô ¶ c if for any w ä Á , there existsfor sufficiently large
á

ana á º4è c codesuch that há «%¬I­ è ä � xyw (8.67)

and ø�� æ Ê z¤w s (8.68)

For brevity, anasymptoticallyachievableratewill bereferredto asanachiev-
ablerate.

In otherwords,a rate � is achievable if thereexists a sequenceof codes
whoseratesapproach� andwhoseprobabilitiesof errorapproachzero. We
endthis sectionby statingthechannelcodingtheorem,which givesa charac-
terizationof all achievablerates.This theoremwill beproved in thenext two
sections.õ@öy«�÷,øw«ª§H°w®�/*¯y1�Ú ö�¦@?A?y«ª©bÚ@÷��@9±?�	 õ@ö¿«�÷¿øw«�§OB

A rate � is achievable
for a discretememorylesschanneĺ,aRµ ô ¶ c if andonly if � à Ä , thecapacityof
thechannel.

8.3 THE CONVERSE
Let usconsidera channelcodewith block length

á
. Therandomvariables

involved in this codeare
þ

,
³Tk

and
DØk

for h à i�à á
, and

ðþ
. We see

from the definition of a channelcodein Definition 8.6 that all the random
variablesaregeneratedsequentiallyaccordingto somedeterministicor prob-
abilistic rules. Specifically, the randomvariablesaregeneratedin the orderþ º7³ ] º4D ] º7³ [ º4D [ º Ò3Ò3Ò º7³ Ó º4D Ó º ðþ . Thegenerationof theserandomvariables
canbe representedby the dependency graph4 in Figure8.7. In this graph,a
noderepresentsa randomvariable. If thereis a (directed)edgefrom node

³
to node

D
, thennode

³
is calleda parentof node

D
. We furtherdistinguish

a solid edgeanda dottededge:a solid edgerepresentsfunctional(determin-
istic) dependency, while adottededgerepresentstheprobabilisticdependency
inducedby thetransitionmatrix ´MaRµ ô ¶ c of thegenericdiscretechannel.For a
node

³
, its parentnodesrepresentall therandomvariableson which random

variable
³

dependswhen it is generated.We will use 
 to denotethe joint
distribution of theserandomvariablesaswell asall themarginals,andlet

¶ k
denotethe

i
th componentof a sequence� . From the dependency graph,we

4A dependency graphcanberegardedasaBayesiannetwork [151].
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Figure8.7. Thedependency graphfor achannelcodewithout feedback.

seethatfor all a ÷ º � º�� c�¸ ì ¹¨² Ó ¹»³ Ó suchthat 
�a�� c ä Á ,

�a ÷ º � º�� c � 
�a ÷ c � Ó�k � ] 
�a ¶ k ô ÷ c � � Ó�k � ] ´,aRµ k ô ¶ k c � s (8.69)

Note that 
�a ÷ c ä Á
for all

÷
so that 
Ùa ¶ k ô ÷ c arewell-defined,and 
�a ¶ k ô ÷ c

aredeterministic.Denotethe setof nodes
³ ] º7³ [ º Ò3Ò3Ò º7³ Ó by

í
andthe set

of nodes
D ] º4D [ º Ò3Ò3Ò , D Ó by

î
. We noticethefollowing structurein thedepen-

dency graph: all the edgesfrom
þ

endin
í

, andall the edgesfrom
í

end
in
î

. This suggeststhattherandomvariables
þ º4í

, and
î

form theMarkov
chain þ Ð í Ð î s (8.70)

Thevalidity of thisMarkov chaincanbeformally justifiedby applyingPropo-
sition2.9to (8.69).Thenfor all a ÷ º � º�� c�¸ ì�¹^² Ó ¹�³ Ó suchthat 
Ùa�� c ä Á ,
wecanwrite 
�a ÷ º � º�� c � 
�a ÷ c 
�a�� ô ÷ c 
�a � ô � cFs (8.71)

By identifying on the right handsidesof (8.69) and(8.71) the termswhich
dependonly on � and

�
, weseethat


�a � ô � c ��� Ó�k � ] ´,aRµ k ô ¶ k c º (8.72)

where
�

is thenormalizationconstantwhich is readilyseento be1. Hence,


�a � ô � c � Ó�k � ] ´,aRµ k ô ¶ k cFs (8.73)
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Figure8.8. Theinformationdiagramfor � Ì�� Ì��fÌ �� .

The Markov chain in (8.70) and the relation in (8.73) are apparentfrom
the setupof the problem,andthe above justificationmay seemsuperfluous.
However, the methodologydevelopedhereis necessaryto handlethe more
delicatesituationwhich ariseswhenthechannelis usedwith feedback.This
will bediscussedin Section8.6.

Considera channelcodewhoseprobability of error is arbitrarily small.
Since

þ º4í¶º î
, and

ðþ
form theMarkov chainin (8.70),theinformationdia-

gramfor thesefour randomvariablesis asshown in Figure8.8.Moreover,
í

is
a functionof

þ
, and

ðþ
is a functionof

î
. Thesetwo relationsareequivalent

to G a í ô þ c � Á º (8.74)

and G a ðþ ô î c � Á º (8.75)

respectively. Sincetheprobabilityof error is arbitrarily small,
þ

and
ðþ

are
essentiallyidentical.To gaininsightinto theproblem,we assumefor thetime
beingthat

þ
and

ðþ
areequivalent,sothatG a ðþ ô þ c ��G a þ ô ðþ c � Á s (8.76)

Sincethe Â -Measure½¿¾ for a Markov chainis nonnegative, theconstraintsin
(8.74)to (8.76)imply that ½ ¾ vanisheson all theatomsin Figure8.8 marked
with a ‘0.’ Immediately, weseethatG a þ c � ÂQa í¶ó î cFs (8.77)

Thatis, theamountof informationconveyedthroughthechannelis essentially
themutualinformationbetweentheinputsequenceandtheoutputsequenceof
thechannel.

For a single transmission,we seefrom the definition of channelcapacity
that the mutual informationbetweenthe input andthe outputcannotexceed
thecapacityof thechannel,i.e., for all h à¢i à�á ,Â�a ³ k ó4D k c à Ä s (8.78)
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Summing
i

from 1 to
á

, wehaveÓ� k � ] Â�a ³ k ó4D k c à�á Ä s (8.79)

Uponestablishingin thenext lemmathat

ÂQa í»ó î c à Ó� k � ] ÂQa ³ k ó4D k c º (8.80)

theconverseof thechannelcodingtheoremthenfollows fromhá «%¬I­ è � há G a þ c (8.81)� há ÂQa í¶ó î c (8.82)à há Ó� k � ] ÂQa ³ k ó4D k c (8.83)à Ä s (8.84)Ôs«ª§Õ§D¦ °w®�/*ú
For a discretememorylesschannelusedwith a channelcode

withoutfeedback, for any
á Ç h ,
ÂQa í»ó î c à Ó� k � ] ÂQa ³ k ó4D k c º (8.85)

where
³ k

and
D k

are respectivelythe input and the outputof the channelat
time

i
.

Proof For any a�� º�� c�¸ ² Ó ¹¨³ Ó , if 
�a�� º�� c ä Á
, then 
�a�� c ä Á

and(8.73)
holds.Therefore, 
�a î ô í c � Ó�k � ] ´,a D k ô ³ k c (8.86)

holdsfor all a�� º�� c in thesupportof 
�a�� º�� c . Thenx � «%¬I­ 
�a î ô í c � x � «Ï¬I­ Ó�k � ] ´,a D�k ô ³Tk c � x Ó� k � ] � «%¬I­ ´Ma DØk ô ³Tk c º (8.87)

or G a î ô í c � Ó� k � ] G a D k ô ³ k cFs (8.88)
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Hence, Â�a í¶ó î c � G a î c x G a î ô í c (8.89)à Ó� k � ] G a D k c x Ó�k � ] G a D k ô ³ k c (8.90)� Ó� k � ] ÂQa ³Tk;ó4D�k cFs (8.91)

Thelemmais proved.

Wenow formally prove theconverseof thechannelcodingtheorem.Let �
beanachievablerate,i.e., for any w ä Á , thereexistsfor sufficiently large

á
ana á º4è c codesuchthat há «%¬I­ è ä � xyw (8.92)

and ø�� æ Ê z¤w s (8.93)

Consider «Ï¬I­ è æ �� G a þ c (8.94)� G a þ ô ðþ c Æ ÂQa þkó ðþ c (8.95)Ý �à G a þ ô ðþ c Æ ÂQa í»ó î c (8.96)µ �à G a þ ô ðþ c Æ Ó� k � ] ÂQa ³ k ó4D k c (8.97)! �à G a þ ô ðþ c Æ á Ä º (8.98)

where

a) follows from (8.54);

b) follows from thedataprocessingtheoremsince
þ Ð í Ð î Ð ðþ

;

c) follows from Lemma8.13;

d) follows from (8.79).

From(8.61)andFano’s inequality(cf. Corollary2.48),wehaveG a þ ô ðþ c z h Æ � � «%¬I­ è s (8.99)
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Therefore,from (8.98),«%¬I­ è z h Æ �,� «%¬I­ è Æ á Ä
(8.100)à h Æ ø"� æ Ê «%¬I­ è Æ á Ä
(8.101)z h Æ w «Ï¬I­ è Æ á Ä º
(8.102)

wherewe have used(8.66)and(8.93),respectively to obtainthe last two in-
equalities.Dividing by

á
andrearrangingtheterms,wehavehá «%¬I­ è z ]Ó Æ Äh
xyw º (8.103)

andfrom (8.92),weobtain

��xyw�z ]Ó Æ Äh
xyw s (8.104)

For any w ä Á
, theabove inequalityholdsfor all sufficiently large

á
. Lettingá Ðª©

andthen w Ð Á
, weconcludethat� à Ä s (8.105)

Thiscompletestheproof for theconverseof thechannelcodingtheorem.
Fromtheabove proof,we canobtainanasymptoticboundon � � whenthe

rateof thecode ]Ó «%¬I­ è is greaterthan
Ä

. Consider(8.100)andobtain�@� Ç h�x h Æëá Ä«%¬I­ è � h
x ]Ó Æ Ä]Ó «%¬I­ è s (8.106)

Then � � Ç h�x ]Ó Æ Ä]Ó «%¬I­ è # h�x Ä]Ó «%¬I­ è (8.107)

when
á

is large. This asymptoticboundon � � , which is strictly positive if]Ó½«%¬I­ è ä Ä
, is illustratedin Figure8.9.

In fact,thelowerboundin (8.106)impliesthat � � ä Á for all
á

if ]Ó «%¬I­ è äÄ
becauseif � � Ó%$ �� � Á

for some
á �

, thenfor all
� Ç h , by concatenating

�
copiesof thecode,weobtainacodewith thesamerateandblock lengthequal
to
� á �

suchthat � �'& Ó($ �� � Á
, which is a contradictionto our conclusionthat� � ä Á when

á
is large.Therefore,if weuseacodewhoserateis greaterthan

thechannelcapacity, theprobabilityof erroris non-zerofor all block lengths.
The converseof the channelcodingtheoremwe have proved is calledthe

weakconverse.A strongerversionof this resultcalledthestrongconversecan
beproved,which saysthat �,� Ð h as

á Ð ©
if thereexistsan w ä Á

such
that ]Ó «%¬I­ è Ç Ä Æ w for all

á
.
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Figure8.9. An asymptoticupperboundon ,.- .
8.4 ACHIEVABILITY OF THE CHANNEL CAPACITY

We have shown in the last sectionthat thechannelcapacity
Ä

is anupper
boundonall achievableratesfor aDMC. In thissection,weshow thattherateÄ

is achievable,which impliesthatany rate � à Ä is achievable.
ConsideraDMC ´MaRµ ô ¶ c , anddenotetheinputandtheoutputof thegeneric

discretechannelby
³

and
D

, respectively. For every input distribution ´,a ¶ c ,
we will prove that the rate Â�a ³ëó4D c is achievableby showing for large

á
the

existenceof achannelcodesuchthat

1. therateof thecodeis arbitrarilycloseto Â�a ³ëó4D c ;
2. themaximalprobabilityof error

ø"� æ Ê is arbitrarilysmall.

Then by choosingthe input distribution ´,a ¶ c to be one which achieves the
channelcapacity, i.e., Â�a ³ëó4D c � Ä , weconcludethattherate

Ä
is achievable.

Fix any w ä Á
andlet / be a small positive quantityto be specifiedlater.

Toward proving the existenceof a desiredcode,we fix an input distribution´,a ¶ c for the genericdiscretechanneĺMaRµ ô ¶ c , and let
è

be an even integer
satisfying Â�a ³­ó4D c x w® z há «%¬I­ è zfÂQa ³­ó4D c x w0 º (8.108)

where
á

is sufficiently large.Wenow describea randomcodingschemein the
following steps:

1. Constructthe codebook1 of an a á º4è c coderandomlyby generating
è

codewordsin ² Ó independentlyandidenticallyaccordingto ´,a ¶ c Ó . Denote
thesecodewordsby

í a�h c º4í a ® c º Ò3Ò3Ò º4í a è c .
2. Revealthecodebook1 to boththeencoderandthedecoder.
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3. A message
þ

is chosenfrom ì accordingto theuniformdistribution.

4. Themessage
þ

is encodedinto thecodeword
í a þ c , which is thentrans-

mittedthroughthechannel.

5. Thechanneloutputsasequence
î

accordingto|~} Û î ��� ô í a þ c � � ßO� Ó�k � ] ´MaRµ k ô ¶ k c (8.109)

(cf. (8.73)andRemark1 in Section8.6).

6. Thesequence
î

is decodedto themessage
÷

if a í a ÷ c º î c½¸32 Ó4 �q�6587 and
theredoesnot exists

÷ Ä��� ÷
suchthat a í a ÷ Ä c º î c�¸92 Ó4 �
�:587 . Otherwise,î

is decodedto a constantmessagein ì . Denoteby
ðþ

the messageto
which

î
is decoded.

Remark 1 Therearea total of
ô ² ô ; Ó possiblecodebookswhich canbecon-

structedby the randomprocedurein Step2, wherewe regardtwo codebooks
whosesetsof codewordsarepermutationsof eachotherastwo differentcode-
books.

Remark 2 Strongtypicality isusedin definingthedecodingfunctionin Step6.
This is madepossibleby theassumptionthatthealphabets² and ³ arefinite.

Wenow analyzetheperformanceof this randomcodingscheme.Let<>=?=�� Û ðþ ���þhß
(8.110)

be the eventof a decodingerror. In the following, we analyze

|�} Û <>=?=(ß , the
probabilityof adecodingerrorfor therandomcodeconstructedabove. For allh àj÷Üà è

, definetheevent� ù � Û a í a ÷ c º î c�¸@2 Ó4 �
�A587 ß s (8.111)

Now |~} Û <B=C=(ßO� ;�ù � ]
|~} Û <>=?= ô þú� ÷ ß |~} Û þú� ÷ ß s (8.112)

Since

|�} Û <>=?= ô þ � ÷ ß
areidenticalfor all

÷
by symmetryin thecodecon-

struction,wehave|~} Û <B=C=0ß � |�} Û <>=?= ô þú� h ß ;�ù � ]
|�} Û þú� ÷ ß

(8.113)� |�} Û <>=?= ô þú� h ß�º (8.114)

D R A F T September 13, 2001, 6:27pm D R A F T



168 A FIRSTCOURSEIN INFORMATIONTHEORY

i.e., we canassumewithout lossof generalitythat the message1 is chosen.
Thendecodingis correctif thereceivedvector

î
is decodedto themessage1.

This is the caseif
� ] occursbut

� ù
doesnot occurfor all ® à ÷ à è

. It
follows that5|~} Û <B=C= µ�ô þú� h ß Ç |�} Û � ] ´ � µ[ ´ � µ· ´ Ò3Ò3Ò ´ � µ; ô þú� h ß�º (8.115)

which implies|~} Û <B=C= ô þú� h ß� h�x |�} Û <>=?= µ�ô þú� h ß (8.116)à h�x |�} Û � ] ´ � µ[ ´ � µ· ´ Ò3Ò3Ò ´ � µ; ô þú� h ß (8.117)� |~} Û a � ] ´ � µ[ ´ � µ· ´ Ò3Ò3Ò ´ � µ; c µ�ô þú� h ß (8.118)� |~} Û � µ]ED � [ D � · D Ò3Ò3Ò D � ; ô þú� h ß s (8.119)

By theunionbound,wehave|~} Û <B=C= ô þú� h ß à |~} Û � µ] ô þñ� h ß Æ ;�ù � [
|~} Û � ù�ô þú� h ß s (8.120)

First,if
þú� h , then a í a�h c º î c are

á
i.i.d. copiesof thepairof genericrandom

variablesa ³»º4D c . By thestrongJAEP(Theorem5.8),for any F ä Á ,|�} Û � µ] ô þú� h ß�� |~} Û a í a�h c º î c �¸G2 Ó4 �q�:587 ô þú� h ß z�F (8.121)

for sufficiently large
á

. Second,if
þ � h , thenfor ® à.÷¡à è

, a í a ÷ c º î c
are

á
i.i.d. copiesof thepair of genericrandomvariablesa ³ Ä º4D Ä c , where

³ Ä
and

D Ä have the samemarginal distributions as
³

and
D

, respectively, and³ Ä and
D Ä areindependentbecause

í a�h c and
í a ÷ c areindependentand

î
dependsonly on

í a�h c . Therefore,|~} Û � ù�ô þú� h ß� |�} Û a í a ÷ c º î c�¸G2 Ó4 �q�6587 ô þú� h ß (8.122)� ��'HJI û � �LK ÏM NAOQP R ´,a�� c ´,a � cFs (8.123)

By the consistency of strongtypicality, for a�� º�� c{¸S2 Ó4 �
�:587 , � ¸S2 Ó4 �T587 and� ¸U2 Ó4 �A587 . By the strongAEP, all ´,a�� c and ´,a � c in the above summation
satisfy ´,a�� c à ® l Ó �WV�� � �
l"X8� (8.124)

5If YwË doesnot occuror Y[Z occursfor some ]]\ ù \ ; , the received vector ^ is decodedto the
constantmessage,which mayhappento be the message1. Therefore,the inequalityin (8.115)is not an
equalityin general.
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and ´,a � c à ® l Ó �_V�� � ��l[`�� º (8.125)

wherea ºcb Ð Á
as / Ð Á

. Againby thestrongJAEP,ô 2 Ó4 �
�:587 ô à ® Ó �WV�� � I � � îed � º (8.126)

wheref Ð Á
as / Ð Á

. Thenfrom (8.123),wehave|�} Û � ù�ô þú� h ßà ® Ó �_V�� � I � � îed � Ò ® l Ó �_V�� � ��l"Xe� Ò ® l Ó �WV�� � �
l[`�� (8.127)� ® l Ó �_V�� � � î V�� � �
lgV�� � I � ��l d l"X�l[`�� (8.128)� ® l Ó �Wh8� �ji � ��l d l"X�l[`�� (8.129)� ® l Ó �Wh8� �ji � ��l"k�� º (8.130)

where l � f Æ a Æ b Ð Á
(8.131)

as / Ð Á
.

Fromtheupperboundin (8.108),wehaveè z ® Ó �Wh8� �ji � ��l>mn � s (8.132)

Using (8.121), (8.130), and the above upperboundon
è

, it follows from
(8.114)and(8.120)that|~} Û <>=?=(ß z F Æ ® Ó �Wh8� �ji � ��l>mn � Ò ® l Ó �'h8� �oi � �
l"k�� (8.133)� F Æ ® l Ó � mn l"k�� s (8.134)

Since
l Ð Á

as / Ð Á
, for sufficiently small / , wehavew0 x l ä Á (8.135)

for any w ä Á
, so that ® l Ó � mn l"k�� Ð Á

as
á Ð ©

. Thenby letting F6z �· , it
follows from (8.134)that

|�} Û <>=?=0ß z w® (8.136)

for sufficiently large
á

.
Themain ideaof theabove analysison

|�} Û <>=?=0ß is the following. In con-
structingthecodebook,we randomlygenerate

è
codewordsin ² Ó according

to ´,a ¶ c Ó , andoneof thecodewordsis sentthroughthechanneĺ,aRµ ô ¶ c . Whená
is large,with high probability, thereceived sequenceis jointly typical with

the codeword sentwith respectto ´,a ¶ º µ c . If the numberof codewords
è

growswith
á

ata ratelessthan Â�a ³­ó4D c , thentheprobabilitythatthereceived
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sequenceis jointly typicalwith acodewordotherthantheonesentthroughthe
channelis negligible. Accordingly, themessagecanbedecodedcorrectlywith
probabilityarbitrarilycloseto 1.

In constructingthecodebookby therandomprocedurein Step2, wechoose
acodebook1 with acertainprobability

|~} Û 1 ß from theensembleof all possi-
blecodebooks.By conditioningon thecodebookchosen,wehave|~} Û <>=?=*ßO� �cp |~} Û 1 ß |~} Û <B=C= ô 1 ß�º (8.137)

i.e.,

|~} Û <B=C=0ß is a weightedaverageof

|~} Û <B=C= ô 1 ß over all 1 in theensemble
of all possiblecodebooks,where

|~} Û <B=C= ô 1 ß is theaverageprobabilityof error
of thecode,i.e., � � , whenthecodebook1 is chosen(cf. Definition 8.9). The
readershouldcomparethetwo differentexpansionsof

|~} Û <B=C=0ß in (8.137)and
(8.112).

Therefore,thereexistsat leastonecodebook1y¾ suchthat|�} Û <>=?= ô 1 ¾ ß à |�} Û <>=?=*ß z w® s (8.138)

Thuswehave shown thatfor any w ä Á , thereexistsfor sufficiently large
á

ana á º4è c codesuchthat há «%¬I­ è ä Â�a ³­ó4D c x w® (8.139)

(cf. (8.108))and � � z w® s (8.140)

Wearestill onestepaway from proving thattherate ÂQa ³­ó4D c is achievable
becausewe requirethat

ø"� æ Ê insteadof � � is arbitrarily small. Toward this
end,wewrite (8.140)as hè ;�ù � ] ø ù z w® º (8.141)

or ;�ù � ] ø°ù zrq è ®ts w s (8.142)

Upon orderingthe codewordsaccordingto their conditionalprobabilitiesof
error, we observe that the conditionalprobabilitiesof error of the betterhalf
of the

è
codewordsarelessthan w , otherwisetheconditionalprobabilitiesof

errorof theworsehalf of thecodewordsareat least w , andthey contribute at
least a ; [ c w to thesummationin (8.142),which is acontradiction.
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Thusby discardingtheworsehalf of thecodewordsin 1 ¾ , for theresulting
codebook,themaximalprobabilityof error

ø"� æ Ê is lessthan w . Using(8.139)
andconsidering há «%¬I­ è ® � há «Ï¬I­ è x há (8.143)ä q*Â�a ³­ó4D c x w® s x há (8.144)ä ÂQa ³­ó4D c xyw (8.145)

when
á

is sufficiently large,weseethattherateof theresultingcodeis greater
than ÂQa ³­ó4D c xyw . Hence,weconcludethattherate Â�a ³ëó4D c is achievable.

Finally, uponletting the input distribution ´,a ¶ c beonewhich achievesthe
channelcapacity, i.e., ÂQa ³­ó4D c � Ä , wehave provedthattherate

Ä
is achiev-

able.Thiscompletestheproofof thedirectpartof thechannelcodingtheorem.

8.5 A DISCUSSION
In thelast two sections,we have provedthechannelcodingtheoremwhich

assertsthatreliablecommunicationthroughaDMC at rate � is possibleif and
only if � z Ä

, the channelcapacity. By reliablecommunicationat rate � ,
wemeanthatthesizeof themessagesetgrowsexponentiallywith

á
at rate � ,

while themessagecanbedecodedcorrectlywith probabilityarbitrarily close
to 1 as

á Ðª©
. Therefore,thecapacity

Ä
is a fundamentalcharacterizationof

aDMC.
Thecapacityof anoisychannelis analogousto thecapacityof awaterpipe

in thefollowing way. For a waterpipe,if we pumpwaterthroughthepipeat
a ratehigherthanits capacity, thepipewould burst andwaterwould be lost.
For acommunicationchannel,if wecommunicatethroughthechannelatarate
higherthanthecapacity, theprobabilityof error is boundedaway from zero,
i.e., informationis lost.

In proving the direct part of the channelcodingtheorem,we showed that
thereexists a channelcodewhoserate is arbitrarily closeto

Ä
and whose

probabilityof erroris arbitrarilycloseto zero.Moreover, theexistenceof such
acodeis guaranteedonly whentheblocklength

á
is large.However, theproof

doesnot indicatehow wecanfind suchacodebook.For this reason,theproof
wegave is calledanexistenceproof (asopposeto aconstructive proof).

For afixedblock length
á

, we in principlecansearchthroughtheensemble
of all possiblecodebooksfor a goodone,but this is quiteprohibitive evenfor
small

á
becausethenumberof all possiblecodebooksgrows doubleexponen-

tially with
á

. Specifically, thetotal numberof all possiblea á º4è c codebooks
is equalto

ô ² ô ; Ó . Whentherateof thecodeis closeto
Ä

,
è

is approximately
equalto ® Ó(u . Therefore,thenumberof codebookswe needto searchthrough
is about

ô ² ô Ó [ Ïwv .
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Nevertheless,theproofof thedirectpartof thechannelcodingtheoremdoes
indicatethatif we generatea codebookrandomlyasprescribed,thecodebook
is mostlikely to begood.Moreprecisely, wenow show thattheprobabilityof
choosinga code 1 suchthat

|~} Û <B=C= ô 1 ß is greaterthanany prescribedx ä Á
is arbitrarilysmallwhen

á
is sufficiently large.Consider|~} Û <B=C=0ß � � p |~} Û 1 ß |~} Û <B=C= ô 1 ß (8.146)� �p ý �����zy�{|{�� p � \"}

|~} Û 1 ß |~} Û <>=?= ô 1 ßÆ �p ý �����zy�{|{�� p �c~ }
|~} Û 1 ß |~} Û <>=?= ô 1 ß (8.147)Ç �p ý �����zy�{|{�� p �c~ }

|~} Û 1 ß |~} Û <>=?= ô 1 ß (8.148)Ç x �p ý �V�
�zy"{|{8� p �c~ }
|�} Û 1 ß�º (8.149)

which implies �p ý �V�
�zy"{|{8� p �c~ }
|�} Û 1 ß à |~} Û <B=C=(ßx s (8.150)

From(8.138),wehave
|�} Û <>=?=*ß z w® (8.151)

for any w ä Á when
á

is sufficiently large.Then�p ý �V�
�zy"{|{8� p �c~ }
|~} Û 1 ß à w® x s (8.152)

Sincex is fixed,thisupperboundcanbemadearbitrarilysmallby choosinga
sufficiently small w .

Althoughtheproofof thedirectpartof thechannelcodingtheoremdoesnot
provide anexplicit constructionof a goodcode,it doesgive muchinsightinto
whatagoodcodeis like. Figure8.10is anillustrationof achannelcodewhich
achievesthechannelcapacity. Hereweassumethattheinputdistribution ´,a ¶ c
is onewhichachievesthechannelcapacity, i.e., ÂQa ³­ó4D c � Ä . Theideais that
mostof thecodewordsaretypical sequencesin ² Ó with respectto ´,a ¶ c . (For
this reason,therepetitioncodeis not a goodcode.)Whensucha codeword is
transmittedthroughthe channel,the received sequenceis likely to be oneof
about® Ó V�� �'� � � sequencesin ³ Ó whicharejointly typicalwith thetransmitted
codeword with respectto ´,a ¶ º µ c . The associationbetweena codeword and
theabout ® Ó V�� �'� � � correspondingsequencesin ³ Ó is shown asa conein the
figure.As werequirethattheprobabilityof decodingerroris small,thecones
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Figure8.10. A channelcodewhichachievescapacity.

essentiallydo not overlap with eachother. Sincethe numberof typical se-
quenceswith respectto �����"� is about�%�(���'�E� , thenumberof codewordscannot
exceedabout �%���B�W���� �(���'�T� �>��� � �(�w���j� ��� � � �(��� (8.153)

This is consistentwith theconverseof thechannelcodingtheorem.Thedirect
part of the channelcodingtheoremsaysthat when � is large, aslong asthe
numberof codewordsgeneratedrandomlyis notmorethanabout�%� �W��¡[¢|� , the
overlapamongtheconesis negligible with veryhighprobability.

Therefore,insteadof searchingthroughtheensembleof all possiblecode-
booksfor agoodone,wecangenerateacodebookrandomly, andit is likely to
begood. However, sucha codeis difficult to usedueto the following imple-
mentationissues.

A codebookwith block length � andrate £ consistsof ��� ��¤ symbolsfrom
theinputalphabet¥ . Thismeansthatthesizeof thecodebook,i.e.,theamount
of storagerequiredto storethe codebook,grows exponentiallywith � . This
alsomakestheencodingprocessvery inefficient.

Anotherissueis regardingthecomputationrequiredfor decoding.Basedon
thesequencereceivedat theoutputof thechannel,thedecoderneedsto decide
which of theabout �%��¤ codewordswastheonetransmitted.This requiresan
exponentialamountof computation.

In practice,we aresatisfiedwith the reliability of communicationonceit
exceedsacertainlevel. Therefore,theabove implementationissuesmayeven-
tually beresolvedwith theadvancementof microelectronics.But beforethen,
westill haveto dealwith theseissues.For thisreason,theentirefield of coding
theoryhasbeendevelopedsincethe1950’s. Researchersin this field arede-
votedto searchingfor goodcodesanddevising efficientdecodingalgorithms.
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Figure8.11. A channelcodewith feedback.

In fact,almostall thecodesstudiedin codingtheoryare linear codes. By
takingadvantageof thelinearstructuresof thesecodes,efficientencodingand
decodingcan be achieved. In particular, Berrouel al [25] have proposeda
linearcodecalledtheturbocode6 in 1993,which is now generallybelievedto
bethepracticalway to achieve thechannelcapacity.

Today, channelcodinghasbeenwidely usedin homeentertainmentsys-
tems(e.g.,audioCD andDVD), computerstoragesystems(e.g.,CD-ROM,
harddisk,floppy disk,andmagnetictape),computercommunication,wireless
communication,anddeepspacecommunication.The mostpopularchannel
codesusedin existingsystemsincludetheHammingcode,theReed-Solomon
code7, theBCH code,andconvolutionalcodes.We refertheinterestedreader
to textbooksoncodingtheory[29] [124] [202] for discussionsof thissubject.

8.6 FEEDBACK CAPACITY
Feedbackis very commonin practicalcommunicationsystemsfor correct-

ing possibleerrorswhich occurduring transmission.As an example,during
a telephoneconversation,we very oftenhave to requestthespeaker to repeat
dueto poor voice quality of the telephoneline. As anotherexample,in data
communication,the receiver may requesta packet to be retransmittedif the
parity check bits received areincorrect. In general,whenfeedbackfrom the
receiver is availableat the transmitter, the transmittercanat any time decide
whatto transmitnext basedonthefeedbacksofar, andcanpotentiallytransmit
informationthroughthechannelreliablyat ahigherrate.

In this section,we studya modelin which a DMC is usedwith complete
feedback.The block diagramfor the modelis shown in Figure8.11. In this
model,thesymbol ¬[­ receivedat theoutputof thechannelat time ® is available
instantaneouslyat theencoderwithout error. Thendependingon themessage¯

andall thepreviousfeedback¬�°²±³¬g´(±²µ²µ²µ¶±³¬ ­ , theencoderdecidesthevalue

6The turbo codeis a specialcaseof the classof Low-densityparity-check (LDPC) codesproposedby
Gallager[75] in 1962(seeMacKay[127]). However, theperformanceof suchcodeswasnot known at that
timedueto lack of highspeedcomputersfor simulation.
7TheReed-Solomoncodewasindependentlydiscoveredby Arimoto [13].
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of · ­¹¸ ° , thenext symbolto be transmitted.Sucha channelcodeis formally
definedbelow.º¼»"½Q¾À¿6¾ÂÁ6¾�Ã�¿ÅÄ:Æ|Ç(È

An ���É±³ÊU� code with completefeedback for a discrete
memorylesschannelwith input alphabet ¥ andoutputalphabetË is defined
byencodingfunctionsÌ ­�Í�ÎJÏ(±c�Q±²µ²µ²µ%±³ÊÑÐÓÒ@Ë ­ ¡ °�Ô ¥ (8.154)

for Ï]ÕÖ®×ÕÅ� anda decodingfunctionØ ÍJË � Ô ÎJÏ(±c�Q±²µ²µ²µ%±³ÊÑÐ � (8.155)

We will use Ù ­ to denote �Ú¬�°²±³¬g´(±²µ²µ²µL±³¬ ­ � and · ­ to denote

Ì ­ � ¯ ±�Ù ­ ¡ ° � .
We notethat a channelcodewithout feedbackis a specialcaseof a channel
codewith completefeedbackbecausefor thelatter, theencodercanignorethe
feedback.º¼»"½Q¾À¿6¾ÂÁ6¾�Ã�¿ÅÄ:Æ|ÇJÛ

A rate £ is achievablewith completefeedback for a dis-
cretememorylesschannel�E���:Ü Ý:� if for any Þàßâá , there existsfor sufficiently
large � an ���É±³Êâ� codewith completefeedback such thatÏ�tã¹ä�å Ê ßÖ£SæçÞ (8.156)

and è"éTêcëíì Þ � (8.157)º¼»"½Q¾À¿6¾ÂÁ6¾�Ã�¿ÅÄ:Æ|ÇJî
Thefeedback capacity, ï FB, ofadiscretememorylesschan-

nel is the supremumof all the ratesachievableby codeswith completefeed-
back.ð]ñAÃ¿¨gÃ�òó¾¹Á6¾ÚÃ�¿ôÄ:Æ|Ç õ

Thesupremumin thedefinitionof ï FB in Definition8.16
is themaximum.

Proof Considerrates£à�'ö²� whichareachievablewith completefeedbacksuch
that ã¹÷¹øöwùûú £ �'ö²� � £ � (8.158)

Thenfor any ÞjßSá , for all ü , thereexistsfor sufficiently large � an ���É±³Ê �'ö²� �
codewith completefeedbacksuchthatÏ� ã_ä�å Ê �'ö²� ßÖ£ �'ö²� æýÞ (8.159)
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Figure8.12. Thedependency graphfor achannelcodewith feedback.

and è �Wöw�é�ê³ë ì Þ � (8.160)

By virtueof (8.158),let ü:�|ÞC� beanintegersuchthatfor all ütß�ü:�|ÞC� ,Ü £Sæç£ �'ö²� Ü ì Þ¶± (8.161)

which implies £ �Wö²� ßÖ£SæçÞ � (8.162)

Thenfor all ü ß ü:�|Þ?� , Ï� ã_ä�å Ê �Wöw� ßÖ£ �'ö²� æýÞBßÖ£Sæç��Þ � (8.163)

Therefore,it follows from (8.163)and(8.160)that £ is achievablewith com-
pletefeedback.This impliesthatthesupremumin Definition8.16,which can
beachieved,is in factthemaximum.

Sincea channelcodewithout feedbackis a specialcaseof a channelcode
with completefeedback,any rate£ achievableby theformeris alsoachievable
by thelatter. Therefore, ï FB

� ï � (8.164)

Theinterestingquestionis whetherï FB is greaterthan ï . Theanswersur-
prisingly turnsout to beno for aDMC, aswenow show. Fromthedescription
of a channelcodewith completefeedback,we obtainthe dependency graph
for the randomvariables̄ ±�� ±�Ù9±	�¯ in Figure8.12. Fromthis dependency
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graph,weseethat
 ���Ó±�
É±�� ± ��Ó� � 
 ��� � � ��­�� ° 
 ��Ý ­ Ü �û±�� ­ ¡ ° ��� � ��­�� ° ����� ­ Ü Ý ­ ��� 
 � ��¼Ü ��� (8.165)

for all ���û±�
É±�� ± ��Ó����� ÒG¥¼�íÒtËo�íÒ�� suchthat 
 ���û±�� ­ ¡ ° �C± 
 ��Ý ­ �>ßÖá forÏ]ÕÅ®×ÕÅ� and 
 ������ßÖá , where� ­ � ��� ° ±�� ´ ±²µ²µ²µó±���­ � . Notethat 
 ��Ý[­cÜ �û±�� ­ ¡ ° �
and 
 � ��íÜ ��� aredeterministic.�T»����! Ä:Æ|ÇJÄ

For all Ï]ÕÖ®×ÕÅ� ,� ¯ ±�Ù ­ ¡ ° � Ô · ­ Ô ¬ ­ (8.166)

formsa Markov chain.

Proof Thedependency graphfor therandomvariables̄ ±�� ­ , andÙ ­ is shown
in Figure8.13. Denotethe setof nodes̄ ±�� ­ ¡ ° , and Ù ­ ¡ ° by " . Thenwe
seethatall theedgesfrom " endat · ­ , andtheonly edgefrom · ­ endsat ¬ ­ .
Thismeansthat ¬g­ dependson � ¯ ±�� ­ ¡ ° ±�Ù ­ ¡ ° � only through·í­ , i.e.,� ¯ ±�� ­ ¡ ° ±�Ù ­ ¡ ° � Ô · ­ Ô ¬ ­ (8.167)

formsaMarkov chain,or# � ¯ ±�� ­ ¡ ° ±�Ù ­ ¡ °%$ ¬ ­ Ü · ­ � � á � (8.168)

This canbe formally justifiedby Proposition2.9, andthe detailsareomitted
here.Sinceá �

# � ¯ ±�� ­ ¡ ° ±�Ù ­ ¡ ° $ ¬ ­ Ü · ­ � (8.169)�
# � ¯ ±�Ù ­ ¡ ° $ ¬ ­ Ü · ­ �'& # �(� ­ ¡ ° $ ¬ ­ Ü ¯ ±�· ­ ±�Ù ­ ¡ ° � (8.170)

andmutualinformationis nonnegative, weobtain# � ¯ ±�Ù ­ ¡ °%$ ¬ ­ Ü · ­ � � á.± (8.171)

or � ¯ ±�Ù ­ ¡ ° � Ô · ­ Ô ¬ ­ (8.172)

formsaMarkov chain.Thelemmais proved.

Fromthedefinitionof ï FB andby virtue of Proposition8.17,if £ ÕUï FB,
then £ is a rateachievablewith completefeedback.Wewill show thatif a rate£ is achievablewith completefeedback,then £ Õ ï . If so, then £ Õ ï FB

implies £âÕSï , whichcanbetrueif andonly if ï FB Õ�ï . Thenfrom (8.164),
wecanconcludethat ï FB � ï .
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Figure8.13. Thedependency graphfor -/.(021 , and 341 .
Let £ bearateachievablewith completefeedback,i.e.,for any ÞBßÖá , there

existsfor sufficiently large � an ���É±³ÊU� codewith completefeedbacksuchthat� ¡ ° ã_ä�å Ê ßÖ£SæýÞ (8.173)

and è�é�ê³ëíì Þ � (8.174)

Consider ã_ä�å Ê �65 � ¯ � � # � ¯ $ Ù �7& 5 � ¯ Ü Ù � (8.175)

andbound

# � ¯ $ Ù3� and 5 � ¯ Ü Ù3� asfollows. First,# � ¯ $ Ù � � 5 ��Ù3��æ 5 ��Ù Ü ¯ � (8.176)

� 5 ��Ù3��æ �8 ­�� ° 5 �Ú¬g­�Ü Ù ­ ¡ ° ± ¯ � (8.177)ê �� 5 ��Ù3��æ �8 ­�� ° 5 �Ú¬ ­ Ü Ù ­ ¡ ° ± ¯ ±�· ­ � (8.178)9 �� 5 ��Ù3��æ �8 ­�� ° 5 �Ú¬ ­ Ü · ­ � (8.179)

Õ �8 ­�� ° 5 �Ú¬ ­ ��æ �8 ­�� ° 5 �Ú¬ ­ Ü · ­ � (8.180)

� �8 ­�� °
# ��· ­ $ ¬ ­ � (8.181)Õ ��ï�± (8.182)
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wherea) followsbecause· ­ is a functionof
¯

and Ù ­ ¡ ° andb) follows from
Lemma8.18.Second,5 � ¯ Ü Ù3� �:5 � ¯ Ü Ù9±;�¯ ��Õ 5 � ¯ Ü��¯ � � (8.183)

Thus ã_ä�å Ê Õ 5 � ¯ Ü �¯ �<&ý��ï�± (8.184)

which is the sameas (8.98). Thenby (8.173)and an applicationof Fano’s
inequality, we concludeasin theproof for theconverseof thechannelcoding
theoremthat £âÕ�ï � (8.185)

Hence,wehave provedthat ï FB � ï .

Remark 1 Theproof for theconverseof thechannelcodingtheoremin Sec-
tion 8.3dependscritically on theMarkov chain¯ Ô � Ô Ù Ô �¯ (8.186)

andtherelationin (8.73)(thelatterimpliesLemma8.13).Bothof themdonot
hold in generalin thepresenceof feedback.

Remark 2 Theproof for ï FB � ï in this sectionis alsoa proof for thecon-
verseof thechannelcodingtheorem,sowe actuallydo not needtheproof in
Section8.3. However, the proof hereandthe proof in Section8.3 have very
differentspirits. Without comparingthe two proofs,onecannotpossiblyun-
derstandthesubtletyof theresultthatfeedbackdoesnot increasethecapacity
of aDMC.

Remark 3 Althoughfeedbackdoesnot increasethecapacityof a DMC, the
availability of feedbackvery often makes coding much simpler. For some
channels,communicationthroughthe channelwith zeroprobability of error
canbeachievedin thepresenceof feedbackby usingavariable-lengthchannel
code.Thesearediscussedin thenext example.=2>7 ?��¨ª© » Ä:Æ|ÇA@

Considerthebinary erasure channelin Example8.5 whose
capacityis Ï æCB , where B is theerasureprobability. In thepresenceofcomplete
feedback, for everyinformationbit to betransmitted,theencodercantransmit
thesameinformationbit throughthechanneluntil an erasure doesnot occur,
i.e., the informationbit is receivedcorrectly. Thenthenumberof usesof the
channelit takesto transmitan informationbit throughthe channelcorrectly
hasa truncatedgeometricaldistribution whosemeanis �zÏ>æDB6�c¡ ° . Therefore,
theeffectiverateat which informationcanbetransmittedthroughthechannel
is ÏÓæEB . In other words, the channelcapacityis achieved by usinga very
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Figure8.14. Separationof sourcecodingandchannelcoding.

simplevariable-lengthcode. Moreover, thechannelcapacityis achievedwith
zero probabilityof error.

In theabsenceof feedback, therate Ï×æOB canalsobeachieved,but with an
arbitrarily smallprobabilityof error anda much morecomplicatedcode.

8.7 SEPARATION OF SOURCEAND CHANNEL
CODING

Wehave sofar consideredthesituationin which we wantto convey a mes-
sagethroughaDMC, wherethemessageis randomlyselectedfrom afinite set
accordingto the uniform distribution. However, in mostsituations,we want
to convey aninformationsourcethrougha DMC. Let ÎQP ö ±cü ß æo�EÐ bea sta-
tionaryergodic informationsourcewith entropy rate 5 . Denotethecommon
alphabetby R andassumethat R is finite. To convey ÎQP ö Ð throughthechan-
nel, we canemploy a sourcecodewith rate £4S anda channelcodewith rate£�T asshown in Figure8.14suchthat £;S ì £4T .

Let

Ì S and Ø S berespectively theencodingfunctionandthedecodingfunc-
tion of the sourcecode,and

Ì T and Ø T be respectively the encodingfunction
andthe decodingfunction of the channelcode. The block of � information
symbolsU � ��P ¡:�'�J¡ ° � ±VP ¡:�'�J¡ ´ � ±²µ²µ²µó±VP?Wó� is first encodedby thesourceen-
coderinto anindex ¯ �

Ì S �(U �C± (8.187)

calledthesourcecodeword. Then
¯

is mappedby thechannelencoderto a
distinctchannelcodeword � � Ì T � ¯ �C± (8.188)

where � � ��·t°¶±�·¼´(±²µ²µ²µó±�· � � . This is possiblebecausethereareabout � �(¤YX
sourcecodewords and about �%�(¤[Z channelcodewords, and we assumethat£4S ì £4T . Then � is transmittedthroughtheDMC �����6Ü ÝA� , andthesequenceÙ � �Ú¬�°²±³¬g´(±²µ²µ²µ¶±³¬ � � is received. Basedon Ù , the channeldecoderfirst
estimates̄ as �¯ � Ø T ��Ù3� � (8.189)

Finally, thesourcedecoderdecodes �¯ to�U � Ø S �\�¯ � � (8.190)
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For this scheme,anerroroccursif U^]� �U , andwe denotetheprobabilityof
errorby _?` .

We now show that if 5 ì ï , the capacityof the DMC �����6Ü ÝA� , thenit is
possibleto convey U throughthechannelwith anarbitrarilysmallprobability
of error. First,wechoose£;S and £4T suchthat5 ì £4S ì £4T ì ï � (8.191)

Observe thatif �¯ � ¯ and Ø S � ¯ � � U , thenfrom (8.190),�U � Ø S �\�¯ � � Ø S � ¯ � � U3± (8.192)

i.e.,anerrordoesnotoccur. In otherwords,if anerroroccurs,either �¯ ]� ¯or Ø S � ¯ �2]� U . Thenby theunionbound,wehave_ ` ÕbadcwÎe�¯ ]� ¯ Ðf&gahcwÎ Ø S � ¯ �2]� U Ð � (8.193)

For any Þ ß á andsufficiently large � , by the Shannon-McMillan-Breiman
theorem,thereexistsasourcecodesuchthatadc²Î Ø S � ¯ �2]� U ÐûÕ�Þ � (8.194)

By thechannelcodingtheorem,thereexistsachannelcodesuchthat
è�é�ê³ë ÕÖÞ ,

where
è�é�ê³ë

is themaximalprobabilityof error. This impliesahcwÎe�¯ ]� ¯ Ð � 8ji adc²Îk�¯ ]� ¯ Ü ¯ � � Ðlahc¶Î ¯ � �ûÐ (8.195)Õ è�é�ê³ë 8ji ahc²Î ¯ � � Ð (8.196)

� è�é�ê³ë (8.197)Õ Þ � (8.198)

Combining(8.194)and(8.198),wehave_?`oÕ ��Þ � (8.199)

Therefore,we concludethataslong as 5 ì ï , it is possibleto convey ÎQP ö Ð
throughtheDMC reliably.

In the schemewe have discussed,sourcecodingand channelcodingare
separated.In general,sourcecoding and channelcodingcan be combined.
This techniqueis calledjoint source-channelcoding. It is thennaturalto ask
whetherit is possibleto convey informationthroughthechannelreliably at a
higherrateby usingjoint source-channelcoding.In therestof thesection,we
show that the answerto this questionis no to the extent that for asymptotic
reliability, we musthave 5 Õ ï . However, whetherasymptoticalreliability
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Figure8.15. Jointsource-channelcoding.

canbe achieved for 5 � ï dependson the specificinformationsourceand
channel.

We baseour discussionon thegeneralassumptionthatcompletefeedback
is availableat the encoderasshown in Figure8.15. Let

Ì SjT­ , Ï Õ ®íÕ � be
theencodingfunctionsand Ø S�T bethedecodingfunctionof thesource-channel
code.Then · ­ �

Ì SjT­ �(U3±�Ù ­ ¡ ° � (8.200)

for Ï]ÕÖ®×ÕÅ� , whereÙ ­ ¡ ° � �Ú¬�°²±³¬g´(±²µ²µ²µL±³¬ ­ ¡ °C� , and�U � Ø SjT ��Ù �C± (8.201)

where �U � �[�P×°¶±s�PE´(±²µ²µ²µó±?�P � � . In exactly thesameway aswe proved(8.182)
in thelastsection,wecanprove that# �(U $ Ù ��ÕÅ��ï � (8.202)

Since �U is a functionof Ù ,# �(U $ �U3� Õ # �(U $ �U9±�Ù3� (8.203)�
# �(U $ Ù � (8.204)Õ ��ï � (8.205)

For any ÞBßÖá , 5 �(U � � �×� 5 æçÞ?� (8.206)

for sufficiently large � . Then�×� 5 æçÞC�TÕ 5 �(U � �:5 �(U9Ü �U �'& # �(U $ �U �>Õ 5 �(U9Ü �U3�'&ý��ï � (8.207)

Applying Fano’s inequality(Corollary2.48),weobtain�×� 5 æçÞC�TÕ Ïf&ý�7_ ` ã_ä�å Ü R Üt&ý��ï�± (8.208)

or 5 æçÞ�Õ Ï� &u_?` ã_ä�å Ü R Ü%&Åï � (8.209)
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For asymptoticreliability, _v` Ô á as � Ô á . Therefore,by letting � Ô w
andthen Þ Ô á , weconcludethat 5 Õ�ï � (8.210)

Thisresult,sometimescalledtheseparationtheoremfor sourceandchannel
coding, saysthatasymptoticoptimality canbeachievedby separatingsource
codingandchannelcoding.This theoremhassignificantengineeringimplica-
tion becausethesourcecodeandthechannelcodecanbedesignedseparately
without losingasymptoticoptimality. Specifically, we only needto designthe
bestsourcecodefor the informationsourceanddesignthebestchannelcode
for the channel. Moreover, separationof sourcecodingandchannelcoding
facilitatesthetransmissionof differentinformationsourceson thesamechan-
nel becausewe only needto changethesourcecodefor differentinformation
sources.Likewise,separationof sourcecodingandchannelcodingalsofacil-
itatesthetransmissionof aninformationsourceon differentchannelsbecause
weonly needto changethechannelcodefor differentchannels.

Weremarkthatalthoughasymptoticoptimalitycanbeachievedby separat-
ing sourcecodingandchannelcoding,for finite block length,theprobability
of errorcangenerallybereducedby usingjoint source-channelcoding.

PROBLEMS
In thefollowing, � � ��·t°¶±�·¼´(±²µ²µ²µL±�· � � , 
 � ��Ý6°¶±�Ýe´L±²µ²µ²µL±�Ý � � , andsoon.

1. Show that the capacityof a DMC with completefeedbackcannotbe in-
creasedby usingprobabilisticencodingand/ordecodingschemes.

2. Memoryincreasescapacity Considera BSC with crossover probabilityá ì Þ ì Ï representedby ·í­ � ¬g­Y&x"E­ mod � , where·í­ , ¬[­ , and "É­ are
respectively theinput, theoutput,andthenoiserandomvariableat time ® .
Then ahc²Îy" ­ � áQÐ � ÏBæçÞ and _ Îy" ­ � Ï%Ð � Þ
for all ® . We make no assumptionthat " ­ arei.i.d. sothatthechannelmay
have memory.

a) Prove that
# �(� $ Ù ��ÕÅ�Gæ 5 9 �|Þ?� �

b) Show thattheupperboundin a) canbeachievedby letting · ­ bei.i.d.
bits taking thevalues0 and1 with equalprobabilityand "�° � "É´ �µ²µ²µ � " � .

c) Show that with the assumptionsin b),

# �(� $ Ù � ß ��ï , where ï �Ï>æ 5 9 �|ÞC� is thecapacityof theBSCif it is memoryless.
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3. Show that the capacityof a channelcanbe increasedby feedbackif the
channelhasmemory.

4. In Remark1 toward the endof Section8.6, it wasmentionedthat in the
presenceof feedback,both the Markov chain

¯ Ô � Ô Ù Ô �¯ and
Lemma8.13 do not hold in general. Give examplesto substantiatethis
remark.

5. Prove thatwhenaDMC is usedwith completefeedback,adc²Îó¬ ­ � � ­ Ü � ­ � 
 ­ ±�Ù ­ ¡ ° � � ­ ¡ ° Ð � ahc²Îó¬ ­ � � ­ Ü · ­ � Ý ­ Ð
for all ® � Ï . This relation,which is a consequenceof thecausalityof the
code,saysthatgiventhecurrentinput, thecurrentoutputdoesnot depend
onall thepastinputsandoutputsof theDMC.

6. Let _ �|Þ?� �{z Ï>æçÞ ÞÞ ÏBæýÞe|
be the transitionmatrix for a BSC with crossover probability Þ . Define}�~\� � �zÏ�æ } � � & } �zÏBæ � � for áíÕ } ± � Õ�Ï .
a) Prove thataDMC with transitionmatrix _ �|Þ²°?��_ �|Þ³´ó� is equivalentto a

BSCwith crossover probability Þ²° ~ Þc´ . Sucha channelis thecascade
of two BSC’swith crossover probabilitiesÞw° and Þc´ , respectively.

b) Repeata) for aDMC with transitionmatrix _ �|Þ³´¶��_ �|Þ²°?� .
c) Prove that Ï>æ 5 9 �|Þw° ~ Þ³´¶��Õ ø¼÷�� �zÏ�æ 5 9 �|Þw°?�C±¶ÏBæ 5 9 �|Þ³´ó��� �

This meansthat thecapacityof thecascadeof two BSC’s is lessthan
thecapacityof eitherof thetwo BSC’s.

d) Prove thata DMC with transitionmatrix _ �|Þ?� � is equivalentto a BSC
with crossover probabilities °´ �zÏ�æ �zÏBæç��Þ?� ��� .

7. SymmetricchannelA DMC is symmetricif therowsof thetransitionmatrix�E���:Ü Ý:� arepermutationsof eachotherandsoarethecolumns.Determine
thecapacityof suchachannel.

SeeSection4.5in Gallager[77] for amoregeneraldiscussion.

8. Let ïo° and ï�´ bethecapacitiesof two DMC’swith transitionmatrices_ °
and _ ´ , respectively, andlet ï bethecapacityof theDMC with transition
matrix _ °�_�´ . Prove that ïâÕ ø¼÷�� � ïo°¶±Cï�´ó� .
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9. Twoindependentparallel channelsLet ïo° and ï�´ bethecapacitiesof two
DMC’s � ° ��� ° Ü Ý ° � and � ´ ��� ´ Ü Ý ´ � , respectively. Determinethe capacityof
theDMC �����.°²±�� ´JÜ Ý6°²±�Ýg´ó� � �6°ó���.°óÜ Ý�°?�Â�g´ ��� ´ Ü Ýg´ó� �
Hint: Prove that# ��·t°¶±�·¼´ $ ¬6°¶±³¬e´¶��Õ # ��·t° $ ¬6°?�'& # ��·¼´ $ ¬e´²�
if �����.°²±�� ´ Ü Ý6°¶±�Ýe´ó� � �6°ó���.°%Ü Ý6°C�Â�g´ ��� ´ Ü Ýe´ó� .

10. MaximumlikelihooddecodingIn maximumlikelihooddecodingfor agiven
channelanda given codebook,if a received sequence� is decodedto a
codeword 
 , then 
 maximizesahcwÎ%��Ü 
'�ÚÐ amongall codewords 
'� in the
codebook.

a) Prove thatmaximumlikelihooddecodingminimizestheaverageprob-
ability of error.

b) Doesmaximumlikelihooddecodingalsominimizethemaximalprob-
ability of error?Giveanexampleif youransweris no.

11. Minimumdistancedecoding The Hammingdistancebetweentwo binary
sequences
 and � , denotedby �g��
É±��E� , is the numberof placeswhere 

and � differ. In minimum distancedecodingfor a memorylessBSC, if a
receivedsequence� is decodedto acodeword 
 , then
 minimizes�g��
'�Ú±����
over all codewords 
 � in thecodebook.Prove thatminimumdistancede-
codingis equivalentto maximumlikelihooddecodingif thecrossoverprob-
ability of theBSCis lessthan0.5.

12. Thefollowing figureshowsacommunicationsystemwith two DMC’swith
completefeedback.Thecapacitiesof thetwo channelsarerespectively ïo°
and ï�´ .

Decoder

2


W
W
 Encoder

1


Channel

1


Encoder

2


Channel

2


a) Givethedependency graphfor all therandomvariablesinvolvedin the
codingscheme.

b) Prove thatthecapacityof thesystemis ø¼÷�� � ï ° ±Cï ´ � .
For thecapacityof anetwork of DMC’s,seeSongetal. [186].
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13. Binary arbitrarily varying channel Considera memorylessBSC whose
crossover probabilityis time-varying. Specifically, thecrossover probabil-
ity Þ ­ at time ® is anarbitraryvaluein � Þ²°w±cÞc´�� , where á ÕÑÞw° ì Þ³´ ì á ��� .
Prove that the capacityof this channelis ÏÓæ 5 9 �|Þ ´ � . (Ahlswedeand
Wolfowitz [9].)

14. Considera BSC with crossover probability Þk��� Þw°¶±cÞc´�� , where á ì Þw° ìÞ ´ ì á ��� , but theexactvalueof Þ is unknown. Prove that thecapacityof
this channelis 5 9 �|Þ³´ó� .

HISTORICAL NOTES
Theconceptof channelcapacitywasintroducedin Shannon’s original pa-

per [173], wherehe statedthe channelcodingtheoremandoutlineda proof.
The first rigorousproof wasdueto Feinstein[65]. The randomcodingerror
exponentwasdevelopedby Gallager[76] in a simplifiedproof.

The converseof the channelcoding theoremwas proved by Fano [63],
whereheusedan inequalitynow bearinghis name.Thestrongconversewas
first proved by Wolfowitz [205]. An iterative algorithm for calculatingthe
channelcapacitydevelopedindependentlyby Arimoto [14] andBlahut [27]
will bediscussedin Chapter10.

It wasprovedby Shannon[175] thatthecapacityof a discretememoryless
channelcannotbeincreasedby feedback.Theproofherebasedondependency
graphsis inspiredby Bayesiannetworks.

D R A F T September 13, 2001, 6:27pm D R A F T



Chapter9

RATE DISTORTION THEORY

Let 5 be theentropy rateof an informationsource.By thesourcecoding
theorem,it is possibleto designa sourcecodewith rate £ which reconstructs
thesourcesequence� � ��· ° ±�· ´ ±²µ²µ²µó±�· � � with anarbitrarilysmallprobabil-
ity of errorprovided £âß 5 andtheblock length � is sufficiently large.How-
ever, therearesituationsin whichwewantto convey aninformationsourceby
asourcecodewith ratelessthan 5 . Thenwearemotivatedto ask:whatis the
bestwecandowhen £ ì 5 ?

A naturalapproachis to designa sourcecodesuchthatfor partof thetime
thesourcesequenceis reconstructedcorrectly, while for theotherpartof the
time thesourcesequenceis reconstructedincorrectly, i.e., anerroroccurs.In
designingsucha code,we try to minimize theprobabilityof error. However,
this approachis not viableasymptoticallybecausetheconverseof thesource
codingtheoremsaysthat if £ ì 5 , thenthe probability of error inevitably
tendsto 1 as � Ô�w

.

Therefore,if £ ì 5 , nomatterhow thesourcecodeis designed,thesource
sequenceis almostalwaysreconstructedincorrectlywhen � is large.An alter-
native approachis to designa sourcecodecalleda ratedistortioncodewhich
reproducesthesourcesequencewith distortion.In orderto formulatetheprob-
lemproperly, weneedadistortionmeasurebetweeneachsourcesequenceand
eachreproductionsequence.Thenwetry to designaratedistortioncodewhich
with high probabilityreproducesthesourcesequencewith a distortionwithin
a tolerancelevel.

Clearly, a smallerdistortioncanpotentiallybe achieved if we areallowed
to usea highercodingrate. Ratedistortion theory, thesubjectmatterof this
chapter, givesa characterizationof the asymptoticoptimal tradeoff between
the codingrate of a ratedistortioncodefor a given informationsourceand
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thealloweddistortionin thereproductionsequencewith respectto adistortion
measure.

9.1 SINGLE-LETTER DISTORTION MEASURES
Let Î¶· ö ±cü � Ï%Ð beani.i.d. informationsourcewith genericrandomvari-

able · . We assumethat the sourcealphabet¥ is finite. Let ����Ý:� be the
probability distribution of · , andwe assumewithout lossof generalitythat
thesupportof · is equalto ¥ . Considerasourcesequence
 � ��Ý6°¶±�Ýg´(±²µ²µ²µL±�Ý � � (9.1)

anda reproductionsequence�
 � � �Ý�°¶± �Ýg´%±²µ²µ²µó± �Ý � � � (9.2)

Thecomponentsof �
 cantake valuesin ¥ , but moregenerally, they cantake
valuesin any finite set �¥ whichmaybedifferentfrom ¥ . Theset �¥ , which is
alsoassumedto befinite, is calledthereproductionalphabet.To measurethe
distortionbetween
 and �
 , we introducethesingle-letterdistortionmeasure
andtheaveragedistortionmeasure.º¼»"½Q¾À¿6¾ÂÁ6¾�Ã�¿�@:Æ|Ç

A single-letterdistortionmeasure is a mapping� ÍQ¥ Ò��¥ Ô�� ¸ ± (9.3)

where
� ¸ is thesetof nonnegativereal numbers1. Thevalue �e��Ý�± �Ý6� denotes

thedistortionincurredwhena sourcesymbolÝ is reproducedas �Ý .º¼»"½Q¾À¿6¾ÂÁ6¾�Ã�¿�@:Æ��
Theaverage distortionbetweena sourcesequence
D� ¥¼�

and a reproductionsequence�
�� �¥ � inducedby a single-letterdistortion
measure � is definedby �g��
É± �
É� � Ï� �8ö � ° �g��Ý ö ± �Ý ö � � (9.4)

In Definition 9.2,we have used� to denoteboththesingle-letterdistortion
measureandtheaveragedistortionmeasure,but this abuseof notationshould
causenoambiguity. Henceforth,wewill referto asingle-letterdistortionmea-
suresimplyasadistortionmeasure.

Very often, the sourcesequence
 representsquantizedsamplesof a con-
tinuoussignal,andthe userattemptsto recognizecertainobjectsandderive

1Notethat � � ë����ë � is finite for all � ë����ë ������� �� .
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meaningfrom the reproductionsequence�
 . For example, 
 mayrepresenta
videosignal,anaudiosignal,or animage.Theultimatepurposeof adistortion
measureis to reflectthedistortionbetween
 and �
 asperceivedby theuser.
This goal is very difficult to achieve in generalbecausemeasurementsof the
distortionbetween
 and �
 mustbe madewithin context unlessthe symbols
in ¥ carryno physicalmeaning.Specifically, whentheuserderivesmeaning
from �
 , the distortion in �
 asperceived by the userdependson the context.
For example,the perceived distortionis small for a portrait contaminatedby
a fairly large noise,while the perceived distortionis large for the imageof a
bookpagecontaminatedby thesamenoise.Hence,a gooddistortionmeasure
shouldbecontext dependent.

Althoughtheaveragedistortionis not necessarilythebestway to measure
thedistortionbetweena sourcesequenceanda reproductionsequence,it has
the merit of beingsimpleandeasyto use. Moreover, ratedistortiontheory,
which is basedon the averagedistortionmeasure,providesa framework for
datacompressionwhendistortionis inevitable.=2>7 ?��¨ª© »�@:Æ��

Whenthesymbolsin ¥ and �¥ representreal values,a popu-
lar distortionmeasure is thesquare-error distortionmeasure which is defined
by �g��Ý�± �Ý:� � ��Ý æ �Ý:� ´ � (9.5)

Theaverage distortion measure so inducedis oftenreferred to as the mean-
square error.=2>7 ?��¨ª© »�@:Æ'È

When ¥ and �¥ are identical and the symbolsin ¥ do not
carryanyparticularmeaning, a frequentlyuseddistortionmeasureis theHam-
mingdistortionmeasure, which is definedby�g��Ý�± �Ý6� ��� á if Ý � �ÝÏ if Ýu]� �Ý . (9.6)

TheHammingdistortionmeasure indicatestheoccurrenceof anerror. In par-
ticular, for anestimate �· of · , wehave� �g��· ±;�·9� � adcwÎ¶· � �·çÐ�µóá!&gahc²Î¶· ]� �· Ðoµ Ï � adc²Î¶·¡]� �· Ð ± (9.7)

i.e., theexpectationof theHammingdistortionmeasure between· and �· is
theprobabilityof error.

For 
¢��¥í� and �
¢� �¥¼� , the average distortion �e��
É± �
E� inducedby the
Hammingdistortionmeasure givesthefrequencyof error in thereproduction
sequence�
 .
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For a distortionmeasure � , for each ÝO� ¥ , let �Ý¤£���ÝA��� �¥

minimizes�g��Ý�± �Ý:� over all �Ý¥� �¥ . A distortionmeasure � is saidto benormal
if ¦ ë4§V¨ª©� �g��Ý�± �Ý £ ��ÝA��� � á (9.8)

for all ÝO� ¥ .

The square-errordistortionmeasureandthe Hammingdistortionmeasure
are examplesof normal distortion measures.Basically, a normal distortion
measureis one which allows · to be reproducedwith zerodistortion. Al-
thougha distortionmeasure� is not normalin general,a normalizationof �
canalwaysbeobtainedby definingthedistortionmeasure«�g��Ý�± �Ý:� � �e��Ý�± �Ý6��æ ¦ ë (9.9)

for all ��Ý�± �Ý:�2�ý¥ Ò¡�¥ . Evidently,
«� is a normaldistortionmeasure,andit is

referredto asthenormalizationof � .=2>7 ?��¨ª© »�@:Æ¹î
Let � bea distortionmeasure definedby¬Q­�® .V¯®±° ² ³ ´

1 2 7 5
2 4 3 8

Then
«� , thenormalizationof � , is givenbyµ¬Q­�® .V¯®±° ² ³ ´

1 0 5 3
2 1 0 5

Notethat for every Ý¶� ¥ , there existsan �Ý¶� �¥ such that
«�g��Ý�± �Ý:� � á .

Let �· beany estimateof · which takesvaluesin �¥ , anddenotethe joint
distribution for · and �· by ����Ý�± �ÝA� . Then� �e��· ± �·9� � 8 ë 8 �ë ����Ý�± �ÝA���e��Ý�± �Ý�� (9.10)

� 8 ë 8 �ë ����Ý�± �ÝA�f· «�e��Ý�± �Ý6�7& ¦ ëy¸ (9.11)

� � «�e��· ±4�· �7& 8 ë ����ÝA� 8 �ë ��� �ÝÉÜ ÝA� ¦ ë (9.12)

� � «�e��· ±4�· �7& 8 ë ����ÝA� ¦ ë � 8 �ë ��� �ÝÉÜ ÝA��� (9.13)

� � «�e��· ±4�· �7& 8 ë ����ÝA� ¦ ë (9.14)

� � «�e��· ±4�· �7&�¹t± (9.15)
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where ¹ � 8 ë ����ÝA� ¦ ë (9.16)

is a constantwhich dependsonly on ����Ý:� and � but not on the conditional
distribution ��� �ÝÉÜ ÝA� . In otherwords,for a given · anda distortionmeasure� ,
theexpecteddistortionbetween· andanestimate �· of · is alwaysreduced
by a constantuponusing

«� insteadof � asthedistortionmeasure.For reasons
which will beexplainedin Section9.3, it is sufficient for us to assumethata
distortionmeasureis normal.º¼»"½Q¾À¿6¾ÂÁ6¾�Ã�¿�@:ÆÂõ

Let �Ý¤£ minimizes
� �e��· ± �Ý�� overall �Ý¶� �¥ , anddefineº éTêcë � � �e��· ± �Ý £ � � (9.17)

�Ý £ is thebestestimateof · if we know nothingabout · , and
º é�ê³ë

is the
minimumexpecteddistortionbetween· anda constantestimateof · . The
significanceof

º éTêcë
canbeseenby takingthereproductionsequence�� to be� �Ý £ ± �Ý £ ±²µ²µ²µL± �Ý £ � . Since�e��· ö ± �Ý £ � arei.i.d., by theweaklaw of largenumbers�e�(� ± �� � � Ï� �8ö � ° �g��· ö ± �Ý £ � Ô � �g��· ± �Ý £ � � º éTêcë (9.18)

in probability, i.e., for any ÞBßÖá ,ahcwÎl�g�(� ±h�� �Tß º é�ê³ë &ÅÞwÐ Õ Þ (9.19)

for sufficiently large � . Note that �� is a constantsequencewhich doesnot
dependon � . In otherwords,evenwhenno descriptionof � is available,we
canstill achieve anaveragedistortionnomorethan

º é�ê³ë & Þ with probability
arbitrarilycloseto 1 when � is sufficiently large.

The notation
º éTê³ë

is seemingconfusingbecausethe quantitystandsfor
theminimumratherthanthemaximumexpecteddistortionbetween· anda
constantestimateof · . But weseefromtheabovediscussionthatthisnotation
is in factappropriatebecause

º éTêcë
is themaximumdistortionwe have to be

concernedabout. Specifically, it is not meanfulto imposea constraint
º �º éTê³ë

on the reproductionsequencebecauseit canbeachieved evenwithout
any knowledgeaboutthesourcesequence.

9.2 THE RATE DISTORION FUNCTION »b¼�½¿¾
Throughoutthischapter, all thediscussionsarewith respectto ani.i.d. infor-

mationsourceÎ¶· ö ±cü � Ï%Ð with genericrandomvariable · anda distortion
measure� . All logarithmsarein thebase2 unlessotherwisespecified.
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Figure9.1. A ratedistortioncodewith block length È .º¼»"½Q¾À¿6¾ÂÁ6¾�Ã�¿�@:Æ¹Ä
An ���É±³ÊU� rate distortion codeis definedby an encoding

function
Ì Í ¥ � Ô ÎJÏ(±c�Q±²µ²µ²µ%±³Ê Ð (9.20)

anda decodingfunction Ø Í�ÎJÏ(±c�Q±²µ²µ²µ%±³ÊÑÐ Ô �¥ � � (9.21)

Theset ÎJÏ(±c�Q±²µ²µ²µ%±³ÊÑÐ , denotedby É , is calledtheindex set.Thereproduction
sequencesØ � Ì �zÏó���C± Ø � Ì �|� ���C±²µ²µ²µ ± Ø � Ì �ÚÊU��� in �· � are called codewords, and
thesetof codewordsis calledthecodebook.

Figure9.1is anillustrationof a ratedistortioncode.º¼»"½Q¾À¿6¾ÂÁ6¾�Ã�¿�@:Æ�@
Therateof an ���É±³Êâ� ratedistortioncodeis �E¡ ° ã¹ä�å Ê in

bitspersymbol.º¼»"½Q¾À¿6¾ÂÁ6¾�Ã�¿�@:Æ|Ç±Ê
A ratedistortionpair �Ú£ ± º � is asymptoticallyachievable

if for any Þ ß á , there existsfor sufficiently large � an ���É±³Êâ� ratedistortion
codesuch that Ï� ã_ä�å Ê ÕÖ£�&ôÞ (9.22)

and adcwÎl�e�(� ± �� ��ß º &ôÞwÐ Õ�Þ²± (9.23)

where �� � Ø � Ì �(�G��� . For brevity, an asymptoticallyachievablepair will be
referredto asanachievablepair.

Remark It is clear from the definition that if �Ú£ ± º � is achievable, then�Ú£ � ± º � and �Ú£ ± º � � arealsoachievablefor all £ � � £ and
º � � º .º¼»"½Q¾À¿6¾ÂÁ6¾�Ã�¿�@:Æ|Ç"Ç

Therate distortion region is the subsetof
� ´ containing

all achievablepairs �Ú£ ± º � .ËÍÌ6»[Ã�ñ:»��Î@:Æ|ÇA�
Theratedistortionregion is closedandconvex.

Proof Wefirst show thattheratedistortionregion is closed.Considerachiev-
ableratedistortionpairs �Ú£à�Wö²�z± º �Wö²� � suchthat

ã¹÷¹øöwùûú �Ú£ �'ö²� ± º �'ö²� � � �Ú£ ± º � � (9.24)
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Thenfor any ÞjßSá , for all ü , thereexistsfor sufficiently large � an ���É±³ÊÑ�'ö²� �
codesuchthat Ï�@ã_ä�å Ê �'ö²� ÕÖ£ �'ö²� &ÅÞ (9.25)

and adc²Îl�e�(� �Wö²� ±Ï�� �'ö²� �Tß º �Wö²� &ôÞ²Ð Õ Þ²± (9.26)

where

Ì �'ö²� and Ø �Wöw� arerespectively the encodingfunctionandthe decoding
functionof the ���É±³Ê �'ö²� � code,and �� �Wö²� � Ø �Wö²� � Ì �'ö²� �(�G��� . By virtueof (9.24),
let ü:�|Þ?� beanintegersuchthatfor all ü ß ü:�|ÞC� ,Ü £Sæ9£ �'ö²� Ü ì Þ (9.27)

and Ü º æ º �Wöw� Ü ì Þ²± (9.28)

which imply £ �'ö²� ì £E&ôÞ (9.29)

and º �Wö²� ì º &ôÞ²± (9.30)

respectively. Thenfor all ütß ü:�|Þ?� ,Ï�@ã_ä�å Ê �'ö²� ÕÖ£ �Wö²� &ôÞ ì £E& ��Þ (9.31)

andahcwÎl�g�(� �'ö²� ± �� �Wö²� �Tß º &ô��ÞwÐ Õ adcwÎl�e�(� �'ö²� ± �� �Wöw� ��ß º �'ö²� &ôÞ²Ð (9.32)Õ Þ � (9.33)

Notethat(9.32)follows becauseº & ��Þ�ß º �'ö²� & Þ (9.34)

by (9.30).From(9.31)and(9.33),weseethat �Ú£ ± º � is alsoachievable.Thus
wehave provedthattheratedistortionregion is closed.

We will prove theconvexity of theratedistortionregion by a time-sharing
argumentwhoseideais thefollowing. Roughlyspeaking,if wecanuseacodeÐ ° to achieve �Ú£à� ° �³± º � ° ��� anda code

Ð ´ to achieve �Ú£à� ´ �³± º � ´ ��� , thenfor any
rationalnumber

è
between0 and1, we canuse

Ð ° for a fraction
è

of thetime
anduse

Ð ´ for a fraction Ñè of thetime to achieve �Ú£à�ÓÒó��± º �ÔÒó��� , where£ �ÔÒL� � è £ � ° � &ÕÑè £ � ´ � ± (9.35)º �ÔÒL� � è º � ° � &ÖÑè º � ´ � ± (9.36)
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and Ñè � Ïjæ è . Sincetheratedistortionregion is closedaswe have proved,è
canbetakenasany realnumberbetween0 and1, andtheconvexity of the

region follows.
We now give a formal proof for theconvexity of theratedistortionregion.

Let è � ×× &�Ø ± (9.37)

where × and Ø are positive integers. Then
è

is a rational numberbetween
0 and1. We now prove that if �Ú£ � ° � ± º � ° � � and �Ú£ � ´ � ± º � ´ � � areachievable,
then �Ú£à�ÔÒó�³± º �ÓÒó� � is alsoachievable. Assume �Ú£à� ° �c± º � ° � � and �Ú£à� ´ �³± º � ´ ���
areachievable. Thenfor any Þ3ß á andsufficiently large � , thereexist an���É±³Ê � ° � � codeandan ���É±³Ê � ´ � � codesuchthatÏ�@ã_ä�å Ê � ­ � ÕÖ£ � ­ � & Þ (9.38)

and ahcwÎl�g�(� ± �� � ­ � ��ß º � ­ � &ÅÞwÐ Õ Þ¶± (9.39)® � Ï(±c� . Let Ê � è � � �ÚÊ � ° � ��Ù �ÚÊ � ´ � � S (9.40)

and �×� è � � � × &gØ%� � � (9.41)

We now constructan ���×� è �C±³Ê � è ��� codeby concatenating× copiesof the���É±³Ê � ° ��� codefollowed by Ø copiesof the ���É±³Ê � ´ ��� code. We call these× &�Ø codessubcodesof the ���×� è �C±³Ê � è ��� code.For thiscode,letÙ � �(� �zÏó�C±��3�|� �C±²µ²µ²µ�±�� � × &ÚØ(��� (9.42)

and �Ù � �¤�� �zÏó�C±d�� �|� �C±²µ²µ²µ%±s�� � × &�Ø%���C± (9.43)

where � ��Û � and �� ��ÛQ� arethesourcesequenceandthereproductionsequence
of the Û th subcode,respectively. Thenfor this ���×� è �C±³Ê � è ��� code,Ï�×� è � ã_ä�å Ê � è � � Ï� × &gØ%� � ã¹ä�å �_�ÚÊ � ° � � Ù �ÚÊ � ´ � � S � (9.44)

� Ï� × &gØ%� � � × ã_ä�å Ê � ° � &ÚØ ã_ä�å Ê � ´ � � (9.45)

� è¶Ü Ï� ã_ä�å Ê � ° �ÞÝ &ÕÑè¶Ü Ï� ã_ä�å Ê � ´ �jÝ (9.46)Õ è �Ú£ � ° � &ÅÞC�7&ÕÑè �Ú£ � ´ � &ôÞC� (9.47)� � è £ � ° � & Ñè £ � ´ � �7&ôÞ (9.48)� £ �ÔÒL� &ôÞ¶± (9.49)
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where(9.47)follows from (9.38),andahc²Îl�g��Ùç± �Ù �Tß º �ÓÒó� &ôÞ²Ð
� adc�ßà á Ï× &ÚØ Ù

¸ S8â � ° �e�(�3��ÛQ�C±h��9��Û ���Bß º �ÔÒó� &ôÞ±ã äå (9.50)

Õ adc?æç�e�(� ��Û �C± ��ç��ÛQ����ß º � ° � &ôÞ for someÏ]ÕèÛ¼Õ × or�g�(� ��Û �C±h��ý��Û ����ß º � ´ � &ôÞ for some× &SÏ ÕèÛ Õ × &gØçé (9.51)Õ Ù8â � ° ahcwÎl�g�(� ��Û �C±\��ý��Û ���Bß º � ° � &ôÞ²Ð& Ù ¸ S8â � Ù ¸ ° ahc²Îl�g�(� ��Û �C±h��ý��Û ���Bß º � ´ � &ôÞ²Ð (9.52)Õ � × &ÚØ%�zÞ¶± (9.53)

where(9.52) follows from the union boundand (9.53) follows from (9.39).
Hence,we concludethat the rate distortion pair �Ú£à�ÓÒó��± º �ÔÒó�z� is achievable.
Thiscompletestheproofof thetheorem.º¼»"½Q¾À¿6¾ÂÁ6¾�Ã�¿�@:Æ|ÇA�

Therate distortion function £¼� º � is the minimumof all
rates£ for a givendistortion

º
such that �Ú£ ± º � is achievable.º¼»"½Q¾À¿6¾ÂÁ6¾�Ã�¿�@:Æ|Ç(È

Thedistortion rate function
º �Ú£û� is the minimumof all

distortions
º

for a givenrate £ such that �Ú£ ± º � is achievable.

Boththefunctions£¼� º � and
º �Ú£û� areequivalentdescriptionsof thebound-

ary of the ratedistortionregion. They aresufficient to describethe ratedis-
tortion region becausethe region is closed. Note that in defining £¼� º � , the
minimuminsteadof the infimum is takenbecausefor a fixed

º
, thesetof all£ suchthat �Ú£ ± º � is achievableis closedandlower boundedby zero. Sim-

ilarly, theminimuminsteadof the infimum is taken in defining
º �Ú£û� . In the

subsequentdiscussions,only £¼� º � will beused.ËÍÌ6»[Ã�ñ:»��Î@:Æ|ÇJÛ
Thefollowingpropertiesholdfor theratedistortionfunction£¼� º � :

1. £¼� º � is non-increasingin
º

.

2. £¼� º � is convex.

3. £¼� º � � á for
º � º éTê³ë

.

4. £¼�ÚáJ�>Õ 5 ��· � .
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196 A FIRSTCOURSEIN INFORMATIONTHEORY

Proof Fromtheremarkfollowing Definition9.10,since �Ú£¼� º �C± º � is achiev-
able, �Ú£¼� º �C± º � � is also achievable for all

º � � º
. Therefore, £¼� º � �£¼� º �¹� because£¼� º �¹� is the minimum of all £ suchthat �Ú£ ± º �¹� is achiev-

able.ThisprovesProperty1.
Property2 follows immediatelyfrom the convexity of the rate distortion

region which wasproved in Theorem9.12. From the discussiontoward the
endof thelastsection,weseefor any ÞBß á , it is possibleto achieveahcwÎl�g�(� ±h�� ��ß º éTê³ë &ÅÞwÐ Õ Þ (9.54)

for sufficiently large � with nodescriptionof � available.Therefore,�Úá.± º � is
achievablefor all

º � º é�ê³ë
, proving Property3.

Property4 is aconsequenceof theassumptionthatthedistortionmeasure�
is normalized,which canbeseenasfollows. By the sourcecodingtheorem,
for any Þ ß á , by usinga rateno morethan 5 ��·3�\&�Þ , we candecribethe
sourcesequence� of length � with probabilityof error lessthan Þ when � is
sufficiently large.Since� is normalized,for eachü � Ï , let�· ö � �Ý £ ��· ö � (9.55)

(cf. Definition9.5),sothatwhenever anerrordoesnotoccur,�g��· ö ± �· ö � � �g��· ö ± �Ý £ ��· ö ��� � á (9.56)

by (9.8)for eachü , and�g�(� ± �� � � Ï� �8ö � ° �g��· ö ± �· ö � � Ï� �8ö � ° �g��· ö ± �Ý £ ��· ö ��� � á � (9.57)

Therefore, adc²Îl�e�(� ±Ï�� �Tß ÞwÐÓÕ Þ²± (9.58)

which shows that the pair � 5 ��·3�C±³áJ� is achievable. This in turn implies that£¼�ÚáJ� Õ 5 ��·3� because£¼�ÚáJ� is the minimum of all £ suchthat �Ú£ ±³áJ� is
achievable.

Figure9.2 is an illustrationof a ratedistortionfunction £¼� º � . Thereader
shouldnotethefour propertiesof £¼� º � in Theorem9.15. Theratedistortion
theorem,which will be statedin the next section,givesa characterizationof£¼� º � .
9.3 RATE DISTORTION THEOREMº¼»"½Q¾À¿6¾ÂÁ6¾�Ã�¿�@:Æ|ÇJî

For
º � á , the information rate distortion function is

definedby £ � � º � � ø¼÷����2ê ë � �'� � ��>�ªìYí
# ��· $ �· � � (9.59)
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In defining £ � � º � , theminimizationis takenover all randomvariables �·
jointly distributedwith · suchthat� �e��· ±	�·9��Õ º � (9.60)

Since�E��ÝA� is given, theminimizationis takenover thesetof all �E� �ÝÉÜ Ý:� such
that(9.60)is satisfied,namelytheset

ßà á ��� �ÝÉÜ ÝA��Í 8 ë����ë ����ÝA�Â��� �ÝÉÜ ÝA���e��Ý�± �Ý��TÕ º ã äå � (9.61)

Sincethissetis compactin
� � �>� � ���� and

# ��· $ �· � is a continuousfunctionalof��� �ÝEÜ Ý:� , theminimumvalueof

# ��· $ �·9� canbeattained2. This justifiestaking
theminimuminsteadof theinfimumin thedefinitionof £ � � º � .

We have seenin Section9.1 that we canobtaina normalization
«� for any

distortionmeasure� with� «�g��· ± �·9� � � �e��· ± �·9��æè¹ (9.62)

for any �· , where¹ is aconstantwhichdependsonly on ����Ý:� and � . Thusif �
is notnormal,wecanalwaysreplace� by

«� and
º

by
º æô¹ in thedefinition

of £ � � º � without changingtheminimizationproblem.Therefore,we do not
loseany generalityby assumingthatadistortionmeasure� is normal.ËÍÌ6»[Ã�ñ:»��Î@:Æ|Ç õ�õ�ËÍÌ6»DöÍ �Á6» º¼¾ÚòwÁ�Ã�ñ Á6¾ÚÃ�¿gËÍÌ�»[Ã�ñ:»[�4÷ £¼� º � � £ � � º � .
2Theassumptionthatboth � and

�� arefinite is essentialin thisargument.
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Theratedistortiontheorem,whichis themainresultin ratedistortiontheory,
saysthattheminimumcodingratefor achieving adistortion

º
is £ � � º � . This

theoremwill beproved in thenext two sections.In thenext section,we will
prove theconverseof this theorem,i.e., £¼� º � � £ � � º � , andin Section9.5,
wewill prove theachievability of £ � � º � , i.e., £¼� º ��ÕÖ£ � � º � .

In orderfor £ � � º � to be a characterizationof £¼� º � , it hasto satisfythe
samepropertiesas £¼� º � . In particular, thefour propertiesof £¼� º � in Theo-
rem9.15shouldalsobesatisfiedby £ � � º � .ËÍÌ6»[Ã�ñ:»��Î@:Æ|ÇJÄ

Thefollowing propertieshold for the informationratedis-
tortion function £ � � º � :
1. £ � � º � is non-increasingin

º
.

2. £ � � º � is convex.

3. £ � � º � � á for
º � º é�ê³ë

.

4. £ � �ÚáJ�BÕ 5 ��· � .
Proof Referringto thedefinitionof £ � � º � in (9.59),for a larger

º
, themin-

imizationis takenover a largerset.Therefore,£ � � º � is non-increasingin
º

,
proving Property1.

To prove Property2, considerany
º � ° ��± º � ´ � � á andlet

è
beany number

between0 and1. Let �·9� ­ � achieves £ � � º � ­ ��� for ® � Ï(±c� , i.e.,£ � � º � ­ � � � # ��· $ �· � ­ � �C± (9.63)

where � �g��· ±;�· � ­ � ��Õ º � ­ � ± (9.64)

andlet �· � ­ � be definedby the transitionmatrix � ­ � �ÝEÜ Ý:� . Let �· �ÓÒó� be jointly
distributedwith · which is definedby� Ò � �Ý Ü ÝA� � è � ° � �ÝÉÜ ÝA�7&ÕÑè � ´ � �ÝEÜ Ý:�C± (9.65)

where Ñè � Ï�æ è . Then� �g��· ±;�· �ÔÒL� �� 8 ë����ë ����ÝA�Â� Ò � �ÝEÜ ÝA���e��Ý�± �Ý�� (9.66)

� 8 ë����ë ����ÝA�w� è �6°L� �ÝÉÜ ÝA�7& Ñè �g´�� �ÝEÜ Ý:�����g��Ý�± �Ý6� (9.67)

� èôøù 8 ë����ë ����ÝA�Â��°L� �ÝEÜ ÝA���e��Ý�± �Ý���úûÕ& Ñèôøù 8 ë����ësü?ý Ý'þ ü ´ ý �ÝÉÜ Ý'þ�� ý Ý�± �Ý7þ�úû (9.68)
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	�� þ�
ÕÑ� � � ý������������� þ (9.69)� � º �
	�� 
ÕÑ� º ����� (9.70)ÿ º � Ò � � (9.71)

where º � Ò � ÿ�� º �
	�� 
ÖÑ� º ������� (9.72)

and(9.70)follows from (9.64).Now consider����� ý�� �
	�� þ�
������� ý�� ����� þ ÿ � � ý���!��� �
	�� þ�
"�� � ý��#!��� ����� þ (9.73)$ � ý��#!%�� ��&'� þ (9.74)$ ��� ý�� ��&'� þ � (9.75)

wherethe inequalityin (9.74)follows from theconvexity of mutualinforma-
tion with respectto the transitionmatrix üsý �(*) ( þ (seeExample6.13),andthe
inequalityin (9.75) follows from (9.71)andthedefinitionof ��� ý�� þ . There-
fore,wehave provedProperty2.

To prove Property3, let �� take the value �(,+ asdefinedin Definition 9.7
with probability1. Then � ý���!%�� þ ÿ.- (9.76)

and /10 ý���!��� þ ÿ /20 ý���! �( + þ ÿ �4365�798 (9.77)

Thenfor � $ � 3:5;7 , ��� ý�� þ � � ý��#! �� þ ÿ.- 8 (9.78)

On theotherhand,since��� ý�� þ is nonnegative, weconcludethat� � ý�� þ ÿ.- 8 (9.79)

ThisprovesProperty3.
Finally, to prove Property4, we let�� ÿ �( + ý�� þ � (9.80)

where �( + ý ( þ is definedin Definition9.5. Then/10 ý���� �� þ ÿ /20 ý��<� �( + ý�� þ�þ (9.81)ÿ = 7 üsý ( þ 0 ý ( � �( + ý ( þ�þ (9.82)ÿ - (9.83)

by (9.8)sinceweassumethat
0

is a normaldistortionmeasure.Moreover,��� ý - þ � � ý���!%�� þ �?> ý�� þ 8 (9.84)
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ThenProperty4 andhencethetheoremis proved.@�ACBDACEFEHGCBFIKJMLONFJ
If ��� ý - þ1P - , then ��� ý�� þ is strictly decreasingfor - �� � �4365�7 , andtheinequalityconstraint in Definition9.16for �Q� ý�� þ canbe

replacedbyanequalityconstraint.

Proof Assumethat ��� ý - þQP - . We first show that ��� ý�� þRP - for - � �TS�43:5�7 by contradiction.Suppose��� ý��VU þ ÿ"- for some- � �WUMS.�43:5;7 , and
let ��� ý�� U þ beachievedby some �� . Then��� ý�� U þ ÿ.� ý��#! �� þ ÿ�- (9.85)

impliesthat � and �� areindependent,orü?ý ( � �( þ ÿ ü?ý ( þ ü?ý �( þ (9.86)

for all ( and �( . It follows that� U $ /20 ý��<� �� þ (9.87)ÿ = 7 =YX7 üsý ( � �( þ 0 ý ( � �( þ (9.88)ÿ = 7 = X7 üsý ( þ ü?ý �( þ 0 ý ( � �( þ (9.89)ÿ =YX7 üsý �( þ = 7 ü?ý ( þ 0 ý ( � �( þ (9.90)ÿ =YX7 üsý �( þ /10 ý���� �( þ (9.91)$ = X7 üsý �( þ /10 ý���� �( + þ (9.92)ÿ = X7 üsý �( þ � 3:5;7 (9.93)ÿ �4365�79� (9.94)

where �(,+ and �4365�7 aredefinedin Definition9.7.This leadsto acontradiction
becausewe have assumedthat - � �VU�S��4365�7 . Therefore,we concludethat�Q� ý�� þ6P - for - � �ZS?�43:5;7 .

Since ��� ý - þ[P - and ��� ý��43:5�7 þ ÿ\- , and ��� ý�� þ is non-increasingand
convex from the above theorem,� � ý�� þ mustbe strictly decreasingfor - �� � �43:5;7 . We now prove by contradictionthat the inequalityconstraintin
Definition 9.16for ��� ý�� þ canbereplacedby anequalityconstraint.Assume
that ��� ý�� þ is achievedby some �� + suchthat/10 ý������� + þ ÿ � U U S?�<8 (9.95)
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Then ��� ý�� U U þ ÿ ]_^a`XbRc d�e � b6f Xb �Ogihkj j � ý��#!��� þ � � ý���!��� + þ ÿ.��� ý�� þ 8 (9.96)

This is a contradictionbecause�Q� ý�� þ is strictly decreasingfor - � � ��43:5�7 . Hence, /10 ý���� �� + þ ÿ �<8 (9.97)

This impliesthattheinequalityconstraintin Definition9.16for �Q� ý�� þ canbe
replacedby anequalityconstraint.

Remark In all problemsof interest,� ý - þ ÿ.� � ý - þlP - . Otherwise,� ý�� þ ÿ- for all � $ - because� ý�� þ is nonnegative andnon-increasing.mRn GkoRp�EYqrJMLas9tvu�w%xzyMGCBFI.{MA�|�BD}Dqi~
Let � be a binary randomvariable

with ����� � ÿ.-��4ÿ��l��� and
����� � ÿ����4ÿK� 8 (9.98)

Let �� ÿ � - � ��� bethereproductionalphabetfor � , andlet
0

betheHamming
distortion measure. We first considerthe casethat - � � � 	� . Thenif we
make a guesson thevalueof � , weshouldguess0 in order to minimizethe
expecteddistortion.Therefore, �(D+ ÿ.- and�4365�7 ÿ /20i� �<� -F� (9.99)ÿ ����� � ÿ���� (9.100)ÿ � 8 (9.101)

Wewill showthat for - � � � 	� ,� � � � �dÿ���� � � �M�k� � � � � � if - � ��S �- if � $ � 8 (9.102)

Let �� be an estimateof � taking valuesin �� , and let � be the Hamming
distortionmeasure between� and �� , i.e.,� ÿ 0i� ���%�� � 8 (9.103)

Observethat conditioningon �� , � and � determineeach other. Therefore,> � � ) �� �Ïÿ > � � ) �� � 8 (9.104)

Thenfor �ZS � ÿ �43:5�7 andany �� such that/10D� ������ � � �<� (9.105)
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Figure9.3. Achieving �C���a��� for abinarysourcevia a reversebinarysymmetricchannel.

wehave � � ��! �� � ÿ > � � � � > � � ) �� � (9.106)ÿ � � � �M�k� > � � ) �� � (9.107)$ � � � �M�k� > � � � (9.108)ÿ � � � �M�k� � � � ����� �¢¡ÿ �� ��� (9.109)$ � � � �M�k� � � � � � � (9.110)

where thelast inequalityis justifiedbecause����� �¢¡ÿ �� �4ÿ /20i� ��� �� � � � (9.111)

and � � ��£ � is increasingfor - � £ � 	� . Minimizing over all �� satisfying
(9.105)in (9.110),weobtainthelowerbound�Q� � � � $ � � � �M�k� � � � � � 8 (9.112)

To showthat this lower boundis achievable, weneedto constructan �� such
that theinequalitiesin both(9.108)and(9.110)are tight. Thetightnessof the
inequalityin (9.110)simplysaysthat����� �¤¡ÿ �� �;ÿ ��� (9.113)

while thetightnessof theinequalityin (9.108)saysthat � shouldbeindepen-
dentof �� .

It wouldbemore difficult to make � independentof �� if wespecify �� by¥ � �(*) ( � . Instead,we specifythe joint distribution of � and �� by meansof a
reversebinary symmetricchannel(BSC)with crossover probability � as the
shownin Figure 9.3. Here, we regard �� as the input and � as the output
of the BSC.Then � is independentof the input �� becausethe error event
is independentof the input for a BSC,and (9.113)is satisfiedby settingthe
crossover probability to � . However, we needto ensure that the marginal
distribution of � sospecifiedis equalto ¥ � ( � . Toward thisend,welet����� �� ÿ����4ÿ.¦ � (9.114)
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andconsider����� �� ÿ���� ÿ ����� � ÿK-�� ���§� �� ÿ�� ) � ÿ.-��
 ����� � ÿ���� ���'� �� ÿ�� ) � ÿ���� � (9.115)

or � ÿ � ����¦*� � 
 ¦ � ��� � � � (9.116)

which gives ¦�ÿ �V� ��¨�#© � 8 (9.117)

Since �ZS?� 3:5;7 ÿª� � �© � (9.118)

wehave¦ $ - . On theotherhand,� ��� � �© (9.119)

gives � 
 � � � 8 (9.120)

Thisimplies �V� � � �l�v© ��� (9.121)

or ¦ � � . Therefore, - � ¦�ÿ ����� �� ÿ���� � � (9.122)

and - � �l�r¦�ÿ ����� �� ÿ.-�� � � 8 (9.123)

Hence, we haveshownthat the lower boundon ��� � � � in (9.110) can be
achieved,and �Q� � � � is asgivenin (9.102).

For 	� � � � � , byexchangingtherolesof thesymbols0 and1 in theabove
argument,weobtain ��� � � � as in (9.102)exceptthat � is replacedby �Q��� .
Combiningthetwocases,wehave� � � � �dÿ«����� � �M�*� ��� � � � if - � �ZS ]_^a` � � � �¬���M�- if � $ ]_^a` � � � ������� . (9.124)

for - � � � � . Thefunction �Q� � � � for ��ÿ 	� is illustratedin Figure 9.4.

Remark In theaboveexample,weseethat ��� � -F�\ÿ ��� � �M�\ÿ > � � � . Thenby
theratedistortiontheorem,

> � � � is theminimumrateof aratedistortioncode
whichachievesanarbitrarilysmallaverageHammingdistortion.It is tempting
to regardingthis specialcaseof theratedistortiontheoremasa versionof the
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Figure 9.4. Thefunction �k���a��� for theuniform binarysourcewith theHammingdistortion
measure.

sourcecodingtheoremandconcludethattheratedistortiontheoremis agener-
alizationof thesourcecodingtheorem.However, this is incorrectbecausethe
ratedistortiontheoremonly guaranteesthat theaverage Hammingdistortion
between­ and �­ is smallwith probabilityarbitrarilycloseto 1,but thesource
codingtheoremguaranteesthat ­ ÿ �­ with probabilityarbitrarilycloseto 1,
which is muchstronger.

It is in generalnot possibleto obtainthe ratedistortionfunction in closed
form, and we have to resort to numericalcomputation. In Chapter10, we
will discussthe Blahut-Arimotoalgorithmfor computingthe rate distortion
function.

9.4 THE CONVERSE
In this section,we prove that the rate distortion function � � � � is lower

boundedby the information rate distortion function � � � � � , i.e., � � � � $�Q� � � � . Specifically, we will prove thatfor any achievableratedistortionpair� � ��� � , � $ ��� � � � . Thenby fixing � andminimizing � over all achievable
pairs

� � ��� � , weconcludethat � � � � $ ��� � � � .
Let

� � ��� � beany achievableratedistortionpair. Thenfor any ®lP - , there
existsfor sufficiently large ¯ an

� ¯ ��° � codesuchthat�¯²±´³¶µ ° � � 
·® (9.125)

and ����� 0D� ­ ���­ � P � 
·® � � ® � (9.126)
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where �­ ÿK¸ �O¹ � ­ ��� . Then¯ � � 
·® � 5 �$ ±´³¶µ ° (9.127)$ > �O¹ � ­ ��� (9.128)$ > � ¸ �O¹ � ­ ����� (9.129)ÿ > � �­ � (9.130)ÿ > � �­ �k� > � �­ ) ­ � (9.131)ÿ � � �­ ! ­ � (9.132)ÿ > � ­ �k� > � ­ ) �­ � (9.133)ÿ º=»�¼ 	 > � � » �k� º=»�¼ 	 > � � » ) �­ ��� 	 ��� � ��½�½�½'��� »¿¾ 	 � (9.134)� �$ º=»�¼ 	 > � � » �k� º=»�¼ 	 > � � » ) �� » � (9.135)ÿ º=»�¼ 	ÁÀ > � � » �k� > � � » ) �� » �ÃÂ (9.136)ÿ º=»�¼ 	 � � � » !��� » � (9.137)Ä �$ º=»�¼ 	 �Q� ��/20i� � » � �� » ��� (9.138)ÿ ¯·Å �¯ º=»�¼ 	 � � ��/10D� � » �Q�� » ���ÇÆ (9.139)e �$ ¯ ���1È �¯ º=»�¼ 	 /20i� � » � �� » ��É (9.140)ÿ ¯ ��� ��/20i� ­ � �­ ��� 8 (9.141)

In theabove,

a) follows from (9.125);

b) follows becauseconditioningdoesnot increaseentropy;

c) follows from thedefinitionof �Q� � � � in Definition9.16;

d) follows from theconvexity of �Q� � � � provedin Theorem9.18andJensen’s
inequality.

Now let 0 3:5;7 ÿ.]_Ê�Ë7 f X7 0i� ( � �( � (9.142)
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be themaximumvaluewhich canbe taken by thedistortionmeasure
0
. The

readershouldnot confuse
0 365�7 with �43:5;7 in Definition 9.7. Then from

(9.126),wehave/10D� ­ ���­ �ÿ / À 0i� ­ � �­ � ) 0i� ­ ���­ � P � 
·® Â ����� 0D� ­ ���­ � P � 
Ì® �
 / À 0i� ­ � �­ � ) 0i� ­ � �­ � � � 
·® Â ����� 0D� ­ � �­ � � � 
·® � (9.143)� 0 3:5�7%½ ®k
 � � 
·® � ½ � (9.144)ÿ � 
 ��0 365�7 
 �'� ® 8 (9.145)

Thisshows thatif theprobabilitythattheaveragedistortionbetween­ and �­
exceeds� 
Í® is small,thentheexpectedaveragedistortionbetween­ and �­
canexceed� only by asmallamount3. Following (9.141),wehave� 
·® $ � � ��/10D� ­ � �­ ��� (9.146)$ ��� � � 
 ��0 365�7 
 �'� ® � � (9.147)

wherethelastinequalityfollowsfrom(9.145)because��� � � � isnon-increasing
in � . Wenotethattheconvexity of ��� � � � impliesthatit is acontinuousfunc-
tion of � . Thentakingthelimit as ®6Î - , weobtain� $ ± ^a]ÏOÐ%Ñ ��� � � 
 ��0 3:5;7 
 �'� ® � (9.148)ÿ ���%Ò � 
 ��0 365�7 
 �'� ± ^a]ÏOÐ%Ñ ®�Ó (9.149)ÿ ��� � � � � (9.150)

wherewe have invoked the continuityof ��� � � � in obtaining(9.149). Upon
minimizing � over all achievablepairs

� � ��� � for a fixed � in (9.150),we
have provedthat � � � � $ ��� � � � 8 (9.151)

Thiscompletestheproof for theconverseof theratedistortiontheorem.

9.5 ACHIEVABILITY OF Ô �FÕ×ÖÙØ
In this section,we prove that the rate distortion function � � � � is upper

boundedby the information rate distortion function ��� � � � , i.e., � � � � ��Q� � � � . Thenby combiningwith the result that � � � � $ ��� � � � from the
lastsection,weconcludethat � � � �Ïÿ�� � � � � , andtheratedistortiontheorem
is proved.

3Theconverseis not true.
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For any - � � � �4365�7 , we will prove that for every randomvariable ��
takingvaluesin �� suchthat /10D� ������ � � �<� (9.152)

the rate distortionpair
� � � ��! �� � ��� � is achievable. This will be proved by

showing for sufficiently large ¯ theexistenceof aratedistortioncodesuchthat

1. therateof thecodeis notmorethan � � ��!%�� � 
·® ;
2.

0D� ­ � �­ � � � 
·® with probabilityalmost1.

Thenby minimizing � � �#!��� � over all �� satisfying(9.152),we concludethat
the rate distortion pair

� ��� � � � ��� � is achievable, which implies ��� � � � $� � � � because� � � � is theminimumof all � suchthat
� � ��� � is achievable.

Fix any - � � � � 365�7 andany ®lP - , andlet Ú beasmallpositivequantity
to bespecifiedlater. Towardproving theexistenceof a desiredcode,we fix a
randomvariable �� whichsatisfies(9.152)andlet ° beanintegersatisfying� � ��! �� � 
 ®© � �¯ ±´³¶µ ° � � � �#! �� � 
·® � (9.153)

wherē is sufficiently large.
Wenow describea randomcodingschemein thefollowing steps:

1. Constructa codebookÛ of an
� ¯ ��° � codeby randomlygenerating°

codewordsin �� º independentlyandidenticallyaccordingto ¥ � �( � º . Denote
thesecodewordsby �­ � �'� � �­ � ©H� ��½�½�½¿� �­ � ° � .

2. RevealthecodebookÛ to boththeencoderandthedecoder.

3. Thesourcesequence­ is generatedaccordingto ¥ � ( � º .

4. The encoderencodesthe sourcesequence­ into an index Ü in the setÝ ÿ � � � © ��½�½�½���° � . Theindex Ü takesthevalue Þ if

a)
� ­ � �­ � Þ ���¨ßáà ºâ b Xb:ãåä ,

b) for all Þ U ß Ý , if
� ­ � �­ � Þ U ���6ßæà ºâ b Xb6ãåä , then Þ U � Þ ;

otherwise,Ü takestheconstantvalue1.

5. Theindex Ü is deliveredto thedecoder.

6. Thedecoderoutputs �­ � Ü � asthereproductionsequence�­ .

Remark Strongtypicality is usedin definingtheencodingfunctionin Step4.
This is madepossibleby theassumptionthatboth thesourcealphabet

�
and

thereproductionalphabet �� arefinite.
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Let us furtherexplain theencodingschemedescribedin Step4. After the
sourcesequence­ is generated,we searchthroughall the codewordsin the
codebookÛ for thosewhicharejointly typicalwith ­ with respectto ¥ � ( � �( � .
If thereis at leastonesuchcodeword, we let Þ be the largestindex of such
codewordsandlet Ü ÿ Þ . If suchacodeword doesnotexist, we let Ü ÿ�� .

Theevent
� Ü ÿ���� occursin oneof thefollowing two scenarios:

1. �� � �'� is theonly codeword in Û which is jointly typicalwith ­ .

2. No codeword in Û is jointly typicalwith ­ .

In eitherscenario,­ is not jointly typicalwith thecodewords �� � ©H� ���� �Oç � , ½�½�½ ,�� � ° � . In otherwords,if Ü ÿè� , then ­ is jointly typical with noneof the
codewords �� � ©H� � �� �Oç � ��½�½�½¿� �� � ° � .

Define /�é ÿëê � ­ � �­ � Þ ���lßáà ºâ b Xb:ãåä�ì (9.154)

to be the event that ­ is jointly typical with the codeword �� � Þ � . Sincethe
codewordsaregeneratedi.i.d., the events

/ é
aremutually independent,and

they all havethesameprobability. Moreover, weseefrom thediscussionabove
that � Ü ÿÙ���2í / Ä��î / Äï î ½�½�½ î / Äð 8 (9.155)

Then ����� Ü ÿ���� � ����� / Ä� î / Äï î ½�½�½ î / Äð � (9.156)ÿ ðñé ¼ � ����� / Äé � (9.157)ÿ � ����� / Ä	 ��� ð ¾ 	 (9.158)ÿ � ��� ����� / 	 ��� ð ¾ 	 8 (9.159)

We now obtaina lower boundon
����� / 	 � asfollows. Since ­ and �� � �'� are

generatedindependently, thejoint distribution of
� ­ � �� � �'��� canbefactorized

as¥ ��ò � ¥ � �ò � . Then����� / 	 � ÿ ��� ê � ­ �*�­ � �'���¨ßáà ºâ b Xb�ãåä ì (9.160)ÿ =�ôó f Xóõ�Oö'÷iøù ú_ûúiü ý ¥ ��ò � ¥ � �ò � 8 (9.161)

The summationabove is over all
��ò � �ò �·ßZà ºâ b Xb:ãåä . From the consistency

of strongtypicality (Theorem5.7), if
��ò � �ò �áß�à ºâ b Xb:ãåä , then

ò ß�à ºâ b�ãåä and
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RateDistortionTheory 209þò ß�à ºâ Xb:ãåä . By thestrongAEP (Theorem5.2),all ¥ ��ò � and ¥ � þò � in theabove

summationsatisfy ¥ ��ò � $ © ¾ ºYÿ���ÿ b�������� (9.162)

and ¥ � þò � $ © ¾ ºFÿ	�lÿ Xb��
���
��� (9.163)

respectively, where� ��� Î - as Ú%Î - . Againby thestrongAEP,) à ºâ b Xb:ãåä ) $ � �l� Ú � © ºYÿ���ÿ b6f Xb�� ¾�� � � (9.164)

where��Î - as Ú%Î - . Thenfrom (9.161),wehave����� /�� � $ � �l� Ú � © ºFÿ	�lÿ b:f Xb�� ¾�� � © ¾ ºYÿ���ÿ b�������� © ¾ ºYÿ���ÿ Xb��
����� (9.165)� � �l� Ú � © ¾ ºFÿ	�lÿ b��
� �lÿ Xb�� ¾ ��ÿ b6f Xb���� � ��������� (9.166)� � �l� Ú � © ¾ ºFÿ � ÿ b�� Xb����� �� � (9.167)

where ! � ��"#�$" � Î - (9.168)

as Ú%Î - . Following (9.159),wehave����� Ü ����� �&% �¨� � �l� Ú � © ¾ ºFÿ � ÿ b�� Xb����� ��(' ð ¾ � 8 (9.169)

Thelowerboundin (9.153)implies° $ © ºYÿ � ÿ b�� Xb�����)* � 8 (9.170)

Thenupontakingnaturallogarithmin (9.169),weobtain

± ` ����� Ü ������ � ° �?�'� ± ` % �¨� � ��� Ú � © ¾ ºYÿ � ÿ b�� Xb����� ��(' (9.171)5 �� + © ºYÿ � ÿ b�� Xb�����)* � �?�
, ± ` % �l� � ��� Ú � © ¾ ºYÿ � ÿ b�� Xb����� ��-' (9.172)� �� � + © ºYÿ � ÿ b�� Xb���� )* � �?�
, � �l� Ú � © ¾ ºYÿ � ÿ b�� Xb��
�� �� (9.173)� � � �l� Ú � % © ºYÿ )* ¾  .� �#© ¾ ºYÿ � ÿ b�� Xb����� .� ' 8 (9.174)

In the above, a) follows from (9.170)by noting that the logarithmin (9.171)
is negative, andb) follows from thefundamentalinequality ± ` £ � £ �K� . By
letting Ú besufficiently smallsothat®© � ! P - � (9.175)
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the above upperboundon ± ` ����� Ü � ��� tendsto ��/ as ¯èÎ / , i.e.,����� Ü ����� Î - as ¯<Î / . This implies����� Ü ����� � ® (9.176)

for sufficiently large ¯ .
The main ideaof the above upperboundon

����� Ü � ��� for sufficiently
large ¯ is thefollowing. In constructingthecodebook,we randomlygenerate° codewordsin

þ� º accordingto ¥ � þ( � º . If ° grows with ¯ at a ratehigher
than � �-0 ! þ0 � , then the probability that there exists at leastone codeword
which is jointly typical with the sourcesequence­ with respectto ¥ � ( � þ( �
is very high when ¯ is large. Further, the averagedistortionbetween­ and
suchacodeword is closeto

/10D�-0 � þ0 � becausetheempiricaljoint distribution
of thesymbolpairsin ­ andsuchacodeword is closeto ¥ � ( � þ( � . Thenby let-
ting thereproductionsequence

þ­ besucha codeword, theaveragedistortion
between­ and

þ­ is lessthan � "æ® with probabilityarbitrarilycloseto 1 since/10i�-0 � þ0 � � � . Thesewill beformally shown in therestof theproof.
Now for sufficiently large ¯ , consider����� 0i� ­ � þ­ � P � "·® �� ����� 0i� ­ � þ­ � P � "·® ) Ü ����� ���'� Ü �����" ����� 0D� ­ � þ­ � P � "Ì® ) Ü ¡����� ���§� Ü ¡����� (9.177)� � ½ ®1" ����� 0i� ­ � þ­ � P � "·® ) Ü ¡����� ½ � (9.178)� ®2" ����� 0i� ­ � þ­ � P � "·® ) Ü ¡����� 8 (9.179)

We will show thatby choosingthevalueof Ú carefully, it is possibleto make0i� ­ � þ­ � alwayslessthanor equalto � "·® provided Ü ¡��� . Since
� ­ � þ­ �6ßà ºâ b Xb�ãåä conditioningon

� Ü ¡����� , wehave0i� ­ � þ­ �� �¯ º=»�¼ � 0i�-0 » � þ0 » � (9.180)� �¯ = 7 f X7 0D� ( � þ( �43 � ( � þ( ) ­ � þ­ � (9.181)� �¯ = 7 f X7 0D� ( � þ( � � ¯ ¥ � ( � þ( � " 3 � ( � þ(�) ­ � þ­ �C� ¯ ¥ � ( � þ( ��� (9.182)

� 56 = 7 f X7 ¥ � ( � þ( � 0D� ( � þ( �879 " 56 = 7 f X7 0D� ( � þ( � Ò �¯ 3 � ( � þ(�) ­ � þ­ �C� ¥ � ( � þ( � Ó 79
(9.183)
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RateDistortionTheory 211� /20i� ­ � þ­ � " = 7 f X7 0D� ( � þ( � Ò �¯ 3 � ( � þ(*) ­ � þ­ �k� ¥ � ( � þ( � Ó (9.184)� /20i� ­ � þ­ � " = 7 f X7 0D� ( � þ( �1:::: �¯ 3 � ( � þ(�) ­ � þ­ �C� ¥ � ( � þ( �;:::: (9.185)5 �� /20i� ­ � þ­ � " 0 3:5�7 = 7 f X7 :::: �¯ 3 � ( � þ(�) ­ � þ­ �k� ¥ � ( � þ( �;:::: (9.186)� �� /20i� ­ � þ­ � " 0 3:5�7 Ú (9.187)Ä �� � " 0 365�7 Ú � (9.188)

where

a) follows from thedefinitionof
0 3:5;7 in (9.142);

b) follows because
� ­ � þ­ �:ßáà ºâ b Xb�ãåä ;

c) follows from (9.152).

Therefore,by taking Ú � ®0 3:5;7 � (9.189)

weobtain 0D� ­ � þ­ � � � " 0 3:5;7 Ò ®0 365�7 Ó � � "·® (9.190)

if Ü ¡��� . Therefore,����� 0i� ­ � þ­ � P � "·® ) Ü ¡�����<�.- � (9.191)

andit follows thatfrom (9.179)that����� 0D� ­ � þ­ � P � "·® � � ® 8 (9.192)

Thus we have shown that for sufficiently large ¯ , thereexists an
� ¯ � ° �

randomcodewhichsatisfies�¯ ±´³¶µ ° � � �-0 ! þ0 � "·® (9.193)

(this follows from the upperboundin (9.153))and(9.192). This implies the
existenceof an

� ¯ � ° � ratedistortioncodewhichsatisfies(9.193)and(9.192).
Therefore,theratedistortionpair

� � �-0 ! þ0 � � � � is achievable.Thenuponmin-
imizing over all

þ0
which satisfy(9.152),we concludethat theratedistortion

pair
� � � � � � � � � is achievable,which implies � � � � � $ � � � � . Theproof is

completed.
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PROBLEMS
1. Obtaintheforwardchanneldescriptionof � � � � for thebinarysourcewith

theHammingdistortionmeasure.

2. Binarycoveringradius TheHammingballwith center= � �?>;� � >�@ � ½�½�½ � > º �6ß� - � ��� º andradiusA is thesetB�C � = �D�FE ò ß � - � ��� ºHG º= é ¼ � ) ( é � > é ) � A�I 8
Let ° C f º betheminimumnumber° suchthatthereexistsHammingballsB�C � =KJ � , L ��� � © � ½�½�½ � ° suchthatfor all

ò ß � - � ��� º ,
ò ß B�C � =KJ � for someL .

a) Show that ° C f º $ © ºM Cé ¼ Ñ�N º C�O 8
b) What is therelationbetween° C f º andtheratedistortionfunctionfor

thebinarysourcewith theHammingdistortionmeasure?

3. Considera sourcerandomvariable
0

with the Hammingdistortionmea-
sure.

a) Prove that � � � � $ª> �-0 �k� � ±´³¶µ � ) � ) �?�'�k� > � � � �
for - � � � �4365�7 .

b) Show that the above lower boundon � � � � is tight if
0

distributes
uniformly on

�
.

SeeJerohin[102] (alsosee[52], p.133)for thetightnessof thislowerbound
for a generalsource. This boundis a specialcaseof the Shannonlower
boundfor theratedistortionfunction[176] (alsosee[49], p.369).

4. Productsource Let
0

and � betwo independentsourcerandomvariables
with reproductionalphabets

þ�
and

þP
anddistortionmeasures

0 7 and
0RQ

,
andtheratedistortionfunctionsfor

0
and � aredenotedby � 7 � �47 � and� Q � � Q � , respectively. Now for theproductsource

�-0 � � � , definea distor-
tion measure

0 G �TSUP Î þ�TS þP
by0i��� ( ��V � � � þ( � þV ���W� 0 7 � ( � þ( � " 0XQ � VY� þV � 8

Provethattheratedistortionfunction � � � � for
�-0 � � � with distortionmea-

sure
0

is givenby� � � �W� ]_^a`h1Z � h1[ ¼ h � � 7 � � 7 � " � Q � � Q ��� 8
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Hint: Prove that � �-0 � � ! þ0 � þ� � $ � �-0 ! þ0 � " � � � ! þ� � if
0

and � are
independent.(Shannon[176].)

5. Compoundsource Let \ bean index setand ]�^ � � 0`_ Gba ß \ � bea
collectionof sourcerandomvariables.The randomvariablesin ]�^ have
a commonsourcealphabet

�
, a commonreproductionalphabet

þ�
, anda

commondistortionmeasure
0
. A compoundsourceis ani.i.d. information

sourcewhosegenericrandomvariableis
0dc

, wheree is equalto somea ß\ but wedonotknow whichoneit is. Theratedistortionfunction � c�� � �
for

0dc
hasthesamedefinitionastheratedistortionfunctiondefinedin this

chapterexceptthat(9.23)is replacedby���§� 0i� ­ _ � þ­ � P � "·® � � ® for all a ß \ .

Show that � c � � �W�gfihkj_ ö ^ � _¶� � � �
where� _¶� � � is theratedistortionfunctionfor

0`_
.

6. Show thatasymptoticoptimalitycanbeachievedby separatingratedistor-
tion codingandchannelcodingwhentheinformationsourceis i.i.d. (with
asingle-letterdistortionmeasure)andthechannelis memoryless.

7. Slepian-Wolf coding Let ® � � , and Ú besmallpositive quantities.For � �Þ � © ºYÿ���ÿmlon b��
� Ï � , randomlyand independentlyselectwith replacement© ºYÿ � ÿ b�� l � ¾kp � vectorsfrom à ºâ l ãåä accordingto the uniform distribution to
form a bin q é . Let

��ò ��r � bea fixedpair of vectorsin à ºâ b l ãåä . Prove the
following by choosing® � � , and Ú appropriately:

a) theprobabilitythat
r

is in someq é tendsto 1 as ¯<Î / ;

b) given that
r ß q é , the probability that thereexists another

r U ß q é
suchthat

��ò ��r U �6ßæà ºâ b l ãåä tendsto 0 as ¯<Î / .

Let
� ­ ��s �ut ¥ º � ( ��V � . The resultsin a) and b) say that if

� ­ ��s � is
jointly typical,which happenswith probabilitycloseto 1 for large ¯ , then
it is very likely that

s
is in somebin q é , andthat

s
is theuniquevector

in q é which is jointly typicalwith ­ . If ­ is availableasside-information,
thenby specifyingthe index of the bin containing

s
, which takesabout© ºv��ÿmlon b�� bits,

s
canbeuniquelyspecified.Notethatnoknowledgeabout­ is involved in specifyingthe index of thebin containing

s
. This is the

basisof theSlepian-Wolf coding[184] which launchedthewholeareaof
multiterminalsourcecoding(seeBerger[21]).
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HISTORICAL NOTES
Transmissionof an informationsourcewith distortionwasfirst conceived

by Shannonin his 1948paper[173]. He returnedto theproblemin 1959and
proved the ratedistortion theorem. The normalizationof the ratedistortion
function is due to Pinkston[154]. The rate distortion theoremproved here
is a strongerversionof the original theorem. Extensionsof the theoremto
moregeneralsourceswereproved in the book by Berger [20]. An iterative
algorithmfor computingtheratedistortionfunctiondevelopedby Blahut[27]
will be discussedin Chapter10. Rose[169] hasdevelopedan algorithmfor
thesamepurposebasedonamappingapproach.
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Chapter10

THE BLAHUT -ARIMO TO ALGORITHMS

For adiscretememorylesschannel¥ � V ) ( � , thecapacityw �.]WÊ�ËC ÿ 7 � � �-0 ! � � � (10.1)

where
0

and � arerespectively theinputandtheoutputof thegenericchannel
and A � ( � is the input distribution, characterizesthemaximumasymptotically
achievablerateat which informationcanbe transmittedthroughthe channel
reliably. Theexpressionfor

w
in (10.1)is calleda single-lettercharacteriza-

tion becauseit dependsonly the transitionmatrix of the genericchannelbut
not on theblock length ¯ of a codefor thechannel.Whenboth the input al-
phabet

�
andtheoutputalphabet

P
arefinite, thecomputationof

w
becomes

afinite-dimensionalmaximizationproblem.
For ani.i.d. informationsource

� 0 » ��x $ ��� with genericrandomvariable0
, theratedistortionfunction� � � �W� ]W^a`y ÿ X7 n 7 ��c d�e ÿ b6f Xb�� gih �

�-0 ! þ0 � (10.2)

characterizestheminimumasymptoticallyachievablerateof a ratedistortion
codewhich reproducesthe informationsourcewith an averagedistortionno
morethan � with respectto a single-letterdistortionmeasure

0
. Again, the

expressionfor � � � � in (10.2)is a single-lettercharacterizationbecauseit de-
pendsonly on thegenericrandomvariable

0
but not on theblock length ¯ of

a ratedistortioncode.Whenboththesourcealphabet
�

andthereproduction
alphabet

þ�
arefinite, thecomputationof � � � � becomesa finite-dimensional

minimizationproblem.
Unlessfor very specialcases,it is not possibleto obtainanexpressionforw
or � � � � in closedform, andwe have to resortto numericalcomputation.
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However, computingthesequantitiesis not straightforward becausethe as-
sociatedoptimizationproblemis nonlinear. In this chapter, we discussthe
Blahut-Arimotoalgorithms(henceforththeBA algorithms),which is anitera-
tivealgorithmdevisedfor thispurpose.

In orderto betterunderstandhow andwhy theBA algorithmworks,wewill
first describethealgorithmin a generalsettingin thenext section.Specializa-
tionsof thealgorithmfor thecomputationof

w
and � � � � will bediscussedin

Section10.2,andconvergenceof thealgorithmwill beprovedin Section10.3.

10.1 ALTERNATING OPTIMIZA TION
In thissection,wedescribeanalternatingoptimizationalgorithm.Thisalgo-

rithm will bespecializedin thenext sectionfor computingthechannelcapacity
andtheratedistortionfunction.

Considerthedoublesupremumfihkjz|{ ö~} { fihkjz * ö~} * ¹ �(��� � �1@ � � (10.3)

where� é is aconvex subsetof � º�� for Þ ��� � © , and
¹

is a functiondefinedon� � S � @ . The function
¹

is boundedfrom above, andis continuousandhas
continuouspartialderivativeson � � S � @ . Furtherassumethatfor all

�b@ ß � @ ,
thereexistsaunique

>;�¿�(�b@ �:ß � � suchthat¹ �?> � �(� @ � � � @ �W� ]_Ê�Ëz j { ö~} { ¹ �(� U � � � @ � � (10.4)

andfor all
��� ß � � , thereexistsaunique

>�@H�(�W� �:ß � @ suchthat¹ �(� � � > @ �(� � ���W� ]_Ê�Ëz j * ö~} * ¹ �(� � � � U @ � 8 (10.5)

Let
� � �(�W� � �b@ � and � � � � S � @ . Then(10.3)canbewrittenasf�hkjz ö~} ¹ �(� � 8 (10.6)

In otherwords,thesupremumof
¹

is takenover a subsetof � º { � º * which is
equalto theCartesianproductof two convex subsetsof � º { and � º * , respec-
tively.

We now describean alternatingoptimizationalgorithmfor computing
¹ + ,

thevalueof thedoublesupremumin (10.3).Let
� ÿ » � � �(� ÿ » �� � � ÿ » �@ � for

x $ -
which aredefinedasfollows. Let

� ÿ Ñ �� beanarbitrarily chosenvectorin � � ,
andlet

� ÿ Ñ �@ � >�@H�(� ÿ Ñ �� � . For
x $ � , � ÿ » � is definedby� ÿ » �� � >K�¿�(� ÿ »¿¾ � �@ � (10.7)
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Figure10.1. Alternatingoptimization.

and � ÿ » �@ � >�@¶�(� ÿ » �� � 8 (10.8)

In otherwords,
� ÿ » �� and

� ÿ » �@ aregeneratedin theorder
� ÿ Ñ �� � � ÿ Ñ �@ � � ÿ � �� � � ÿ � �@ �� ÿ @ �� � � ÿ @ �@ � ½�½�½ , whereeachvectorin thesequenceis a functionof theprevious

vectorexceptthat
� ÿ Ñ �� is arbitrarilychosenin � � . Let¹ ÿ » � � ¹ �(� ÿ » � � 8 (10.9)

Thenfrom (10.4)and(10.5),¹ ÿ » � � ¹ �(� ÿ » �� � � ÿ » �@ � (10.10)$ ¹ �(� ÿ » �� � � ÿ »¿¾ � �@ � (10.11)$ ¹ �(� ÿ »'¾ � �� � � ÿ »¿¾ � �@ � (10.12)� ¹ ÿ »¿¾ � � (10.13)

for
x $ � . Sincethesequence

¹ ÿ » � is non-decreasing,it mustconvergebecause¹
is boundedfrom above. We will show in Section10.3 that

¹ ÿ » � Î ¹ + if¹
is concave. Figure10.1 is an illustration of the alternatingmaximization

algorithm,wherein thiscaseboth ¯ � and ¯ @ areequalto 1, and
¹ ÿ » � Î ¹ + .

The alternatingoptimizationalgorithmcanbe explainedby the following
analogy. Supposea hiker wantsto reachthesummitof a mountain.Starting
from a certainpoint in the mountain,the hiker movesnorth-southandeast-
westalternately. (In ourproblem,thenorth-southandeast-westdirectionscan
bemulti-dimensional.)In eachmove, thehiker movesto thehighestpossible
point. Thequestionis whetherthehiker caneventuallyapproachthesummit
startingfrom any point in themountain.
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Replacing
¹

by � ¹ in (10.3), the doublesupremumbecomesthe double
infimum ^
`k�z|{ ö~} { ^
`k�z * ö~} * ¹ �(��� � �1@ � 8 (10.14)

All theprevious assumptionson � � , � @ , and
¹

remainvalid exceptthat
¹

is
now assumedto beboundedfrom below insteadof boundedfrom above. The
doubleinfimumin (10.14)canbecomputedby thesamealternatingoptimiza-
tion algorithm. Note that with

¹
replacedby � ¹ , the maximumsin (10.4)

and(10.5)becomeminimums,andtheinequalitiesin (10.11)and(10.12)are
reversed.

10.2 THE ALGORITHMS
In this section,we specializethe alternatingoptimizationalgorithm de-

scribedin thelastsectionto computethechannelcapacityandtheratedistor-
tion function.Thecorrespondingalgorithmsareknown astheBA algorithms.

10.2.1 CHANNEL CAPACITY
We will use � to denoteaninput distribution A � ( � , andwe write �WP - if �

is strictly positive, i.e., A � ( � P - for all ( ß �
. If � is not strictly positive, we

write � $ - . Similarnotationswill beintroducedasappropriate.� q�oQo¬G"NHt�LON
Let A � ( � ¥ � V ) ( � bea givenjoint distributionon

��S<P
such that�1P - , andlet � bea transitionmatrix from

P
to
�

. Then]WÊ�Ë� = 7 = Q A � ( � ¥ � V ) ( � ±´³¶µ�� � ( ) V �A � ( � �"= 7 = Q A � ( � ¥ � V ) ( � ±´³¶µ�� + � ( ) V �A � ( � �
(10.15)

where themaximizationis takenoverall � such that

� � (*) V ���.- if andonly if ¥ � V ) ( �W�.- � (10.16)

and

� + � ( ) V ��� A � ( � ¥ � V ) ( �M 7 j A � ( U � ¥ � V ) ( U � � (10.17)

i.e., themaximizing� is thewhich correspondsto theinput distribution � and
thetransitionmatrix ¥ � V ) ( � .

In (10.15)andthe sequel,we adoptthe convention that the summationis
takenover all ( and

V
suchthat A � ( � P - and¥ � V ) ( � P - . Notethattheright

handsideof (10.15)givesthemutualinformation � �-0 ! � � when � is theinput
distribution for thegenericchannel¥ � V ) ( � .
Proof Let � � V ����= 7 j A � ( U � ¥ � V ) ( U � (10.18)
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in (10.17).We assumewith lossof generalitythat for all
V ß P , ¥ � V ) ( � P -

for some ( ß �
. Since �?P - , � � V � P - for all

V
, and hence� + � (*) V � is

well-defined.Rearranging(10.17),wehaveA � ( � ¥ � V ) ( �W� � � V � � + � ( ) V � 8 (10.19)

Consider= 7 = Q A � ( � ¥ � V ) ( � ±´³¶µ � + � ( ) V �A � ( � �#= 7 = Q A � ( � ¥ � V ) ( � ±´³¶µ � � ( ) V �A � ( �� = 7 = Q A � ( � ¥ � V ) ( � ±´³¶µ � + � ( ) V �� � (*) V � (10.20)� = Q = 7 � � V � � + � (*) V � ±´³¶µ�� +
� (*) V �

� � (*) V � (10.21)� = Q � � V �9= 7 � + � (*) V � ±´³¶µ � +
� (*) V �

� � (*) V � (10.22)� = Q � � V � � � � + � ( ) V �K� � � (*) V ��� (10.23)$ - � (10.24)

where(10.21)follows from (10.19),andthe last stepis anapplicationof the
divergenceinequality. Thenthe proof is completedby noting in (10.17)that� + satisfies(10.16)because�1P - .�$� q ACBMq�oZNHt�Las

For a discretememorylesschannel¥ � V ) ( � ,w �gfihkj�.� Ñ ]WÊ�Ë� = 7 = Q A � ( � ¥ � V ) ( � ±´³¶µ � � ( ) V �A � ( � � (10.25)

where themaximizationis takenoverall � which satisfies(10.16).

Proof Let � � � �i� � denotethemutualinformation � �-0 ! � � when � is theinput
distribution for thegenericchannel¥ � V ) ( � . Thenwecanwritew �.]_Ê�Ë�.� Ñ � � � �i� � 8 (10.26)

Let � + achieves
w

. If � + P - , thenw � ]_Ê�Ë�.� Ñ � � � �i� � (10.27)� ]_Ê�Ë�.� Ñ � � � �i� � (10.28)� ]_Ê�Ë�.� Ñ ]_Ê�Ë� = 7 = Q A � ( � ¥ � V ) ( � ±´³¶µ�� � (*) V �A � ( � (10.29)� fihkj�.� Ñ ]WÊ�Ë� = 7 = Q A � ( � ¥ � V ) ( � ±´³¶µ � � ( ) V �A � ( � � (10.30)
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where(10.29)follows from Lemma10.1(andthemaximizationis over all �
whichsatisfies(10.16)).

Next, we considerthecasewhen � + $ - . Since � � � �i� � is continuousin � ,
for any ®lP - , thereexists Ú2P - suchthatif� � � � + � S Ú � (10.31)

then w �#� � � �i� � S ® � (10.32)

where � � � � + � denotestheEuclideandistancebetween� and � + . In particular,
thereexists ��2P - whichsatisfies(10.31)and(10.32).Thenw � ]_Ê�Ë��� Ñ � � � �i� � (10.33)$ fihkj�.� Ñ � � � �i� � (10.34)$ � � �� �i� � (10.35)P w � ® � (10.36)

wherethelaststepfollows because�� satisfies(10.32).Thuswehavew � ® S fih�j�.� Ñ � � � �i� �o� w 8 (10.37)

Finally, by letting ®:Î - , weconcludethatw �gf�hkj��� Ñ � � � �i� ���gfihkj�.� Ñ ]_Ê�Ë� = 7 = Q A � ( � ¥ � V ) ( � ±´³¶µ�� � (*) V �A � ( � 8 (10.38)

Thisaccomplishestheproof.

Now for thedoublesupremumin (10.3),let¹ � � � � �W��= 7 = Q A � ( � ¥ � V ) ( � ±a³¶µ � � (*) V �A � ( � � (10.39)

with � and � playingtherolesof
�W�

and
�1@

, respectively. Let� � � � � A � ( � � ( ß � � G A � ( � P - and
M 7 A � ( �W����� � (10.40)

and � @ � � � � � (*) V � � � ( ��V �lß �TSUP � G � � (*) V � P -
if ¥ � (*) V � P - , � � (*) V �W�.- if ¥ � V ) ( ���.- ,
and

M 7 � � (*) V �W��� for all
V ß P � 8 (10.41)

D R A F T September 13, 2001, 6:27pm D R A F T



TheBlahut-ArimotoAlgorithms 221

Then � � is a subsetof � n ��n and � @ is a subsetof � n ��n�n ��n , and it is readily
checked that both � � and � @ areconvex. For all � ß � � and � ß � @ , by
Lemma10.1,¹ � � � � ��� = 7 = Q A � ( � ¥ � V ) ( � ±´³¶µ � � (*) V �A � ( � (10.42)� = 7 = Q A � ( � ¥ � V ) ( � ±´³¶µ � + � (*) V �A � ( � (10.43)� � �-0 ! � � (10.44)� > �-0 � (10.45)� ±´³¶µ ) � ) 8 (10.46)

Thus
¹

is boundedfrom above. Sincefor all � ß � @ , � � ( ) V �W��- for all ( andV
suchthat ¥ � (*) V �o� - , thesecomponentsof � aredegenerated.In fact,these

componentsof � do not appearin the definitionof
¹ � � � � � in (10.39),which

canbe seenasfollows. Recall the conventionthat the doublesummationin
(10.39)is over all ( and

V
suchthat A � ( � P - and¥ � V ) ( � P - . If � � ( ) V ��� - ,

then ¥ � V ) ( �u� - , and hencethe correspondingterm is not includedin the
doublesummation.Therefore,it is readilyseenthat

¹
is continuousandhas

continuouspartial derivatives on � becauseall the probabilitiesinvolved in
thedoublesummationin (10.39)arestrictly positive. Moreover, for any given� ß � � , by Lemma10.1,thereexistsa unique � ß � @ which maximizes

¹
.

It will beshown shortly that for any given � ß � @ , therealsoexistsa unique� ß � � whichmaximizes
¹

.
Thedoublesupremumin (10.3)now becomesfihkj� ö~} { fihkj� ö�} * = 7 = Q A � ( � ¥ � V ) ( � ±a³¶µ � � (*) V �A � ( � � (10.47)

which by Theorem10.2is equalto
w

, wherethesupremumover all � ß � @
is in factamaximum.Wethenapplythealternatingoptimizationalgorithmin
the last sectionto compute

w
. First, we arbitrarily choosea strictly positive

input distribution in � � andlet it be � ÿ Ñ � . Thenwe define � ÿ Ñ � andin general� ÿ » � for
x $ - by

� ÿ » � � (*) V �W� A ÿ » � � ( � ¥ � V ) ( �M 7 j A ÿ » � � ( U � ¥ � V ) ( U � (10.48)

in view of Lemma10.1. In orderto define � ÿ � � andin general� ÿ » � for
x $ � ,

weneedto find the � ß � � whichmaximizes
¹

for agiven � ß � @ , wherethe
constraintson � are = 7 A � ( ����� (10.49)
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and A � ( � P - for all ( ß �
. (10.50)

We now usethemethodof Lagrangemultipliersto find thebest� by ignoring
temporarilythepositivity constraintsin (10.50).Let� � = 7 = Q A � ( � ¥ � V ) ( � ±´³¶µ�� � ( ) V �A � ( � �#� = 7 A � ( � 8 (10.51)

For conveniencesake, we assumethat the logarithmis thenaturallogarithm.
Differentiatingwith respectto A � ( � gives  �  A � ( � ��= Q ¥ � V ) ( � ±a³¶µ � � (*) V �k� ±´³¶µ A � ( �k�Ì�l�#� 8 (10.52)

Uponsetting ¡;¢¡ C ÿ 7 � �K- , wehave

±´³¶µ A � ( �W� = Q ¥ � V ) ( � ±´³¶µ � � ( ) V �k�ª�¨�#� � (10.53)

or A � ( ���¤£ ¾ ÿ & � � � ñ Q � � (*) V �-¥ ÿ
Q n 7 � 8 (10.54)

By consideringthenormalizationconstraintin (10.49),wecaneliminate� and
obtain A � ( ��� ¦ Q � � (*) V � ¥ ÿ

Q n 7 �M 7 j ¦ Q � � ( U ) V � ¥ ÿ
Q n 7 j � 8 (10.55)

Theabove productis over all
V

suchthat ¥ � V ) ( � P - , and � � (*) V � P - for all
such

V
. This impliesthatboththenumeratorandthedenominatoron theright

handsideabovearepositive,andthereforeA � ( � P - . In otherwords,the � thus
obtainedhappento satisfythepositivity constraintsin (10.50)althoughthese
constraintswere ignoredwhenwe setup the Lagrangemultipliers. We will
show in Section10.3.2that

¹
is concave. Then � asgivenin (10.55),which is

unique,indeedachievesthemaximumof
¹

for a given � ß � @ because� is in
theinteriorof � � . In view of (10.55),wedefine� ÿ » � for

x $ � by

A ÿ » � � ( ��� ¦ Q � ÿ »¿¾
� � � ( ) V � ¥ ÿ Q n 7 �M 7 j ¦ Q � ÿ »'¾
� � � ( U ) V � ¥ ÿ Q n 7 j � 8 (10.56)

Thevectors� ÿ » � and � ÿ » � aredefinedin theorder � ÿ Ñ � � � ÿ Ñ � � � ÿ � � � � ÿ � � � � ÿ @ � �� ÿ @ � � ½�½�½ , whereeachvectorin thesequenceis afunctionof thepreviousvector
exceptthat � ÿ Ñ � is arbitrarily chosenin � � . It remainsto show by induction
that � ÿ » � ß � � for

x $ � and � ÿ » � ß � @ for
x $ - . If � ÿ » � ß � � , i.e., � ÿ » � P - ,
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Figure10.2. A tangentto the �6�a��� curve with slopeequalto ­ .
thenwe seefrom (10.48)that � ÿ » � � (*) V ����- if andonly if ¥ � ( ) V ���Z- , i.e.,� ÿ » � ß � @ . On the otherhand,if � ÿ » � ß � @ , thenwe seefrom (10.56)that� ÿ » � � � P - , i.e., � ÿ » � � � ß � @ . Therefore,� ÿ » � ß � � and � ÿ » � ß � @ for allx $ - . Upondetermining

� � ÿ » � � � ÿ » � � , we cancompute
¹ ÿ » � � ¹ � � ÿ » � � � ÿ » � �

for all
x
. It will beshown in Section10.3that

¹ ÿ » � Î w
.

10.2.2 THE RATE DISTORTION FUNCTION
Thisdiscussionin thissectionisanalogousto thediscussionin Section10.2.1.

Someof thedetailswill beomittedfor brevity.
For all problemsof interest,� � -F� P - . Otherwise,� � � �W�.- for all � $ -

since� � � � is nonnegative andnon-increasing.Therefore,weassumewithout
lossof generalitythat � � -F� P - .

We have shown in Corollary 9.19 that if � � -F� P - , then � � � � is strictly
decreasingfor -®� � � �4365�7 . Since � � � � is convex, for any ¯ ��- , there
existsa point on the � � � � curve for -°� � � �43:5;7 suchthat the slopeof
a tangent1 to the � � � � curve at thatpoint is equalto ¯ . Denotesucha point
on the � � � � curve by

� �`± � � � �`± ��� , which is not necessarilyunique. Then
this tangentintersectswith theordinateat � � � ± �k� ¯ � ± . This is illustratedin
Figure10.2.

Let � � �D��² � denotethe mutual information � �-0 � þ0 � and � � �D��² � denote
theexpecteddistortion

/10i�-0 � þ0 � when
�

is thedistributionfor
0

and
²

is the
transitionmatrixfrom

�
to

þ�
defining

þ0
. Thenfor any

²
,
� � � ����² � � � � ����² ���

is apoint in theratedistortionregion,andtheline with slopē passingthrough

1Wesaythata line is a tangentto the ³ ÿ h � curve if it touchesthe ³ ÿ h � curve from below.
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224 A FIRSTCOURSEIN INFORMATIONTHEORY� � � �D��² � � � � �D��² ��� intersectstheordinateat � � �D��² ��� ¯ � � ����² � . Sincethe� � � � curve definestheboundaryof theratedistortionregion andit is above
thetangentin Figure10.2,weseethat� � � ± �k� ¯ � ± �.]W^a`´ À � � �D��² �*� ¯ � � �D��² �ÃÂ 8 (10.57)

For each ¯ � - , if we can find a
² ± which achieves the above minimum,

thenthe line passingthrough
� - � � � ����² ± �:� ¯ � � ����² ± ��� , i.e., the tangentin

Figure10.2, givesa tight lower boundon the � � � � curve. In particular, if� � � � ± � � � ± � is unique, � ± � � � �D��² ± � (10.58)

and � � �`± �W�.� � ����² ± � 8 (10.59)

By varyingoverall ¯ �?- , wecanthentraceout thewhole � � � � curve. In the
restof thesection,we will devise an iterative algorithmfor theminimization
problemin (10.57).� q�oQo¬G"NHt�L¶µ

Let ¥ � ( ��· � þ(*) ( � be a givenjoint distribution on
�¸S þ�

such
that

² P - , andlet ¹ beanydistribution on
þ�

such that ¹�P - . Then]_^
`º � Ñ = 7 = X7 ¥ � ( ��· � þ( ) ( � ±´³¶µ · � þ(*) ( �» � þ( � ��= 7 = X7 ¥ � ( ��· � þ( ) ( � ±´³¶µ · � þ(*) ( �» + � þ( � �
(10.60)

where » + � þ( ��� = 7 ¥ � ( ��· � þ( ) ( � � (10.61)

i.e., the minimizing
» � þ( � is the distribution on

þ�
correspondingto the input

distribution
�

andthetransitionmatrix
²

.

Proof It sufficesto prove that= 7 = X7 ¥ � ( ��· � þ(�) ( � ±´³¶µ · � þ(*) ( �» � þ( � $ = 7 = X7 ¥ � ( ��· � þ( ) ( � ±´³¶µ · � þ( ) ( �» + � þ( � (10.62)

for all ¹VP - . Thedetailsareleft asanexercise.Note in (10.61)that ¹ + P -
because

² P - .
Since � � �D��² � and � � ����² � arecontinuousin

²
, via anargumentsimilar

to theoneweusedin theproofof Theorem10.2,wecanreplacetheminimum
over all

²
in (10.57)by theinfimum over all

² P - . By notingthat theright
handsideof (10.60)is equalto � � �D��² � and� � ����² �W��= 7 =YX7 ¥ � ( ��· � þ(�) ( � 0D� ( � þ( � � (10.63)
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wecanapplyLemma10.3to obtain� � � ± �k� ¯ � ±� ¼�½.¾¿ÁÀvÂÄÃ�Å ¼�½Æ À�Â MZ�Ç ûZ ¥ ÿ 7 � y ÿ X7 n 7 �.È�É�Ê2Ë�Ì ûZ�Í ZiÎÏ Ì ûZÐÎ ¾ ± MZ�Ç ûZ ¥ ÿ 7 � y ÿ X7 n 7 �
e ÿ 7 f X7 �	Ñ (10.64)� ¼�½.¾¿ÁÀvÂÒÅ ¼�½Æ ÀvÂ Ã MZ�Ç ûZ ¥ ÿ 7 � y ÿ X7 n 7 �.È�É�Ê Ë�Ì ûZ�Í ZiÎÏ Ì ûZÐÎ ¾ ± MZ�Ç ûZ ¥ ÿ 7 � y ÿ X7 n 7 �
e ÿ 7 f X7 � Ñ 8 (10.65)

Now in thedoubleinfimumin (10.14),let¹ � ²Ó� ¹ ��� = 7 = X7 ¥ � ( ��· � þ( ) ( � ±´³¶µ · � þ(*) ( �» � þ( �� ¯ = 7 = X7 ¥ � ( ��· � þ( ) ( � 0D� ( � þ( � � (10.66)

� � � E � · � þ(*) ( � � � ( � þ( �:ß �TS þ� � G · � þ( ) ( � P - �
=YX7 · � þ(*) ( ����� for all ( ß � I � (10.67)

and � @ � � � » � þ( � � þ( ß þ� � G » � þ( � P - and
M X7 » � þ( �W����� � (10.68)

with
²

and ¹ playingtherolesof
�W�

and
�1@

, respectively. Then � � is asubset

of � n ��n�n X�Dn and � @ is a subsetof � n X��n , andit is readilychecked that both � �
and � @ areconvex. Since ¯ �Ì- ,¹ � ²H� ¹ �� = 7 =�X7 ¥ � ( ��· � þ(�) ( � ±´³¶µ · � þ(*) ( �» � þ( � � ¯ = 7 =YX7 ¥ � ( ��· � þ( ) ( � 0i� ( � þ( �

(10.69)$ = 7 = X7 ¥ � ( ��· � þ(�) ( � ±´³¶µ · � þ(*) ( �» + � þ( � " - (10.70)� � �-0 ! þ0 � (10.71)$ - 8 (10.72)

Therefore,
¹

is boundedfrom below.
Thedoubleinfimumin (10.14)now becomes^a`k�´ ö~} { ^a`��º ö~} * Å = 7 = X7 ¥ � ( ��· � þ(*) ( � ±a³¶µ · � þ(*) ( �» � þ( � � ¯ = 7 = X7 ¥ � ( ��· � þ(�) ( � 0D� ( � þ( �ÇÆ �

(10.73)
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wherethe infimum over all ¹ ß � @ is in facta minimum. We thenapply the
alternatingoptimizationalgorithmdescribedin Section10.2 to compute

¹ + ,
the valueof (10.73). First, we arbitrarily choosea strictly positivetransition
matrix in � � andlet it be

² ÿ Ñ � . Thenwe define ¹ ÿ Ñ � andin general¹ ÿ » � forx $ � by » ÿ » � � þ( ���"= 7 ¥ � ( ��· ÿ » � � þ(�) ( � (10.74)

in view of Lemma10.3.In orderto define
² ÿ � � andin general

² ÿ » � for
x $ � ,

weneedto find the
² ß � � whichminimizes

¹
for agiven ¹ ß � @ , wherethe

constraintson
²

are· � þ( ) ( � P - for all
� ( � þ( �¨ß �ÔS þ�

, (10.75)

and =YX7 · � þ( ) ( �W��� for all ( ß �
. (10.76)

As wedid for thecomputationof thechannelcapacity, wefirst ignorethepos-
itivity constraintsin (10.75)whensettingup the Lagrangemultipliers. Then
weobtain · � þ(�) ( ��� » � þ( �Ð£ ± e ÿ 7 f X7 �M X7 j » � þ( U �Ð£ ± e ÿ 7 f X7 j � P - 8 (10.77)

Thedetailsareleft asanexercise.Wethendefine
² ÿ » � for

x $ � by· ÿ » � � þ( ) ( �W� » ÿ »¿¾ � � � þ( �Ð£ ± e ÿ 7 f X7 �M X7 j » ÿ »¿¾ � � � þ( U �Ð£ ± e ÿ 7 f X7 j � 8 (10.78)

It will beshown in thenext sectionthat
¹ ÿ » � � ¹ � ² ÿ » � � ¹ ÿ » � � Î ¹ + as

x Î / .
If thereexists a uniquepoint

� � � � ± � � � ± � on the � � � � curve suchthat the
slopeof a tangentat thatpoint is equalto ¯ , then� � � �D��² ÿ » � � � � � ����² ÿ » � ��� Î � � � � ± � � � ± � 8 (10.79)

Otherwise,
� � � ����² ÿ » � � � � � �D��² ÿ » � ��� is arbitrarily closeto thesegmentof the� � � � curveatwhichtheslopeis equalto ¯ when

x
is sufficiently large.These

factsareeasilyshown to betrue.

10.3 CONVERGENCE
In thissection,wefirst prove thatif

¹
is concave, then

¹ ÿ » � Î ¹ + . We then
apply this sufficient conditionto prove the convergenceof the BA algorithm
for computingthechannelcapacity. Theconvergenceof theBA algorithmfor
computingtheratedistortionfunctioncanbeprovedlikewise. Thedetailsare
omitted.

D R A F T September 13, 2001, 6:27pm D R A F T



TheBlahut-ArimotoAlgorithms 227

10.3.1 A SUFFICIENT CONDITION
In thealternatingoptimizationalgorithmin Section10.1,weseefrom(10.7)

and(10.8)that� ÿ » � � � � �(� ÿ » � � �� � � ÿ » � � �@ �W� �?> � �(� ÿ » �@ � � > @ �?> � �(� ÿ » �@ ����� (10.80)

for
x $ - . DefineÕ ¹ �(� ��� ¹ �?>;�'�(�b@ � � >�@H�?>;���(�1@ ����� � ¹ �(�W� � �1@ � 8 (10.81)

Then¹ ÿ » � � � � ¹ ÿ » � � ¹ �(� ÿ » � � � �*� ¹ �(� ÿ » � � (10.82)� ¹ �?> � �(� ÿ » �@ � � > @ �?> � �(� ÿ » �@ �����k� ¹ �(� ÿ » �� � � ÿ » �@ � (10.83)� Õ ¹ �(� ÿ » � � 8 (10.84)

Wewill prove that
¹

beingconcave is sufficient for
¹ ÿ » � Î ¹ + . To thisend,

wefirst prove thatif
¹

is concave, thenthealgorithmcannotbetrappedat
�

if¹ �(� � S ¹ + .� q�oQo¬G"NHt�LmÖ
Let

¹
beconcave. If

¹ ÿ » � S ¹ + , then
¹ ÿ » � � � P ¹ ÿ » � .

Proof We will prove that

Õ ¹ �(� � P - for any
� ß � suchthat

¹ �(� � S ¹ + .
Thenif

¹ ÿ » � � ¹ �(� ÿ » � � S ¹ + , weseefrom (10.84)that¹ ÿ » � � � � ¹ ÿ » � � Õ ¹ �(� ÿ » � � P - � (10.85)

andthelemmais proved.
Considerany

� ß � suchthat
¹ �(� � S ¹ + . We will prove by contradiction

that

Õ ¹ �(� � P - . Assume

Õ ¹ �(� ���.- . Thenit follows from (10.81)that¹ �?> � �(� @ � � > @ �?> � �(� @ �����D� ¹ �(� � � � @ � 8 (10.86)

Now weseefrom (10.5)that¹ �?>;�'�(�b@ � � >�@F�?>;�¿�(�1@ ����� $ ¹ �?>;�'�(�b@ � � �1@ � 8 (10.87)

If
> � �(� @ � ¡� � �

, then ¹ �?>;�'�(�1@ � � �b@ � P ¹ �(��� � �1@ � (10.88)

because
>K�¿�(�1@ � is unique.Combining(10.87)and(10.88),wehave¹ �?>;�'�(�b@ � � >�@H�?>;�¿�(�b@ ����� P ¹ �(�W� � �1@ � � (10.89)

which is acontradictionto (10.86).Therefore,�W� � >;�'�(�b@ � 8 (10.90)
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Figure10.3. ThevectorsÝ , Þ , ßà�á(à { á and à * .
Usingthis,weseefrom (10.86)that¹ �(��� � >�@F�(�W� ���W� ¹ �(�W� � �b@ � � (10.91)

which implies �1@ � >�@H�(�W� � 8 (10.92)

because
>�@H�?>;�¿�(�1@ ��� is unique.

Since
¹ �(� � S ¹ + , thereexists â ß � suchthat¹ �(� � S ¹ � â � 8 (10.93)

Consider â � � � � â � � ��� � -F� " � - � â @ � �1@ � 8 (10.94)

Let �ã be the unit vector in the directionof â � �
, ã � be the unit vector in

the direction of
� â � � �W� � -F� , and ã @ be the unit vector in the direction of� â @ � �b@ � -F� . Then� â � � � �ã �ä� â � � ��� � ã � " � â @ � �b@ � ã @ � (10.95)

or �ã �.¦ � ã � " ¦ @ ã @ � (10.96)

where ¦ é � � â é � � é �� â � � � � (10.97)Þ �Ù� � © . Figure10.3is anillustrationof thevectors
�

, â , �ã � ã � � and ã @ .
We seefrom (10.90) that

¹
attainsits maximumvalue at

� � �(�W� � �b@ �
when

� @
is fixed. In particular,

¹
attainsits maximumvalueat

�
alonethe

line passingthrough
�(��� � �1@ � and

� â � � �b@ � . Let å ¹
denotesthe gradientof
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. Since

¹
is continuousandhascontinuouspartialderivatives,thedirectional

derivative of
¹

at
�

in the directionof ã � exists andis given by å ¹ ½ ã � . It
followsfromtheconcavity of

¹
that

¹
is concavealongthelinepassingthrough�(��� � �1@ � and

� â � � �1@ � . Since
¹

attainsits maximumvalueat
�

, thederivative
of

¹
alongthe line passingthrough

�(�W� � �b@ � and
� â � � �b@ � vanishes.Thenwe

seethat å ¹ ½ ã � �.- 8 (10.98)

Similarly, weseefrom (10.92)thatå ¹ ½ ã @ �.- 8 (10.99)

Thenfrom (10.96),thedirectionalderivative of
¹

at
�

in thedirectionof �ã is
givenby å ¹ ½ �ã �.¦ � � å ¹ ½ ã � � " ¦ @ � å ¹ ½ ã @ ���.- 8 (10.100)

Since
¹

is concave alongtheline passingthrough
�

and â , this implies¹ �(� � $ ¹ � â � � (10.101)

which is acontradictionto (10.93).Hence,weconcludethat

Õ ¹ �(� � P - .
Althoughwehaveprovedthatthealgorithmcannotbetrappedat

�
if
¹ �(� � S¹ + , ¹ ÿ » � doesnot necessarilyconverge to

¹ + becausetheincrementin
¹ ÿ » � in

eachstepmaybearbitrarily small. In orderto prove thedesiredconvergence,
wewill show in next theoremthatthiscannotbethecase.�$� q ACBMq�oZNHt�L¶æ

If
¹

is concave, then
¹ ÿ » � Î ¹ + .

Proof Wehavealreadyshown in Section10.1that
¹ ÿ » � necessarilyconverges,

sayto
¹ U . Hence,for any ®lP - andall sufficiently large

x
,¹ U � ® � ¹ ÿ » � � ¹ U 8 (10.102)

Let �ç�«]_^a`z ö�} j
Õ ¹ �(� � � (10.103)

where � U � � � ß � G ¹ U � ® � ¹ �(� �o� ¹ U � 8 (10.104)

Since
¹

hascontinuouspartialderivatives,

Õ ¹ �(� � is a continuousfunctionof�
. Thentheminimumin (10.103)existsbecause� U is compact2.

2 } j is compactbecauseit is the inverseimageof a closedinterval undera continuousfunction and } is
bounded.
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We now show that
¹ U S ¹ + will leadto a contradictionif

¹
is concave. If¹ U S ¹ + , thenfrom Lemma10.4,we seethat

Õ ¹ �(� � P - for all
� ß � U and

hence� P - . Since
¹ ÿ » � � ¹ �(� ÿ » � � satisfies(10.102),

� ÿ » � ß � U , and¹ ÿ » � � � � ¹ ÿ » � � Õ ¹ �(� ÿ » � � $ � (10.105)

for all sufficiently large
x
. Therefore,no matterhow smaller � is,

¹ ÿ » � will
eventuallybegreaterthan

¹ U , which is a contradictionto
¹ ÿ » � Î ¹ U . Hence,

weconcludethat
¹ ÿ » � Î ¹ + .

10.3.2 CONVERGENCE TO THE CHANNEL
CAPACITY

In orderto show thattheBA algorithmfor computingthechannelcapacity
convergesasintended,i.e.,

¹ ÿ » � Î w
, we only needto show thatthefunction¹

definedin (10.39)is concave. Towardthisend,for¹ � � � � �W� = 7 = Q A � ( � ¥ � V ) ( � ±´³¶µè� � ( ) V �A � ( � (10.106)

definedin (10.39),we considertwo orderedpairs
� � � � � � � and

� � @ � � @ � in � ,
where� � and � @ aredefinedin (10.40)and(10.41),respectively. For any -é��Ó�"� and ��ê���C�U� , anapplicationof thelog-suminequality(Theorem2.31)
gives � � A � � ( � ""�� A @ � ( ��� ±´³¶µ � A �'� ( � ""�� A @H� ( �� � �'� ( ) V � " �� � @¶� ( ) V �� � A � � ( � ±´³¶µ A �¿� ( �� �§� ( ) V � ""�� A @ � ( � ±´³¶µ A @H� ( �� @¶� (*) V � 8 (10.107)

Takingreciprocalin thelogarithmsyields� � A �'� ( � " �� A @H� ( ��� ±´³¶µ � � �'� ( ) V � ""�� � @¶� ( ) V �� A �'� ( � ""�� A @H� ( �$ � A �¿� ( � ±´³¶µ � �§� ( ) V �A �¿� ( � " �� A @õ� ( � ±´³¶µ � @¶� (*) V �A @H� ( � � (10.108)

anduponmultiplying by ¥ � V ) ( � andsummingoverall ( and
V
, weobtain¹ � � � � ""�� � @ � � � � ""�� � @ � $ � ¹ � � � � � � � ""�� ¹ � � @ � � @ � 8 (10.109)

Therefore,
¹

is concave. Hence,wehave shown that
¹ ÿ » � Î w

.

PROBLEMS
1. ImplementtheBA algorithmfor computingchannelcapacity.
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2. ImplementtheBA algorithmfor computingtherate-distortionfunction.

3. Explain why in the BA Algorithm for computingchannelcapacity, we
shouldnot choosean initial input distribution which containszeroprob-
ability masses.

4. ProveLemma10.3.

5. Consider
¹ � ²Ó� ¹ � in the BA algorithm for computingthe rate-distortion

function.

a) Show thatfor fixed ¯ and ¹ , ¹ � ²Ó� ¹ � is minimizedby· � þ(*) ( ��� » � þ( �Ð£ ± e ÿ 7 f X7 �M X7 j » � þ( U �Ð£ ± e ÿ 7 f X7 j � 8
b) Show that

¹ � ²H� ¹ � is convex.

HISTORICAL NOTES
An iterative algorithmfor computingthe channelcapacitywasdeveloped

by Arimoto [14], wheretheconvergenceof thealgorithmwasproved. Blahut
[27] independentlydevelopedtwo similar algorithms,thefirst for computing
thechannelcapacityandthesecondfor computingtheratedistortionfunction.
The convergenceof Blahut’s secondalgorithmwasproved by CsiszëÊ r [51].
Thesetwo algorithmsarenow commonlyreferredto asthe Blahut-Arimoto
algorithms. The simplified proof of convergencein this chapteris basedon
YeungandBerger[217].

TheBlahut-Arimotoalgorithmsarespecialcasesof ageneraliterativealgo-
rithm dueto CsiszëÊ r andTusnëÊ dy [55] which alsoincludetheEM algorithm
[59] for fitting modelsfrom incompletedataandthealgorithmfor finding the
log-optimalportfolio for astockmarket dueto Cover [46].
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Chapter11

SINGLE-SOURCE NETWORK CODING

In a point-to-pointcommunicationsystem, the transmittingpoint and the
receiving point areconnectedby a communicationchannel.An information
sourceis generatedat thetransmissionpoint,andthepurposeof thecommuni-
cationsystemis to deliver theinformationgeneratedat thetransmissionpoint
to thereceiving pointvia thechannel.

In a point-to-pointnetwork communicationsystem,therearea numberof
points,callednodes. Betweencertainpair of nodes,thereexist point-to-point
communicationchannelson which informationcanbe transmitted.On these
channels,informationcanbesentonly in the specifieddirection. At a node,
oneor moreinformationsourcesmaybegenerated,andeachof themis multi-
cast1 to a setof destinationnodeson thenetwork. Examplesof point-to-point
network communicationsystemsinclude the telephonenetwork and certain
computernetworkssuchastheInternetbackbone.For simplicity, wewill refer
to apoint-to-pointnetwork communicationsystemasapoint-to-pointcommu-
nicationnetwork. It is clearthat a point-to-pointcommunicationsystemis a
specialcaseof apoint-to-pointcommunicationnetwork.

Point-to-pointcommunicationsystemshavebeenthoroughlystudiedin clas-
sical information theory. However, point-to-pointcommunicationnetworks
have beenstudiedin depthonly during the last ten years,andtherearea lot
of problemsyet to be solved. In this chapterandChapter15, we focuson
point-to-pointcommunicationnetworkssatisfyingthefollowing:

1. thecommunicationchannelsarefreeof error;

2. theinformationis receivedatthedestinationnodeswith zeroerrororalmost
perfectly.

1Multicastmeansto sendinformationto aspecifiedsetof destinations.

D R A F T September 13, 2001, 6:27pm D R A F T



234 A FIRSTCOURSEIN INFORMATIONTHEORY

In this chapter, we considernetworkswith oneinformationsource.Networks
with multiple informationsourceswill be discussedin Chapter15 after we
have developedthenecessarytools.

11.1 A POINT-TO-POINT NETWORK
A point-to-pointnetwork is representedby a directedgraph ì � �8í � / � ,

where
í

is thesetof nodesin thenetwork and
/

is thesetof edgesin ì which
representthecommunicationchannels.An edgefrom nodeÞ to nodeL , which
representsthe communicationchannelfrom node Þ to node L , is denotedby� Þ � L � . We assumethat ì is finite, i.e., î í î�ï / . For a network with one
informationsource,which is thesubjectof discussionin thischapter, thenode
at which informationis generatedis referredto asthe source node, denoted
by ¯ , andthe destinationnodesarereferredto asthe sink nodes, denotedby» � � » @ �
ð
ð
ðÒ� »4ñ

.
For a communicationchannelfrom node Þ to node L , let ò é J be the rate

constraint, i.e., themaximumnumberof bits which canbesentperunit time
on thechannel.ò é J is alsoreferredto asthecapacity2 of edge ó�Þ � LÄô . Letõ �÷ö ò�øùJ G ó-ú � LÄô�ûçüþý (11.1)

betherateconstraintsfor graphì . To simplify ourdiscussion,weassumethatò�øùJ are(nonnegative) integersfor all ó-úiÿ��|ô�ûçü .
In the following, we introducesomenotionsin graphtheory which will

facilitatethe descriptionof a point-to-pointnetwork. Temporarilyregardan
edgein ì asa waterpipeandthegraph ì asa network of waterpipes.Fix a
sinknode

»��
andassumethatall thesinknodesexceptfor

»��
isblocked.Suppose

wateris generatedataconstantrateatnodē . Weassumethattherateof water
flow in eachpipedoesnotexceedits capacity. Wealsoassumethatthereis no
leakagein thenetwork, so thatwateris conserved at every nodeotherthan ¯
and

»��
in thesensethatthetotal rateof waterflowing into thenodeis equalto

thetotal rateof waterflowing out of thenode.Thewatergeneratedat node ¯
is eventuallydrainedat node

»��
.

A flow ��� ö � ø
	�� ó-úiÿ��|ô�ûUü�ý (11.2)

in ì from node ¯ to node
»��

with respectto rateconstraints
õ

is a valid as-
signmentof anonnegative integer � ø
	 to everyedgeó-ú�ÿ��|ô�ûUü suchthat � ø
	 is
equalto therateof waterflow in edge ó-úiÿ��Äô underall theabove assumptions.� ø
	 is referredto asthevalueof

�
onedgeó-úiÿ��|ô . Specifically,

�
is aflow in ì

from node ¯ to node
»��

if for all ó-ú�ÿ��|ô�ûUü ,� ��� ø
	 � ò�ø
	vÿ (11.3)

2Heretheterm“capacity” is usedin thesenseof graphtheory.

D R A F T September 13, 2001, 6:27pm D R A F T



Single-SourceNetworkCoding 235

andfor all ú�û�� exceptfor � and � � ,
� � ó-úÐô � ��� ó-ú4ô.ÿ (11.4)

where � � ó-úÐô � �
	�� ÿ 	�� ø ����� � 	�ø (11.5)

and ��� ó-úÐô � �
	�� ÿ ø�� 	 � ��� � ø
	"! (11.6)

In theabove, � � ó-ú4ô is thetotal flow into nodeú and �#� ó-ú4ô is thetotalflow out
of nodeú , and(11.4)arecalledtheconservationconditions.

Sincetheconservationconditionsrequirethat theresultantflow out of any
nodeotherthan � and � � is zero,it is intuitively clearandnot difficult to show
thattheresultantflow out of node � is equalto theresultantflow into node � � .
This commonvalueis calledthevalueof

�
.

�
is a max-flowfrom node � to

node� � in $ with respectto rateconstraints
õ

if
�

is aflow from � to � � whose
valueis greaterthanor equalto thevalueof any otherflow from � to � � .

A cut betweennode � andnode � � is a subset% of � suchthat � û&% and� �('û)% . Let ü+* �-, ó-úiÿ��Äô�ûçü.�XúWû/% and� 'û/%�0 (11.7)

bethesetof edgesacrossthecut % . Thecapacityof thecut % with respectto
rateconstraints

õ
is definedasthesumof thecapacitiesof all theedgesacross

thecut, i.e., �
ÿ ø�� 	 � ���21 ò�ø
	3! (11.8)

% is amin-cutbetweennode� andnode� � if % is acutbetween� and � � whose
capacityis lessthanor equalto thecapacityof any othercutbetween� and � � .

A min-cut betweennode � andnode � � canbe thoughtof asa bottleneck
between� and � � . Therefore,it is intuitively clearthatthevalueof a max-flow
from node� to node� � cannotexceedthecapacityof amin-cutbetweennode�
andnode� � . Thefollowing theorem,known asthemax-flowmin-cuttheorem,
statesthat the capacityof a min-cut is alwaysachievable. This theoremwill
playakey role in subsequentdiscussionsin this chapter.

4�57698;:26=<?>=>=@ >�ACBED7F2G�HJIK8MLNBPORQSGUTSVXWY4�576M8Z:26=<\[^]=_J`�a
Let $ beagraph

with sourcenode� andsinknodes��bÒÿc��d~ÿ ð
ð
ð ÿc� ñ , and
õ

betherateconstraints.
Thenfor e �gf ÿ�hÄÿ ð
ð
ð ÿCi , thevalueof amax-flowfromnode� to node� � isequal
to thecapacityof a min-cutbetweennode � andnode� � .
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Figure11.1. A one-sinknetwork.

11.2 WHAT IS NETWORK CODING?
Let q be therateat which informationis multicastfrom thesourcenode �

to thesinknodes��b
ÿc��d�ÿ ð
ð
ð ÿc� ñ in anetwork $ with rateconstraints
õ

. Weare
naturallyinterestedin themaximumpossiblevalueof q . With a slight abuse
of notation,wedenotethevalueof amax-flow from thesourcenode� to asink
node� � by rts�uJvMwyxèó �Rÿc� � ô . It is intuitive that

q{z&r|s�uJv9w}x�ó �Rÿc� � ô (11.9)

for all e �gf ÿ�hÄÿ ð
ð
ð ÿCi , i.e.,

q{z&rt~��� rts�uJvMwyxèó �Rÿc� � ôU! (11.10)

This is calledthemax-flowbound, which will beprovedin Section11.4.Fur-
ther, it will be proved in Section11.5 that the max-flow boundcan always
be achieved. In this section,we first show that the max-flow boundcanbe
achievedin a few simpleexamples.In theseexamples,theunit of information
is thebit.

First,weconsiderthenetwork in Figure11.1with onesinknode.Figure11.1(a)
showsthecapacityof eachedge.By identifyingthemin-cutto be

, �Rÿ f ÿ�hJ0 and
applyingmax-flow min-cuttheorem,weseethat

rts�uKv9wyx�ó �Xÿc�Ub�ô ��� ! (11.11)

Thereforetheflow in Figure11.1(b)is amax-flow. In Figure11.1(c),weshow
how we cansendthreebits � b ÿ�� d , and �U� from node � to node� b basedon the
max-flow in Figure11.1(b).Evidently, themax-flow boundis achieved.

In fact,we caneasilyseethat themax-flow boundcanalwaysbeachieved
whenthereis only onesink nodein thenetwork. In thiscase,we only needto
treattheinformationbitsconstitutingthemessageasphysicalentitiesandroute
themthroughthenetwork accordingto any fixedroutingscheme.Eventually,
all thebits will arrive at thesink node.Sincetheroutingschemeis fixed,the
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Figure11.2. A two-sinknetwork withoutcoding.

sinknodeknowswhichbit is comingin from whichedge,andthemessagecan
berecoveredaccordingly.

Next, we considerthe network in Figure11.2 which hastwo sink nodes.
Figure11.2(a)shows thecapacityof eachedge.It is easyto seethat

rts�uKv9w}x�ó �Rÿc��b�ô ���
(11.12)

and rts�uKv9wyx�ó �Xÿc��dKô ��� ! (11.13)

Sothemax-flow boundassertsthatwecannotsendmorethan5 bits to both �Ub
and ��d . Figure11.2(b)shows aschemewhichsends5 bits �yb�ÿ���d�ÿ�� � ÿ��U� , and ���
to both ��b and ��d . Therefore,themax-flow boundis achieved. In this scheme,��b and �Ud arereplicatedatnode3, � � is replicatedatnode� , while �U� and ��� are
replicatednode1. Notethateachbit is replicatedexactly oncein thenetwork
becausetwo copiesof eachbit areneededto sendto thetwo sinknodes.

We now considerthe network in Figure 11.3 which againhas two sink
nodes.Figure11.3(a)shows thecapacityof eachedge.It is easyto seethat

rts�uKv9wyxéó �Rÿc� � ô � hÄÿ (11.14)

e ��f ÿ�h . Sothemax-flow boundassertsthatwe cannotsendmorethan2 bits
to both �Ub and ��d . In Figure11.3(b),we try to devisea routingschemewhich
sends2 bits �yb and ��d to both �Ub and ��d . By symmetry, wesendonebit oneach
outputchannelatnode� . In thiscase,� b is sentonchanneló �Xÿ f ô and � d is sent
on channeló �Xÿ�hXô . At node ú , ú ��f ÿ�h , �.ø is replicatedandthecopiesaresent
on the two outputchannels.At node3, sinceboth �yb and ��d arereceived but
thereis only oneoutputchannel,wehave to chooseoneof thetwo bits to send
ontheoutputchanneló � ÿc�|ô . Supposewechoose�yb asin Figure11.3(b).Then
the bit is replicatedat node4 andthe copiesaresentto nodes� b and � d . At
node��d , both ��b and �Ud arereceived.However, atnode�Ub , two copiesof �yb are
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Figure11.3. A two-sinknetwork with coding.

receivedbut ��d cannotberecovered.Thusthis routingschemedoesnot work.
Similarly, if � d insteadof � b is senton channeló � ÿc�|ô , � b cannotberecovered
at node ��d . Therefore,we concludethatfor this network, themax-flow bound
cannotbeachievedby routingandreplicationof bits.

However, if codingis allowedat thenodes,it is actuallypossibleto achieve
themax-flow bound.Figure11.3(c)showsaschemewhichsends2 bits �yb and� d to bothnodes� b and � d , where‘+’ denotesmodulo2 addition. At node � b ,��b is received,and ��d canberecoveredby adding�yb and �yb �Y��d , because

� d � � b �¤ó � b �Y� d ôU! (11.15)

Similarly, ��d is receivedat node ��d , and �yb canberecoveredby adding ��d and��b �{�Ud . Therefore,themax-flow boundis achieved. In this scheme,��b and ��d
areencodedinto thecodeword �yb;�Y��d which is thensentonchanneló � ÿc�|ô . If
codingatanodeis notallowed,in orderto sendboth �yb and ��d to nodes�Ub and� d , at leastonemorebit hasto besent.Figure11.3(d)shows sucha scheme.
In thisscheme,however, thecapacityof channeló � ÿc�|ô is exceededby 1 bit.
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Figure11.4. A diversitycodingscheme.

Finally, weconsiderthenetwork in Figure11.4whichhasthreesinknodes.
Figure11.4(a)shows thecapacityof eachedge.It is easyto seethat

rts�uJvMwyxéó �Xÿc� � ô � h (11.16)

for all e . In Figure11.4(b),weshow how to multicast2 bits �yb and ��d to all the
sink nodes.Therefore,themax-flow boundis achieved. Again, it is necessary
to codeat thenodesin orderto multicastthemaximumnumberof bits to all
thesinknodes.

Thenetwork in Figure11.4is of specialinterestin practicebecauseit is a
specialcaseof the diversity codingschemeusedin commercialdisk arrays,
which area kind of fault-tolerantdatastoragesystem.For simplicity, assume
thediskarrayhasthreediskswhicharerepresentedby nodes1, 2, and3 in the
network, andtheinformationto bestoredarethebits �yb and ��d . Theinforma-
tion is encodedinto threepieces,namely � b , � d , and � b �&� d , which arestored
onthedisksrepresentedby nodes1, 2, and3, respectively. In thesystem,there
arethreedecoders,representedby sink nodes�Ub , ��d , and � � , suchthateachof
themhasaccessto a distinctsetof two disks. The ideais thatwhenany one
disk is out of order, theinformationcanstill berecoveredfrom theremaining
two disks.For example,if thedisk representedby node1 is out of order, then
theinformationcanberecoveredby thedecoderrepresentedby thesink node��� which hasaccessto the disks representedby node2 and node3. When
all the threedisksare functioning, the informationcanbe recoveredby any
decoder.

Theaboveexamplesrevealthesurprisingfactthatalthoughinformationmay
begeneratedat thesourcenodein theform of raw bits3 whichareincompress-
ible (seeSection4.3), coding within the network plays an essentialrole in

3Raw bits referto i.i.d. bits,eachdistributing uniformly on §�¨ ��b�© .
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Figure11.5. A nodewith two input channelsandtwo outputchannels.

multicastingthe informationto two or moresink nodes.In particular, unless
thereis only onesink nodein the network, it is generallynot valid to regard
informationbitsasphysicalentities.

We refer to codingat the nodesin a network as networkcoding. In the
paradigmof network coding,a nodeconsistsof a setof encoderswhich are
dedicatedto the individual outputchannels.Eachof theseencodersencodes
the informationreceived from all the input channels(togetherwith the infor-
mationgeneratedby the informationsourceif the nodeis the sourcenode)
into codewords and sendsthem on the correspondingoutputchannel. At a
sink node,thereis alsoa decoderwhich decodesthe multicastinformation.
Figure11.5shows anodewith two inputchannelsandtwo outputchannels.

In existingcomputernetworks,eachnodefunctionsasaswitch in thesense
that a datapacket received from an input channelis replicatedif necessary
and senton one or moreoutputchannels.Whena datapacket is multicast
in the network, the packet is replicatedandroutedat the intermediatenodes
accordingto acertainschemesothateventuallyacopy of thepacket is received
byeverysinknode.Suchaschemecanberegardedasadegeneratespecialcase
of network coding.

11.3 A NETWORK CODE
In this section,we describea codingschemefor thenetwork definedin the

previoussections.Suchacodingschemeis referredto asanetworkcode.
Sincethemax-flow boundconcernsonly thevaluesof max-flows from the

sourcenode � to the sink nodes,we assumewithout loss of generalitythat
thereis no loop in $ , i.e., ó-úiÿ�ú4ô 'û ü for all údûg� , becausesuchedgesdo
not increasethevalueof a max-flow from node � to a sinknode.For thesame
reason,we assumethatthereis no input edgeat node � , i.e., ó-úiÿ��~ô 'û ü for allú�ûª�¬« , �"0 .

Weconsiderablockcodeof length ­ . Let ® denotetheinformationsource
andassumethat ¯ , theoutcomeof ® , is obtainedby selectinganindex from a
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set ° accordingto theuniformdistribution. Theelementsin ° arecalledmes-
sages.For ó-ú�ÿ��|ôèû ü , node ú cansendinformationto node� which depends
only on theinformationpreviously receivedby nodeú .

An ó�­�ÿKó�± ø
	 � ó-úiÿ��|ô�ûuüèô.ÿC² ô(³ -codeon a graph $ is definedby thecompo-
nentslistedbelow. Theconstructionof an ³ -codefrom thesecomponentswill
bedescribedaftertheirdefinitionsaregiven.

1) A positive integer ´ .

2) µ � ,¶f ÿ�hÄÿ¸·¸·¸·�ÿC´E0º¹»� (11.17)

and ¼ � ,¶f ÿ�hÄÿ¸·¸·¸·~ÿC´½0¾¹»� (11.18)

suchthat ó µ ó ¿�ô.ÿ ¼ ó ¿�ô�ô�ûçü .

3) ÀÂÁ �-,¶f ÿ�hÄÿ¸·¸·¸·�ÿ}Ã ÀÂÁÄÃÅ0 , f z�¿Æz{´ , suchthatÇ
Á �yÈ}É Ê Ã À+ÁËÃ � ± ø
	 ÿ (11.19)

where Ì ø
	 �-,¶f z�¿Æz&´Í� ó µ ó ¿�ô.ÿ ¼ ó ¿�ô�ô � ó-ú�ÿ��|ô�03! (11.20)

4) If
µ ó ¿�ô � � , then Î ÁÏ�J°�¹ÐÀÂÁ|ÿ (11.21)

where ° �-,¶f ÿ�hÄÿ¸·¸·¸·;ÿJÑ�h�Ò�ÓÕÔÕ03! (11.22)

If
µ ó ¿�ô '� � , if Ö Á �-,¶f z�¿K×MØ�¿Ù� ¼ ó ¿K×
ô � µ ó ¿�ô�0 (11.23)

is nonempty, then Î ÁÚ� Ç
Á�Û �ÕÜ7Ý ÀÂÁ�Û2¹ÞÀÂÁJß (11.24)

otherwise,let
Î Á beanarbitraryconstanttakenfrom À+Á .

5) à � � Ç
Á�Û �"áãâ À+ÁUÛ2¹»°Uÿ (11.25)

e �gf ÿ�hÄÿ¸·¸·¸·~ÿCi , whereä � �å,¶f z�¿æz&´Í� ¼ ó ¿�ô � � � 0 (11.26)

suchthatfor all e �çf ÿ�hÄÿ¸·¸·¸·;ÿCi , èà � ó�¯ ô � ¯ (11.27)
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for all ¯®û�° , where

èà �
is thefunctionfrom ° to ° inducedinductively byÎ Á|ÿ f z�¿éz�´ and

à �
suchthat

èà � ó�¯�ô denotesthevalueof
à �

asa function
of ¯ .

Thequantity ² is therateof the informationsource® , which is alsotherate
at which informationis multicastfrom the sourcenodeto all the sink nodes.
The ó�­�ÿKó�±vø
	ê� ó-úiÿ��Äô�ûuü�ô.ÿC² ô ³ -codeis constructedfrom thesecomponentsas
follows. At thebeginning of a codingsession,the valueof ® is availableto
node � . During thecodingsession,thereare ´ transactionswhich take place
in chronologicalorder, whereeachtransactionrefersto a nodesendinginfor-
mationto anothernode. In the ¿ th transaction,node

µ ë ¿=ì encodesaccording
to encodingfunction

Î Á andsendsan index in À+Á to node
¼ ë ¿=ì . Thedomain

of
Î Á is the informationreceivedby node

µ ë ¿=ì sofar, andwe distinguishtwo
cases.If

µíë ¿=ì � � , thedomainof
Î Á is ° . If

µíë ¿=ì '� � ,
Ö Á givesthe indices

of all theprevious transactionsfor which informationwassentto node
µíë ¿=ì ,

so the domainof
Î Á is î Á�Û �ÕÜ7Ý ÀÂÁ Û . The set

Ì ø
	 gives the indicesof all the
transactionsfor which informationis sentfrom node ú to node� , so ±vø
	 is the
numberof possibleindex tuplesthat canbe sentfrom node ú to node � dur-
ing thecodingsession.Finally,

ä �
givestheindicesof all thetransactionsfor

which informationis sentto node� � , and
à �

is thedecodingfunctionatnode� �
which recovers ¯ with zeroerror.

11.4 THE MAX-FLO W BOUND
In this section,we formally stateandprove themax-flow bounddiscussed

in Section11.2. The achievability of this boundwill be proved in the next
section.ï 6=HKORQ7O�W7O�8;Q�>=>=@ñð

For a graph $ with rate constraints
õ

, an information
rate qÍò �

is asymptoticallyachievable if for any óõô �
, there exists for

sufficientlylarge ­ an
ë ­�ÿ ë ± ø
	 � ë úiÿ��Kì�û®üêì.ÿC²9ì;³ -codeon $ such that

­ � b=ö w"÷ d ±vø
	Úz&ø�ø
	ù�Yó (11.28)

for all
ë ú�ÿ��JìUû ü , where ­ � b ö w"÷ d ±vø
	 is the average bit rate of the codeon

channel
ë ú�ÿ��Jì , and ²ÙòYq)úõó¸! (11.29)

For brevity, an asymptoticallyachievableinformationratewill be referred to
asanachievableinformationrate.

Remark It follows from theabove definitionthatif q&ò �
is achievable,thenq × is alsoachievablefor all

� zûq × zgq . Also, if q ÿ Á � ÿ�¿Yò f
is achievable,

then q � ö ~ñr¬Áýü�þ)q ÿ Á � is alsoachievable.Therefore,thesetof all achievable
informationratesis closedandfully characterizedby the maximumvaluein
theset.
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4�57698;:26=<?>=>=@ñÿEACBED7F2G�� IJ8ML��Ú8ZVZQ�� a
For agraph $ with rateconstraintsõ

, if q is achievable, then

q{z&rt~��� rts�uJvMwyx ë �Rÿc� � ìU! (11.30)

Proof It sufficesto prove thatfor agraph $ with rateconstraints
õ

, if for anyó�ô �
thereexists for sufficiently large ­ an

ë ­�ÿ ë ±vø
	 � ë ú�ÿ��Jì$û#ü¬ì.ÿC²9ì#³ -code
on $ suchthat ­ � b ö w"÷ d ±vø
	Úz&ø�ø
	ù�Yó (11.31)

for all
ë úiÿ��Kì�ûçü , and ²ÙòYq)ú½óÒÿ (11.32)

then q satisfies(11.30).
Considersucha codefor a fixed ó anda sufficiently large ­ , andconsider

any e �gf ÿ�hÄÿ¸·¸·¸·;ÿCi andany cut % betweennode � andnode� � . Let� 	 ë ¯2ì � ë èÎ Á ë ¯Xì �J¿��
	�� ��
 Ì �
	�ì.ÿ (11.33)

where ¯�� ° and

èÎ Á is the function from ° to ÀÂÁ inducedinductively byÎ ÁUÛ(ÿ f zN¿ × zN¿ suchthat

èÎ Á ë ¯2ì denotesthe value of
Î Á as a function of¯ . � 	 ë ¯2ì is all the informationknown by node � during the whole coding

sessionwhenthe messageis ¯ . Since

èÎ Á ë ¯2ì is a functionof the information
previously receivedby node

µ ë ¿=ì , weseeinductively that ��� â ë ¯Xì is a function
of

èÎ Á ë ¯Xì.ÿ�¿��
	�� ��� 	 �����71 Ì �
	 , where� * �-, ë�� ÿ��Kì�� � � � �/% and� '�/%�0 (11.34)

is the set of edgesacrossthe cut % as previously defined. Since ¯ can be
determinedat node� � , wehave� ë ® ì z � ë ®®ÿ ��� â ë ® ìcì (11.35)� � ë ��� â ë ®/ìcì (11.36)

z � �� èÎ Á ë ®/ì.ÿ�¿�� �� �R� 	 ���Õ� 1
Ì �
	��� (11.37)

z �� ��� 	 ����� 1
�

Á �yÈ}É Ê
� ë èÎ Á ë ®/ìcì (11.38)

z �� ��� 	 ����� 1
�

Á �yÈ}É Ê
ö w"÷ d Ã ÀÂÁÄÃ (11.39)

� �� ��� 	 �����71 ö w"÷ d
�� Ç
Á �yÈ}É Ê Ã À+ÁËÃ �� (11.40)

� �� ��� 	 �����71 ö w"÷ d ±��
	Õ! (11.41)

D R A F T September 13, 2001, 6:27pm D R A F T



244 A FIRSTCOURSEIN INFORMATIONTHEORY

Thus

q)úEó z ² (11.42)z ­ � b=ö w"÷ d Ñ�h Ò�Ó Ô (11.43)� ­ � b=ö w"÷ d Ã
°�Ã (11.44)z ­ � b � ë ®/ì (11.45)

z �� ��� 	 �����71 ­ � b ö w"÷ d ± �
	 (11.46)

z �� ��� 	 �����71
ë ø �
	 �Yó�ì (11.47)

z �� ��� 	 �����71 ø �
	ù��Ã � Ã ó
ÿ (11.48)

where(11.46)follows from (11.41). Minimizing the right handsideover all% , wehave q)úEó z�rt~ñ�*
�� ��� 	 ���Õ� 1 ø �
	���Ã � Ã ó¸! (11.49)

Thefirst termon theright handsideis thecapacityof amin-cutbetweennode� andnode � � . By the max-flow min-cut theorem,it is equalto the valueof
a max-flow from node � to node � � , i.e., rts�uJvMwyx ë �Rÿc� � ì . Letting ót¹ �

, we
obtain q&z{rts�uKv9wyx ë �Xÿc� � ìU! (11.50)

Sincethisupperboundon q holdsfor all e �gf ÿ�hÄÿ¸·¸·¸·~ÿCi ,

q{z&rt~��� rts�uJvMwyx ë �Rÿc� � ìU! (11.51)

Thetheoremis proved.

Remark 1 Themax-flow boundcannotbeprovedby astraightforwardappli-
cationof thedataprocessingtheorembecausefor acut % betweennode� and
node � � , therandomvariables® ,

ë � � ë ®/ìÂ� � �"!Ú*íì , ë � 	 ë ® ì+�¶�#�"! ×* ì , and��� â ë ®/ì in generaldonot form a Markov chainin thisorder, where!Ú* �å, � ���.� ë�� ÿ��Kì�� � * for some�$���t0 (11.52)

and !ê×* �å, �%� �ç� ë�� ÿ��Jì&� � * for some
� ���t0 (11.53)

arethetwo setsof nodesontheboundaryof thecut % . Thetimeparameterand
thecausalityof an ³ -codemustbetakeninto accountin proving themax-flow
bound.
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Remark 2 Evenif weallow anarbitrarilysmallprobabilityof decodingerror
in the usualShannonsense,by modifying our proof by meansof a standard
applicationof Fano’s inequality, it canbeshown thatit is still necessaryfor q
to satisfy(11.51).Thedetailsareomittedhere.

11.5 ACHIEVABILITY OF THE MAX-FLO W BOUND
Themax-flow boundhasbeenproved in thelastsection.Theachievability

of this boundis statedin thefollowing theorem.This theoremwill beproved
afterthenecessarypreliminariesarepresented.

4�57698;:26=<?>=>=@('
For a graph $ with rateconstraints ) , if

q{z&rt~��� rts�uJvMwyx ë �Rÿc� � ì.ÿ (11.54)

then q is achievable.

A directedpath in agraph $ is afinite non-nullsequenceof nodes¼ b
ÿ ¼ d�ÿ¸·¸·¸·Kÿ ¼�* � bÒÿ ¼�* (11.55)

suchthat
ë ¼ �Ðÿ ¼ � � b�ì�� � for all

� �»f ÿ�hÄÿ¸·¸·¸·;ÿ,+ ú f
. The edges

ë ¼ � ÿ ¼ � � b�ì ,� �?f ÿ�hÄÿ¸·¸·¸·~ÿ,+?ú f
arereferredto astheedgeson thedirectedpath. Sucha

sequenceis calledadirectedpathfrom
¼ b to

¼-*
. If

¼ b � ¼�*
, thenit is calleda

directedcycle. If thereexistsadirectedcycle in $ , then $ is cyclic, otherwise$ is acyclic.
In Section11.5.1,we will first prove Theorem11.4 for the specialcase

whenthe network is acyclic. Acyclic networks areeasierto handlebecause
thenodesin thenetwork canbeorderedin a way which allows codingat the
nodesto bedonein a sequentialandconsistentmanner. Thefollowing propo-
sition describessuchanorder, andtheproofshows how it canbeobtained.In
Section11.5.2,Theorem11.4will beprovedin full generality..º:X80/M821yOñW7O�8ZQ >=>=@43

If $ � ë �Wÿ � ì is a finiteacyclicgraph,thenit is possible
to order thenodesof $ in a sequencesuch that if there is anedge fromnode

�
to node� , thennode

�
is before node� in thesequence.

Proof We partition � into subsets� b ÿU� d ÿ¸·¸·¸· , suchthatnode
�

is in �9Á if and
only if thelengthof a longestdirectedpathendingat node

�
is equalto ¿ . We

claim that if node
�

is in �9ÁUÛ andnode� is in �9Á suchthat ¿½zû¿ × , thenthere
existsno directedpathfrom node

�
to node� . This is provedby contradiction

asfollows. Assumethat thereexists a directedpathfrom node
�

to node � .
Sincethereexistsa directedpathendingat node

�
of length ¿ × , thereexistsa

directedpathendingatnode� containingnode
�
whoselengthis at least¿ × � f

.
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Sincenode� is in �9Á , thelengthof a longestdirectedpathendingat node� is
equalto ¿ . Then ¿ × � f z�¿S! (11.56)

However, this is a contradictionbecause

¿ × � f ô�¿ × ò�¿S! (11.57)

Therefore,we concludethat thereexistsa directedpathfrom a nodein �=Á�Û to
anodein �=Á , then ¿ × Ø�¿ .

Hence,by listing the nodesof $ in a sequencesuchthat the nodesin �9Á
appearbeforethenodesin �9ÁUÛ if ¿ Øå¿ × , wheretheorderof thenodeswithin
each �9Á is arbitrary, we obtainan orderof the nodesof $ with the desired
property.5ÂF7D <6/=IJ6Y>=>=@ñ]

Considerordering the nodesin the acyclic graph in Fig-
ure11.3by thesequence �Xÿ�hÄÿ f ÿ � ÿc�kÿc��d|ÿc��b�! (11.58)

It is easyto check that in this sequence, if there is a directedpathfromnode
�

to node� , thennode
�

appears before node� .

11.5.1 ACYCLIC NETWORKS
In this section,we prove Theorem11.4for thespecialcasewhenthegraph$ is acyclic. Let theverticesin $ be labeledby

� ÿ f ÿ¸·¸·¸·~ÿ}Ã
�ÆÃ3ú f
in the fol-

lowing way. Thesource� hasthe label0. Theotherverticesarelabeledin a
way suchthat for

f z��/z�Ã
�æÃ¶ú f
,
ë�� ÿ��Jì7� � implies

� Ø�� . Sucha label-
ing is possibleby Proposition11.5. We regard �Rÿc��bÒÿ¸·¸·¸·Kÿc�98 asaliasesof the
correspondingvertices.

Wewill consideran
ë ­�ÿ ë ±��
	Ú� ë�� ÿ��Kì&� � ì.ÿC²9ì;: -codeonthegraph$ defined

by

1) for all
ë �Rÿ��Jì<� � , anencodingfunctionÎ�= 	+�Ë° ¹ ,¶f ÿ�hÄÿ¸·¸·¸·�ÿc± = 	Õ0Xÿ (11.59)

where ° �-,¶f ÿ�hÄÿ¸·¸·¸·;ÿJÑ�h Ò�Ó ÔÕ03ß (11.60)

2) for all
ë�� ÿ��Kì&� � suchthat

� '� � , anencodingfunctionÎ �
	¾� Ç� Û � � � Û � � � ��� ,¶f ÿ�hÄÿ¸·¸·¸·~ÿc± � Û � 0º¹ ,¶f ÿ�hÄÿ¸·¸·¸·�ÿc±��
	Õ0 (11.61)

(if
, � × � ë�� × ÿ � ì>� � 0 is empty, we adopttheconventionthat

Î �
	 is anarbi-
traryconstanttakenfrom

,¶f ÿ�hÄÿ¸·¸·¸·~ÿc±��
	Õ0 );
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3) for all e �gf ÿ�hÄÿ¸·¸·¸·~ÿCi , a decodingfunctionà � � Ç��� � �R� � â	� ��� ,¶f ÿ�hÄÿ¸·¸·¸·~ÿc±�� � â 0+¹N° (11.62)

suchthat
èà � ë ¯2ì � ¯ (11.63)

for all ¯?��° . (Recallthat

èà � ë ¯2ì denotesthevalueof
à �

asa functionof ¯ .)

In theabove,
Î �
	 is theencodingfunctionfor edge

ë�� ÿ��Kì , and
à �

is thedecoding
function for sink node � � . In a codingsession,

Î �
	 is appliedbefore
Î � Û 	CÛ if� Ø � × , and

Î �
	 is appliedbefore
Î �
	�Û if �ÆØ{� × . This definestheorderin which

theencodingfunctionsareapplied.Since
� × Ø � if

ë�� × ÿ � ì�� � , anodedoesnot
encodeuntil all thenecessaryinformationis receivedon theinputchannels.A: -codeis aspecialcaseof an ³ -codedefinedin Section11.3.

Assumethat q satisfies(11.54)with respectto rateconstraints) . It suffices
to show that for any óÙô �

, thereexists for sufficiently large ­ an
ë ­�ÿ ë ±��
	/�ë�� ÿ��Jì�� � ì.ÿ�q½úõóUì�: -codeon $ suchthat

­ � b ö w"÷ d ±��
	Úz&ø �
	ù�Yó (11.64)

for all
ë�� ÿ��Jì@� � . Instead,we will show theexistenceof an

ë ­�ÿ ë ± �
	 � ë�� ÿ��Jì@�� ì.ÿ�q ì : -codesatisfyingthe sameset of conditions. This will be doneby
constructinga randomcode.In constructingthis code,we temporarilyreplace° by ° × �-,¶f ÿ�hÄÿ¸·¸·¸·;ÿJÑBA�h ÒDC ÔÕ0Xÿ (11.65)

where A is any constantgreaterthan1. Thusthedomainof
Î�= 	 is expanded

from ° to ° × for all
ë �Xÿ��Kì&� � .

Wenow constructtheencodingfunctionsasfollows. For all �E� � suchthatë �Xÿ��KìF� � , for all ¯G�{° × , let
Î�= 	 ë ¯Xì bea valueselectedindependentlyfrom

the set
,¶f ÿ�hÄÿ¸·¸·¸·�ÿc± = 	�0 accordingto the uniform distribution. For all

ë�� ÿ��Jì��� ÿ � '� � , andfor all H � Ç� Û � � � Û � � ���Õ� ,¶f ÿ�hÄÿ¸·¸·¸·~ÿc± �^Û(� 0Xÿ (11.66)

let
Î �
	 ë H ì beavalueselectedindependentlyfromtheset

,¶f ÿ�hÄÿ¸·¸·¸·~ÿc±��
	Õ0 accord-
ing to theuniformdistribution.

Let
H =yë ¯2ì � ¯bÿ (11.67)

andfor �%����ÿ�� '� � , let H
	 ë ¯Xì � ë èÎ �
	 ë ¯Xì.ÿ ë�� ÿ��Kì�� � ì.ÿ (11.68)
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where ¯I��° × and

èÎ �
	 ë ¯Xì denotesthe valueof
Î �
	 asa functionof ¯ .

H
	 ë ¯Xì

is all the informationreceived by node � during the codingsessionwhenthe
messageis ¯ . For distinct ¯bÿc¯ × �P° , ¯ and ¯ × areindistinguishableat sink � �
if andonly if

H � â ë ¯Xì � H � â ë ¯ × ì . For all ¯J��° , define

� ë ¯Xì �LKM N f
if for somee �gf ÿ�hÄÿ¸·¸·¸·;ÿCi , thereexists ¯ × ��° ,¯ × '� ¯ , suchthat

H � â ë ¯2ì � H � â ë ¯ × ì ,�
otherwise.

(11.69)

� ë ¯Xì is equalto 1 if andonly if ¯ cannotbe uniquelydeterminedat at least
oneof thesink nodes.Now fix ¯O�õ° and

f z e z-i . Considerany ¯ × �õ°
notequalto ¯ anddefinethesets

% ¨ �-, � ���.�
H � ë ¯Xì '� H � ë ¯ × ì�0 (11.70)

and %ùb �-, � � �ç�
H � ë ¯2ì � H � ë ¯ × ì�03! (11.71)

% ¨ is thesetof nodesat which thetwo messages¯ and ¯ × aredistinguishable,
and %�b is thesetof nodesat which ¯ and ¯ × areindistinguishable.Obviously,�>�/% ¨ .

Now suppose

H � â ë ¯Xì � H � â ë ¯ × ì . Then % ¨ � % for some %�P � , where�Q��% and � �é'�?% , i.e., % is a cut betweennode � and node � � . For anyë�� ÿ��Jì�� � , RTS , èÎ �
	 ë ¯Xì � èÎ �
	 ë ¯ × ì¸Ã
H � ë ¯Xì '� H � ë ¯ × ì�0 � ± � b�
	 ! (11.72)

Therefore,RUS , % ¨ � %�0� RTS , % ¨ � %oÿý% ¨@V %Ï0 (11.73)� RTS , % ¨ � %tÃÅ% ¨ V %Ï0 RUS , % ¨ V %�0 (11.74)z RTS , % ¨ � %tÃÅ% ¨@V %Ï0 (11.75)� Ç� �R� 	 ���Õ�21
RTS , èÎ �
	 ë ¯Xì � èÎ �
	 ë ¯ × ì¸Ã

H � ë ¯Xì '� H � ë ¯ × ì�0 (11.76)

� Ç� �R� 	 ���Õ�21 ± � b�
	 ÿ (11.77)

where � * �å, ë�� ÿ��JìW� � � � �/%oÿ�� '�/%Ï0 (11.78)

is thesetof all theedgesacrossthecut % aspreviouslydefined.
Let ó beany fixedpositive realnumber. For all

ë�� ÿ��Jì&� � , take ± �
	 suchthat

ø6�
	 �YX¬z{­ � b=ö w"÷ù±��
	Úz&ø �
	ù�Pó (11.79)
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for some
� ØZX Ø&ó . ThenRUS , % ¨ � %�0 z Ç� ��� 	 ���Õ�21 ± � b�
	 (11.80)

z Ç� ��� 	 ���Õ�21 h � Ò �\[ É Ê��;]�� (11.81)

� h � Ò�^D_ � 1 _ ]���`Ga É4b Êdcfe�g 1 [ É Êih (11.82)j �z h � Ò ^ ].� ` a Ékb Ê9c4elg 1 [ É Ê h (11.83)m �z h � Ò � ]��onUp9qsr�tdu � = � � â �
� (11.84)v �z h � Ò � C �;]�� ÿ (11.85)

where

a) follows becauseÃ � * ÃËò f
;

b) follows because�� ��� 	 � ���71 ø �
	 ò&rt~ñ�* Û
�� ��� 	 � ���21 ø �
	 � rts�uKv9wyx ë �Xÿc� � ì.ÿ (11.86)

where % × is a cut betweennode � andnode � � , by the max-flow min-cut
theorem;

c) follows from (11.54).

Notethat this upperbounddoesnot dependon % . Since % is somesubsetof� and � has h _ 
 _ subsets,RUS , H � â ë ¯Xì � H � â ë ¯ × ì�0� RTS , % ¨ � % for somecut % betweennode � andnode� � 0 (11.87)

z hw_ 
 _
h � Ò � C �;].� (11.88)

by theunionbound.Further,RTS , H � â ë ¯2ì � H � â ë ¯ × ì for somē × ��° × , ¯ × '� ¯Æ0
z ë Ã
° × Ã}ú f ì�h _ 
 _ h � Ò � C �;]�� (11.89)

Ø AÚh ÒxC h _ 
 _ h � Ò � C �;]�� (11.90)� AÚh _ 
 _ h � Ò ] ÿ (11.91)

where(11.89)follows from theunionboundand(11.90)follows from (11.65).
Therefore,��y � ë ¯Xì{z
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250 A FIRSTCOURSEIN INFORMATIONTHEORY� RUS , � ë ¯2ì �gf 0 (11.92)� RUS}| 8��(~ b
, H � â ë ¯2ì � H � â ë ¯ × ì for somē × ��° × , ¯ × '� ¯Æ0�� (11.93)

Ø i<AÚh _ 
 _ h � Ò ] (11.94)� � ë ­�ÿ�XKì (11.95)

by theunionbound,where� ë ­�ÿ�XJì � i<AÚhw_ 
 _ h � Ò ] ! (11.96)

Now thetotalnumberof messageswhichcanbeuniquelydeterminedatall the
sinknodesis equalto �� ��� Û

ë f ú � ë ¯2ìcìU! (11.97)

By takingexpectationfor therandomcodewehave constructed,wehave� �� ��� Û
ë f ú � ë ¯Xìcì � �� ��� Û

ë f ú ��y � ë ¯2ì{z�ì (11.98)

ô �� ��� Û
ë f ú � ë ­�ÿ�XKìcì (11.99)

ò ë f ú � ë ­�ÿ�XJìcì,AÚh�ÒxC1ÿ (11.100)

where(11.99)follows from (11.95),and the last stepfollows from (11.65).
Hence,thereexists a deterministiccodefor which the numberof messages
whichcanbeuniquelydeterminedatall thesinknodesis at leastë f ú � ë ­�ÿ�XJìcì,AÚh ÒxC ÿ (11.101)

whichis greaterthan h ÒxC for ­ sufficiently largesince
� ë ­�ÿ�XKì#¹ �

as ­é¹�� .
Let ° to beany setof Ñ�h ÒxC Ô suchmessagesin ° × . For e �gf ÿ�hÄÿ¸·¸·¸·~ÿCi andH � Ç� Û � � � Û � � â	����� ,¶f ÿ�hÄÿ¸·¸·¸·~ÿc± � Û � â 0Xÿ (11.102)

upondefining à � ë H ì � ¯ (11.103)

wherē?��° suchthat
H � H � â ë ¯Xì.ÿ (11.104)

we have obtaineda desired
ë ­�ÿ ë ± �
	 � ë�� ÿ��Jì�� � ì.ÿ�q ì<: -code. Hence,Theo-

rem11.4is provedfor thespecialcasewhen $ is acyclic.
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11.5.2 CYCLIC NETWORKS
For cyclic networks,thereis no naturalorderingof thenodeswhich allows

codingin a sequentialmannerasfor acyclic networks. In thissection,we will
prove Theorem11.4 in full generality, which involves the constructionof a
moreelaboratecodeona time-parametrizedacyclic graph.

Considerthegraph $ with rateconstraints) we have definedin theprevi-
oussectionsbut without the assumptionthat $ is acyclic. We first construct
a time-parametrizedgraph $>� � ë ���Kÿ � ��ì from the graph $ . The set ���
consistsof �/� f

layersof nodes,eachof which is acopy of � . Specifically,

� � � ��� ~ ¨ � � � � ÿ (11.105)

where � � � � �-, � � � � � � �ª�t03! (11.106)

As wewill seelater, � is interpretedasthetimeparameter. Theset
� � consists

of thefollowing threetypesof edges:

1.
ë � � ¨ � ÿ�� � � � ì.ÿ f zZ� z��

2.
ë � � � �� ÿc� � � �� ì.ÿ � zZ� zQ�½ú f

3.
ë�� � � � ÿ�� � � � b � ì.ÿ ë�� ÿ��JìW� � ÿ � zZ�Ùz��Eú f

.

For $>� , let �x� � � � ¨ � be the sourcenode,and let �,�� � � � � �� be a sink node
which correspondsto the sink node � � in $ , e �Þf ÿ�hÄÿ¸·¸·¸·;ÿCi . Clearly, $ � is
acyclic becauseeachedgein $ � endsatavertex in a layerwith a largerindex.

Let ø>���� ÿ ë�µ ÿ ¼ ì�� � � bethecapacityof anedge
ë�µ ÿ ¼ ì�� � � , where

ø ���� ��KM N ø �
	 if
ë�µ ÿ ¼ ì � ë�� � � � ÿ�� � � � b � ì for some

ë�� ÿ��Jì�� �
and

� zZ�ézQ�Eú f ÿ� otherwise,
(11.107)

andlet ) � � y ø ���� ÿ ë�µ ÿ ¼ ì�� � � z8ÿ (11.108)

which is referredto astherateconstraintsfor graph $ � .5ÂF7D <6/=IJ6Y>=>=@f�
In Figure 11.6, we showthe graph $ � for � �Þ�

for the
graph $ in Figure 11.1(a).�ù6=<+< D >=>=@4�

For e �gf ÿ�hÄÿ¸·¸·¸·~ÿCi , there existsa max-flow
�

in graph $ from
node � to node � � which is expressibleas thesumof a numberof flows(from
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Figure11.6. Thegraph �U  with ¡%¢#£ for thegraph� in Figure11.1(a).

node � to node � � ), each of themconsistingof a simplepath (i.e., a directed
pathwithoutcycle)fromnode� to node� � only.

Proof Let
�

beaflow from node� to node� � in thegraph$ . If adirectedpath
in $ is suchthat thevalueof

�
on every edgeon thepathis strictly positive,

thenwe saythatthepathis a positive directedpath.If a positive directedpath
formsacycle, it is calledapositive directedcycle.

Suppose
�

containsapositivedirectedcycle. Let ¤ betheminimumvalueof�
onanedgein thecycle. By subtracting¤ from thevalueof

�
oneveryedge

in the cycle, we obtainanotherflow
� × from node � to node � � suchthat the

resultantflow outof eachnodeis thesameas
�

. Consequently, thevaluesof
�

and
� × arethesame.Notethatthepositive directedcycle in

�
is eliminatedin� × . By repeatingthisprocedureif necessary, onecanobtainaflow from node�

to node� � containingnopositive directedcyclesuchthatthevalueof thisflow
is thesameasthevalueof

�
.

Let
�

bea max-flow from node � to node � � in $ . Fromtheforegoing,we
assumewithout lossof generalitythat

�
doesnot containa positive directed

cycle. Let ¥�b beany positive directedpathfrom � to � � in
�

(evidently ¥�b is
simple),andlet ¦}b betheminimumvalueof

�
onanedgealong ¥#b . Let

è� b be
theflow from node� to node� � along ¥#b with value ¦}b . Subtracting

è� b from
�

,�
is reducedto

� ú
è� b , aflow from node � to node� � whichdoesnot contain

a positive directedcycle. Thenwe canapply the sameprocedurerepeatedly
until

�
is reducedto thezero flow4, and § is seento bethesumof all theflows

whichhave beensubtractedfrom § . Thelemmais proved.5ÂF7D <6/=IJ6Y>=>=@ñ_
Themax-flow § from node � to node �Ub in Figure 11.1(b),

whosevalueis 3, canbeexpressedasthesumof thethreeflowsin Figure11.7,

4Theprocessmustterminatebecausethecomponentsof ¨ areintegers.
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Figure11.7. Themax-flow in Figure11.1(b)decomposedinto threeflows.

each of themconsistingof a simplepathfromnode� to node�®­ only. Thevalue
of each of theseflowsis equalto 1.�ù6=<+< D >=>=@ >°¯

For e}± f�² h ² ·¸·¸· ² i , if thevalueof a max-flowfrom � to �9­ in$ is greaterthanor equalto q , thenthevalueof a max-flowfrom � � to � �­ in$>� is greaterthanor equalto
ë �½ú"³´­¶� f ì�q , where ³µ­ is themaximumlength

of a simplepathfrom � to �9­ .
We first usethe last two examplesto illustratethe ideaof theproof of this

lemmawhich will be given next. For the graph $ in Figure11.1(a), ³Äb , the
maximumlengthof a simplepathfrom node � to node �Ub , is equalto 3. In
Example11.9, we have expressedthe max-flow § in Figure11.1(b),whose
value is equalto 3, as the sumof the threeflows in Figure11.7. Basedon
thesethreeflows, we now constructa flow from �x� to �®� b in the graph $>� in
Figure11.8.In thisfigure,copiesof thesethreeflowsareinitiatedatnodes� � ¨ � ,� � b � , and � � d � , andthey traversein $¶� asshown. Thereadershouldthink of the
flows initiatedat nodes� � b � and � � d � asbeinggeneratedat node � � ±å� � ¨ � and
deliveredto nodes� � b � and � � d � via edges

ë � � ² � � b � ì and
ë � � ² � � d � ì , respectively,

whosecapacitiesareinfinite. Thesearenot shown in thefigurefor thesake of
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Figure11.8. A flow from ¹   to º   » in thegraph �   in Figure11.6.

D R A F T September 13, 2001, 6:27pm D R A F T



254 A FIRSTCOURSEIN INFORMATIONTHEORY

clarity. Since ³=b ± �
, theflows initiatedat � � ¨ � , � � b � , and � � d � all terminateat� � � �b for ��z �

. Therefore,total valueof the flow is equalto threetimesthe
valueof § , i.e.,9. Sincethecopiesof thethreeflows initiatedat � � ¨ � ² � � b � ² and� � d � interleave with eachotherin a way which is consistentwith theoriginal
flow ¼ , it is not difficult to seethat thevalueof theflow soconstructeddoes
not exceedthecapacityin eachedge.Thisshows thatthevalueof a max-flow
from �-� to �,� is at least9.

We now give a formal proof for Lemma11.10. The readermay skip this
proofwithoutaffectingfurtherreadingof thissection.

Proof of Lemma 11.10 For a fixed
f z-e zåi , let § bea max-flow from

node � to node �®­ in $ with value q suchthat § doesnot containa positive
directedcycle. UsingLemma11.8,wecanwrite§�± è§ b �

è§ d � ·¸·¸·Õ�
è§¾½ ² (11.109)

where

è§W¿ , À�± f�² h ² ·¸·¸· ²�Á containsa positive simplepath ¥ ¿ from node � to
node�®­ only. Specifically,è§ ¿�ÃÂ ±ÅÄ ¦ ¿ if

ë�� ²{Æ ì&�?¥ ¿Ç
otherwise,

(11.110)

where ¦}b �G¦ýd���·¸·¸·��Y¦ ½ ±�qã! (11.111)

Let È ¿ bethelengthof ¥ ¿ . For anedge
ë�� ²{Æ ì¾�
¥ ¿ , let É ¿ ë�� ²{Æ ì bethedistance

of node
�

from node � along ¥ ¿ . Clearly,É ¿ ë�� ²{Æ ì zQÈ ¿ ú f
(11.112)

and È ¿ z�³´­ ! (11.113)

Now for
Ç zZ�ézQ�õúÊ³´­ , define§ � � � ¿ � ±ÌË\¼ � � � ¿ ���� ² ë�µ ² ¼ ì�� � �sÍ ² (11.114)

where

¼ � � � ¿ ���� ± KÎÎÎM ÎÎÎN ¦ ¿ if
ë�µ ² ¼ ìT± ë � � ² � � � � ì ²�f zZ�ézQ�õú"³´­¦ ¿ if
ë�µ ² ¼ ìT± ë�� � � � jsÏ � ��� Â ��� ²{Æ � � � jsÏ � ��� Â ��� b � ì where

ë�� ²{Æ ì&�?¥ ¿¦ ¿ if
ë�µ ² ¼ ìT± ë � � � �;Ð Ï �­ ² � �­ ìÇ

otherwise.
(11.115)

Since �ê�GÉ ¿ ë�� ²{Æ ìZ� f zZ�Ï�YÈ ¿ zÑ�Ï�G³µ­2zQ� ² (11.116)
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thesecondcaseandthethird casein (11.115)andhence§ � � � ¿ � is well-defined
for
Ç zÒ�PzÓ�YúY³µ­ . § � � � ¿ � is a flow from node � � to node � �­ in $ � derived

from the flow

è§�¿ in $ asfollows. A flow of ¦ ¿ is generatedat node �x� and
entersthe � th layer of nodesfrom � � � � . Thenthe flow traversesconsecutive
layersof nodesby emulatingthepath ¥ ¿ in $ until it eventuallyterminateat
node� �­ via node� � � �;Ð Ï �­ . Basedon § � � � ¿ � , weconstruct§ � � � ± ½�¿ ~ b § � � � ¿ � ² (11.117)

and § � ± � �ÕÔ â�� ~ ¨ § � � � ! (11.118)

Wewill prove that § � z�) � componentwise.Then § � is a flow from node � �
to node�,�­ in $>� , andfrom (11.111),its valueis givenby� �ÕÔ â�� ~ ¨ ½�¿ ~ b ¦ ¿ ± � �ÕÔ â�� ~ ¨ qÖ± ë �õúÊ³µ­J� f ì�qã! (11.119)

This would imply thatthevalueof a max-flow from node � � to node � �­ in $ �
is at least

ë �õú"³´­K� f ì�q , andthelemmais proved.
Towardproving that § � z×) � , we only needto consider

ë�µ ² ¼ ì � � � such
that ë�µ ² ¼ ìU± ë�� � � � ²{Æ � � � b � ì (11.120)

for some
ë�� ²{Æ ì&� � and

Ç zZ� zQ�½ú f
, becauseø>���� is infinite otherwise(cf.

(11.107)).For notationalconvenience,weadopttheconventionthat§ � � � ¿ � ± Ç (11.121)

for � Ø Ç . Now for
Ç zZ�ézQ�½ú f

and
ë�� ²{Æ ì�� � ,¼ �� aÃØ c Â aÙØ�Ú » c ± � �ÕÔ â�Û ~ ¨ ¼ � Û �� aÃØ c Â aÙØ�Ú » c (11.122)

± � �ÕÔ â�Û ~ ¨ ½�¿ ~ b ¼ � Û � ¿ �� aÙØ c Â aÙØ�Ú » c (11.123)

± ½�¿ ~ b
� �ÕÔ â�Û ~ ¨ ¼ � Û � ¿ �� aÙØ c Â aÙØ�Ú » c (11.124)

± ½�¿ ~ b ¼ � � � j�Ï � ��� Â � � ¿ �� aÃØ c Â aÙØ�Ú » c (11.125)
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z ½�¿ ~ b
è¼ ¿�ÃÂ (11.126)± ¼2�ÃÂ (11.127)z ø �ÃÂ (11.128)± ø �� aÙØ c Â aÙØsÚ » c ! (11.129)

In the above derivation, (11.125)follows from the secondcasein (11.115)
because¼ � Û � ¿ �� aÙØ c Â aÃØsÚ » c is possiblynonzeroonly when��±ZÜ �GÉ ¿ ë�� ²{Æ ì ² (11.130)

or ÜJ±×�|úÊÉ ¿ ë�� ²{Æ ì ² (11.131)

and(11.126)canbe justified asfollows. First, the inequality is justified for�ÙØQÉ ¿ ë�� ²{Æ ì sinceby (11.121), § � Û � ¿ � ± Ç (11.132)

for ÜgØ Ç
. For � òÝÉ ¿ ë�� ²{Æ ì , we distinguishtwo cases.From (11.115)and

(11.110),if
ë�� ²{Æ ìW�#¥ ¿ , wehave¼ � � � j�Ï � �R� Â � � ¿ �� aÙØ c Â aÙØ�Ú » c ± è¼ ¿�ÃÂ ±I¦ ¿ ! (11.133)

If
ë�� ²{Æ ì '�#¥ ¿ , wehave ¼ � � � j Ï � ��� Â � � ¿ �� aÙØ c Â aÙØ�Ú » c ± è¼ ¿�ÃÂ ± Ç ! (11.134)

Thustheinequalityis justifiedfor all cases.Henceweconcludethat §¾�+zQ)�� ,
andthelemmais proved.

FromLemma11.10andtheresultin Section11.5.1,weseethat
ë �)ú
³ � f ì�q

is achievablefor graph $ � with rateconstraints) � , where³7± rts�u­ ³´­ ! (11.135)

Thus,for every ó+ô Ç
, thereexistsfor sufficiently large Þ a

ë Þ ² ë ± ����$ß ë�µ ² ¼ ìW�� � ² ë �õúÊ³+� f ì�q ì�: -codeon $¶� suchthatÞ � b ö w"÷ d ± ���� z�ø ��D� �Yó (11.136)

for all
ë�µ ² ¼ ìà� � � . For this : -codeon $ � , we denotetheencodingfunction

for anedge
ë�µ ² ¼ ìF� � � by

Î ���� , anddenotethedecodingfunctionat thesink
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node�®�­ by
à �­ , e}± f�² h ² ·¸·¸· ² i . Without lossof generality, we assumethatforf zZ� zQ� , Î �=   = aÙØ c ë ¯XìU± ¯ (11.137)

for all ¯ in °á± ,¶f�² ·¸·¸· ² Ñ�h�â � � �ÕÔ � b � C ÔÕ0 ² (11.138)

andfor
Ç zZ�ézQ�õú f

, Î �� aÙØ câ �  â ë ¤=ìU±Z¤ (11.139)

for all ¤ in Ç
Á � � Á � � â ����� ,¶f�² ·¸·¸· ² ± �Á aÙØ�ã » c � aÙØ câ 0 ² (11.140)

f z-e z i . Notethat if the : -codedoesnot satisfytheseassumptions,it can
readily be convertedinto onebecausethe capacitiesof the edges

ë � � ² � � � � ì ,f zZ� zQ� andtheedges
ë � � � �­ ² � �­ ì , Ç zZ�ézQ�Eú f

areinfinite.
Let � bea positive integer, andlet ­Q±Å�&Þ . Usingthe : -codeon $>� , we

now constructan
ë ­ ² ë ±��ÃÂ ß ë�� ²{Æ ì�� � ì ² ë �õúÊ³¾� f ì�q<ä-� ì�å -codeon $ , where

±��ÃÂ ± � � bÇ� ~ ¨ ± �� aÙØ c Â aÙØ�Ú » c (11.141)

for
ë�� ²{Æ ì�� � . Thecodeis definedby thefollowing components:

1) for
ë�� ²{Æ ì&� � suchthat

� '±�� , anarbitraryconstant
Î � b ��ÃÂ takenfrom theset,¶f�² h ² ·¸·¸· ² ± �� aÃæ c Â a » c 03ß (11.142)

2) for
f zZ�Ùz�� , anencodingfunctionÎ � � �= Â ß ° ¹ ,¶f�² h ² ·¸·¸· ² ± �= aÙØ�ã » c Â aÙØ c 0 (11.143)

for all
Æ �ª� suchthat

ë � ²{Æ ì<� � , where

°Å± ,¶f�² h ² ·¸·¸· ² Ñ�h�â � � �ÕÔ � b � C ÔÕ0 ² (11.144)

andfor h¬zZ�ézQ� , anencodingfunctionÎ � � ��ÃÂ ß Ç
Á � � Á � � � ��� ,¶f�² h ² ·¸·¸· ² ± �Á aÙØlã�ç c � aÃØlã » c 0+¹ ,¶f�² h ² ·¸·¸· ² ± �� aÙØ�ã » c Â aÙØ c 0

(11.145)
for all

ë�� ²{Æ ìG� �
suchthat

� '± � (if
, ¿ ß ë ¿ ² � ìÖ� � 0 is empty, we

adoptthe convention that
Î � � ��ÃÂ is an arbitraryconstanttaken from the set,¶f�² h ² ·¸·¸· ² ± �� aÙØ�ã » c Â aÙØ c 0 );
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3) for e�± f�² h ² ·¸·¸· ² i , adecodingfunction

à ­ ß � � bÇ� ~ ¨ Ç��� � ��� � â ����� ,¶f�² h ² ·¸·¸· ² ± �� aÙØ c � aÙØ�Ú » câ 0º¹»° (11.146)

suchthat

èà ­ ë ¯Xì<±�¯ for all ¯è�)° (recallthat

èà ­ ë ¯2ì denotesthevalueof
à ­

asa functionof ¯ );

where

i) for
ë�� ²{Æ ì�� � suchthat

� '±�� , Î � b ��ÃÂ ± Î �� aÃæ c Â a » c (11.147)

(
Î �� aÃæ c Â a » c is an arbitraryconstantin

,¶f�² h ² ·¸·¸· ² ± �� aÃæ c Â a » c 0 since
, µ ��� � ßë�µ ² � � ¨ � ì<� � � 0 is empty);

ii) for
f zZ�Ùz�� , for all ¯?��° ,Î � � �= Â ë ¯2ìU± Î �= aÃØlã » c Â aÃØ c ë ¯Xì ² (11.148)

andfor h¬zZ�ézQ� andall
ë�� ²{Æ ì&� � suchthat

� '±�� ,Î � � ��éÂ ë ¤=ìU± Î �� aÙØ�ã » c Â aÙØ c ë ¤Äì (11.149)

for all ¤ in Ç
Á � � Á � � � ��� ,¶f�² h ² ·¸·¸· ² ± �Á aÃØlã�ç c � aÙØ�ã » c 03ß (11.150)

iii) for eê± f�² h ² ·¸·¸· ² i , à ­ ë H ìU± à �­ ë H ì (11.151)

for all

H
in � � bÇ� ~ ¨ Ç�R� � ��� � â¶����� ,¶f�² h ² ·¸·¸· ² ± �� aÙØ c � aÙØ�Ú » câ 03! (11.152)

Thecodingprocessof the å -codeconsistsof �/� f
phases:

1. In Phase1, for all
ë�� ²{Æ ìF� � suchthat

� '±g� , node
�

sends
Î � b ��ÃÂ to node

Æ
,

andfor all
Æ � � suchthat

ë � ²{Æ ì�� � , node � sends
Î � b �= Â ë ¯Xì to node

Æ
.

2. In Phase� , h|z×�/zI� , for all
ë�� ²{Æ ì6� � , node

�
sends

èÎ � � ��ÃÂ ë ¯Xì to node
Æ
,

where

èÎ � � ��ÃÂ ë ¯Xì denotesthevalueof
Î � � ��ÃÂ asa functionof ¯ , andit depends
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only on

èÎ � � � b �Á � ë ¯Xì for all ¿?�½� suchthat
ë ¿ ² � ì6� � , i.e., theinformation

receivedby node
�

duringPhase�|ú f
.

3. In Phase�/� f
, for e0± f�² h ² ·¸·¸· ² i , thesinknode�9­ uses

à ­ to decodē .

Fromthedefinitions,weseethatan
ë ­ ² ë ±��éÂ ß ë�� ²{Æ ì&� � ì ² ë �/úJ³ � f ì�q<ä-� ìå -codeon $ is a specialcaseof an

ë ­ ² ë ±��éÂ ß ë�� ²{Æ ì7� � ì ² ë �&ú�³¬� f ì�q<ä-� ì³ -codeon $ . For the å -codewehave constructed,

­ � b ö w"÷ d ± �ÃÂ ± ë �<Þ9ì � b ö w"÷ d>ë � � bÇ� ~ ¨ ± �� aÃØ c Â aÙØ�Ú » cíì (11.153)

± � � b � � b�� ~ ¨ Þ � b ö w"÷ d ± �� aÙØ c Â aÃØsÚ » c (11.154)

z � � b � � b�� ~ ¨ ë ø �� aÃØ c Â aÙØ�Ú » c �PóUì (11.155)

± � � b � � b�� ~ ¨ ë ø �ÃÂù�Yó�ì (11.156)± ø6�ÃÂ �Yó (11.157)

for all
ë�� ²{Æ ì&� � , where(11.155)follows from (11.136),and(11.156)follows

from (11.107).Finally, for any óãô Ç , by takingasufficiently large � , wehaveë �õúÊ³º� f ì�q� ôYq)úEó�! (11.158)

Hence,we concludethat q is achievablefor thegraph $ with rateconstraints) .

PROBLEMS
In the following problems,the rateconstraintfor an edgeis in bits per unit
time.

1. Considerthefollowing network.

We want to multicastinformationto the sink nodesat the maximumrate
without usingnetwork coding. Let !Ý± , �yb ² ��d ² ·¸·¸· ² �ïîË0 bethesetof bits
to bemulticast.Let ! � bethesetof bitssentin edge

ë � ² � ì , where Ã ! �cÃ´±�h ,� ± f�² h ²�� . At node
�
, thereceivedbits areduplicatedandsentin the two

out-goingedges.Thustwo bitsaresentin eachedgein thenetwork.

a) Show that !�±I!6��	�!�Â for any
f z � Ø Æ z �

.

b) Show that ! � 	 ë !�b�ð�!+d�ìU±Z! .
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c) Show that Ã ! � 	 ë !�b�ð�!+d�ì¸ÃKzgÃ ! � Ã¸� Ã !�b�Ã¸� Ã !+d¶Ã}ú Ã !�b�	�!+d3Ã .
d) Determinethemaximumvalueof ô anddevisea network codewhich

achievesthismaximumvalue.

e) Whatis thepercentageof improvementif network codingis used?

(Ahlswedeetal. [6].)

2. Considerthefollowing network.

1


2

õs
ö 3


6

÷
5

ø

4


Devisea network codingschemewhich multicaststwo bits �yb and �Ud from
node � to all theothernodessuchthatnodes3, 5, and6 receive �yb and ��d
after1 unit timeandnodes1,2,and4 receive �yb and ��d after2 unitsof time.
In otherwords,node

�
receivesinformationata rateequalto rts�uJvMwyx ë � ² � ì

for all
� '±�� .

SeeLi etal. [123] for suchaschemefor a generalnetwork.

3. Determinethe maximumrate at which information can be multicast to
nodes5 and6 only in the network in Problem2 if network codingis not
used.Deviseanetwork codingschemewhichachievesthismaximumrate.

4. Convolutionalnetworkcode
In thefollowing network, rts�uKv9wyx ë � ² �®­RìU± �

for eê± f�² h ²�� . Themax-flow
boundassertsthat3 bitscanbemulticastto all thethreesinknodesperunit
time. Wenow describeanetwork codingschemewhichachieve this. Let 3

D R A F T September 13, 2001, 6:27pm D R A F T



Single-SourceNetworkCoding 261

2

ùu
 1
u


0

út
û

2

ùv
ü

1
t
û 2

ùt
û0


úv
ü
0

úu


1
v
ü
s
ý

bits �yb ë ¿=ì ² ��d ë ¿=ì ² � � ë ¿=ì begeneratedat node � at time ¿#± f�² h ² ·¸·¸· , where
we assumewithout lossof generalitythat �ï­ ë ¿=ì is anelementof thefinite
field $>¼ ë h3ì . We adopttheconventionthat �ï­ ë ¿=ì ± Ç for ¿½z Ç

. At time¿Ùò f
, informationtransactionsT1 to T11occurin thefollowing order:

T1. � sends�ï­ ë ¿=ì to
¼ ­ , eê± Ç ²�f�² h

T2.
¼ ­ sends�s­ ë ¿=ì to

µ ­ , �9­(þ b , and �®­ÿþ d , e�± Ç ²�f�² h
T3.

µ ¨ sends� ¨ ë ¿=ì7�Y�yb ë ¿¬ú f ì7�Y��d ë ¿¬ú f ì to
µ b

T4.
µ b sends� ¨ ë ¿=ì7�Y�yb ë ¿¬ú f ì7�Y��d ë ¿¬ú f ì to ��d

T5.
µ b sends� ¨ ë ¿=ì7�Y�yb ë ¿=ì7�Y��d ë ¿êú f ì to

µ d
T6.

µ d sends� ¨ ë ¿=ì7�Y�yb ë ¿=ì7�Y��d ë ¿êú f ì to � ¨
T7.

µ d sends� ¨ ë ¿=ì7�Y� b ë ¿=ì7�Y� d ë ¿=ì to
µ ¨

T8.
µ ¨ sends� ¨ ë ¿=ì7�Y�yb ë ¿=ì7�Y��d ë ¿=ì to �Ub

T9. ��d decodes��d ë ¿¬ú f ì
T10. � ¨ decodes� ¨ ë ¿=ì
T11. �Ub decodes�yb ë ¿=ì

where“ � ” denotesmodulo3 additionand“+” denotesmodulo2 addition.

a) Show thattheinformationtransactionsT1 to T11 canbeperformedat
time ¿%± f

.

b) Show thatT1 to T11 canbeperformedat any time ¿éò f
by induction

on ¿ .

c) Verify that at time ¿ , nodes� ¨ and � b canrecover � ¨ ë ¿ × ì , � b ë ¿ × ì , and��d ë ¿ × ì for all ¿ × z�¿ .
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262 A FIRSTCOURSEIN INFORMATIONTHEORY

d) Verify thatat time ¿ , node��d canrecover � ¨ ë ¿ × ì and �yb ë ¿ × ì for all ¿ × z¿ , and ��d ë ¿ × ì for all ¿ × z\¿Ùú f
. Note the unit time delayfor ��d to

recover � d ë ¿=ì .
(Ahlswedeetal. [6].)

HISTORICAL NOTES
Network codingwasintroducedby Ahlswedeetal. [6], whereit wasshown

that informationcanbemulticastin a point-to-pointnetwork at a higherrate
by codingat theintermediatenodes.In thesamepaper, theachievability of the
max-flow boundfor single-sourcenetwork codingwasproved. Specialcases
of single-sourcenetwork codinghaspreviously beenstudiedby Rocheet al.
[165], Rabin[158], Ayanogluet al. [17], andRoche[164].

The achievability of the max-flow boundwas shown in [6] by a random
codingtechnique.Li et al. [123] have subsequentlyshown that themax-flow
boundcanbeachievedby linearnetwork codes.
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Chapter12

INFORMA TION INEQUALITIES

An informationexpression� refersto a linear combination1 of Shannon’s
informationmeasuresinvolving a finite numberof randomvariables.For ex-
ample, �������
	���
��������������

(12.1)

and �������
	������������
	������
(12.2)

areinformationexpressions.An informationinequalityhastheform�! #" � (12.3)

wheretheconstant" is usuallyequalto zero. We considernon-strictinequal-
ities only becausetheseare usually the form of inequalitiesin information
theory. Likewise,aninformationidentityhastheform��$%"'& (12.4)

We point out that an informationidentity �($)" is equivalent to the pair of
informationinequalities�* +" and �!,+" .

An informationinequalityor identity is saidto alwayshold if it holdsfor
any joint distribution for therandomvariablesinvolved. For example,we say
thattheinformationinequality �������
	��  +- (12.5)

1More generally, aninformationexpressioncanbenonlinear, but they do not appearto beusefulin infor-
mationtheory.
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264 A FIRSTCOURSEIN INFORMATIONTHEORY

alwaysholdsbecauseit holdsfor any joint distribution . ��/��102� . On theother
hand,we saythatan informationinequalitydoesnot alwayshold if thereex-
ists a joint distribution for which the inequalitydoesnot hold. Considerthe
informationinequality �����3�
	�� ,+-4& (12.6)

Since �������
	��  +- (12.7)

alwaysholds,(12.6)is equivalentto�����3�
	�� $5- � (12.8)

which holdsif andonly if
�

and
	

areindependent.In otherwords,(12.6)
doesnot hold if

�
and

	
arenot independent.Therefore,we saythat (12.6)

doesnotalwayshold.
As we have seenin the previous chapters,informationinequalitiesarethe

major tools for proving conversecodingtheorems.Theseinequalitiesgovern
theimpossibilitiesin informationtheory. Moreprecisely, informationinequal-
ities imply thatcertainthingscannothappen.As such,they arereferredto as
the lawsof informationtheory.

Thebasicinequalitiesform themostimportantsetof informationinequali-
ties. In fact,almostall theinformationinequalitiesknown to dateareimplied
by thebasicinequalities.ThesearecalledShannon-typeinequalities. On the
otherhand,if aninformationinequalityalwaysholdsbut is not impliedby the
basicinequalities,thenit is calledanon-Shannon-typeinequality. Wehavenot
yet explainedwhat it meansby that an inequality is or is not implied by the
basicinequalities,but thiswill becomeclearlaterin thechapter.

Let usnow rederive theinequalityobtainedin Example6.15(Imperfectse-
crecy theorem)without usingan informationdiagram.In this example,three
randomvariables

�*�
	
, and

�
areinvolved, andthe setupof the problemis

equivalentto theconstraint �6���7� 	8����� $5-4& (12.9)

Then �����3�
	��
$ �����9�:
��6�;	<�=���������
	��

(12.10)$ �����9�:
��6�;	<�=�#> �������
	?�����=�����@�A� ���
	��CB
(12.11) �����9�:
��6�;	<�=���������
	?�����
(12.12)$ �����9�:
��6�;	<�=�#> ���@���D
����;	E�����D
�������� 	?�����CB
(12.13)$ �����9�F���6�@���D
����;	G���H���3�6���7� 	8�����
(12.14) �����9�F���6�@�����
(12.15)
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wherewehave used ���@�I� �*�
	��  +- (12.16)

in obtaining(12.12),and ���;	G�����  +- (12.17)

and(12.9)in obtaining(12.15).Thisderivationis lesstransparentthantheone
wepresentedin Example6.15,but thepointhereis thatthefinal inequalitywe
obtainin (12.15)canbeprovedby invoking thebasicinequalities(12.16)and
(12.17).In otherwords,(12.15)is impliedby thebasicinequalities.Therefore,
it is a (constrained)Shannon-typeinequality.

Wearemotivatedto askthefollowing two questions:

1. How can Shannon-typeinequalitiesbe characterized?That is, given an
informationinequality, how canwe tell whetherit is implied by thebasic
inequalities?

2. Are thereany non-Shannon-typeinformationinequalities?

Thesearetwo very fundamentalquestionsin informationtheory. Wepointout
that the first questionnaturallycomesbeforethe secondquestionbecauseif
we cannotcharacterizeall Shannon-typeinequalities,even if we aregiven a
non-Shannon-typeinequality, wecannottell thatit actuallyis one.

In thischapter, wedevelopageometricframework for informationinequal-
itieswhichallowsthemto bestudiedsystematically. Thisframework naturally
leadsto an answerto the first question,which makesmachine-proving of all
Shannon-typeinequalitiespossible.Thiswill bediscussedin thenext chapter.
Thesecondquestionwill beansweredpositively in Chapter14. In otherwords,
theredoexist laws in informationtheorybeyondthoselaid down by Shannon.

12.1 THE REGION JLKM
Let N M $PORQ �S�T�VUVUVUW�1XFYZ� (12.18)

where
X  � , andlet [ $PO �<\]�1^8_ N M Y (12.19)

beany collectionof
X

randomvariables.Associatedwith
[

are` $ � M � Q (12.20)

joint entropies.For example,for
X $ba , the7 joint entropiesassociatedwith

randomvariables
�dce�1��f��

and
��g

are����� c ���
�6��� f ���
����� g ���
����� c �1� f �������� f �1� g ���
����� c �1� g ���
�6��� c �1� f �1� g � & (12.21)
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Let h denotethesetof realnumbers.For any nonemptysubseti of
N M , let��j $ ���<\k�1^?_ i � (12.22)

and ��lm� i � $ �6����jn� & (12.23)

For a fixed
[

, we can thenview
��l

asa set function from
�porq

to h with� l �tsZ� $u- , i.e., we adoptthe convention that the entropy of an emptyset
of randomvariableis equalto zero. For this reason,we call

��l
the entropy

functionof
[

.
Let v M bethe

`
-dimensionalEuclideanspacewith thecoordinateslabeled

by w jx� i _(�porqTy O szY , where w j correspondsto the valueof
��lm� i � for any

collection
[

of
X

randomvariables.We will referto v M astheentropyspace
for
X

randomvariables.Thenanentropy function
��l

canberepresentedby
a columnvectorin v M . On theotherhand,a columnvector { _ v M is called
entropic if { is equalto the entropy function

�|l
of somecollection

[
of
X

randomvariables.Wearemotivatedto definethefollowing region in v M :} KM $PO'{ _ v M�~ { is entropic
Y & (12.24)

For convenience,thevectorsin
} KM will alsobereferredto asentropy functions.

As anexample,for
X $%a , thecoordinatesof v g arelabeledbyw c � w f � w g � w cCf � w cCg � w f1g � w cCf1g � (12.25)

where w cCf1g denotesw�� c � f � gS� , etc, and
} Kg is the region in v g of all entropy

functionsfor 3 randomvariables.
While furthercharacterizationsof

} KM will begivenlater, wefirst pointouta
few basicpropertiesof

} KM :
1.
} KM containstheorigin.

2.
} KM , theclosureof

} KM , is convex.

3.
} KM is in thenonnegative orthantof theentropy spacev M 2 .

The origin of the entropy spacecorrespondsto the entropy functionof
X

de-
generaterandomvariablestakingconstantvalues.Hence,Property1 follows.
Property2 will beproved in Chapter14. Properties1 and2 imply that

} KM is
a convex cone.Property3 is truebecausethecoordinatesin theentropy spacev M correspondto joint entropies,whicharealwaysnonnegative.

2Thenonnegative orthantof � q is theregion �]��� � q��1�e����� for all

j � f@�x�Z� �k� �1� .
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12.2 INFORMA TION EXPRESSIONSIN CANONICAL
FORM

Any Shannon’s informationmeasureotherthana joint entropy canbeex-
pressedasa linearcombinationof joint entropiesby applicationof oneof the
following informationidentities:�6���7� 	�� $ �������
	��������;	<�

(12.26)�����3�
	�� $ �����9��
����;	<�=���������
	��
(12.27)�������
	������ $ ������������
����;	8�����=���������
	?�����F�����@��� & (12.28)

Thefirst andthesecondidentity arespecialcasesof the third identity, which
hasalreadybeenproved in Lemma6.8. Thus any information expression
whichinvolves

X
randomvariablescanbeexpressedasalinearcombinationof

the
`

associatedjoint entropies.Wecall this thecanonicalformof aninforma-
tion expression.Whenwewrite aninformationexpression� as � � { � , it means
that � is in canonicalform. Sinceaninformationexpressionin canonicalform
is a linearcombinationof thejoint entropies,it hastheform�F� { (12.29)

where
� �

denotesthetransposeof aconstantcolumnvector
�

in h�� .
The identitiesin (12.26)to (12.28)provide a way to expressevery infor-

mationexpressionin canonicalform. However, it is not clearwhethersuch
a canonicalform is unique.To illustratethepoint, we considerobtainingthe
canonicalform of

������� 	��
in two ways.First,������� 	�� $ �������
	��������;	<� & (12.30)

Second,�6���7� 	<� $ �6�����F���������
	��
(12.31)$ �6�����F�#�;���;	<�=�����;	d� ���1�
(12.32)$ �6�����F�#�;���;	<�=���������
	��D
������9�1�
(12.33)$ �6���*�
	��=�����;	A� & (12.34)

Thus it turns out that we can obtain the samecanonicalform for
�6���7� 	<�

via two differentexpansions.This is not accidental,as it is implied by the
uniquenessof thecanonicalform whichwewill prove shortly.

Recallfrom theproofof Theorem6.6thatthevector { representsthevalues
of the

�
-Measure� K on theunionsin � M . Moreover, { is relatedto thevalues

of � K on theatomsof � M , representedas � , by{!$P� M � (12.35)
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where � M is a unique
`6�7`

matrix (cf. (6.27)). We now statethe follow-
ing lemmawhich is a rephraseof Theorem6.11. This lemmais essentialfor
proving thenext theoremwhich impliestheuniquenessof thecanonicalform.�?���H�L (¡R¢D£t¡

Let ¤ KM $PO'� _ h � ~ � M � _ } KM Y & (12.36)

Thenthenonnegativeorthantof h�� is a subsetof
¤ KM .¥§¦��n¨�©D���ª¡R¢D£«¢

Let � beaninformationexpression.Thentheunconstrained
informationidentity ��$5- alwaysholdsif andonly if � is thezero function.

Proof Without lossof generality, assume� is in canonicalform andlet� � { � $ �F� {8& (12.37)

Assume�7$¬- alwaysholdsand � is not thezerofunction, i.e.,
�®­$¬- . We

will show thatthis leadsto a contradiction.Now ��$¯- , or morepreciselythe
set O'{ ~ � � {!$5- YZ� (12.38)

is a hyperplane3 in the entropy spacewhich haszeroLebesguemeasure4. If�+$°- alwaysholds,i.e., it holdsfor all joint distributions, then
} KM mustbe

containedin thehyperplane�3$b- , otherwisethereexistsan { � _ } KM which
is not on �¬$±- , i.e., � � { � � ­$±- . Since { � _ } KM , it correspondsto the
entropy functionof somejoint distribution. Thismeansthatthereexistsa joint
distribution suchthat � � { � $²- doesnot hold, which cannotbe truebecause�d$%- alwaysholds.

If
} KM haspositive Lebesguemeasure,it cannotbe containedin the hyper-

plane �*$P- which haszeroLebesguemeasure.Therefore,it sufficesto show
that

} KM haspositive Lebesguemeasure.To this end,weseefrom Lemma12.1
thatthenonnegative orthantof v M , whichhaspositive Lebesguemeasure,is a
subsetof

¤ KM . Thus
¤ KM haspositive Lebesguemeasure.Since

} KM is aninvert-
ible transformationof

¤ KM , its Lebesguemeasureis alsopositive.
Therefore,

} KM is not containedin thehyperplane�*$P- , which impliesthat
thereexistsa joint distribution for which �!$P- doesnot hold. This leadsto a
contradictionbecausewe have assumedthat �3$®- alwaysholds. Hence,we
have provedthatif �E$5- alwaysholds,then � mustbethezerofunction.

Conversely, if � is the zerofunction, then it is trivial that �P$³- always
holds.Thetheoremis proved.

3If ´�µ � , then �]� � ´Z¶ � µ � � is equalto � q .
4TheLebesquemeasurecanbethoughtof as“volume"in theEuclideanspaceif thereaderis not familiar
with measuretheory.
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Thecanonicalformofaninformationexpressionisunique.

Proof Let � c and � f becanonicalformsof aninformationexpression» . Since»<$%� c (12.39)

and »<$%� f (12.40)

alwayshold, � c � � f $5- (12.41)

alwaysholds.By theabovetheorem,� c � � f is thezerofunction,whichimplies
that � c and � f areidentical.Thecorollaryis proved.

Dueto theuniquenessof thecanonicalform of an informationexpression,
it is aneasymatterto checkwhetherfor two informationexpressions� c and� f theunconstrainedinformationidentity� c $¯� f (12.42)

alwaysholds.All we needto do is to express� c � � f in canonicalform. If all
thecoefficientsarezero,then(12.42)alwaysholds,otherwiseit doesnot.

12.3 A GEOMETRICAL FRAMEW ORK
In the last section,we have seenthe role of the region

} KM in proving un-
constrainedinformationidentities.In this section,we explain thegeometrical
meaningsof unconstrainedinformationinequalities,constrainedinformation
inequalities,andconstrainedinformationidentitiesin termsof

} KM . Without
lossof generality, we assumethatall informationexpressionsarein canonical
form.

12.3.1 UNCONSTRAINED INEQUALITIES
Consideran unconstrainedinformation inequality �¼ ½- , where � � { � $� � { . Then �! +- correspondsto thesetO'{ _ v M ~ �F� {� +- Y (12.43)

which is a half-spacein the entropy spacev M containingthe origin. Specif-
ically, for any { _ v M , � � { �  ¾- if andonly if { belongsto this set. For
simplicity, wewill referto thissetasthehalf-space�! +- . As anexample,forX $ � , theinformationinequality����� c �1� f � $ ����� c ��
������ f ��������� c �1� f �  +- � (12.44)
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¿

    
0

n


Figure12.1. An illustrationfor À�ÁGÂ alwaysholds.

writtenas w c 
 w f � w cCf  +- � (12.45)

correspondsto thehalf-spaceO'{ _ v M ~ w c 
 w f � w cCf  +- Y & (12.46)

in theentropy spacev f .
Sinceaninformationinequalityalwaysholdsif andonly if it is satisfiedby

theentropy functionof any joint distributionfor therandomvariablesinvolved,
wehave thefollowing geometricalinterpretationof aninformationinequality:�! #- alwaysholdsif andonly if

} KM|Ã O'{ _ v M|~ � � { �  #- Y &
Thisgivesacompletecharacterizationof all unconstrainedinequalitiesin terms
of
} KM . If

} KM is known, we in principlecandeterminewhetherany information
inequalityinvolving

X
randomvariablesalwaysholds.

The two possiblecasesfor �Ä ½- are illustratedin Figure12.1 andFig-
ure12.2. In Figure12.1,

} KM is completelyincludedin thehalf-space�6 (- ,
so �* +- alwaysholds.In Figure12.2,thereexistsavector { � _ } KM suchthat� � { � �rÅ - . Thustheinequality �� #- doesnotalwayshold.

12.3.2 CONSTRAINED INEQUALITIES
In informationtheory, weveryoftendealwith informationinequalities(iden-

tities)with certainconstraintsonthejoint distribution for therandomvariables
involved. Theseare called constrainedinformation inequalities(identities),
andtheconstraintson thejoint distribution canusuallybeexpressedaslinear
constraintson theentropies.Thefollowing aresuchexamples:

1.
�dc

,
��f

, and
��g

aremutuallyindependentif andonly if
�6���dce�1��f��1��gÆ� $����� c �D
������ f ��
������ g �

.
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Figure12.2. An illustrationfor À�Á|Â not alwaysholds.

2.
�dc

,
��f

, and
��g

are pairwise independentif and only if
�����dce�1��fÆ� $����� f �1� g � $ ����� c �1� g � $5- .

3.
� c

is a functionof
� f

if andonly if
�6��� c � � f � $5- .

4.
� crÈ � fLÈ � gLÈ �<É

formsaMarkov chainif andonly if
����� c �1� g � � f �$%- and

����� c �1� f �1�<Éz� � g � $5- .
Supposethereare Ê linearconstraintson theentropiesgivenbyË {9$5- � (12.47)

where
Ë

is a Ê �9` matrix. Herewe do not assumethat the Ê constraintsare
linearly independent,so

Ë
is notnecessarilyfull rank.LetÌ $PO'{ _ v M ~ Ë {9$5- Y & (12.48)

In otherwords,the Ê constraintsconfine{ to alinearsubspace
Ì

in theentropy
space.Parallel to our discussionon unconstrainedinequalities,we have the
following geometricalinterpretationof aconstrainedinequality:

Undertheconstraint
Ì

, �3 (- alwaysholdsif andonly if
� } KM§Í Ì � ÃO'{ ~ � � { �  +- Y .

This givesa completecharacterizationof all constrainedinequalitiesin terms
of
} KM . Notethat

Ì $(v M whenthereis no constrainton theentropies.In this
sense,anunconstrainedinequalityis aspecialcaseof aconstrainedinequality.

Thetwo casesof �! +- undertheconstraint
Ì

areillustratedin Figure12.3
andFigure12.4. Figure12.3shows thecasewhen �� Î- alwaysholdsunder
theconstraint

Ì
. Notethat �7 P- mayor maynot alwayshold whenthereis

no constraint.Figure12.4shows thecasewhen �# Ä- doesnot alwayshold
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Ï

    
0


Figure12.3. An illustrationfor ÀHÁ|Â alwaysholdsundertheconstraintÐ .

undertheconstraint
Ì

. In this case,�! #- doesnotalwaysholdwhenthereis
noconstraint,because � } KM�Í Ì � ­Ã O'{ ~ � � { �  +- Y (12.49)

implies } KM ­Ã O'{ ~ � � { �  +- Y & (12.50)

12.3.3 CONSTRAINED IDENTITIES
As wehave pointedoutat thebeginningof thechapter, anidentity��$%- (12.51)

alwaysholdsif andonly if boththeinequalities�* +- and �!,#- alwayshold.
Thenfollowing ourdiscussiononconstrainedinequalities,wehave

f 

Ñ

    
0

Ò

Figure12.4. An illustrationfor À�Á|Â not alwaysholdsundertheconstraintÐ .
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b

Ó

  
h

Ô

    
0

c
  
h

Ô

    
0


Figure12.5. Equivalenceof Õ ¶�Ö Á|Â and × ¶nÖ ÁGÂ undertheconstraintÐ .

Undertheconstraint
Ì

, ��$Ø- alwaysholdsif andonly if
� } KM§Í Ì � ÃO'{ ~ � � { �  +- Y Í O'{ ~ � � { � ,+- Y ,

or

Undertheconstraint
Ì

, ��$Ø- alwaysholdsif andonly if
� } KM§Í Ì � ÃO'{ ~ � � { � $5- Y .

Thisconditionsaysthattheintersectionof
} KM and

Ì
is containedin thehyper-

plane��$%- .
12.4 EQUIVALENCE OF CONSTRAINED

INEQUALITIES
Whenthereis noconstrainton theentropies,two informationinequalities� � {� #- (12.52)

and Ù � {� +- (12.53)

areequivalentif andonly if
Ù $PÚ � , where Ú is a positive constant.However,

this is not the caseundera non-trivial constraint
Ì ­$Ûv M . This situationis

illustratedin Figure12.5.In thisfigure,althoughtheinequalitiesin (12.52)and
(12.53)correspondto differenthalf-spacesin theentropy space,they actually
imposethesameconstrainton { when { is confinedto

Ì
.

In this section,we presenta characterizationof (12.52)and(12.53)being
equivalentundera setof linearconstraint

Ì
. Thereadermayskip this section

atfirst reading.
Let Ü betherankof

Ë
in (12.47).Since { is in thenull spaceof

Ë
, wecan

write {�$ÞÝË {�ß � (12.54)
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where ÝË is a
`E� � ` � Ü � matrix suchthattherows of ÝË � form a basisof the

orthogonalcomplementof the row spaceof
Ë

, and { ß is a column
� ` � Ü � -

vector. Thenusing(12.54),(12.52)and(12.53)canbewrittenas� � ÝË { ß  +- (12.55)

and Ù � ÝË { ß  +- � (12.56)

respectively in termsof the set of basisgiven by the columnsof ÝË . Then
(12.55)and(12.56)areequivalentif andonly ifÙ � ÝË $5Ú � � ÝË � (12.57)

whereÚ is apositive constant,or� Ù � Ú � � � ÝË $5-4& (12.58)

In otherwords,
� Ù � Ú � � � is in theorthogonalcomplementof therow spaceofÝË � , i.e.,

� Ù � Ú � � � is in therow spaceof
Ë

. Let
Ë ß bean Ü ��` matrixwhose

row spaceis thesameasthatof
Ë

. (
Ë

canbetakenas
Ë ß if Ë is full rank.)

Sincetherankof
Ë

is Ü and
Ë ß hasÜ rows,therowsof

Ë ß form abasisfor the
row spaceof

Ë
, and

Ë ß is full rank. Thenfrom (12.58),(12.55)and(12.56)
areequivalentundertheconstraint

Ì
if andonly ifÙ $%Ú � 
%� Ë ß � ��à (12.59)

for somepositive constantÚ andsomecolumn Ü -vector
à
.

Supposefor given
�

and
Ù
, we wantto seewhether(12.55)and(12.56)are

equivalentundertheconstraint
Ì

. We first considerthecasewheneither
� �

or
Ù �

is in therow spaceof
Ë

. This is actuallynotaninterestingcasebecause
if
� �

, for example,is in therow spaceof
Ë

, then�F� ÝË $%- (12.60)

in (12.55),which meansthat (12.55)imposesno additionalconstraintunder
theconstraint

Ì
.¥§¦��n¨�©D���ª¡R¢D£âá

If either
� �

or
Ù �

is in therow spaceof
Ë

, then
� � {� ¯-

and
Ù � {� +- areequivalentundertheconstraint

Ì
if andonly if both

� �
andÙ �

are in therowspaceof
Ë

.

The proof of this theoremis left asanexercise.We now turn to themore
interestingcasewhenneither

� �
nor

Ù �
is in therow spaceof

Ë
. Thefollow-

ing theoremgivesanexplicit conditionfor (12.55)and(12.56)to beequivalent
undertheconstraint

Ì
.
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If neither

� �
nor

Ù �
is in therowspaceof

Ë
, then

� � {3 +-
and

Ù � {3 +- areequivalentundertheconstraint
Ì

if andonly ifä � Ë ß � � �EåIæ àÚ�ç $ Ù & (12.61)

hasa uniquesolutionwith Ú�è%- , where
Ë ß is anymatrix whoserow spaceis

thesameasthatof
Ë

.

Proof For
� �

and
Ù �

not in the row spaceof
Ë

, we want to seewhenwe
canfind unknowns Ú and

à
satisfying(12.59)with Ú5è¾- . To this end,we

write (12.59)in matrix form as(12.61).Since
�

is not in thecolumnspaceof� Ë ß � � and
� Ë ß � � is full rank,

ä � Ë ß � � �då is alsofull rank. Then(12.61)has
eitherauniquesolutionor nosolution.Therefore,thenecessaryandsufficient
conditionfor (12.55)and(12.56)to beequivalentis that(12.61)hasa unique
solutionand ÚGè+- . Thetheoremis proved.é�ê� =��ë�¸z�7¡R¢D£«ì

Considerthreerandomvariables
� c �1� f �

and
� g

with the
Markov constraint �����dce�1��gR� ��fÆ� $5- � (12.62)

which is equivalentto����� c �1� f ��
������ f �1� g �=���6��� c �1� f �1� g �����6��� f � $5-4& (12.63)

In termsof thecoordinatesin theentropyspacev g , this constraint is written
as Ë {9$5- � (12.64)

where Ë $ > - � Qí- Q Qî- � Q B (12.65)

and {�$ > w c w f w g w cCf w f1g w cCg w cCf1gEB � & (12.66)

Wenowshowthatundertheconstraint in (12.64),theinequalities�����dcW� ��gÆ�=�������dcW� ��fÆ�  +- (12.67)

and ����� c �1� f � � g �  +- (12.68)

arein factequivalent.Toward thisend,wewrite (12.67)and(12.68)as
� � {� - and

Ù � {� +- , respectively, where� $ > - Q � Q � Qî- Qï- B � (12.69)
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and Ù $ > - - � Qî- Q Q � Q B � & (12.70)

Since
Ë

is full rank,wemaytake
Ë ß $ Ë . Uponsolvingä Ë��E�då<æ àÚ ç $ Ù � (12.71)

we obtain the uniquesolution Ú6$ðQ!èñ- and
à $³Q (

à
is a Q � Q matrix).

Therefore, (12.67)and(12.68)are equivalentundertheconstraint in (12.64).

Undertheconstraint
Ì

, if neither
� �

nor
Ù �

is in therow spaceof
Ë

, it can
beshown thattheidentities � � {!$%- (12.72)

and Ù � {!$5- (12.73)

areequivalentif andonly if (12.61)hasa uniquesolution.We leave theproof
asanexercise.

12.5 THE IMPLICA TION PROBLEM OF
CONDITION AL INDEPENDENCE

Weuse
��j�òÎ�<óD� �Aô

to denotetheconditionalindependency (CI)��j
and

�<ó
areconditionallyindependentgiven

�Aô
.

Wehave provedin Theorem2.34that
��j|ò#�<óD� �Aô

is equivalentto������jD�1�<óD� �AôT� $%-4& (12.74)

When õ7$ s , � j ò²�<óx� � ô becomesanunconditionalindependency which
we regard as a specialcaseof a conditionalindependency. When iª$÷ö ,
(12.74)becomes ������j:� �AôT� $5- � (12.75)

which we seefrom Proposition2.36 that
��j

is a function of
�Aô

. For this
reason,we alsoregardfunctionaldependency asa specialcaseof conditional
independency.

In probability problems,we areoften given a setof CI’s andwe needto
determinewhetheranothergiven CI is logically implied. This is called the
implicationproblem, which is perhapsthe mostbasicproblemin probability
theory. We have seenin Section7.2 that the implicationproblemhasa solu-
tion if only full conditionalmutualindependenciesareinvolved.However, the
generalproblemis extremelydifficult, andit hasrecentlybeensolvedonly up
to four randomvariablesby Mat øù�úû [137].
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Weendthissectionby explainingtherelationbetweentheimplicationprob-
lem andtheregion

} KM . A CI involving randomvariables
� c �1� f �VUVUVUÆ�1� M has

theform � j òÎ�<óD� � ô �
(12.76)

wherei � ö � õ Ã N M . Since
������jx�1�<ó�� �AôT� $5- is equivalentto�6��� jZüýô ��
������<ó üýô �=���6��� jZü ó üýô �=������� ô � $5- � (12.77)��j�òÎ�<óx� �Aô

correspondsto thehyperplaneO'{ ~ w jZü�ôH
 w ó üýô � w jZü ó üýô � w ô $5- Y & (12.78)

For aCI þ , wedenotethehyperplanein v M correspondingto þ by ÿ � þ � .
Let �%$POÆþ�� Y beacollectionof CI’s,andwewantto determinewhether�

impliesa given CI þ . This would be thecaseif andonly if the following is
true:

For all { _ } KM � if { _�� � ÿ � þ�� ��� then { _ ÿ � þ � &
Equivalently,� implies þ if andonly if

� � � ÿ � þ�� ��� Í } KM Ã ÿ � þ � &
Therefore,the implicationproblemcanbesolved if

} KM canbecharacterized.
Hence,the region

} KM is not only of fundamentalimportancein information
theory, but is alsoof fundamentalimportancein probabilitytheory.

PROBLEMS
1. Symmetricalinformationexpressions An informationexpressionis said

to besymmetricalif it is identicalunderevery permutationof therandom
variablesinvolved.However, sometimesasymmetricalinformationexpres-
sioncannotbereadilyrecognizedsymbolically. For example,

����� c �1� f �4������ c �1� f � � g �
is symmetricalin

� c �1� f
, and

� g
but it is not symmetrical

symbolically. Devisea generalmethodfor recognizingsymmetricalinfor-
mationexpressions.

2. Thecanonicalform of aninformationexpressionis uniquewhenthereis no
constrainton therandomvariablesinvolved. Show by anexamplethatthis
doesnotholdwhencertainconstraintsareimposedontherandomvariables
involved.

3. Alternativecanonicalform DenoteÍ \ �
	 Ý�<\ by
ú� 	 andlet� $
� ú� 	 ~�� is anonemptysubsetof

N M�� &
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a) Provethatasignedmeasure� on � M is completelyspecifiedby Oe� ��� �����¼_� Y
, whichcanbeany setof realnumbers.

b) Provethataninformationexpressioninvolving
� c �1� f �VUVUVUÆ�1� M canbe

expresseduniquelyasa linear combinationof � K � ú� 	 � , where � are
nonemptysubsetsof

N M .
4. Uniquenessof the canonicalform for nonlinear informationexpressions

Considera function � ~ h�� È h , where
` $ � M � Q suchthat O'{ _ h�� ~� � { � $5- Y haszeroLebesguemeasure.

a) Prove that � cannotbeidenticallyzeroon
} KM .

b) Usethe result in a) to show the uniquenessof the canonicalform for
theclassof informationexpressionsof theform » � { � where» is apoly-
nomial.

(Yeung[216].)

5. Prove thatundertheconstraint
Ë {�$(- , if neither

� �
nor

Ù �
is in therow

spaceof
Ë

, theidentities
� � {!$%- and

Ù � {!$5- areequivalentif andonly
if (12.61)hasa uniquesolution.

HISTORICAL NOTES
The uniquenessof the canonicalform for linear informationexpressions

wasfirst provedby Han[86]. Thesameresultwasindependentlyobtainedin
the book by Csiszø� r andK �� rner [52]. The geometricalframework for infor-
mationinequalitiesis dueto Yeung[216]. Thecharacterizationof equivalent
constrainedinequalitiesin Section12.4is previouslyunpublished.
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Chapter13

SHANNON-TYPE INEQUALITIES

Thebasicinequalitiesform themostimportantsetof informationinequali-
ties. In fact,almostall theinformationinequalitiesknown to dateareimplied
by thebasicinequalities.ThesearecalledShannon-typeinequalities. In this
chapter, we show thatverificationof Shannon-typeinequalitiescanbeformu-
latedasa linearprogrammingproblem,thusenablingmachine-proving of all
suchinequalities.

13.1 THE ELEMENT AL INEQUALITIES
Considertheconditionalmutualinformation�������
	G�1���������<�����������

(13.1)

in which therandomvariables
�

and
�

appearmorethanonce. It is readily
seenthat

�������
	G�1���������<���������
canbewrittenas���������������:
7���;	|���<� �������������

(13.2)

wherein both
�6���7������� �

and
���;	G���<� �*������� �

, eachrandomvariableappears
only once.

A Shannon’s informationmeasureis said to be reducibleif thereexists a
randomvariablewhich appearsmorethanoncein the informationmeasure,
otherwisethe informationmeasureis saidto be irreducible. Without lossof
generality, wewill considerirreducibleShannon’s informationmeasuresonly,
becausea reducibleShannon’s informationmeasurecanalwaysbewritten as
thesumof irreducibleShannon’s informationmeasures.

Thenonnegativity of all Shannon’s informationmeasuresform a setof in-
equalitiescalledthebasicinequalities.Thesetof basicinequalities,however,
is not minimal in the sensethat somebasicinequalitiesare implied by the
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others.For example, ������� 	��  #- (13.3)

and �����3�
	��  +- � (13.4)

whicharebothbasicinequalitiesinvolving randomvariables
�

and
	

, imply�6����� $ ������� 	��D
��������
	��  +- � (13.5)

whichagainis abasicinequalityinvolving
�

and
	

.
Let
N M $PORQ �S�T�VUVUVUW�1XFY , where

X  � . Unlessotherwisespecified,all infor-
mationexpressionsin this chapterinvolve someor all of therandomvariables� c �1� f �VUVUVUe�1� M . The valueof

X
will be specifiedwhennecessary. Through

applicationof theidentities�6����� $ ������� 	���
��������
	��
(13.6)�6���*�
	�� $ �����9�:
7�6�;	E� �9�
(13.7)�������
	?���H� $ �����3�
	��D
������3���A� 	<�
(13.8)�6���7����� $ ������� 	?���H��
������3�
	����H�
(13.9)�������
	������ $ �����������:
����;	E� �������

(13.10)�����3�
	8���A� ��� $ �����3�
	�� ���D
����������A� 	8��� ���
(13.11)

any Shannon’s informationmeasurecanbeexpressedasthesumof Shannon’s
informationmeasuresof thefollowing two elementalforms:

i)
�����<\S� � o?q�� � \ � ���1^8_ N M

ii)
����� \ �1���z� ��� �

, wherê
­$! and þ Ã N M � O ^
�  Y .

This will beillustratedin thenext example.It is not difficult to checkthatthe
total numberof the two elementalforms of Shannon’s informationmeasures
for
X

randomvariablesis equalto" $ X|
$# X �!% � M � f & (13.12)

Theproofof (13.12)is left asanexercise.é�ê� =��ë�¸z�7¡RºD£t¡
Wecanexpand

����� c �1� f �
into a sumof elementalformsof

Shannon’s informationmeasuresfor
X $%a byapplyingtheidentitiesin (13.6)

to (13.11)asfollows:�6���dce�1��fÆ�
$ ����� c �D
��6��� f � � c �

(13.13)
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Shannon-TypeInequalities 281$ ����� c � � f �1� g �D
������ c �1� f �1� g �D
7�6��� f � � c �1� g �
�������f��1��gR� �dc �
(13.14)$ ����� c � � f �1� g �D
������ c �1� f �D
7����� c �1� g � � f �
������ f � � c �1� g �D
������ f �1� g � � c � & (13.15)

The nonnegativity of the two elementalforms of Shannon’s information
measuresform a propersubsetof the setof basicinequalities. We call the" inequalitiesin this smallersetthe elementalinequalities. They areequiv-
alent to the basicinequalitiesbecauseeachbasicinequalitywhich is not an
elementalinequalitycanbeobtainedasthesumof a setof elementalinequal-
ities in view of (13.6)to (13.11).This will be illustratedin thenext example.
Theproof for theminimality of thesetof elementalinequalitiesis deferredto
Section13.6.é�ê� =��ë�¸z�7¡RºD£«¢

In thelastexample, weexpressed
����� c �1� f �

as����� c � � f �1� g ��
������ c �1� f �D
7����� c �1� g � � f �
������ f � � c �1� g �D
������ f �1� g � � c � & (13.16)

All the five Shannon’s informationmeasures in the above expressionare in
elementalformfor

X $¯a . Thenthebasicinequality�����dce�1��f'�  +- (13.17)

canbeobtainedasthesumof thefollowingelementalinequalities:�����dcW� ��f��1��gÆ�  - (13.18)����� c �1� f �  - (13.19)����� c �1� g � � f �  - (13.20)����� f � � c �1� g �  - (13.21)����� f �1� g � � c �  -4& (13.22)

13.2 A LINEAR PROGRAMMING APPROACH
Recallfrom Section12.2thatany informationexpressioncanbeexpressed

uniquelyin canonicalform, i.e., a linearcombinationof the
` $ � M � Q joint

entropiesinvolving someor all of the randomvariables
� c �1� f �VUVUVUÆ�1� M . If

theelementalinequalitiesareexpressedin canonicalform, they becomelinear
inequalitiesin theentropy spacev M . Denotethis setof inequalitiesby &d{6 - , where & is an " ��`

matrix,anddefine} M $(O'{ ~ &E{� +- Y & (13.23)
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Wefirst show that
} M is apyramidin thenonnegative orthantof theentropy

spacev M . Evidently,
} M containstheorigin. Let

à �ý� Q ,' �, ` , bethecolumn`
-vectorwhose th componentis equalto 1 andall theothercomponentsare

equalto 0. Thentheinequality à �� {� #- (13.24)

correspondsto thenonnegativity of a joint entropy, whichis abasicinequality.
Sincethesetof elementalinequalitiesis equivalentto thesetof basicinequal-
ities, if { _ } M , i.e., { satisfiesall the elementalinequalities,then { also
satisfiesthebasicinequalityin (13.24).In otherwords,} M Ã O'{ ~ à �� {� +- Y (13.25)

for all Q�,( 6, ` . This implies that
} M is in the nonnegative orthantof the

entropy space.Since
} M containsthe origin andtheconstraints&E{( ®- are

linear, weconcludethat
} M is apyramidin thenonnegative orthantof v M .

Sincetheelementalinequalitiesaresatisfiedby theentropy functionof anyX
randomvariables

� c �1� f �VUVUVUÆ�1� M , for any { in
} KM , { is alsoin

} M , i.e.,} KM Ã } M & (13.26)

Therefore,for any unconstrainedinequality �! #- , if} M Ã O'{ ~ � � { �  +- YZ� (13.27)

then } KM|Ã O'{ ~ � � { �  +- YZ� (13.28)

i.e., �7 ¼- alwaysholds. In otherwords,(13.27)is a sufficient conditionfor�Ø ª- to alwayshold. Moreover, an inequality �Ø ¾- suchthat (13.27)is
satisfiedis implied by the basicinequalities,becauseif { satisfiesthe basic
inequalities,i.e., { _ } M , then { satisfies� � { �  #- .

For constrainedinequalities,following our discussionin Section12.3,we
imposetheconstraint Ë {9$5- (13.29)

andlet Ì $PO'{ ~ Ë {!$5- Y & (13.30)

For aninequality �! +- , if� } M Í Ì � Ã O'{ ~ � � { �  #- YZ� (13.31)

thenby (13.26), � } KM Í Ì � Ã O'{ ~ � � { �  #- YZ� (13.32)
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n
b
  
h
    
0


Figure13.1. ) q is containedin * Ö,+ Õ ¶�Ö Á|Â�- .
i.e., �# Ä- alwaysholdsundertheconstraint

Ì
. In otherwords,(13.31)is a

sufficientconditionfor �! +- to alwaysholdundertheconstraint
Ì

. Moreover,
an inequality �® ð- underthe constraint

Ì
suchthat (13.31) is satisfiedis

impliedby thebasicinequalitiesandtheconstraint
Ì

, becauseif { _ Ì and {
satisfiesthebasicinequalities,i.e., { _ } M Í Ì , then { satisfies� � { �  #- .
13.2.1 UNCONSTRAINED INEQUALITIES

To checkwhetheranunconstrainedinequality
� � {7 (- is a Shannon-type

inequality, we needto checkwhether
} M is a subsetof O'{ ~ � � {% Ø- Y . The

following theoreminducesacomputationalprocedurefor thispurpose.¥§¦��n¨�©D���ª¡RºD£«º � � {ª ³- is a Shannon-typeinequality if and only if the
minimumof theproblem

Minimize
� � { , subjectto &E{� #- (13.33)

is zero. In thiscase, theminimumoccurs at theorigin.

Remark Theideaof thistheoremis illustratedin Figure13.1andFigure13.2.
In Figure13.1,

} M is containedin O'{ ~ � � {Ä ª- Y . The minimum of
� � {

subjectto
} M occursat theorigin with theminimumequalto 0. In Figure13.2,} M is notcontainedin O'{ ~ � � {3 +- Y . Theminimumof

� � { subjectto
} M is�/.

. A formalproofof thetheoremis givennext.

Proofof Theorem13.3 Wehaveto provethat
} M isasubsetof O'{ ~ � � {� +- Y

if andonly if theminimumof theproblemin (13.33)is zero.Firstof all, since- _ } M and
� � -|$Ä- for any

�
, theminimumof theproblemin (13.33)is at

most0. Assume
} M is a subsetof O'{ ~ � � {  ¬- Y andthe minimum of the
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n
0
b

1

  
h

2

    
0


Figure13.2. ) q is notcontainedin * Ö3+ Õ ¶nÖ Á|Â4- .
problemin (13.33)is negative. Thenthereexistsan { _ } M suchthat� � { Å - � (13.34)

which implies } M ­Ã O'{ ~ � � {� +- YZ� (13.35)

which is a contradiction.Therefore,if
} M is a subsetof O'{ ~ � � {7 ¯- Y , then

theminimumof theproblemin (13.33)is zero.
To prove the converse,assume

} M is not a subsetof O'{ ~ � � {  ²- Y , i.e.
(13.35)is true.Thenthereexistsan { _ } M suchthat�=� { Å -4& (13.36)

This impliesthat theminimumof theproblemin (13.33)is negative, i.e., it is
notequalto zero.

Finally, if the minimum of the problemin (13.33) is zero, sincethe
} M

containstheorigin and
� � -§$5- , theminimumoccursat theorigin.

By virtue of this theorem,to checkwhether
� � {¯ ¼- is anunconstrained

Shannon-typeinequality, all we needto do is to apply the optimality testof
thesimplex method[56] to checkwhetherthepoint {5$²- is optimal for the
minimizationproblemin (13.33). If {($ª- is optimal, then

� � {¼ ñ- is an
unconstrainedShannon-typeinequality, otherwiseit is not.

13.2.2 CONSTRAINED INEQUALITIES AND
IDENTITIES

Tocheckwhetheraninequality
� � {� #- undertheconstraint

Ì
isaShannon-

typeinequality, weneedto checkwhether
} M Í Ì is asubsetof O'{ ~ � � {3 +- Y .
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Shannon-TypeInequalities 285¥§¦��n¨�©D���ª¡RºD£âá � � {� #- is a Shannon-typeinequalityundertheconstraintÌ
if andonly if theminimumof theproblem

Minimize
� � { , subjectto &d{3 +- and

Ë {9$5- (13.37)

is zero. In thiscase, theminimumoccurs at theorigin.

Theproof of this theoremis similar to thatfor Theorem13.3,soit is omit-
ted. By taking advantageof the linear structureof the constraint

Ì
, we can

reformulatetheminimizationproblemin (13.37)asfollows. Let Ü betherank
of
Ë

. Since{ is in thenull spaceof
Ë

, wecanwrite{�$ ÝË {�ß � (13.38)

where ÝË is a
`E� � ` � Ü � matrix suchthattherows of ÝË � form a basisof the

orthogonalcomplementof the row spaceof
Ë

, and { ß is a column
� ` � Ü � -

vector. Thentheelementalinequalitiescanbeexpressedas& ÝË {:ßx +- � (13.39)

andin termsof { ß , } M becomes} ßM $PO'{�ß ~ &¼ÝË {:ßx +- YZ� (13.40)

which is a pyramid in h � �65 (but not necessarilyin the nonnegative orthant).
Likewise,

� � { canbeexpressedas
� � ÝË { ß .

With all the informationexpressionsin termsof { ß , theproblemin (13.37)
becomes

Minimize
� � ÝË { ß , subjectto &ØÝË { ß  +- . (13.41)

Therefore,to checkwhether
� � {7 %- is a Shannon-typeinequalityunderthe

constraint
Ì

, all we needto do is to apply the optimality testof the simplex
methodtocheckwhetherthepoint { ß $5- isoptimalfor theproblemin (13.41).
If { ß $Û- is optimal, then

� � {Ø °- is a Shannon-typeinequalityunderthe
constraint

Ì
, otherwiseit is not.

By imposingtheconstraint
Ì

, thenumberof elementalinequalitiesremains
thesame,while thedimensionof theproblemdecreasesfrom

`
to
` � Ü .

Finally, to verify that
� � {¯$ñ- is a Shannon-typeidentity underthe con-

straint
Ì

, i.e.,
� � {3$P- is implied by thebasicinequalities,all we needto do

is to verify that both
� � {¼ ²- and

� � {Ø,¬- areShannon-typeinequalities
undertheconstraint

Ì
.

13.3 A DUALITY
A nonnegative linear combinationis a linear combinationwhosecoeffi-

cientsare all nonnegative. It is clear that a nonnegative linear combination
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of basicinequalitiesis a Shannon-typeinequality. However, it is notclearthat
all Shannon-typeinequalitiesareof thisform. By applyingthedualitytheorem
in linearprogramming[182], wewill seethatthis is in factthecase.

Thedualof theprimal linearprogrammingproblemin (13.33)is

Maximize 7 � U - subjectto 7� +- and 7 � &ª, � � , (13.42)

where 7�$ > 0 c UVUVU²098 B � & (13.43)

By theduality theorem,if theminimumof theprimal problemis zero,which
happenswhen

� � {b ½- is a Shannon-typeinequality, the maximumof the
dualproblemis alsozero.Sincethecostfunctionin thedualproblemis zero,
themaximumof thedualproblemis zeroif andonly if thefeasibleregion¤ $PO:7 ~ 73 +- and 7 � &½, � � Y (13.44)

is nonempty.¥§¦��n¨�©D���ª¡RºD£«ã � � {+ (- is a Shannon-typeinequalityif andonly if
� � $; � & for some;  +- , where ; is a column" -vector, i.e.,

� �
is a nonnegative

linear combinationof therowsof G.

Proof We have to prove that
¤

is nonemptyif andonly if
� � $ ; � & for

some;  +- . Thefeasibleregion
¤

is nonemptyif andonly if� �  =< � & (13.45)

for some<� #- , where< is acolumn " -vector. Considerany < whichsatisfies
(13.45),andlet > � $ � � � < � &¾ +-4& (13.46)

Denoteby
à �

thecolumn
`
-vectorwhose th componentis equalto 1 andall

theothercomponentsareequalto 0, Q ,? d, ` . Then
à �� { is a joint entropy.

Sinceevery joint entropy canbeexpressedasthe sumof elementalforms of
Shannon’s informationmeasures,

à ��
canbeexpressedasanonnegative linear

combinationof therows of G. Write> $ >A@ýcB@'f UVUVU @ � B � � (13.47)

where
@��  #- for all Q�,C �, ` . Then> � $ �D� µ c @�� à �� (13.48)

canalsobeexpressedasa nonnegative linearcombinationsof therows of G,
i.e., > � $FE � & (13.49)
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for someEª +- . From(13.46),weseethat� � $ � E � 
 < � � &Û$ ; � & � (13.50)

where;  +- . Theproof is accomplished.

Fromthis theorem,we seethatall Shannon-typeinequalitiesareactuallytriv-
ially impliedby thebasicinequalities!However, theverificationof aShannon-
typeinequalityrequiresacomputationalprocedureasdescribedin thelastsec-
tion.

13.4 MACHINE PROVING – ITIP
Theorems13.3and13.4transformtheproblemof verifying aShannon-type

inequalityinto a linearprogrammingproblem.This enablesmachine-proving
of all Shannon-typeinequalities.A softwarepackagecalledITIP1, which runs
on MATLAB, hasbeendevelopedfor this purpose.Both thePCversionand
theUnix versionof ITIP areincludedin thisbook.

Using ITIP is very simpleandintuitive. Thefollowing examplesillustrate
theuseof ITIP:

1. >> ITIP(’H(XYZ) <= H(X) + H(Y) + H(Z)’)
True

2. >> ITIP(’I(X;Z) = 0’,’I(X;Z|Y) = 0’,’I(X;Y) = 0’)
True

3. >> ITIP(’I(Z;U) - I(Z;U|X) - I(Z;U|Y) <=
0.5 I(X;Y) + 0.25 I(X;ZU) + 0.25 I(Y;ZU)’)

Not provable by ITIP

In thefirst example,weproveanunconstrainedinequality. In thesecondexam-
ple,we prove that

�
and

�
areindependentif

� È 	 È �
formsa Markov

chainand
�

and
	

are independent.The first identity is what we want to
prove, while the secondand the third expressionsspecify the Markov chain� È 	 È �

andthe independency of
�

and
	

, respectively. In the third
example,ITIP returnstheclause“Not provableby ITIP,” whichmeansthatthe
inequalityis notaShannon-typeinequality. This,however, doesnotmeanthat
the inequalityto beprovedcannotalwayshold. In fact, this inequalityis one
of the few known non-Shannon-typeinequalitieswhich will be discussedin
Chapter14.

We notethatmostof the resultswe have previously obtainedby usingin-
formationdiagramscan alsobe proved by ITIP. However, the advantageof

1ITIP standsfor Information-Theoretic InequalityProver.
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Figure13.3. Theinformationdiagramfor I , J , K , and L in Example13.6.

usinginformationdiagramsis thatonecanvisualizethestructureof theprob-
lem. Therefore,the useof informationdiagramsand ITIP very often com-
plementeachother. In therestof thesection,we give a few exampleswhich
demonstratetheuseof ITIP. Thefeaturesof ITIP aredescribedin detailsin the
readme file.é�ê� =��ë�¸z�7¡RºD£«ì

By Proposition2.10, the long Markov chain
� È 	 È� È �

impliesthe two shortMarkov chains
� È 	 È �

and
	 È � È�

. We want to seewhetherthe two shortMarkov chainsalso imply the long
Markov chain. If so,they are equivalentto each other.

UsingITIP, wehave

>> ITIP(’X/Y/Z/T’, ’X/Y/Z’, ’Y/Z/T’)
Not provable by ITIP

In theabove, wehaveuseda macro in ITIP to specifythethreeMarkov chains.
TheaboveresultfromITIP saysthat thelong Markov chain cannotbeproved
from the two short Markov chainsby meansof the basic inequalities. This
strongly suggeststhat the two short Markov chains is weaker than the long
Markov chain. However, in order to prove that this is in fact the case, we
needan explicit constructionof a joint distribution for

�
,
	

,
�

, and
�

which
satisfiesthetwo shortMarkov chainsbut not the long Markov chain. Toward
this end,we resort to the informationdiagram in Figure 13.3. TheMarkov
chain

� È 	 È �
is equivalentto

�����3���I� 	�� $%- , i.e.,� K � Ý� Í Ý	NM Í Ý� Í Ý���D
 � K � Ý� Í Ý	NM Í Ý� Í Ý�OM
� $5-4& (13.51)

Similarly, theMarkov chain
	 È � È �

is equivalentto�:K � Ý� Í Ý	 Í Ý� M Í Ý���D
 �:K � Ý� M Í Ý	 Í Ý� M Í Ý��� $5-4& (13.52)
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Figure 13.4. The atomsof PRQ on which SUT vanisheswhen IWVXJYVZK[V\L forms a
Markov chain.

The four atomsinvolvedin the constraints (13.51)and (13.52)are marked
by a dagger in Figure 13.3. In Section6.5, we haveseenthat the Markov
chain

� È 	 È � È �
holds if and only if � K takes zero valueon the

setof atomsin Figure 13.4which are marked with an asterisk2. Comparing
Figure 13.3andFigure 13.4,weseethat theonlyatommarkedin Figure 13.4
but not in Figure 13.3 is Ý� Í Ý	 M Í Ý� M Í Ý� . Thusif we can constructa � K
such that it takeszero valueonall atomsexceptfor Ý� Í Ý	 M Í Ý� M Í Ý� , thenthe
correspondingjoint distribution satisfiesthetwo shortMarkov chainsbut not
thelongMarkov chain. Thiswouldshowthat thetwoshortMarkov chainsare
in fact weaker than the long Markov chain. Following Theorem6.11,such a� K canbeconstructed.

In fact,therequiredjoint distributioncanbeobtainedbysimplyletting
� $� $ � , where

�
is anyrandomvariablesuch that

�6����� è(- , andletting
	

and
�

bedegenerate randomvariablestakingconstantvalues.Thenit is easy
to seethat

� È 	 È �
and

	 È � È �
hold, while

� È 	 È � È �
doesnothold.é�ê� =��ë�¸z�7¡RºD£^]

Thedataprocessingtheoremsaysthat if
� È 	 È � È �

formsa Markov chain, then ���;	|�����  ����������� & (13.53)

We want to seewhetherthis inequalityholdsundertheweaker conditionthat� È 	 È �
and

	 È � È �
formtwoshortMarkov chains.ByusingITIP,

wecanshowthat (13.53)is not a Shannon-typeinequalityundertheMarkov

2This informationdiagramis essentiallya reproductionof Figure6.8.
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conditions ���������A� 	�� $5- (13.54)

and ���;	|���<���H� $%-4& (13.55)

Thisstronglysuggeststhat (13.53)doesnot alwayshold undertheconstraint
of thetwo shortMarkov chains.However, this hasto beprovedby an explicit
constructionof a joint distribution for

�
,
	

,
�

, and
�

which satisfies(13.54)
and (13.55)but not (13.53). Theconstructionat the endof the last example
servesthispurpose.é�ê� =��ë�¸z�7¡RºD£`_badcx�fe�©D�UgFcD¦x �©ihkjRlnm�¡o]2¢qp�r

Considerthefollowing secret
sharingproblem.Let s bea secret to beencodedinto threepieces,

�
,
	

, and�
. Theschemehasto satisfythefollowing twosecret sharingrequirements:

1. s canberecoveredfromanytwoof thethreeencodedpieces.

2. No informationabout s canbeobtainedfromanyoneof thethreeencoded
pieces.

Thefirst requirementis equivalentto theconstraints�6� s � ���
	�� $ ��� s � 	?���H� $ �6� s � �*����� $5- � (13.56)

while thesecondrequirementis equivalentto theconstraints��� s �1�9� $ ��� s �
	<� $ ��� s ����� $5-4& (13.57)

Sincethesecret s canberecoveredif all
�

,
	

, and
�

are known,�6�����:
����;	A�:
6�6�@���  ��� s � & (13.58)

Weare naturally interestedin themaximumconstant" which satisfies�6������
����;	A�:
��6�@���  +" ��� s � & (13.59)

We canexplore thepossiblevaluesof " by ITIP. After a few trials, wefind
that ITIP returnsa “True” for all "�,#a , andreturnstheclause“Not provable
byITIP” for any " slightly larger than3, say3.0001.Thismeansthat themax-
imumvalueof " is lowerboundedby3. Thislowerboundis in fact tight, aswe
canseefromthefollowingconstruction.Let s and t bemutuallyindependent
ternaryrandomvariablesuniformlydistributedon OÆ- � Q �S�zY , anddefine� $ t (13.60)	 $ s 
 tvu �qw a � (13.61)
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and � $ s 
7� txu �qw aT& (13.62)

Thenit is easyto verify thats $ 	P��� u �qw a (13.63)$ ��	 �6� u �qw a (13.64)$ �+�3�W� u �qw aT& (13.65)

Thusthe requirementsin (13.56)are satisfied.It is also readily verifiedthat
therequirementsin (13.57)aresatisfied.Finally, all s �1�*�
	 , and

�
distribute

uniformlyon OÆ- � Q �S�zY . Therefore,�����9��
7�6�;	<��
����@��� $%a �6� s � & (13.66)

Thisprovesthat themaximumconstant" which satisfies(13.59)is 3.
Usingtheapproach in thisexample, almostall information-theoreticbounds

reportedin the literature for this classof problemscan be obtainedwhena
definitenumberof randomvariablesare involved.

13.5 TACKLING THE IMPLICA TION PROBLEM
We have alreadymentionedin Section12.5thattheimplicationproblemof

conditionalindependenceis extremelydifficult exceptfor thespecialcasethat
only full conditionalmutualindependenciesareinvolved. In this section,we
employ thetoolswehave developedin thischapterto tacklethisproblem.

In Bayesiannetwork (see[151]), the following four axiomsareoftenused
for proving implicationsof conditionalindependencies:

Symmetry: � òÎ	d���zy 	ØòÎ�7���
(13.67)

Decomposition:� ò¼�;	?�����V���|{ ��� ò5	E���H�~} ���)ò=�<���H�
(13.68)

WeakUnion: �)òÄ�;	8�����V����{ �)ò5	E�������
(13.69)
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Contraction:���)ò5	E�����R} ��� ò=�A� 	?���H��{ �)òÄ�;	8�����V��� & (13.70)

Theseaxiomsform a systemcalledsemi-graphoidandwerefirst proposedby
Dawid [58] asheuristicpropertiesof conditionalindependence.

Theaxiomof symmetryis trivial in thecontext of probability3. Theother
threeaxiomscanbesummarizedby�)ò¼�;	?�����V���zy ��� ò5	E�����R}Ø��� ò=�A� 	?���H� & (13.71)

Thiscaneasilybeprovedasfollows. Considertheidentity�������
	?���A����� $ �������
	������D
������3���A� 	?���H� & (13.72)

Sinceconditionalmutual informationsare always nonnegative by the basic
inequalities,if

�������
	?���A�����
vanishes,

�������
	������
and

���������A� 	?�����
alsovan-

ish, andvice versa.This proves(13.71). In otherwords,(13.71)is theresult
of a specificapplicationof thebasicinequalities.Therefore,any implication
whichcanbeprovedby invokingthesefour axiomscanalsobeprovedby ITIP.

In fact, ITIP is considerablymore powerful than the above four axioms.
Thiswill beshown in thenext examplein whichwegiveanimplicationwhich
canbeprovedby ITIP but notby thesefour axioms4. Wewill seesomeimpli-
cationswhich cannotbe proved by ITIP whenwe discussnon-Shannon-type
inequalitiesin thenext chapter.é�ê� =��ë�¸z�7¡RºD£`�

Wewill showthat�������
	������ $5-�����3���A����� $5-�����3���A� 	�� $5-���������A� 	�� $5-�����3���A� ��� $5-
� ����������
{ �������
	�� ��� $5- (13.73)

canbeprovedby invokingthebasicinequalities.First,wewrite�����3�
	E����� $ �������
	�����������
��������
	d���A����� & (13.74)

Since
�������
	������ $5- and

�����3�
	E���������  #- , welet�����3�
	E��������� $ÎÚ (13.75)

3Thesefour axiomscanbeusedbeyondthecontext of probability.
4Thisexampleis dueto ZhenZhang,privatecommunication.
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Figure13.5. Theinformationdiagramfor I , J , K , and L .

for somenonnegativerealnumberÚ , sothat�������
	G���A����� $ � Ú (13.76)

from (13.74). In the informationdiagram in Figure 13.5,we mark the atom�������
	����������
bya “+” andtheatom

�������
	d���<���H�
bya “

�
.” Thenwewrite���������<���H� $ �����3�
	|���<���H�:
������3���A� 	8����� & (13.77)

Since
���������A����� $5- and

�������
	G���A����� $ � Ú , weget���������A� 	?����� $5Ú�& (13.78)

In theinformationdiagram,wemarktheatom
���������A� 	?�����

with a “+. ” Con-
tinue in this fashion,the five CI’s on the left handsideof (13.73)imply that
all theatomsmarkedwith a “+” in theinformationdiagramtake thevalue Ú ,
while all theatomsmarkedwith a “

�
” take thevalue

� Ú . Fromtheinforma-
tion diagram,weseethat�����3�
	�� ��� $ �����3�
	d���A� ���D
������3�
	���������� $ �k� Ú �D
 Ú�$5- � (13.79)

which provesour claim. Sincewebaseour proofonthebasicinequalities,this
implicationcanalsobeprovedby ITIP.

Due to the form of the five given CI’s in (13.73),noneof the axiomsin
(13.68)to (13.70)can be applied. Thuswe concludethat the implication in
(13.73)cannotbeprovedby thefour axiomsin (13.67)to (13.70).

13.6 MINIMALITY OF THE ELEMENT AL
INEQUALITIES

Wehave alreadyseenin Section13.1thatthesetof basicinequalitiesis not
minimalin thesensethatin theset,someinequalitiesareimpliedby theothers.
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We thenshowed that the setof basicinequalitiesis equivalentto the smaller
setof elementalinequalities.Again, we canaskwhetherthesetof elemental
inequalitiesis minimal.

In this section,we prove that the setof elementalinequalitiesis minimal.
This result is importantfor efficient implementationof ITIP becauseit says
that we cannotconsidera smallersetof inequalities.The proof, however, is
rathertechnical.The readermayskip this proof without missingtheessence
of thischapter.

Theelementalinequalitiesin set-theoreticnotationshave oneof thefollow-
ing two forms:

1. � � Ý�<\x� Ý� orq�� � \ � �  #- �
2. � � Ý�<\ Í Ý� � � Ý� � �  +- , ^ ­$! and þ Ã N M � O ^
�  Y ,
where � denotesa set-additive functiondefinedon � M . They will bereferred
to as i -inequalitiesand ö -inequalities,respectively.

We are to show that all the elementalinequalitiesare nonredundant,i.e.,
noneof themis impliedby theothers.For an i -inequality� � Ý�<\x� Ý� o q � � \ � �  #- � (13.80)

sinceit is theonlyelementalinequalitywhichinvolvestheatom Ý�<\S� Ý� orq9� � \ � ,
it is clearly not implied by the other elementalinequalities. Thereforewe
only needto show thatall ö -inequalitiesarenonredundant.To show thata ö -
inequalityis nonredundant,it sufficesto show thatthereexistsameasure�� on� M whichsatisfiesall otherelementalinequalitiesexceptfor that ö -inequality.

Wewill show thatthe ö -inequality� � Ý�<\ Í Ý� � � Ý� � �  +- (13.81)

is nonredundant.To facilitateour discussion,we denote
N M � þ � O ^
�  Y by� ��^
�  � þ � , andwelet

� \ ��� � � s ��� s Ã � ��^S�  � þ � betheatomsin Ý�<\ Í Ý� � � Ý� � ,
where � \ ��� � � s � $ Ý�<\ Í Ý� � Í Ý��� Í Ý� M� Í Ý� M�6� \ � � � � � � � & (13.82)

Wefirst considerthecasewhen
� ��^
�  � þ � $ s , i.e., þ³$ N M � O ^
�  Y . We

constructameasure�� by�� ��� � $b� � Q if
� $ïÝ�<\ Í Ý� � � Ý� �Q otherwise,

(13.83)

where
�¼_��

. In otherwords, Ý�<\ Í Ý� � � Ý� � is theonly atomwith measure� Q ; all otheratomshave measure1. Then �� � Ý�<\ Í Ý� � � Ý� � ��Å - is trivially
true. It is alsotrivial to checkthatfor any

^ ß _ N M ,�� � Ý� \�� � Ý� o?q�� � \ � � � $ØQ� #- � (13.84)
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andfor any
��^ ß �  ß � þ ß � ­$ ��^
�  � þ � suchthat

^ ß ­$! ß and þ ß Ã N M � O ^ ß �  ß Y ,�� � Ý� \�� Í Ý� � � � Ý� � � � $ØQ  +- (13.85)

if þ ß $ N M � O ^ ß �  ß Y . On theotherhand,if þ ß is a propersubsetof
N M �O ^ ß �  ß Y , then Ý� \ � Í Ý� � � � Ý� � � containsat leasttwo atoms,andtherefore�� � Ý� \�� Í Ý� � � � Ý� � � �  +-4& (13.86)

This completesthe proof for the ö -inequality in (13.81)to be nonredundant
when

� ��^
�  � þ � $�� .
We now considerthe casewhen

� ��^
�  � þ � ­$W� , or
� � ��^
�  � þ �V�  ½Q . We

constructameasure�� asfollows. For theatomsin Ý�<\ Í Ý� � � Ý� � , let�� ��� \ ��� � � s �1� $b� �k� Q � � � � � Q s�$ � ��^
�  � þ ��k� Q � � � � s ­$ � ��^
�  � þ � & (13.87)

For
� \ ��� � � s � , if

� s � is odd,it is referredto asanoddatomof Ý�<\ Í Ý� � � Ý� � ,
andif

� s � is even,it is referredto asanevenatomof Ý�<\ Í Ý� � � Ý� � . For any
atom

���_ Ý� \ Í Ý����� Ý��� , we let �� ����� $ØQ�& (13.88)

Thiscompletestheconstructionof �� .
Wefirst prove that �� � Ý�<\ Í Ý� � � Ý� � �rÅ -4& (13.89)

Consider�� � Ý�<\ Í Ý� � � Ý� � � $ D��� �6� \ � � � � � �� ��� \ ��� � � s �1�$ �� � �6� \ � � � � � �D5 µ � # � � ��^
�  � þ �V�Ü % �k� Q � 5��� � Q$ � Q �
wherethelastequalityfollows from thebinomialformulaMD5 µ � #

X Ü % �k� Q � 5 $5- (13.90)

for
X  (Q . Thisproves(13.89).

Next we prove that �� satisfiesall i -inequalities.We notethat for any
^ ß _N M , theatom Ý� \�� � Ý� o q � � \ � � is not in Ý�<\ Í Ý� � � Ý� � . Thus�� � Ý� \�� � Ý� o?q�� � \ � � $ØQ  +-4& (13.91)
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It remainsto prove that �� satisfiesall ö -inequalitiesexceptfor (13.81),i.e.,
for any

��^ ß �  ß � þ ß � ­$ ��^
�  � þ � suchthat
^ ß ­$! ß and þ ß Ã N M � O ^ ß �  ß Y ,�� � Ý� \�� Í Ý� � � � Ý� � � �  +-4& (13.92)

Consider �� � Ý� \�� Í Ý� � � � Ý� � � �$ �� �1� Ý� \�� Í Ý� � � � Ý� � � � Í � Ý�<\ Í Ý� � � Ý� � �1�
 �� �1� Ý� \�� Í Ý� � � � Ý� � � ���#� Ý�<\ Í Ý� � � Ý� � �1� & (13.93)

Thenonnegativity of thesecondtermabove follows from (13.88).For thefirst
term, � Ý� \�� Í Ý� � � � Ý� � � � Í � Ý�<\ Í Ý� � � Ý� � � (13.94)

is nonemptyif andonly ifO ^ ß �  Zß Y Í þ $�� and O ^
�  Y Í þ!ß�$���& (13.95)

If thisconditionis not satisfied,thenthefirst termin (13.93)becomes�� � � � $- , and(13.92)follows immediately.
Let us assumethat the condition in (13.95) is satisfied. Then by simple

counting,weseethatthenumberatomsin� Ý� \�� Í Ý� � � � Ý� � � � Í � Ý�<\ Í Ý� � � Ý� � � (13.96)

is equalto
�9�

, where  $ XE�#� O ^S�  Y¢¡ O ^ ß �  ß Y£¡ þ ¡ þ ß � & (13.97)

For example,for
X $�¤ , thereare ¥I$ � f atomsin� Ý� c Í Ý� f � Í � Ý� c Í Ý� g � Ý�<ÉÆ��� (13.98)

namely Ý� c Í Ý� f Í Ý� g Í Ý� MÉ Í 	§¦ Í 	§¨ , where
	�\ $ Ý�<\ or Ý� M\ for

^ $[© � ¤ . We
checkthat

  $[¤ �Î� ORQ �S�zY¢¡ ORQ � a Yª¡ � ¡ O:¥ YT� $ � & (13.99)

Wefirst considerthecasewhen

  $5- , i.e.,N M $PO ^
�  Yª¡ O ^ ß �  ß Y«¡ þ ¡ þ ß & (13.100)

Then � Ý� \�� Í Ý� � � � Ý� � � � Í � Ý�<\ Í Ý� � � Ý� � � (13.101)

containsexactly oneatom. If this atomis an even atomof Ý� \ Í Ý���§� Ý��� ,
thenthefirst termin (13.93)is either0 or 1 (cf., (13.87)),and(13.92)follows
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immediately. If thisatomis anoddatomof ¬­,®�¯ ¬­ ��° ¬­ � , thenthefirst termin
(13.93)is equalto

°�±
. Thishappensif andonly if ²:³µ´·¶�¸ and ²:³�¹�´·¶9¹k¸ have one

commonelement,whichimpliesthat º»¬­ ®�¼ ¯ ¬­�½ ¼ ° ¬­�¾ ¼k¿ ° º»¬­,®
¯ ¬­ ½ ° ¬­ ¾ ¿ is
nonempty. Thereforethesecondtermin (13.93)is at least1,andhence(13.92)
follows.

Finally, we considerthecasewhen ÀÂÁ ±
. Usingthebinomial formula in

(13.90),weseethatthenumberof oddatomsandevenatomsof ¬­,®4¯ ¬­ ½ ° ¬­ ¾
in º ¬­ ® ¼�¯ ¬­�½µ¼ ° ¬­�¾«¼ ¿ ¯ º ¬­,®Ã¯ ¬­ ½ ° ¬­ ¾ ¿ (13.102)

arethesame.Thereforethefirst termin (13.93)is equalto
°�±

ifÄ ® ½�Å ¾ º�Æ/ºk³µ´·¶9´µÇ ¿È¿ÊÉ ¬­ ® ¼U¯ ¬­�½d¼ ° ¬­�¾«¼ ´ (13.103)

andis equalto 0 otherwise.Theformer is trueif andonly if Ç ¹»Ë Ç , which
impliesthat º ¬­ ® ¼Ã¯ ¬­�½d¼ ° ¬­�¾«¼ ¿ ° º ¬­,®�¯ ¬­ ½ ° ¬­ ¾ ¿ is nonempty, or that the
secondterm is at least1. Thusin eithercase(13.92)is true. This completes
theproof that(13.81)is nonredundant.

APPENDIX 13.A: THE BASIC INEQUALITIES AND THE
POLYMATROIDAL AXIOMS

In this appendix,we show that thebasicinequalitiesfor a collectionof Ì randomvariablesÍÏÎÑÐµÒ«Ó�Ô�ÕÃÖ«×/Ø9Ù
is equivalentto thefollowing polymatroidalaxioms:For all Ú ÔÜÛNÝÞ×OØ ,

P1. ßªà§á`âäã Îæå .
P2. ß à áçÚ6ã�è�ß à á Û ã if Ú ÝéÛ .

P3. ß à áçÚ6ã�êéß à á Û ã§ë�ß à áçÚOì Û ãoê,ß à áçÚOí Û ã .
We first show that thepolymatroidalaxiomsimply thebasicinequalities.FromP1andP2,

sinceâ Ý Ú for any Ú ÝÞ×/Ø , wehaveßªà�áçÚ6ã§ëîß£à§á`â�ã ÎÏå:Ô (13.A.1)

or ß3á Òðï ã§ë åòñ (13.A.2)
Thisshows thatentropy is nonnegative.

In P2,letting ó ÎôÛ�õ Ú , wehaveß£à§áçÚ6ã§èîß£àiáçÚOíªó�ã Ô (13.A.3)

or ß3á Ò«ö9÷ Ò ï ã�ë åòñ (13.A.4)
Here,ó and Ú aredisjointsubsetsof

× Ø
.

In P3,letting ó ÎôÛ�õ Ú , ø Î Ú/ì Û , and ù Î Ú õµÛ , wehaveß à áçùÊíÊø�ã�ê,ß à á�ó«í¢øäã�ë�ß à áçøäã�ê�ß à áçù£íOøúíªó�ã Ô (13.A.5)

or û á Ò«ü9ý�Ò«öþ÷ Òðÿ ã�ë å:ñ (13.A.6)
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Again, ù Ô ø , and ó aredisjointsubsetsof
× Ø

. When ø Î â , from P3,wehaveû á Ò«ü9ýÜÒðö ã§ë åòñ (13.A.7)

ThusP1to P3imply thatentropy is nonnegative,andthatconditionalentropy, mutualinfor-
mation,andconditionalmutualinformationarenonnegative providedthatthey areirreducible.
However, it hasbeenshown in Section13.1 that a reducibleShannon’s informationmeasure
canalwaysbewrittenasthesumof irreducibleShannon’s informationmeasures.Therefore,we
haveshown thatthepolymatroidalaxiomsP1to P3imply thebasicinequalities.

Theconverseis trivial andtheproof is omitted.

PROBLEMS
1. Prove (13.12)for thetotal numberof elementalformsof Shannon’s infor-

mationmeasuresfor � randomvariables.

2. Shannon-typeinequalitiesfor � randomvariables
­�� ´ ­�� ´������ò´ ­��

referto
all informationinequalitiesimpliedby thebasicinequalitiesfor these� ran-
domvariables.Show thatno new informationinequalitycanbegenerated
by consideringthebasicinequalitiesfor morethan � randomvariables.

3. Show by anexamplethat thedecompositionof an informationexpression
into a sumof elementalforms of Shannon’s informationmeasuresis not
unique.

4. Elementalforms of conditional independenciesConsiderrandomvari-
ables

­�� ´ ­�� ´������ò´ ­��
. A conditionalindependency is saidto be elemen-

tal if it correspondsto settingan elementalform of Shannon’s informa-
tion measureto zero. Show that any conditionalindependency involving­�� ´ ­�� ´�������´ ­��

is equivalentto acollectionof elementalconditionalinde-
pendencies.

5. Symmetricalinformationinequalities

a) Show thatevery symmetricalinformationexpression(cf. Problem1 in
Chapter12) involving randomvariable

­�� ´ ­�� ´������ò´ ­��
canbewritten

in theform 	�
 �
����������� ����� ���� ´
where � � ���� 
 �� ® � ��� º ­,® � ­"!#�6® ¿
andfor

±%$'&�$ � °=± ,��� ���� 
 ��)(6®+* ½ (,�-/.10�2
3 Ó54 68794;: - : <
= 2?> @ º ­,®8AÈ­ ½ � ­ ¾ ¿CB
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Note that � � ���� is the sum of all Shannon’s information measuresof

the first elementalform, and for
±D$E&F$ � °n±

, �G� ���� is the sum
of all Shannon’s informationmeasuresof the secondelementalform
conditioningon

&N° ±
randomvariables.

b) Show that
	 ÁIH alwaysholdsif � � Á'H for all

&
.

c) Show thatif
	 ÁJH alwaysholds,then� � ÁIH for all

&
. Hint: Construct

randomvariables
­ � ´ ­ � ´�������´ ­ �

for eachH $K&L$ � °Â± suchthat�G� ���� M H and �G� ���� ¼ 
 H for all H $'& ¹ $ � ° ± and
& ¹ON
 &

.

(Han[87].)

6. Strictlypositiveprobabilitydistributions It wasshown in Proposition2.12
that ­ �QP ­�R?� º ­ � ´ ­�S ¿­�� P ­ S � º ­�� ´ ­ R�¿UTWV ­ �QP º ­�S ´ ­�R ¿ � ­ �
if X º+Y � ´)Y � ´)Y S ´)Y R:¿ M H for all Y �

, Y � , Y S , and Y R . Show by usingITIP
that this implicationis not implied by thebasicinequalities.This strongly
suggeststhatthis implicationdoesnothold in general,whichwasshown to
bethecaseby theconstructionfollowing Proposition2.12.

7. a) Verify by ITIP that@ º ­�� ´ ­���A[Z\� ´ Z]� ¿ $ @ º ­��^A[Z\� ¿�_ @ º ­���A[Z`� ¿
under the constraint � º Z\� ´ Z]�
� ­�� ´ ­�� ¿ 
 � º Z\�G� ­�� ¿a_ � º Z]�1� ­�� ¿

.
This constrainedinequalitywasusedin Problem9 in Chapter8 to ob-
tain thecapacityof two independentparallelchannels.

b) Verify by ITIP that@ º ­ � ´ ­ � A[Z � ´ Z � ¿ Á @ º ­ � A[Z � ¿�_ @ º ­ � A[Z � ¿
undertheconstraint

@ º ­��^AÈ­�� ¿ 
 H . This constrainedinequalitywas
usedin Problem4 in Chapter9 to obtaintheratedistortionfunctionfor
a productsource.

8. RepeatProblem9 in Chapter6 with thehelpof ITIP.

9. Prove the implicationsin Problem13 in Chapter6 by ITIP andshow that
they cannotbededucedfrom thesemi-graphoidalaxioms.(Studenbc [189].)

D R A F T September 13, 2001, 6:27pm D R A F T
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HISTORICAL NOTES
Foralmosthalf acentury, all informationinequalitiesknown in theliterature

areconsequencesof thebasicinequalitiesdueto Shannon[173]. Fujishige[74]
showedthattheentropy functionis apolymatroid(seeAppendix13.A). Yeung
[216]showedthatverificationof all suchinequalities,referredtoShannon-type
inequalities,canbeformulatedasalinearprogrammingproblemif thenumber
of randomvariablesinvolved is fixed. Non-Shannon-typeinequalities,which
arediscoveredonly recently, will bediscussedin thenext chapter.

Therecentinterestin theimplicationproblemof conditionalindependence
hasbeenfueledby Bayesiannetworks. For a numberof years,researchersin
Bayesiannetworksgenerallybelievedthatthesemi-graphoidalaxiomsform a
completesetof axiomsfor conditionalindependenceuntil it wasrefutedby
Studenbc [189].
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Chapter14

BEYOND SHANNON-TYPE INEQUALITIES

In Chapter12,weintroducedtheregions dOe� and d �
in theentropy spacef �

for � randomvariables.From d e� , onein principlecandeterminewhetherany
informationinequalityalwaysholds. Theregion d �

, definedby thesetof all
basicinequalities(equivalentlyall elementalinequalities)involving � random
variables,is anouterboundon d e� . From d �

, onecandeterminewhetherany
informationinequality is implied by the basicinequalities. If so, it is called
a Shannon-typeinequality. Sincethebasicinequalitiesalwayshold, sodo all
Shannon-typeinequalities.In the lastchapter, we have shown how machine-
proving of all Shannon-typeinequalitiescanbe madepossibleby taking ad-
vantageof thelinearstructureof d �

.

If thetwo regions d e� and d �
areidentical,thenall informationinequalities

which alwayshold areShannon-typeinequalities,andhenceall information
inequalitiescanbecompletelycharacterized.However, if d e� is apropersubset
of d �

, thenthereexist constraintsonanentropy functionwhicharenotimplied
by thebasicinequalities.Sucha constraint,if in the form of an inequality, is
referredto anon-Shannon-typeinequality.

Thereisapointherewhichneedsfurtherexplanation.Thefactthat d e� N
 d �
doesnotnecessarilyimply theexistenceof anon-Shannon-typeinequality. As
an example,supposed �

containsall but an isolatedpoint in d e� . Thenthis
doesnot leadto theexistenceof a non-Shannon-typeinequalityfor � random
variables.

In this chapter, we presentcharacterizationsof d e� which aremorerefined
than d �

. Thesecharacterizationsleadto the existenceof non-Shannon-type
inequalitiesfor � ÁJg .
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14.1 CHARACTERIZA TIONS OF h e� , h eS , AND h e�
Recallfrom theproofof Theorem6.6thatthevector i representsthevalues

of the
@
-Measurej e on theunionsin k �

. Moreover, i is relatedto thevalues
of j/e on theatomsof k �

, representedas l , byi 
nm � l (14.1)

where
mo�

is aunique
&�pq&

matrixwith
& 
Dr � °=±

(cf. (6.27)).
Let s �

be the
&
-dimensionalEuclideanspacewith the coordinateslabeled

by thecomponentsof l . Note that eachcoordinatein s �
correspondsto the

valueof j e onanonemptyatomof k �
. Recallfrom Lemma12.1thedefinition

of theregion t e� 
 ²Gl É s �"u�mv� l É d e� ¸þ´ (14.2)

which is obtainedfrom theregion d e� via thelineartransformationinducedbym ����
. Analogously, wedefinetheregiont � 
 ²Gl É s � u�m � l É d � ¸ B (14.3)

The region d e� , aswe will see,is extremelydifficult to characterizefor a
general� . Therefore,we startour discussionwith thesimplestcase,namely� 
Dr

.wox\y�z|{�y,}�~��|��~ d e� 
 d �
.

Proof For � 
Dr
, theelementalinequalitiesare� º ­���� ­�� ¿ 
 j e º»¬­�� ° ¬­�� ¿ Á�H (14.4)� º ­��
� ­�� ¿ 
 j e º ¬­�� ° ¬­�� ¿ Á�H (14.5)@ º ­ � AÈ­ � ¿ 
 j e º ¬­ � ¯ ¬­ � ¿ Á�H B (14.6)

Notethatthequantitieson theleft handsidesabove arepreciselythevaluesofj e on theatomsof k �
. Therefore,t ��
 ²Gl É s ��u lCÁIHq¸þ´ (14.7)

i.e.,
t �

is the nonnegative orthantof s �
. Since d|e� Ë d �

,
t e� Ë t �

. On
the otherhand,

t � Ë t e� by Lemma12.1. Thus
t e� 
 t �

, which impliesd e� 
 d �
. Theproof is accomplished.

Next, weprove thatTheorem14.1cannotevenbegeneralizedto � 
D�
.wox\y�z|{�y,}�~��|�5� d eS N
 d S

.

Proof For � 
D�
, theelementalinequalitiesare� º ­,®[� ­ ½ ´ ­ � ¿ 
 j e º ¬­,® ° ¬­ ½ ° ¬­ � ¿ Á�H (14.8)@ º ­,®9AÈ­ ½ � ­ � ¿ 
 j e º ¬­,®f¯ ¬­ ½ ° ¬­ � ¿ Á�HU´ (14.9)
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Figure14.1. Theset-theoreticstructureof thepoint á åòÔ·å:Ô�åòÔ��9Ô��9Ô+�þÔ9�\� ã in ��� .
and @ º ­,®9AÈ­ ½ ¿ 
 j e º»¬­,®f¯ ¬­ ½ ¿ (14.10)
 j e º ¬­ ® ¯ ¬­ ½ ¯ ¬­ � ¿�_ j e º ¬­ ® ¯ ¬­ ½ ° ¬­ � ¿ (14.11)Á H (14.12)

for
±�$ ³��C¶"� &�$ �

. For l É s S
, letl 
 º+� � ´)� � ´)� S ´)� R ´)�`�
´)�]�
´)�]� ¿ ´ (14.13)

where� ® ´ ±�$ ³ $��
correspondto thevaluesj e º»¬­�� ° ¬­�� ° ¬­ Sò¿ ´Oj e º»¬­�� ° ¬­�� ° ¬­ S:¿ ´�j e º ¬­ S ° ¬­�� ° ¬­�� ¿ ´j e º ¬­ � ¯ ¬­ � ° ¬­�S ¿ ´Oj e º ¬­ � ¯ ¬­�S ° ¬­ � ¿ ´�j e º ¬­ � ¯ ¬­�S ° ¬­ � ¿ ´j e º»¬­�� ¯ ¬­�� ¯ ¬­ Sò¿ ´ (14.14)

respectively. Thesearethevaluesof j e on thenonemptyatomsof k S
. Then

from (14.8),(14.9),and(14.12),weseethatt S 
 ²Gl É s S u � ® ÁIHU´ ±%$ ³ $'� A � ½ _ �]�/Á'HU´|g $ ¶ $'� ¸ B (14.15)

It is easyto checkthat thepoint º�HU´[HU´[HU´ � ´ � ´ � ´ ° � ¿ for any � ÁKH is in
t S

.
This is illustratedin Figure14.1,andit is readilyseenthattherelations� º ­,® � ­ ½ ´ ­ � ¿ 
 H (14.16)

and @ º ­,®8AÈ­ ½ ¿ 
 H (14.17)

for
±�$ ³��C¶"� &�$ �

aresatisfied,i.e.,eachrandomvariableis a functionof
theothertwo, andthethreerandomvariablesarepairwiseindependent.

Let ��  Ó bethesupportof
­,®

, ³ 
 ± ´ r ´ � . For any Y � É ��  > and Y � É �� �¡ ,
since

­��
and

­��
areindependent,wehaveX º+Y � ´)Y � ¿ 
 X º+Y � ¿ X»º+Y � ¿ M H B (14.18)
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Since
­ S

is a functionof
­��

and
­��

, thereis auniqueY S/É ��  � suchthatX»º+Y � ´)Y � ´)Y S ¿ 
 X º+Y � ´)Y � ¿ 
 X º+Y � ¿ X º+Y � ¿ M H B (14.19)

Now since
­��

is a functionof
­��

and
­ S

, and
­��

and
­ S

areindependent,
wecanwrite X º+Y � ´)Y � ´)Y S:¿ 
 X º+Y � ´)Y S4¿ 
 X º+Y � ¿ X º+Y Sò¿CB (14.20)

Equating(14.19)and(14.20),wehaveX»º+Y � ¿ 
 X º+Y S:¿CB (14.21)

Now considerany Yf¹ � É ��  ¡ suchthat YÃ¹ � N
 Y � . Since
­��

and
­ S

areinde-
pendent,wehave X º+Y ¹ � ´)Y Sò¿ 
 X º+Y ¹ � ¿ X»º+Y Sò¿ M H B (14.22)

Since
­��

is a functionof
­��

and
­ S

, thereis auniqueY ¹ � É ��  > suchthatX»º+Y ¹ � ´)Y ¹ � ´)Y Sò¿ 
 X º+Y ¹ � ´)Y Sò¿ 
 X º+Y ¹ � ¿ X º+Y Sò¿ M H B (14.23)

Now since
­��

is a functionof
­��

and
­ S

, and
­��

and
­ S

areindependent,
wecanwrite X º+Y ¹ � ´)Y ¹ � ´)Y S ¿ 
 X º+Y ¹ � ´)Y S ¿ 
 X º+Y ¹ � ¿ X º+Y S ¿CB (14.24)

Similarly, since
­ S

is a functionof
­��

and
­��

, and
­��

and
­��

areindepen-
dent,wecanwriteX º+Y ¹ � ´)Y ¹ � ´)Y S:¿ 
 X º+Y ¹ � ´)Y ¹ � ¿ 
 X º+Y ¹ � ¿ X º+Y ¹ � ¿CB (14.25)

Equating(14.24)and(14.25),wehaveX»º+Y ¹ � ¿ 
 X º+Y S:¿ ´ (14.26)

andfrom (14.21),wehave X»º+Y ¹ � ¿ 
 X º+Y � ¿CB (14.27)

Therefore
­��

musthave a uniform distribution on its support.Thesamecan
beprovedfor

­ �
and

­�S
. Now from Figure14.1,� º ­�� ¿ 
 � º ­���� ­�� ´ ­ Sò¿�_ @ º ­��^AÈ­��?� ­ Sò¿�_ @ º ­��^AÈ­ S � ­�� ¿_ @ º ­��^AÈ­���AÈ­ Sò¿

(14.28)
 H _ � _ � _ º ° � ¿ (14.29)
 � ´ (14.30)

andsimilarly � º ­�� ¿ 
 � º ­ Sò¿ 
 � B (14.31)
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Figure14.2. Thevaluesof
�

for which á �9Ô��9Ô��9Ô£¢[�9Ô£¢ �9Ô£¢[�þÔ�¢ � ã is in ¤¥� .
Thentheonly valuesthat � cantake are ¦¨§�©Qª , where ª (a positive integer)
is thecardinalityof thesupportsof

­��
,
­��

, and
­ S

. In otherwords,if � is not
equalto ¦¨§�©Qª for somepositive integer ª , thenthepoint º�HU´[HU´[HU´ � ´ � ´ � ´ ° � ¿is not in

t eS . Thisprovesthat
t eS N
 t S

, which implies d|eS N
 d S
. Thetheorem

is proved.

Theproofabove hasthefollowing interpretation.For i É f S
, leti 
 º�« � ´ « � ´ « S ´ « �£� ´ « � S ´ « � S ´ « �£� S�¿CB

(14.32)

FromFigure14.1,weseethatthepoint º�HU´[HU´[HU´ � ´ � ´ � ´ ° � ¿ in
t S

corresponds
to thepoint º � ´ � ´ � ´ r � ´ r � ´ r � ´ r � ¿ in d S

. Evidently, thepoint º � ´ � ´ � ´ r � ´ r � ´r � ´ r � ¿ in d S
satisfiesthe6 elementalinequalitiesgiven in (14.8)and(14.12)

for
±o$ ³¬� ¶�� &W$ �

with equality. Since d S
is definedby all theelemental

inequalities,theset²oº � ´ � ´ � ´ r � ´ r � ´ r � ´ r � ¿/É d S u � ÁIHq¸ (14.33)

is in theintersectionof 6 hyperplanesin f S
(i.e., ­ � ) definingtheboundaryofd S

, andhenceit definesanextremedirectionof d S
. Thentheproof saysthat

alongthis extremedirectionof d S
, only certaindiscretepoints,namelythose

pointswith � equals¦5§�©®ª for somepositive integer ª , areentropic.This is
illustratedin Figure14.2.As aconsequence,theregion d eS is notconvex.

Having provedthat d eS N
 d S
, it is naturalto conjecturethatthegapbetweend|eS and d S

hasLebesguemeasure0. In otherwords, d eS 
 d S
, whered eS is the

closureof d S
. This conjectureis indeedtrueandwill beprovedat theendof

thesection.
More generally, we areinterestedin characterizingd e� , the closureof d e� .

Althoughtheregion d e� is not sufficient for characterizingall informationin-
equalities,it is actually sufficient for characterizingall unconstrainedinfor-
mation inequalities. This canbe seenas follows. Following the discussion
in Section12.3.1,anunconstrainedinformationinequality ¯ ÁnH involving �
randomvariablesalwayshold if andonly ifd e� Ë ²Gi u ¯ º�i ¿ ÁIHq¸ B (14.34)

Since ²Gi u ¯ º�i ¿ ÁIHq¸ is closed,upontakingclosureonbothsides,wehaved e� Ë ²Gi u ¯ º�i ¿ ÁIHq¸ B (14.35)
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Ontheotherhand,if ¯�ÁIH satisfies(14.35),thend e� Ë d e� Ë ²Gi u ¯ º�i ¿ ÁIHq¸ B (14.36)

Therefore,(14.34)and(14.35)areequivalent,andhenced e� is sufficient for
characterizingall unconstrainedinformationinequalities.

Wewill provein thenext theoremanimportantpropertyof theregion d e� for
all � Á r

. This resultwill beusedin theprooffor d eS 
 d S
. Further, thisresult

will beusedin Chapter15 whenwe use d e� to characterizetheachievablein-
formationrateregion for multi-sourcenetworking coding.It will alsobeused
in Chapter16 whenwe establisha fundamentalrelationbetweeninformation
theoryandgrouptheory.

We first prove a simplelemma. In the following, we use° �
to denotethe

set ² ± ´ r ´������ ´)�»¸ .±®y,}�}a²³~��|�5´
If i and iR¹ are in d e� , then i _ iú¹ is in d e� .

Proof Consideri and iR¹ in d e� . Let i representstheentropy functionfor ran-
domvariablesµ � ´)µ � ´������ò´)µ �

, andlet iú¹ representstheentropy functionfor
randomvariablesµ ¹� ´)µ ¹� ´������:´)µ ¹� . Let º+µ � ´)µ � ´�������´)µ � ¿

and º+µ ¹� ´)µ ¹� ´������ò´µÑ¹� ¿ beindependent,anddefinerandomvariables
Z/� ´ Z]� ´������ò´ Z`� byZ`¶/
 º+µ ¶ ´)µ ¹¶ ¿ (14.37)

for all ³ É ° �
. Thenfor any subset· of ° �

,� º Z]¸ ¿ 
 � º+µ ¸ ¿�_ � º+µ ¹¸ ¿ 
 « ¸ _ « ¹ ¸ B (14.38)

Therefore,i _ i ¹ , whichrepresentstheentropy functionfor
Z/� ´ Z`� ´������ò´ Z`� , is

in d e� . Thelemmais proved.¹ z|{]z|º
º1²|{
»n~��|�¼�
If i É d e� , then

& i É d e� for anypositiveinteger
&
.

Proof It sufficesto write & i 
 i _ i _ ����� _ i½ ¾[¿ À� (14.39)

andapplyLemma14.3.wox\y�z|{�y,}�~��|�5Á d e� is a convex cone.

Proof Considertheentropy functionfor randomvariablesµ � ´)µ � ´�������´)µ �
all

takingconstantvalueswith probability1. Thenfor all subset· of ° �
,� º+µ ¸ ¿ 
 H B (14.40)
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Therefore,dOe� containstheorigin in f �
.

Let i and iú¹ in d e� be the entropy functionsfor any two setsof random
variables

Z\� ´ Z]� ´������:´ Z`� and Â � ´CÂ � ´������ò´CÂ �
, respectively. In view of Corol-

lary 14.4,in orderto provethat d e� is aconvex cone,weonly needto show that
if i and iú¹ arein d e� , then ÃÄi _WÅÃ�iR¹ is in d e� for all HÆ�'Ã�� ±

, where
ÅÃ 
 ±�Ç Ã .

Let º+È � ´)È � ´������ò´)È � ¿
be

&
independentcopiesof º Z\� ´ Z]� ´������:´ Z`� ¿ and ºÊÉ � ´É � ´�������´ÄÉ � ¿

be
&

independentcopiesof º�Â � ´CÂ � ´������ò´CÂ � ¿
. Let Ë bea ternary

randomvariableindependentof all otherrandomvariablessuchthatÌÎÍ ²�Ë 
 Hq¸ 
 ±¬ÇÐÏÑÇ j ´ Ì�Í ²�Ë 
 ± ¸ 
 Ï ´ Ì�Í ²�Ë 
Òr ¸ 
 j B
Now constructrandomvariablesµ � ´)µ � ´������ò´)µ �

by letting

µ ¶ 
ÔÓÕ Ö H if Ë 
 HÈ ¶
if Ë 
 ±É ¶
if Ë 
×r

.

Notethat � ºÊË ¿ÎØ H as
Ï ´)j Ø H . Thenfor any nonemptysubset· of ° �

,� º+µ ¸ ¿ $ � º+µ ¸ ´ÄË ¿ (14.41)
 � ºÊË ¿\_ � º+µ ¸/� Ë ¿ (14.42)
 � ºÊË ¿\_ Ï�& � º Z]¸ ¿�_ j & � º�Â ¸ ¿CB
(14.43)

On theotherhand,� º+µ ¸ ¿ Á � º+µ ¸/� Ë ¿ 
 Ï�& � º Z`¸ ¿/_ j & � º�Â ¸ ¿CB
(14.44)

Combiningtheabove,wehaveH $ � º+µ ¸ ¿ Ç º Ï�& � º Z ¸ ¿�_ j & � º�Â ¸ ¿È¿ $ � ºÊË ¿CB (14.45)

Now take Ï 
 Ã&
(14.46)

and j 
 ÅÃ&
(14.47)

to obtain H $ � º+µ ¸ ¿ Ç º�Ã � º Z]¸ ¿\_LÅÃ � º�Â ¸ ¿È¿ $ � ºÊË ¿CB (14.48)

By letting
&

be sufficiently large, the upperboundcan be madearbitrarily
small.Thisshows that ÃÄi _ÙÅÃÄi ¹ É d e� . Thetheoremis proved.

In thenext theorem,we prove that d eS and d S
arealmostidentical. Analo-

gousto d e� , wewill use
t e� to denotetheclosureof

t e� .
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 d S
.

Proof Wefirst notethat d eS 
 d S
if andonly ift eS 
 t S B

(14.49)

Since d eS Ë d S
(14.50)

and d S
is closed,by takingclosureonbothsidesin theabove,weobtain d eS Ëd S�B

This implies that
t eS Ë t S�B

Therefore,in orderto prove the theorem,it
sufficesto show that

t S Ë t eS B
We first show that the point º�HU´[HU´[HU´ � ´ � ´ � ´ Ç � ¿ is in

t eS for all � M H .
Let randomvariablesµ � ´)µ �

, and µ S
bedefinedasin Example6.10,i.e., µ �

and µ �
aretwo independentbinary randomvariablestakingvaluesin ²�HU´ ± ¸

accordingto theuniformdistribution,andµ S 
 µ � _ µ �
mod

r B
(14.51)

Let i É d eS representstheentropy functionfor µ � ´)µ �
, and µ S

, andletl 
nm ���S i B
(14.52)

As in theproofof Theorem14.2,we let � ¶ , ±%$ ³ $��
bethecoordinatesof s S

whichcorrespondto thevaluesof thequantitiesin (14.14),respectively. From
Example6.10,wehave

� ¶ 
 ÓÕ Ö H for ³ 
 ± ´ r ´ �±
for ³ 
 g�´ Ûq´ �Ç�±
for ³ 
 �

.
(14.53)

Thusthepoint º�HU´[HU´[HU´ ± ´ ± ´ ± ´ Ç�± ¿ is in
t eS , andthe

@
-Measurej e for µ � ´)µ �

,
and µ S

is shown in Figure14.3.Thenby Corollary14.4, º�HU´[HU´[HU´ & ´ & ´ & ´ ÇÑ& ¿
is in

t eS andhencein
t eS for all positive integer

&
. Sinced eS containstheorigin,t eS alsocontainstheorigin. By Theorem14.5, d eS is convex. This implies

t eS
is alsoconvex. Therefore,º�HU´[HU´[HU´ � ´ � ´ � ´ Ç � ¿ is in

t eS for all � M H .
Considerany l É t S

. Referringto (14.15),wehave� ¶ ÁIH (14.54)

for
±Ü$ ³ $Ý�

. Thus ��� is the only componentof l which canpossiblybe
negative. Wefirst considerthecasewhen � � ÁIH . Then l is in thenonnegative
orthantof s S

, andby Lemma12.1, l is in
t eS . Next, considerthecasewhen�]���IH . Let Þ 
 º�HU´[HU´[HU´ Ç �]�9´ Ç �]� ´ Ç ���ò´)��� ¿CB (14.55)
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Figure14.3. The
û
-Measureâ�ã for

Ò > Ô�Ò ¡ , and
Ò � in theproofof Theorem14.6.

Then l 
�ä _ Þ ´ (14.56)

where äF
 º+� � ´)� � ´)� S ´)� R _ � � ´)� � _ � � ´)� � _ � � ´[H ¿CB (14.57)

Since
Ç � � M H , we seefrom the foregoing that

Þ É t eS . From (14.15),we
have � ¶ _ �]�/ÁIH (14.58)

for ³ 
 g�´ Ûq´ � . Thus
ä

is in thenonnegative orthantin s S
andhencein

t eS by
Lemma12.1.Now for any å M H , let

Þ ¹ É t eS suchthatæ Þ Ç Þ ¹ æ �'å4´ (14.59)

where
æ Þ Ç Þ ¹ æ denotestheEuclideandistancebetween

Þ
and

Þ ¹ , andletl ¹ 
�ä _ Þ ¹ B (14.60)

Sinceboth
ä

and
Þ ¹ arein

t eS , by Lemma14.3, lú¹ is alsoin
t eS , andæ l Ç l ¹ æ 
 æ Þ Ç Þ ¹ æ �'å B (14.61)

Therefore,l É t eS . Hence,
t S Ë t eS , andthetheoremis proved.

Remark 1 Han[88] hasfound that d S
is thesmallestconethatcontainsd eS .

This resulttogetherwith Theorem14.5impliesTheorem14.6. Theorem14.6
is alsoaconsequenceof thetheoremin Mat bç`èé [135].

Remark 2 We have shown that the region d e� completelycharacterizesall
unconstrainedinformation inequalitiesinvolving � randomvariables. Sinced eS 
 d S

, it follows that thereexists no unconstrainedinformationinequali-
tiesinvolving threerandomvariablesotherthantheShannon-typeinequalities.
However, whetherthereexist constrainednon-Shannon-typeinequalitiesin-
volving threerandomvariablesis still unknown.
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14.2 A NON-SHANNON-TYPE UNCONSTRAINED
INEQUALITY

Wehaveprovedin Theorem14.6at theendof thelastsectionthat d eS 
 d S
.

It is naturalto conjecturethatthis theoremcanbegeneralizedto � ÁJg . If this
conjectureis true, thenit follows thatall unconstrainedinformationinequali-
ties involving a finite numberof randomvariablesareShannon-typeinequal-
ities, andthey canall be proved by ITIP runningon a sufficiently powerful
computer. However, it turnsout thatthis is not thecaseevenfor � 
 g .

We will prove in thenext theoremanunconstrainedinformationinequality
involving four randomvariables.Thenwe will show that this inequalityis a
non-Shannon-typeinequality, andthat d eR N
 d R

.wox\y�z|{�y,}�~��|�ëê
For anyfour randomvariablesµ � ´)µ � ´)µ S

, and µ R
,r�@ º+µ S�A µ R ¿ $ @ º+µ � A µ � ¿\_ @ º+µ � A µ S ´)µ R ¿_ ��@ º+µ S A µ R � µ � ¿/_ @ º+µ S A µ R � µ � ¿CB
(14.62)

Towardproving this theorem,we introducetwo auxiliary randomvariablesìµ �
and

ìµ �
jointly distributedwith µ � ´)µ � ´)µ S

, and µ R
suchthat

ìía�®
Òía�
andìíQ�î
FíQ�

. To simplify notation,we will useX �£� S8RÄï� ï� º+Y � ´)Y � ´)Y S ´)Y R ´ ìY � ´ ìY � ¿ to
denoteX   >  ð¡9  �  �ñ ï  > ï ð¡ º+Y � ´)Y � ´)Y S ´)Y R ´ ìY � ´ ìY � ¿ , etc. The joint distribution for

thesix randomvariablesµ � ´)µ � ´)µ S ´)µ R ´ ìµ �
, and

ìµ �
is definedbyX �£� S8RÄï� ï� º+Y � ´)Y � ´)Y S ´)Y R ´ ìY � ´ ìY � ¿ 
òFó > ¡ � ñ �¼ô >9õ ô ¡ õ ô � õ ô ñ � ó > ¡ � ñ � ïô >)õ ïô ¡ õ ô � õ ô ñ �ó � ñ �öô � õ ô ñ � if X S8R º+Y S ´)Y R�¿ M HH if X S8R º+Y S ´)Y R�¿ 
 H .

(14.63)±®y,}�}a²³~��|�5÷ º+µ � ´)µ � ¿ðØ º+µ S ´)µ R
¿ðØ º ìµ � ´ ìµ � ¿
(14.64)

formsa Markov chain. Moreover, º+µ � ´)µ � ´�µ S ´)µ R ¿
and º ìµ � ´ ìµ � ´)µ S ´)µ R ¿

havethesamemarginal distribution.

Proof TheMarkov chainin (14.64)is readilyseenby invokingProposition2.5.
The secondpart of the lemmais readilyseento be true by noting in (14.63)
that X �£� S8RÄï� ï� is symmetricalin µ �

and
ìµ �

andin µ �
and

ìµ �
.

Fromtheabove lemma,we seethat thepair of auxiliary randomvariablesº ìµ � ´ ìµ � ¿
correspondsto the pair of randomvariables º+µ � ´)µ � ¿

in the sense
that º ìµ � ´ ìµ � ´Cµ S ´)µ R�¿

havethesamemarginaldistributionas º+µ � ´)µ � ´)µ S ´)µ R�¿
.

Weneedto prove two inequalitiesregardingthesesix randomvariablesbefore
weprove Theorem14.7.
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For anyfour randomvariablesµ � ´)µ � ´)µ S

, and µ R
andauxil-

iary randomvariables
ìµ �

and
ìµ �

asdefinedin (14.63),@ º+µ S�A µ R ¿ Ç @ º+µ S�A µ R?� µ � ¿ Ç @ º+µ S�A µ R?� µ � ¿ $ @ º+µ � A ìµ � ¿CB
(14.65)

Proof Consider@ º+µ S A µ R�¿ Ç @ º+µ S A µ R � µ � ¿ Ç @ º+µ S A µ R � µ � ¿ù �
 ú @ º+µ S A µ R�¿ Ç @ º+µ S A µ R � µ � ¿£û Ç @ º+µ S A µ R � ìµ � ¿
(14.66)
 @ º+µ � A µ S1A µ R ¿ Ç @ º+µ S�A µ R?� ìµ � ¿
(14.67)
 ú @ º+µ �GA µ S A µ R A ìµ � ¿\_ @ º+µ �^A µ S A µ R � ìµ � ¿£û Ç @ º+µ S A µ R � ìµ � ¿
(14.68)
 @ º+µ � A µ S1A µ R�A ìµ � ¿ Ç ú @ º+µ S�A µ R?� ìµ � ¿ Ç @ º+µ � A µ S�A µ R?� ìµ � ¿£û
(14.69)
 @ º+µ �^A µ S A µ R A ìµ � ¿ Ç @ º+µ S A µ R � µ � ´ ìµ � ¿
(14.70)
 ú @ º+µ �GA µ R A ìµ � ¿ Ç @ º+µ ��A µ R A ìµ �
� µ Sò¿£û Ç @ º+µ S A µ R � µ � ´ ìµ � ¿
(14.71)
 ú @ º+µ �GA ìµ � ¿ Ç @ º+µ �^A ìµ �?� µ R�¿£û Ç ú @ º+µ ��A ìµ �
� µ Sò¿Ç @ º+µ �^A ìµ �
� µ S ´)µ R�¿£û Ç @ º+µ S A µ R � µ � ´ ìµ � ¿
(14.72)ü �
 @ º+µ � A ìµ � ¿ Ç @ º+µ � A ìµ � � µ R ¿ Ç @ º+µ � A ìµ � � µ S ¿Ç @ º+µ S A µ R � µ � ´ ìµ � ¿
(14.73)$ @ º+µ �^A ìµ � ¿ ´ (14.74)

wherea) follows becausewe seefrom Lemma14.8 that º+µ � ´)µ S ´)µ R�¿
andº ìµ � ´)µ S ´)µ R�¿

have thesamemarginaldistribution,andb) follows because@ º+µ �^A ìµ �
� µ S ´)µ R�¿ 
 H (14.75)

from theMarkov chainin (14.64).Thelemmais proved.±®y,}�}a²³~��|��~1ý
For anyfour randomvariablesµ � ´)µ � ´)µ S

, and µ R
andaux-

iliary randomvariables
ìµ �

and
ìµ �

asdefinedin (14.63),@ º+µ S A µ R�¿ Ç r�@ º+µ S A µ R � µ � ¿ $ @ º+µ �^A ìµ � ¿CB
(14.76)

Proof Noticethat(14.76)canbeobtainedfrom(14.65)by replacingµ �
by µ �

and
ìµ �

by
ìµ �

in (14.65). The inequality(14.76)canbeprovedby replacingµ �
by µ �

and
ìµ �

by
ìµ �

in (14.66)through(14.74)in the proof of the last
lemma.Thedetailsareomitted.
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Proof of Theorem14.7 By adding(14.65)and(14.76),wehaver�@ º+µ S A µ R ¿ Ç ��@ º+µ S A µ R � µ � ¿ Ç @ º+µ S A µ R � µ � ¿$ @ º+µ �GA ìµ � ¿�_ @ º+µ ��A ìµ � ¿
(14.77)
 @ º+µ �GA ìµ � ¿�_ ú @ º+µ ��A ìµ ��� ìµ � ¿�_ @ º+µ ��A ìµ �^A ìµ � ¿£û
(14.78)
 ú @ º+µ � A ìµ � ¿\_ @ º+µ � A ìµ � � ìµ � ¿£ûþ_ @ º+µ � A ìµ � A ìµ � ¿
(14.79)
 @ º+µ �GA ìµ � ´ ìµ � ¿\_ @ º+µ ��A ìµ �^A ìµ � ¿
(14.80)
 @ º+µ �GA ìµ � ´ ìµ � ¿\_ ú @ º ìµ ��A ìµ � ¿ Ç @ º ìµ �^A ìµ �
� µ � ¿£û
(14.81)$ @ º+µ �GA ìµ � ´ ìµ � ¿\_ @ º ìµ ��A ìµ � ¿
(14.82)ù �$ @ º+µ �GA µ S ´)µ R�¿\_ @ º ìµ ��A ìµ � ¿
(14.83)ü �
 @ º+µ �GA µ S ´)µ R�¿\_ @ º+µ ��A µ � ¿ ´ (14.84)

wherea) follows from the Markov chain in (14.64),andb) follows because
weseefrom Lemma14.8that º ìµ � ´ ìµ � ¿

and º+µ � ´)µ � ¿
have thesamemarginal

distribution. Notethattheauxiliary randomvariables
ìµ �

and
ìµ �

disappearin
(14.84)afterthesequenceof manipulations.Thetheoremis proved.wox\y�z|{�y,}�~��|��~,~

The inequality (14.62)is a non-Shannon-typeinequality,
and d eR N
 d R

.

Proof Considerfor any � M H thepoint
ìi«º � ¿«É f R

, whereì« � º � ¿ 
 ì« � º � ¿ 
 ì« S º � ¿ 
 ì« R º � ¿ 
Dr � ´ì« �£� º � ¿ 
 g � ´ ì« � S º � ¿ 
 ì« � R º � ¿ 
D� � ´ì« � S º � ¿ 
 ì« � R º � ¿ 
 ì« S8R º � ¿ 
D� � ´ì« �£� S º � ¿ 
 ì« �£� R º � ¿ 
 ì« � S8R º � ¿ 
 ì« � S8R º � ¿ 
 ì« �£� S8R º � ¿ 
 g � B
(14.85)

Theset-theoreticstructureof
ìi«º � ¿ is illustratedby theinformationdiagramin

Figure14.4. Thereadershouldcheckthat this informationdiagramcorrectly
represents

ìiðº � ¿ asdefined.It is alsoeasyto checkfrom thisdiagramthat
ìi£º � ¿satisfiesall theelementalinequalitiesfor four randomvariables,andthereforeìiðº � ¿�É d R

. However, uponsubstitutingthe correspondingvaluesin (14.62)
for

ìi«º � ¿ with thehelpof Figure14.4,wehaver � $ H _ � _ H _ H 
 � ´ (14.86)

which is a contradictionbecause� M H . In otherwords,
ìi«º � ¿ doesnot satisfy

(14.62).Equivalently,ìi«º � ¿ NÉ ²Gi É f R u i satisfies(14.62)̧
B

(14.87)
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Figure14.4. Theset-theoreticstructureof �� á � ã .
Since

ìi£º � ¿«É d R
, weconcludethatd R NË ²Gi É f R u i satisfies(14.62)̧þ´ (14.88)

i.e., (14.62)is not implied by thebasicinequalitiesfor four randomvariables.
Hence,(14.62)is anon-Shannon-typeinequality.

Since(14.62)is satisfiedby all entropy functionsfor four randomvariables,
wehave d eR Ë ²Gi É f R%u i satisfies(14.62)̧þ´ (14.89)

andupontakingclosureonbothsides,wehaved eR Ë ²Gi É f R u i satisfies(14.62)̧
B

(14.90)

Then(14.87)implies
ìi£º � ¿ NÉ d eR . Since

ìi«º � ¿ÞÉ d R
and

ìiðº � ¿ NÉ d eR , we con-
cludethat d eR N
 d R

. Thetheoremis proved.

Remark We have shown in the proof of Theorem14.11that the inequality
(14.62)cannotbe proved by invoking the basicinequalitiesfor four random
variables.However, (14.62)canbeprovedby invoking thebasicinequalities
for thesix randomvariablesµ � ´)µ � ´)µ S ´)µ R ´ ìµ �

, and
ìµ �

with thejoint prob-
ability distribution X �£� S8R ï� ï� asconstructedin (14.63).

The inequality (14.62)remainsvalid when the indices1, 2, 3, and 4 are
permuted.Since(14.62)is symmetricalin µ S

and µ R
, g���� r � 
 ± r

distinct
versionsof (14.62)can be obtainedby permutingthe indices,and all these
twelve inequalitiesaresimultaneouslysatisfiedby theentropy functionof any
set of randomvariablesµ � ´)µ � ´)µ S

, and µ R
. We will denotethesetwelve

inequalitiescollectively by <14.62>.Now definetheregionìd R 
 ²Gi É d R u i satisfies<14.62>̧
B

(14.91)
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Evidently, d eR Ë ìd R Ë d R�B
(14.92)

Sinceboth
ìd R

and d R
areclosed,upontakingclosure,wealsohaved eR Ë ìd R Ë d R�B

(14.93)

Since<14.62>arenon-Shannon-typeinequalitiesaswehaveprovedin thelast
theorem,

ìd R
is apropersubsetof d R

andhenceatighterouterboundon d eR andd eR than d R
.

In thecourseof proving that(14.62)is of non-Shannon-type,it wasshown
in theproofof Theorem14.11thatthereexists

ìi«º � ¿«É d R
asdefinedin (14.85)

which doesnot satisfy(14.62). By investigatingthe geometricalrelationbe-
tween

ìi«º � ¿ and d R
, we prove in thenext theoremthat(14.62)in fact induces

a classof
r � R ÇF±

non-Shannon-typeconstrainedinequalities.Applicationsof
someof theseinequalitieswill bediscussedin Section14.4.wox\y�z|{�y,}�~��|��~
�

The inequality (14.62) is a non-Shannon-typeinequality
conditioningon settingany nonemptysubsetof the following 14 Shannon’s
informationmeasuresto zero:@ º+µ � A µ � ¿ ´ @ º+µ � A µ � � µ S ¿ ´ @ º+µ � A µ � � µ R ¿ ´ @ º+µ � A µ S
� µ R ¿ ´@ º+µ �^A µ R � µ Sò¿ ´ @ º+µ ��A µ S � µ R�¿ ´ @ º+µ ��A µ R � µ Sò¿ ´ @ º+µ S A µ R � µ � ¿ ´@ º+µ S A µ R � µ � ¿ ´ @ º+µ S A µ R � µ � ´)µ � ¿ ´ � º+µ ��� µ � ´)µ S ´)µ R�¿ ´� º+µ �
� µ � ´)µ S ´)µ R�¿ ´ � º+µ S � µ � ´)µ � ´)µ R�¿ ´ � º+µ R � µ � ´)µ � ´)µ S�¿CB (14.94)

Proof It is easyto verify from Figure14.4 that
ìiðº � ¿ lies in exactly 14 hy-

perplanesin f R
(i.e., ­ � � ) definingthe boundaryof d R

which correspondto
settingthe 14 Shannon’s measuresin (14.94) to zero. Therefore,

ìiðº � ¿ for� ÁIH defineanextremedirectionof d R
.

Now for any linear subspace� of f R
containing

ìiðº � ¿ , where � M H , we
have ìi«º � ¿«É d R�� � (14.95)

and
ìi«º � ¿ doesnotsatisfy(14.62).Therefore,º�d R�� � ¿ NË ²Gi É f R u i satisfies(14.62)̧

B
(14.96)

Thismeansthat(14.62)is a non-Shannon-typeinequalityundertheconstraint� . From theabove, we seethat � canbe taken to be the intersectionof any
nonemptysubsetof the 14 hyperplanescontaining

ìi£º � ¿ . Thus (14.62) is a
non-Shannon-typeinequalityconditioningon any nonemptysubsetof the14
Shannon’s measuresin (14.94)beingequalto zero. Hence,(14.62)inducesa
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classof
r � R Ç ±

non-Shannon-typeconstrainedinequalities.The theoremis
proved.

Remark It is nottruethattheinequality(14.62)is of non-Shannon-typeunder
any constraint.Supposewe imposetheconstraint@ º+µ S A µ R�¿ 
 H B (14.97)

Then the left handsideof (14.62)becomeszero,and the inequality is triv-
ially implied by thebasicinequalitiesbecauseonly mutualinformationswith
positive coefficientsappearon the right handside. Then(14.62)becomesa
Shannon-typeinequalityundertheconstraintin (14.97).

14.3 A NON-SHANNON-TYPE CONSTRAINED
INEQUALITY

In thelastsection,weprovedanon-Shannon-typeunconstrainedinequality
for four randomvariableswhich implies d eR N
 d R

. This inequality induces
a region

ìd R
which is a tighter outerboundon d eR and d eR then d R

. We fur-
thershowedthat this inequalityinducesa classof

r � R Ç[±
non-Shannon-type

constrainedinequalitiesfor four randomvariables.
In thissection,weproveanon-Shannon-typeconstrainedinequalityfor four

randomvariables.Unlike thenon-Shannon-typeunconstrainedinequalitywe
proved in the last section,this constrainedinequalityis not strongenoughto
imply that d eR N
 d R

. However, thelatteris not impliedby theformer.±®y,}�}a²³~��|��~
´
Let X º+Y � ´)Y � ´)Y S ´)Y R�¿ beanyprobabilitydistribution. ThenìX º+Y � ´)Y � ´)Y S ´)Y R�¿ 
 òFó �öô >8õ ô � õ ô ñ � ó �öô ¡ õ ô � õ ô ñ �ó �¼ô � õ ô ñ � if X º+Y S ´)Y R:¿ M HH if X º+Y S ´)Y R:¿ 
 H (14.98)

is alsoa probabilitydistribution. Moreover,ìX º+Y � ´)Y S ´)Y Rò¿ 
 X º+Y � ´)Y S ´)Y R�¿ (14.99)

and ìX º+Y � ´)Y S ´)Y Rò¿ 
 X º+Y � ´)Y S ´)Y R�¿ (14.100)

for all Y � ´)Y � ´)Y S , and Y R .
Proof Theproof for thefirst partof the lemmais straightforward (seeProb-
lem4 in Chapter2). Thedetailsareomittedhere.

To prove the secondpart of the lemma,it sufficesto prove (14.99)for allY � ´)Y S , and Y R because
ìX»º+Y � ´)Y � ´)Y S ´)Y R�¿ is symmetricalin Y �

and Y � . We first

D R A F T September 13, 2001, 6:27pm D R A F T



316 A FIRSTCOURSEIN INFORMATIONTHEORY

considerY �
, Y S , and Y R suchthat X º+Y S ´)Y R�¿ M H . From(14.98),wehaveìX»º+Y � ´)Y S ´)Y R�¿ 
 � ô ¡ ìX º+Y � ´)Y � ´)Y S ´)Y R�¿ (14.101)
 � ô ¡ X º+Y � ´)Y S ´)Y Rò¿ X º+Y � ´)Y S ´)Y R�¿X»º+Y S ´)Y R�¿ (14.102)
 X º+Y � ´)Y S ´)Y R�¿X º+Y S ´)Y Rò¿ � ô ¡ X»º+Y � ´)Y S ´)Y R ¿ (14.103)
 	 X º+Y � ´)Y S ´)Y R�¿X º+Y S ´)Y R�¿�
 X º+Y S ´)Y R�¿ (14.104)
 X º+Y � ´)Y S ´)Y R ¿CB (14.105)

For Y � ´)Y S , and Y R suchthat X º+Y S ´)Y R�¿ 
 H , wehaveH $ X º+Y � ´)Y S ´)Y R ¿ $ X º+Y S ´)Y R ¿ 
 HU´ (14.106)

which implies X º+Y � ´)Y S ´)Y R ¿ 
 H B (14.107)

Therefore,from (14.98),wehaveìX º+Y � ´)Y S ´)Y Rò¿ 
 � ô ¡ ìX~º+Y � ´)Y � ´)Y S ´)Y R�¿ (14.108)
 � ô ¡ H (14.109)
 H (14.110)
 X º+Y � ´)Y S ´)Y R�¿CB (14.111)

Thuswehaveproved(14.99)for all Y � ´)Y S , and Y R , andthelemmais proved.wox\y�z|{�y,}�~��|��~��
For anyfour randomvariablesµ � ´)µ � ´)µ S

, and µ R
, if@ º+µ ��A µ � ¿ 
×@ º+µ �^A µ �?� µ Sò¿ 
 HU´ (14.112)

then @ º+µ S A µ R�¿ $ @ º+µ S A µ R � µ � ¿\_ @ º+µ S A µ R � µ � ¿CB
(14.113)

Proof Consider@ º+µ S1A µ R ¿ Ç @ º+µ S�A µ R¥� µ � ¿ Ç @ º+µ S�A µ R?� µ � ¿
 �� > 4 � ¡ 4 � � 4 � ñ�
����� > 4 � ¡ 4 � � 4 � ñ������ ó �¼ô > õ ô ¡ õ ô � õ ô ñ ������� ����� �
4 � ñ�� ����� > 4 � � � ����� > 4 � ñ�� ����� ¡ 4 � � � ����� ¡ 4 � ñ������� � � ����� ñ�� ����� > � ����� ¡�� ����� > 4 � � 4 � ñ�� ����� ¡ 4 � � 4 � ñ��


 	 ó ¦¨§�© X º+µ S ´)µ R ¿ X º+µ � ´)µ Sò¿ X»º+µ � ´)µ R�¿ X º+µ � ´)µ Sò¿ X º+µ � ´)µ R�¿X»º+µ S ¿ X»º+µ R ¿ X º+µ � ¿ X º+µ � ¿ X º+µ � ´)µ S ´)µ R ¿ X º+µ � ´)µ S ´)µ R ¿ ´
(14.114)
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wherewehaveused
	 ó to denoteexpectationwith respectto X º+Y � ´)Y � ´)Y S ´)Y R�¿ .

Weclaim thattheabove expectationis equalto	 ïó ¦¨§�© X»º+µ S ´)µ R�¿ X º+µ � ´)µ Sò¿ X º+µ � ´)µ R ¿ X º+µ � ´)µ Sò¿ X»º+µ � ´)µ R�¿X º+µ Sò¿ X º+µ R�¿ X º+µ � ¿ X»º+µ � ¿ X º+µ � ´)µ S ´)µ R�¿ X º+µ � ´)µ S ´)µ R�¿ ´
(14.115)

where
ìX~º+Y � ´)Y � ´)Y S ´)Y Rò¿ is definedin (14.98).

Towardproving that theclaim is correct,we notethat (14.115)is the sum
of a numberof expectationswith respectto

ìX . Let us consideroneof these
expectations,say	 ïó ¦¨§�©/X º+µ � ´)µ Sò¿ 
 �� > 4 � ¡ 4 � � 4 � ñ�
������ > 4 � ¡ 4 � � 4 � ñ������ ìX º+Y � ´)Y � ´)Y S ´)Y R�¿ ¦5§�©\X º+Y � ´)Y S:¿CB (14.116)

Notethatin theabove summation,if
ìX»º+Y � ´)Y � ´)Y S ´)Y R�¿ M H , thenfrom (14.98),

weseethat X º+Y � ´)Y S ´)Y R�¿ M HU´ (14.117)

andhence X»º+Y � ´)Y Sò¿ M H B (14.118)

Therefore,the summationin (14.116)is alwayswell-defined.Further, it can
bewrittenas�ô >)õ ô � õ ô ñ ¦¨§�©\X º+Y � ´)Y Sò¿ �ô ¡� ïó �¼ô > õ ô ¡ õ ô � õ ô ñ �"! � ìX º+Y � ´)Y � ´)Y S ´)Y R�¿
 �ô >8õ ô � õ ô ñ ìX»º+Y � ´)Y S ´)Y R�¿ ¦¨§�©\X»º+Y � ´)Y Sò¿CB (14.119)

Thus
	 ïó ¦¨§�©�X º+µ � ´)µ S ¿

dependson
ìX º+Y � ´)Y � ´)Y S ´)Y R ¿ only through

ìX º+Y � ´)Y S ´)Y R ¿ ,
whichby Lemma14.13is equalto X º+Y � ´)Y S ´)Y R�¿ . It thenfollows that	 ïó ¦¨§�©\X º+µ � ´)µ S�¿
 �ô >9õ ô � õ ô ñ ìX º+Y � ´)Y S ´)Y R�¿ ¦¨§�©/X º+Y � ´)Y Sò¿ (14.120)
 �ô >9õ ô � õ ô ñ X º+Y � ´)Y S ´)Y R�¿ ¦¨§�©/X º+Y � ´)Y Sò¿ (14.121)
 	 ó ¦¨§�©�X»º+µ � ´)µ Sò¿CB

(14.122)

In otherwords, the expectationon ¦¨§�©/X º+µ � ´)µ Sò¿
can be taken with respect

to either
ìX»º+Y � ´)Y � ´)Y S ´)Y R�¿ or X º+Y � ´)Y � ´)Y S ´)Y R�¿ without affecting its value. By

observingthatall themarginalsof X in thelogarithmin (14.115)involve only
subsetsof either ²^µ � ´)µ S ´)µ R ¸ or ²^µ � ´)µ S ´)µ R ¸ , we seethatsimilar conclu-
sionscanbe drawn for all the otherexpectationsin (14.115),andhencethe
claimis proved.
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Thustheclaim impliesthat@ º+µ S A µ R�¿ Ç @ º+µ S A µ R � µ � ¿ Ç @ º+µ S A µ R � µ � ¿
 	 ïó ¦¨§�© X º+µ S ´)µ R ¿ X º+µ � ´)µ Sò¿ X»º+µ � ´)µ R�¿ X º+µ � ´)µ Sò¿ X º+µ � ´)µ R�¿X»º+µ S4¿ X»º+µ R ¿ X º+µ � ¿ X º+µ � ¿ X º+µ � ´)µ S ´)µ R
¿ X º+µ � ´)µ S ´)µ R�¿
 �� > 4 � ¡ 4 � � 4 � ñ�
������ > 4 � ¡ 4 � � 4 � ñ������ ïó �öô >)õ ô ¡ õ ô � õ ô ñ ������� ����� � 4 � ñ�� ����� > 4 � � � ����� > 4 � ñ�� ����� ¡ 4 � � � ����� ¡ 4 � ñ������� � � ����� ñ�� ����� > � ����� ¡�� ����� > 4 � � 4 � ñ�� ����� ¡ 4 � � 4 � ñ��

 Ç �� > 4 � ¡ 4 � � 4 � ñ�
������ > 4 � ¡ 4 � � 4 � ñ��#��� ìX~º+Y � ´)Y � ´)Y S ´)Y R ¿ ¦¨§�© ìX~º+Y � ´)Y � ´)Y S ´)Y Rò¿$X~º+Y � ´)Y � ´)Y S ´)Y Rò¿q´ (14.123)

where$X~º+Y � ´)Y � ´)Y S ´)Y R:¿ 
ò ó �öô >8õ ô � � ó �öô >)õ ô ñ � ó �¼ô ¡ õ ô � � ó �öô ¡ õ ô ñ �ó �öô > � ó �¼ô ¡ � ó �¼ô � � ó �¼ô ñ � if X º+Y � ¿ ´�X»º+Y � ¿ ´�X º+Y Sò¿ ´�X º+Y R�¿ M HH otherwise.
(14.124)

Theequalityin (14.123)is justifiedby observingthatif Y � ´)Y � ´)Y S , and Y R are
suchthat

ìX º+Y � ´)Y � ´)Y S ´)Y R ¿ M H , thenX º+Y � ´)Y Sò¿ ´�X º+Y � ´)Y R�¿ ´�X º+Y � ´)Y Sò¿ ´�X º+Y � ´)Y R�¿ ´�X º+Y � ¿ ´�X º+Y � ¿ ´�X»º+Y Sò¿ ´�X º+Y R ¿
(14.125)

areall strictly positive,andweseefrom (14.124)that
$X~º+Y � ´)Y � ´)Y S ´)Y R�¿ M H .

Tocompletetheproof,weonlyneedto show that
$X º+Y � ´)Y � ´)Y S ´)Y R�¿ is aprob-

ability distribution. Oncethis is proven,theconclusionof thetheoremfollows
immediatelybecausethe summationin (14.123),which is identified as the
divergencebetween

ìX º+Y � ´)Y � ´)Y S ´)Y R ¿ and
$X º+Y � ´)Y � ´)Y S ´)Y R ¿ , is alwaysnonneg-

ativeby thedivergenceinequality(Theorem2.30).Towardthisend,wenotice
thatfor Y � ´)Y � , and Y S suchthat X º+Y S:¿ M H ,

X»º+Y � ´)Y � ´)Y Sò¿ 
 X º+Y � ´)Y Sò¿ X º+Y � ´)Y Sò¿X º+Y S ¿ (14.126)

by theassumption @ º+µ �^A µ �
� µ Sò¿ 
 HU´ (14.127)

andfor all Y �
and Y � , X º+Y � ´)Y � ¿ 
 X º+Y � ¿ X º+Y � ¿ (14.128)

by theassumption @ º+µ �^A µ � ¿ 
 H B (14.129)
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Then�ô >8õ ô ¡ õ ô � õ ô ñ $X»º+Y � ´)Y � ´)Y S ´)Y R�¿
 �� > 4 � ¡ 4 � � 4 � ñ%
&����� > 4 � ¡ 4 � � 4 � ñ��#��� $X º+Y � ´)Y � ´)Y S ´)Y R ¿ (14.130)


 �� > 4 � ¡ 4 � � 4 � ñ%
����� > � 4 ����� ¡�� 4 ����� � � 4 ����� ñ��#��� X º+Y
� ´)Y S ¿ X º+Y � ´)Y R ¿ X º+Y � ´)Y S ¿ X º+Y � ´)Y R ¿X º+Y � ¿ X º+Y � ¿ X º+Y Sò¿ X»º+Y R�¿ (14.131)

ù �
 �� > 4 � ¡ 4 � � 4 � ñ%
����� > � 4 ����� ¡�� 4 ����� � � 4 ����� ñ��#��� X º+Y
� ´)Y � ´)Y S:¿ X º+Y � ´)Y R�¿ X º+Y � ´)Y R�¿X º+Y � ¿ X º+Y � ¿ X º+Y R�¿ (14.132)ü �
 �� > 4 � ¡ 4 � � 4 � ñ%
����� > � 4 ����� ¡�� 4 ����� � � 4 ����� ñ��#��� X º+Y
� ´)Y � ´)Y S ¿ X º+Y � ´)Y R ¿ X º+Y � ´)Y R ¿X»º+Y � ´)Y � ¿ X º+Y R�¿ (14.133)


 �� > 4 � ¡ 4 � ñ�
����� > � 4 ����� ¡�� 4 ����� ñ����'� X»º+Y � ´)Y Rò¿ X º+Y � ´)Y R�¿X º+Y Rò¿ �ô �  ó �¼ô � �(! � X º+Y S � Y � ´)Y � ¿ (14.134)


 �� > 4 � ¡ 4 � ñ�
����� > � 4 ����� ¡�� 4 ����� ñ����'� X»º+Y � ´)Y R ¿ X º+Y � ´)Y R ¿X º+Y Rò¿ (14.135)
 �� ¡ 4 � ñ�
����� ¡�� 4 ����� ñ������ X º+Y � ´)Y R�¿ �ô >  ó �öô > �(! � X º+Y �G� Y R�¿ (14.136)

) �
 �� ¡ 4 � ñ�
����� ¡�� 4 ����� ñ������ X º+Y � ´)Y R�¿ (14.137)

* �
 ± ´ (14.138)

wherea)andb) followsfrom (14.126)and(14.128),respectively. Theequality
in c) is justifiedasfollows. For Y �

suchthat X º+Y � ¿ 
 H ,

X º+Y �G� Y R�¿ 
 X º+Y � ¿ X º+Y R
� Y � ¿X º+Y R�¿ 
 H B (14.139)

Therefore �ô >  ó �¼ô > �(! � X º+Y �G� Y R�¿ 
 � ô > X»º+Y �G� Y R�¿ 
 ± B
(14.140)

Finally, theequalityin d) is justifiedasfollows. For Y � and Y R suchthat X º+Y � ¿
or X º+Y R�¿ vanishes,X º+Y � ´)Y R:¿ mustvanishbecauseH $ X º+Y � ´)Y R�¿ $ X»º+Y � ¿ (14.141)
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and H $ X º+Y � ´)Y R�¿ $ X º+Y R:¿CB (14.142)

Therefore, �� ¡ 4 � ñ%
����� ¡�� 4 ����� ñ������ X º+Y � ´)Y R�¿ 
 �ô ¡ õ ô ñ X º+Y � ´)Y Rò¿ 
 ± B
(14.143)

Thetheoremis proved.wox\y�z|{�y,}�~��|��~
Á
The constrained inequality in Theorem 14.14 is a non-

Shannon-typeinequality.

Proof The theoremcanbe proved by consideringthe point
ìi«º � ¿ôÉ f R

for� M H asin theproofof Theorem14.11.Thedetailsareleft asanexercise.

Theconstrainedinequalityin Theorem14.14hasthefollowing geometrical
interpretation. The constraintsin (14.112)correspondto the intersectionof
two hyperplanesin f R

which definethe boundaryof d R
. Thenthe inequal-

ity (14.62)saysthat a certainregion on the boundaryof d R
is not in d eR . It

canfurtherbeprovedby computation1 thattheconstrainedinequalityin The-
orem14.14is not impliedby thetwelve distinctversionsof theunconstrained
inequalityin Theorem14.7(i.e.,<14.62>)togetherwith thebasicinequalities.

We have proved in the last sectionthat the non-Shannon-typeinequality
(14.62)impliesa classof

r � R Ç[±
constrainednon-Shannon-typeinequalities.

Weendthis sectionby proving a similar resultfor thenon-Shannon-typecon-
strainedinequalityin Theorem14.14.wox\y�z|{�y,}�~��|��~
Ú

Theinequality@ º+µ S A µ R�¿ $ @ º+µ S A µ R � µ � ¿�_ @ º+µ S A µ R � µ � ¿
(14.144)

is a non-Shannon-typeinequalityconditioningon settingboth
@ º+µ �^A µ � ¿

and@ º+µ � A µ � � µ S ¿
andanysubsetof thefollowing12Shannon’s informationmea-

suresto zero:@ º+µ �^A µ �
� µ R�¿ ´ @ º+µ ��A µ S � µ R�¿ ´ @ º+µ ��A µ R � µ Sò¿ ´@ º+µ ��A µ S � µ R�¿ ´ @ º+µ ��A µ R � µ Sò¿ ´ @ º+µ S A µ R � µ � ¿ ´@ º+µ S�A µ R?� µ � ¿ ´ @ º+µ S�A µ R?� µ � ´)µ � ¿ ´ � º+µ � � µ � ´)µ S ´)µ R ¿ ´� º+µ �
� µ � ´)µ S ´)µ R�¿ ´ � º+µ S � µ � ´)µ � ´)µ R�¿ ´ � º+µ R � µ � ´)µ � ´)µ S�¿CB (14.145)

1Ying-OnYan,privatecommunication.
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Proof Theproofof this theoremis verysimilarto theproofof Theorem14.12.
Wefirstnotethat

@ º+µ � A µ � ¿
and

@ º+µ � A µ � � µ S ¿
togetherwith the12Shannon’s

informationmeasuresin (14.145)are exactly the 14 Shannon’s information
measuresin (14.94). We have alreadyshown in the proof of Theorem14.12
that

ìiðº � ¿ (cf. Figure14.4)liesin exactly14hyperplanesdefiningtheboundary
of d R

whichcorrespondto settingthese14Shannon’s informationmeasuresto
zero. We alsohave shown that

ìiðº � ¿ for � Á H defineanextremedirectionofd R
.
Denoteby � � the intersectionof the two hyperplanesin f R

which corre-
spondto setting

@ º+µ �^A µ � ¿
and

@ º+µ �GA µ �
� µ Sò¿
to zero. Since

ìi«º � ¿ for any� M H satisfies @ º+µ �^A µ � ¿ 
×@ º+µ �^A µ �
� µ Sò¿ 
 H,+ (14.146)ìiðº � ¿ is in � � . Now for any linearsubspace� of f R
containing

ìiðº � ¿ suchthat� Ë � � , wehave ìiðº � ¿«É d R�� � B
(14.147)

Uponsubstitutingthecorrespondingvaluesin (14.113)for
ìi«º � ¿ with thehelp

of Figure14.4,wehave � $ H _ H 
 H,+ (14.148)

which is a contradictionbecause� M H . Therefore,
ìiðº � ¿ doesnot satisfy

(14.113).Therefore,º�d R�� � ¿ NË.- i É f R u i satisfies(14.113)/ B (14.149)

Thismeansthat(14.113)is anon-Shannon-typeinequalityundertheconstraint� . Fromtheabove,weseethat � canbetakento betheintersectionof � � and
any subsetof the12hyperplaneswhichcorrespondto settingthe12Shannon’s
informationmeasuresin (14.145)to zero.Hence,(14.113)is a non-Shannon-
type inequalityconditioningon

@ º+µ �^A µ � ¿
,
@ º+µ �^A µ �
� µ Sò¿

, andany subsetof
the 12 Shannon’s informationmeasuresin (14.145)beingequalto zero. In
otherwords,theconstrainedinequalityin Theorem14.14in factinducesaclass
of

r �£�
constrainednon-Shannon-typeinequalities.Thetheoremis proved.

14.4 APPLICATIONS
As we have mentionedin Chapter12, informationinequalitiesarethelaws

of informationtheory. In this section,we give severalapplicationsof thenon-
Shannon-typeinequalitieswehaveprovedin thischapterin probabilitytheory
andinformationtheory. An applicationof theunconstrainedinequalityproved
in Section14.2in grouptheorywill bediscussedin Chapter16.021\²O}23,º?y ~��|��~?ê

For theconstrainedinequalityin Theorem14.14,if wefur-
ther imposetheconstraints@ º+µ S A µ R � µ � ¿ 
×@ º+µ S A µ R � µ � ¿ 
 H,+ (14.150)
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thentheright handsideof (14.113)becomeszero. Thisimplies@ º+µ S A µ R�¿ 
 H (14.151)

because
@ º+µ S A µ R�¿

is nonnegative. Thismeansthatµ � P µ �µ � P µ ��� µ Sµ S P µ R � µ �µ S P µ R1� µ �
4 556557 V µ S P µ R�B

(14.152)

We leaveit asan exercisefor thereaderto showthat this implicationcannot
bededucedfromthebasicinequalities.021\²O}23,º?y ~��|��~
÷

If weimposetheconstraints@ º+µ �^A µ � ¿ 
×@ º+µ �^A µ S +)µ R�¿ 
×@ º+µ S A µ R � µ � ¿ 
×@ º+µ S A µ R � µ � ¿ 
 H,+
(14.153)

thentheright handsideof (14.62)becomeszero, which implies@ º+µ S A µ R�¿ 
 H B (14.154)

Thismeansthat µ �QP µ �µ � P º+µ S +)µ R�¿µ S P µ R
� µ �µ S P µ R � µ �
4 556557 V µ S P µ R�B

(14.155)

Notethat(14.152)and(14.155)differ only in thesecondconstraint. Again,we
leaveit as an exercisefor the readerto showthat this implicationcannotbe
deducedfromthebasicinequalities.021\²O}23,º?y ~��|��~
ø

Considera fault-tolerant datastorage systemconsistingof
randomvariables µ � +)µ � +)µ S +)µ R

such that any threerandomvariablescan
recover theremainingone, i.e.,� º+µ ¶ � µ ½ +98 N
;: ¿ 
 H,+=< $ : +98 $ g B (14.156)

Weare interestedin thesetof all entropyfunctionssubjectto theseconstraints,
denotedby > , which characterizestheamountof joint informationwhich can
possiblybestoredin such a datastorage system.Let� 
 - i É f R u i satisfies(14.156)/ B (14.157)

Thentheset > is equalto theintersectionbetweend eR and � , i.e., d eR � � .
Sinceeach constraint in (14.156)is oneof the 14 constraints specifiedin

Theorem14.12,we seethat (14.62)is a non-Shannon-type inequalityunder
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theconstraints in (14.156).Then
ìd R�� � (cf. (14.91))is a tighterouterbound

on > than d R�� � .021\²O}23,º?y ~��|�5�þý
Considerfour randomvariablesµ � +)µ � +)µ S

, and µ R
such

that µ S�Ø º+µ � +)µ � ¿QØ µ R
formsa Markov chain. ThisMarkov conditionis

equivalentto @ º+µ S A µ R � µ � +)µ � ¿ 
 H B (14.158)

It canbeprovedby invokingthebasicinequalities(usingITIP) that@ º+µ S A µ R ¿ $ @ º+µ S A µ R � µ � ¿\_ @ º+µ S A µ R � µ � ¿/_ H B Û @ º+µ ��A µ � ¿
_ � @ º+µ �^A µ S +)µ R�¿\_ º�< Ç � ¿ @ º+µ ��A µ S +)µ R�¿ + (14.159)

where H B r Û $ � $ H B � Û , andthis is thebestpossible.
NowobservethattheMarkov condition(14.158)is oneof the14constraints

specifiedin Theorem14.12.Therefore, (14.62)is a non-Shannon-type inequal-
ity under this Markov condition. By replacing µ �

and µ �
by each other in

(14.62),weobtainr�@ º+µ S A µ R�¿ $ @ º+µ �^A µ � ¿\_ @ º+µ ��A µ S +)µ R�¿
_ ��@ º+µ S A µ R � µ � ¿/_ @ º+µ S A µ R � µ � ¿CB

(14.160)

Uponadding(14.62)and(14.160)anddividingby4, weobtain@ º+µ S A µ R ¿ $ @ º+µ S A µ R � µ � ¿\_ @ º+µ S A µ R � µ � ¿/_ H B Û @ º+µ ��A µ � ¿
_ H B r Û @ º+µ ��A µ S +)µ R�¿\_ H B r Û @ º+µ �
A µ S +)µ R ¿CB

(14.161)

Comparingthe last two termsin (14.159)andthe last two termsin (14.161),
weseethat (14.161)is a sharperupperboundthan(14.159).

TheMarkov chain µ S Ø º+µ � +)µ � ¿%Ø µ R
arisesin manycommunication

situations.Asanexample, considerapersonlisteningtoanaudiosource. Then
the situationcan be modeledby this Markov chain with µ S

beingthe sound
wavegeneratedat thesource, µ �

and µ �
beingthesoundwavesreceivedat

thetwoeardrums,and µ R
beingthenerveimpulseswhich eventuallyarrive at

thebrain. Theinequality(14.161)givesan upperboundon
@ º+µ S�A µ R ¿

which
is tighter thanwhatcanbeimpliedby thebasicinequalities.

There is someresemblancebetweentheconstrainedinequality(14.161)and
thedataprocessingtheorem,but there doesnot seemto beanydirectrelation
betweenthem.

D R A F T September 13, 2001, 6:27pm D R A F T



324 A FIRSTCOURSEIN INFORMATIONTHEORY

PROBLEMS
1. Verify by ITIP thattheunconstrainedinformationinequalityin Theorem14.7

is of non-Shannon-type.

2. Verify by ITIP andprove analyticallythat theconstrainedinformationin-
equalityin Theorem14.14is of non-Shannon-type.

3. UseITIP toverify theunconstrainedinformationinequalityin Theorem14.7.
Hint: Createtwoauxiliaryrandomvariablesasin theproofof Theorem14.7
andimposeappropriateconstraintson therandomvariables.

4. Verify by ITIP that the implicationsin Examples14.17and14.18cannot
bededucedfrom thebasicinequalities.

5. Canyou show thatthesetsof constraintsin Examples14.17and14.18are
in factdifferent?

6. Let µ ¶ + :�
 <'+ r +������?+)� , Â , and @ bediscreterandomvariables.

a) Prove that� @ º�Â A @ ¿ Ç ��½ � � @ º�Â A @ � µ ½ ¿ Ç � @ º�Â A @ � µ ¶ ¿
$ @ º+µ ¶8A ÂA+�@ ¿/_ ��½ � � � º+µ ½ ¿ Ç � º+µ � +)µ � +������B+)µ � ¿CB

Hint: When � 
Ýr
, this inequalityreducesto theunconstrainednon-

Shannon-typeinequalityin Theorem14.7.
b) Prove that� @ º�Â A @ ¿ Ç r ��½ � � @ º�Â A @ � µ ½ ¿$ <�

�� ¶ � � @ º+µ ¶8A ÂC+�@ ¿/_ ��½ � �
� º+µ ½ ¿ Ç � º+µ � +)µ � +������B+)µ � ¿CB
( ZhangandYeung[223].)

7. Let X º+Y � +)Y � +)Y S +)Y R�¿ bethejoint distribution for randomvariablesµ �
, µ �

,µ S
, and µ R

suchthat
@ º+µ � A µ � � µ S ¿ 
 @ º+µ � A µ R?� µ S ¿ 
 H , andlet

ìX be
definedin (14.98).

a) Show thatèX º+Y � +)Y � +)Y S +)Y R�¿
 ò � � ó �¼ô > õ ô ¡ õ ô � � ó �öô > õ ô ñ � ó �öô ¡ õ ô ñ �ó �öô >)õ ô ¡ � ó �öô ñ � if X»º+Y � +)Y � ¿ +�X º+Y R ¿ M HH otherwise
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definesaprobabilitydistribution for anappropriate� ÁD< .
b) Prove that

ìX º+Y � +)Y � +)Y Sò¿ 
 X º+Y � +)Y � +)Y Sò¿ for all Y �
, Y � , and Y S .

c) By consideringE�º ìX æ èX ¿ ÁIH , prove that� º+µ � Sò¿/_ � º+µ � R�¿�_ � º+µ � S�¿�_ � º+µ � R�¿\_ � º+µ S8R�¿Á � º+µ Sò¿�_ � º+µ R�¿\_ � º+µ �£� ¿\_ � º+µ � S8R�¿\_ � º+µ � S8R�¿ +
where� º+µ � S8R�¿

denotes� º+µ � +)µ S +)µ R�¿
, etc.

d) Prove thatundertheconstraintsin (14.112),theinequalityin (14.113)
is equivalentto theinequalityin c).

The inequalityin c) is referredto asthe Ingletoninequalityfor entropy in
the literature. For the origin of the Ingletoninequality, seeProblem9 in
Chapter16. (Mat bç`èé [137].)

HISTORICAL NOTES
In 1986,Pippenger[156] asked whetherthereexist constraintson the en-

tropy function other thanthe polymatroidalaxioms,which areequivalent to
the basicinequalities. He called the constraintson the entropy function the
lawsof informationtheory. Theproblemhadbeenopensincethenuntil Zhang
and Yeungdiscovered for four randomvariablesfirst the constrainednon-
Shannon-typeinequalityin Theorem14.14[222] andthenthe unconstrained
non-Shannon-typeinequalityin Theorem14.7[223].

YeungandZhang[221] have subsequentlyshown thateachof theinequali-
tiesreportedin [222] and[223] impliesa classof non-Shannon-typeinequal-
ities, andthey have appliedsomeof theseinequalitiesin informationtheory
problems. The existenceof theseinequalitiesimplies that thereare laws in
informationtheorybeyondthoselaid down by Shannon[173].

Meanwhile,Mat bç]èé andStudenbc [135][138][136]hadbeenstudyingthestruc-
ture of conditionalindependence(which subsumesthe implication problem)
of randomvariables.Mat bç]èé [137] finally settledtheproblemfor four random
variablesby meansof a constrainednon-Shannon-typeinequalitywhich is a
variationof theinequalityreportedin [222].

Thenon-Shannon-typeinequalitiesthathave beendiscoveredinduceouter
boundson theregion d eR which aretighter than d R

. Mat bç`èé andStudenbc [138]
showed that an entropy function in d R

is entropicif it satisfiesthe Ingleton
inequality(seeProblem9 in Chapter16). This givesan inner boundon d|eR .
A moreexplicit proof of this inner boundcanbe found in ZhangandYeung
[223], wherethey showedthatthisboundis not tight.

Along a relateddirection, Hammeret al. [84] have shown that all linear
inequalitieswhich alwayshold for Kolmogorov complexity alsoalwayshold
for entropy, andviceversa.
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Chapter15

MULTI-SOURCE NETWORK CODING

In Chapter11,wehavediscussedthesingle-sourcenetwork codingproblem
in whichaninformationsourceis multicastin apoint-to-pointcommunication
network. Themaximumrateat which informationcanbemulticasthasasim-
ple characterizationin termsof themaximumflows in thegraphrepresenting
the network. In this chapter, we considerthe moregeneralmulti-sourcenet-
work codingproblemin which morethanonemutuallyindependentinforma-
tion sourcesaregeneratedatpossiblydifferentnodes,andeachof theinforma-
tion sourcesis multicastto a specificsetof nodes.Wecontinueto assumethat
thepoint-to-pointcommunicationchannelsin thenetwork arefreeof error.

The achievableinformationrate region for a multi-sourcenetwork coding
problem,which will be formally definedin Section15.3, refersto the setof
all possibleratesat which multiple informationsourcescanbe multicastsi-
multaneouslyon a network. In a single-sourcenetwork codingproblem,we
areinterestedin characterizingthemaximumrateatwhich informationcanbe
multicastfrom thesourcenodeto all thesinknodes.In amulti-sourcenetwork
codingproblem,weareinterestedin characterizingtheachievableinformation
rateregion.

Multi-sourcenetwork codingturnsoutnottobeasimpleextensionof single-
sourcenetwork coding. This will becomeclearafter we have discussedtwo
characteristicsof multi-sourcenetwork coding in the next section. Unlike
thesingle-sourcenetwork codingproblemwhich hasanexplicit solution,the
multi-sourcenetwork codingproblemhasnot beencompletelysolved. The
bestcharacterizationsof the achievable information rate region of the latter
problem(for acyclic networks) which have beenobtainedso far make use
of the tools we have developedfor informationinequalitiesin Chapter12 to
Chapter14. Thiswill beexplainedin thesubsequentsections.
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Figure15.1. A network whichachievesthemax-flow bound.

15.1 TWO CHARACTERISTICS
In this section,we discusstwo characteristicsof multi-sourcenetworking

codingwhich differentiateit from single-sourcenetwork coding. In the fol-
lowing discussion,theunit of informationis thebit.

15.1.1 THE MAX-FLO W BOUNDS
Themax-flow bound,which fully characterizesthemaximumrateat which

informationcanbemulticast,playsacentralrolein single-sourcenetwork cod-
ing. Wenow revisit thisboundin thecontext of multi-sourcenetwork coding.

Considerthe graphin Figure15.1(a). The capacityof eachedgeis equal
to 1. Two independentinformationsourcesµ �

and µ �
with ratesL �

and L � ,
respectively are generatedat node1. Supposewe want to multicast µ �

to
nodes2 and4 andmulticastµ �

to nodes3 and4. In thefigure,aninformation
sourcein squarebracketsis onewhich is to bereceivedat thatnode.

It is easyto seethat thevaluesof a max-flow from node1 to node2, from
node1 to node3, andfrom node1 to node4 arerespectively 1, 1, and2. At
node2 andnode3, informationis received at rates L �

and L � , respectively.
At node4, information is received at rate L � _ L � becauseµ �

and µ �
are

independent.Applying themax-flow boundatnodes2, 3, and4, wehaveL � $ < (15.1)L � $ < (15.2)

and L � _ L � $ r + (15.3)

respectively. We referto (15.1)to (15.3)asthemax-flow bounds.Figure15.2
is an illustrationof all ºML � +�L � ¿ which satisfythesebounds,where L �

and L �
areobviouslynonnegative.
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Figure15.2. Themax-flow boundsfor thenetwork in Figure15.1.

Wenow show thattheratepair º�<'+N< ¿ is achievable.Let Ã � beabit generated
by µ �

and Ã � be a bit generatedby µ �
. In the schemein Figure15.1(b), Ã �

is receivedat node2, Ã � is receivedat node3, andboth Ã � and Ã � arereceived
at node4. Thusthemulticastrequirementsaresatisfied,andthe information
ratepair º�<'+N< ¿ is achievable. This implies that all ºML � +�L � ¿ which satisfythe
max-flow boundsare achievable becausethey are all inferior to º�<'+N< ¿ (see
Figure.15.2).In thissense,wesaythatthemax-flow boundsareachievable.

Supposewenow wantto multicastµ �
to nodes2, 3, and4 andmulticastµ �

to node4 asillustratedin Figure15.3.Applying themax-flow boundat either
node2 or node3 gives L � $ <'+ (15.4)

andapplyingthemax-flow boundat node4 givesL � _ L � $ r B
(15.5)
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Figure15.3. A network whichdoesnotachieve themax-flow bounds.
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Figure15.4is anillustrationof all ºML � +�L � ¿ whichsatisfythesebounds.
Wenow show thattheinformationratepair º�<'+N< ¿ is notachievable.Suppose

we needto senda bit Ã � generatedby µ �
to nodes2, 3, and4 andsenda bitÃ � generatedby µ �

to node4. Since Ã � hasto berecoveredat node2, thebit
sentto node2 mustbeaninvertibletransformationof Ã � . This impliesthatthe
bit sentto node2 cannotnot dependon Ã � . Similarly, the bit sentto node3
alsocannotdependon Ã � . Therefore,it is impossiblefor node4 to recover Ã �
becauseboththebits receivedat nodes2 and3 do not dependon Ã � . Thusthe
informationratepair º�<'+N< ¿ is not achievable,which impliesthatthemax-flow
bounds(15.4)and(15.5)arenotachievable.

Fromthelastexample,weseethatthemax-flow boundsdonotalwaysfully
characterizethe achievable information rate region. Nevertheless,the max-
flow boundsalwaysgive an outerboundon the achievable informationrate
region.

15.1.2 SUPERPOSITION CODING
Considera point-to-pointcommunicationsystemrepresentedby thegraph

in Figure15.5(a),wherenode1 is thetransmittingpoint andnode2 is there-
ceiving point. Thecapacityof channel(1,2)is equalto 1. Let two independent
informationsourcesµ �

and µ �
, whoseratesare L �

and L � , respectively, be
generatedatnode1. It is requiredthatboth µ �

and µ �
arereceivedatnode2.

We first considercodingthe informationsourcesµ �
and µ �

individually.
We will refer to sucha codingmethodassuperpositioncoding. To do so,we
decomposethegraphin Figure15.5(a)into thetwo graphsin Figures15.5(b)
and(c). In Figure15.5(b), µ �

is generatedat node1 andreceived at node2.
In Figure15.5(c),µ �

is generatedatnode1 andreceivedatnode2. Let P �RQ ��£� be

(2,0)


(1,1)


(0,2)


2


1


Figure15.4. Themax-flow boundsfor thenetwork in Figure15.3.
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Figure15.5. A network for whichsuperpositioncodingis optimal.

thebit rateonchannel(1,2) for transmittingµ Q , X 
 <'+ r . Then

P � �Ê��£�ZY L �
(15.6)

and P\[^]�_` ] Y L ] + (15.7)

which imply P [ ` _` ]ba P [^]�_` ] Y L ` a L ]dc (15.8)

On theotherhand,from therateconstraintfor edge(1,2),wehave

Pe[ ` _` ]ba P\[^]�_` ]gf < c (15.9)

From(15.8)and(15.9),weobtainL ` a L ] f < c (15.10)

Next, we considercodingthe informationsourcesµ ` and µ ] jointly. To
thisend,sinceµ ` and µ ] areindependent,thetotal rateatwhich information
is receivedat node2 is equalto L ` a L ] . Fromtherateconstraintfor channel
(1,2), we againobtain (15.10). Therefore,we concludethat when µ ` andµ ] areindependent,superpositioncodingis alwaysoptimal. The achievable
informationrateregion is illustratedin Figure15.6.

The above example is a degenerateexampleof multi-sourcenetworking
codingbecausethereareonly two nodesin the network. Nevertheless,one
may hopethat superpositioncoding is optimal for all multi-sourcenetwork-
ing codingproblems,sothatany multi-sourcenetwork codingproblemcanbe
decomposedinto single-sourcenetwork codingproblemswhichcanbesolved
individually. Unfortunately, this is not thecase,aswenow explain.

Considerthegraphin Figure15.7.Thecapacitiesof all theedgesareequal
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Figure15.6. Theachievableinformationrateregion for thenetwork in Figure15.5(a).

to 1. We want to multicast h ` to nodes2, 5, 6, and7, andmulticast h ] to
nodes5, 6, and7.

Wefirst considercoding h ` and h ] individually. Leti [^j�_`Mk Yml (15.11)

bethebit rateon edge n�o'p9qer for thetransmissionof h j , whereqtsvu\p%w\p�x andXyszo'p%u . Thentherateconstraintsonedgesn�o'p%u{r , n�o'p%w{r , and n�o'p�xer implyi [ ` _` ]|a i [R]�_` ] f o (15.12)i [ ` _`9} a i [R]�_`9} f o (15.13)i [ ` _`�~ a i [R]�_`�~ f o c (15.14)
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Figure15.7. A network for whichsuperpositioncodingis notoptimal.
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Figure15.8. Theindividualmulticastrequirementsfor thenetwork in Figure15.7.

Togetherwith (15.11),weseethatl f i [RjR_`Mk f o (15.15)

for all q�s.u\p%w\p�x and Xyszo'p%u .
We now decomposethe graphin Figure15.7 into the two graphsin Fig-

ures15.8(a)and(b) which show theindividual multicastrequirementsfor h `
and h ] , respectively. In thesetwo graphs,theedges(1,2),(1,3),and(1,4)are
labeledby thebit ratesfor transmittingthecorrespondinginformationsource.

We now show by contradictionthat the information rate pair (1,1) is not
achievableby codingh ` andh ] individually. Assumethatthecontraryis true,
i.e., the informationratepair (1,1) is achievable. Referringto Figure15.8(a),
sincenode2 receives h ` at rate1, i [ ` _` ] Y o c (15.16)

At node7, sinceh ` is receivedvia nodes3 and4,i [ ` _`9} a i [ ` _`�~ Y o c (15.17)

Similarconsiderationsatnodes5 and6 in Figure15.8(b)givei [R]�_` ] a i [R]�_`9} Y o (15.18)

and i [^]�_` ]ba i [^]�_`�~ Y o c (15.19)

Now (15.16)and(15.15)implies i [ ` _` ] s�o c (15.20)
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Figure15.9. A codingschemefor thenetwork in Figure15.7.

With (15.12)and(15.15),this impliesi [^]�_` ] s l c (15.21)

From(15.21),(15.18),and(15.15),wehavei [^]�_`9} s�o c (15.22)

With (15.13)and(15.15),this impliesi [ ` _`9} s l c (15.23)

It thenfollows from (15.23),(15.17),and(15.15)thati [ ` _`�~ s�o c (15.24)

Togetherwith (15.14)and(15.15),this impliesi [^]�_`�~ s l c (15.25)

However, uponadding(15.21)and(15.25),weobtaini [^]�_` ]ba i [^]�_`�~ s l p (15.26)

which is a contradictionto (15.19).Thuswe have shown thattheinformation
ratepair (1,1)cannotbeachievedby coding h ` and h ] individually.

However, theinformationratepair (1,1)canactuallybeachievedby codingh ` and h ] jointly. Figure15.9shows sucha scheme,where � ` is a bit gen-
eratedby h ` and � ] is a bit generatedby h ] . Notethatat node4, thebits � `
and � ] , which aregeneratedby two differentinformationsources,arejointly
coded.

Hence,we concludethatsuperpositioncodingis not necessarilyoptimal in
multi-sourcenetwork coding. In otherwords,in certainproblems,optimality
canbeachievedonly by codingtheinformationsourcesjointly.
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Figure15.10. A 3-level diversitycodingsystem.

15.2 EXAMPLES OF APPLICATION
Multi-sourcenetwork codingis averyrich modelwhichencompassesmany

communicationsituationsarisingfrom fault-tolerantnetwork communication,
disk array, satellitecommunication,etc. In this section,we discusssomeap-
plicationsof themodel.

15.2.1 MULTILEVEL DIVERSITY CODING
Let h ` p�h ] p������?p�h�� be � informationsourcesin decreasingorderof im-

portance.Theseinformationsourcesareencodedinto piecesof information.
Therearea numberof users,eachof themhaving accessto a certainsubsetof
theinformationpieces.Eachuserbelongsto a levelbetween1 and � , wherea
Level � usercandecodeh ` p�h ] p������Bp�ht� . Thismodel,calledmultilevel diver-
sity coding,finds applicationsin fault-tolerantnetwork communication,disk
array, anddistributeddataretrieval.

Figure15.10showsagraphwhichrepresentsa3-level diversitycodingsys-
tem. The graphconsistsof threelayersof nodes. The top layer consistsof
a nodeat which informationsourcesh ` , h ] , and h } aregenerated.These
informationsourcesareencodedinto threepieces,eachof which is storedin
a distinct nodein the middle layer. The nodesin the bottomlayer represent
theusers,eachof thembelongingto oneof thethreelevels. Eachof thethree
Level 1 usershasaccessto adistinctnodein themiddlelayeranddecodesh ` .
Eachof thethreeLevel 2 usershasaccessto a distinctsetof two nodesin the
middlelayeranddecodesh ` and h ] . Thereis only oneLevel 3 user, whohas
accessto all thethreenodesin themiddlelayeranddecodesh ` , h ] , and h } .
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Themodelrepresentedby thegraphin Figure15.10is calledsymmetrical3-
level diversitycodingbecausethemodelis unchangedby permutingthenodes
in the middle layer. By degeneratinginformation sourcesh ` and h } , the
modelis reducedto thediversitycodingmodeldiscussedin Section11.2.

In the following, we describetwo applicationsof symmetricalmultilevel
diversitycoding:

Fault-Tolerant Network Communication In a computernetwork, a data
packet canbelostdueto buffer overflow, falserouting,breakdown of commu-
nicationlinks, etc. Supposethepacket carries� messages,h ` p�h ] p������Np�h � ,
in decreasingorderof importance.For improved reliability, thepacket is en-
codedinto � sub-packets,eachof which is sentover a differentchannel.If
any � sub-packetsarereceived,thenthemessagesh ` p�h ] p������Bp�ht� canbere-
covered.

Disk Array Considera disk arraywhich consistsof � disks. The datato
bestoredin thedisk arrayaresegmentedinto � pieces,h ` p�h ] p������Np�h � , in
decreasingorderof importance.Then h ` p�h ] p������Bp�h � areencodedinto �
pieces,eachof which is storedon a separatedisk. Whenany � out of the �
disksarefunctioning,thedatah ` p�h ] p������Np�ht� canberecovered.

15.2.2 SATELLITE COMMUNICA TION NETWORK
In a satellitecommunicationnetwork, a useris at any time coveredby one

or moresatellites.A usercanbeatransmitter, a receiver, or both.Throughthe
satellitenetwork, eachinformationsourcegeneratedat a transmitteris multi-
castto a certainsetof receivers.A transmittercantransmitto all thesatellites
within the line of sight, while a receiver can receive from all the satellites
within the line of sight. Neighboringsatellitesmay alsocommunicatewith
eachother. Figure15.11is an illustration of a satellitecommunicationnet-
work.

Thesatellitecommunicationnetwork in Figure15.11canberepresentedby
thegraphin Figure15.12whichconsistsof threelayersof nodes.Thetoplayer
representsthe transmitters,the middle layer representsthe satellites,andthe
bottomlayerrepresentsthereceivers.If asatelliteis within theline-of-sightof
a transmitter, thenthecorrespondingpairof nodesareconnectedby adirected
edge.Likewise, if a receiver is within the line-of-sightof a satellite,thenthe
correspondingpairnodesareconnectedby adirectededge.Theedgesbetween
two nodesin themiddlelayerrepresentthecommunicationlinks betweenthe
two neighboringsatellitescorrespondingto the two nodes.Eachinformation
sourceis multicastto aspecifiedsetof receiving nodesasshown.
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transmitter

 
receiver
¡

Figure15.11. A satellitecommunicationnetwork.

15.3 A NETWORK CODE FOR ACYCLIC NETWORKS
Considera network representedby anacyclicdirectedgraph ¢£s¤n�¥¦p�§�r ,

where ¨�¥©¨\ª¬« . Without lossof generality, assumethat¥vs®­¯o'p%u\p������?p?¨�¥°¨²±{p (15.27)

andthenodesareindexedsuchthatif n´³�p9q\r¶µ·§ , then ³¸ª¹q . Suchanindexing
of the nodesis possibleby Theorem11.5. Let º2» k be the rateconstrainton
channeln´³�p9qer , andlet ¼ sz½ º¾» kÀ¿ n´³�p9q\r¶µ·§ÂÁ (15.28)

betherateconstraintsfor graph ¢ .
A setof multicastrequirementson ¢ consistsof thefollowing elements:
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Figure15.12. A graphrepresentingasatellitecommunicationnetwork.
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Figure15.13. Theacyclic graphfor Example15.1.

1) Ñ , thesetof informationsources;

2) Ò ¿ Ñ®Ó ¥ , which specifiesthe nodeat which an informationsourceis
generated;

3) Ô ¿ ¥ÕÓ u�Ö , which specifiesthe setof informationsourcesreceived at
eachnode.

Theinformationsource× is generatedatnode Ò�n"×dr . For all ³¸µØ¥ , letÙ n´³Úr¸sv­?×ÛµØÑ ¿ Òtn"×'rÜs;³�± (15.29)

be thesetof informationsourcesgeneratedat node ³ . Thesetof information
sourcesÔ�n´³Úr is receivedatnode³ .Ý2Þàßâá2ãåäeæèç¯éyê"ç

Thenodesin thegraphin Figure15.13areindexedsuch that
if n´³�p9qer©µ¬§ , then ³�ªëq . Thesetof multicastrequirementsas illustrated is
specifiedby Ñìsv­¯o'p%u\p%we±{p (15.30)Òtn�oBrÜs�o'p�Ò�n"u{r¸s.u\p�Ò�n"w{r¸s.u\p (15.31)

and Ô�n�oBr�s¬Ô�n"u{rÜs¬Ô©n´xer¸s.íîp (15.32)Ô�n"w{r¸s®­¯od±{p�Ô�n"ï{r�s®­¯o'p%we±{p�Ô�n"ð{r¶sv­?ue±{ñ (15.33)

Weconsiderablockcodewith blocklength ò whichis similar to the ó -code
we definedin Section11.5.1for acyclic single-sourcenetworks. An informa-
tion source× is representedby a randomvariableh�ô whichtakesvaluesin the
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set õ ô�s®­¯o'p%u\p������?peö(ud÷dø9ù�ú'± (15.34)

accordingto theuniformdistribution. Therateof informationsource× is ûNô . It
is assumedthat h�ôNp%×ÂµbÑ aremutuallyindependently.

Unlike the ó -codewe definedfor acyclic single-sourcenetworks which is
zero-error, the codewe now defineallows an arbitrarily small probability of
error. Let ü sv­N³�µb¥ ¿ Ô�n´³ÚrÀýs¬þe± (15.35)

bethesetof nodeswhich receive at leastoneinformationsource.Ann´ò¦pBn´ÿ�» kÂ¿ n´³%p9qerCµ·§ r�pBn(ûNô ¿ ×Âµ ÑÜr�r (15.36)

codeongraph¢ (with respectto asetof multicastrequirements)is definedby

1) for all n´³�p9q\r¶µ·§ , anencodingfunction� » k ¿��ô����	��»�
 õ ô
� �»�������»���� »�
���� ­ l pNo'p������'p�ÿ »��R» ±¾Ó ­ l pNo'p������?p�ÿ�» k ± (15.37)

(if both
Ù n´³Úr and ­N³�� ¿ n´³��(p�³ÚrAµØ§ ± areempty, weadopttheconventionthat� » k is anarbitraryconstanttakenfrom ­ l pNo'p������dp�ÿ�» k ± );

2) for all ³Üµ ü , adecodingfunction� » ¿ �»�������»���� »�
���� ­ l pNo �����'p�ÿ »��R» ±¾Ó �ô�������»�
 õ ô ñ (15.38)

In theabove,
� » k is theencodingfunctionfor edge n´³%p9qer . For ³¾µ ü , � » is the

decodingfunctionfor node ³ . In a codingsession,
� » k is appliedbefore

� »�� k � if³ ª¬³ � , and
� » k is appliedbefore

� » k � if q°ªgq � . This definestheorderin which
theencodingfunctionsareapplied.Since³��yªg³ if n´³��(p�³ÚrAµ·§ , anodedoesnot
encodeuntil all thenecessaryinformationis receivedon theinputchannels.

For all ³Üµ ü , define� »ys �"!y­$#� »�n´h�ô ¿ × µbÑÜr2ýszn´h�ô ¿ × µ Ô�n´³Úr�r%±�p (15.39)

where #� »�n´h�ô ¿ ×Àµ ÑÜr denotesthevalueof � » asafunctionof n´h�ô ¿ ×ÂµbÑ¸r . � »
is theprobabilitythatthesetof informationsourcesÔ�n´³Úr is decodedincorrectly
atnode³ .

Throughoutthischapter, all thelogarithmsarein thebase2 unlessotherwise
specified.% æ'&)(�*+(-,+(/.0*.ç¯éyê�1

For a graph ¢ with rate constraints
¼

, an information
ratetuple 2 szn�3¦ô ¿ × µbÑÜr�p (15.40)
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where
254 l

(componentwise),is asymptoticallyachievableif for any 687 l ,
there existsfor sufficientlylarge ò ann´ò¦pBn´ÿ�» kÂ¿ n´³�p9qerAµ·§ r�pBn(ûNô ¿ ×Âµ ÑÜr�r (15.41)

codeon ¢ such that ò:9<;'=?>A@�ÿ�» kCB º¾» k"D 6 (15.42)

for all n´³%p9qer µ § , where ò 9<; =?>A@¸ÿ�» k is the average bit rate of the codeon
channel n´³%p9qer , ûNô 4 3¦ô:EF6 (15.43)

for all × µbÑ , and � » B 6 (15.44)

for all ³�µ ü . For brevity, anasymptoticallyachievableinformationratetuple
will bereferredto asanachievableinformationratetuple.% æ'&)(�*+(-,+(/.0*.ç¯éyê�G

Theachievableinformationrateregion, denotedby H , is
is thesetof all achievableinformationratetuples

2
.

Remark It follows from thedefinitionof theachievability of an information
ratevectorthat if

2
is achievable,then

2 � is achievablefor all
l B 2 � B 2 .

Also, if
2 � � 
 , � 4 o areachievable,thenit canbeprovedby techniquessimilar

to thosein theproofof Theorem9.12that2 sI=�J�K�ML8N 2 � � 
 (15.45)

is alsoachievable,i.e., H is closed.Thedetailsareomittedhere.

In therestof thechapter, wewill proveinnerandouterboundsontheachiev-
ableinformationrateregion H .

15.4 AN INNER BOUND
In this section,we first statean innerbound H©» ÷ on H in termsof a setof

auxiliary randomvariables.Subsequently, we will castthis innerboundin the
framework of informationinequalitiesdevelopedin Chapter12.% æ'&)(�*+(-,+(/.0*.ç¯éyê�O

Let H � bethesetof all informationratetuples
2

such that
there exist auxiliary randomvariables P ô p%× µ�Ñ and Q » k pBn´³�p9qer·µ®§ which
satisfythefollowingconditions: R n�P ô ¿ × µbÑÜr s SôT� Ö R n�P ô�r (15.46)R nUQâ» k ¨^n�P ô ¿ ×Âµ Ù n´³Úr�r�pBnUQ » � » ¿ n´³ � p�³Úr µ·§�r�r s l

(15.47)R n�P ô ¿ × µ·Ô�n´³Úr�¨VQ »��R» ¿ n´³ � p�³Úr¶µ §�r s l
(15.48)º » k 7 R nUQ » k r (15.49)R n�P ô�rW7 3¦ô ñ (15.50)
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Notethatfor ³Âýµ ü , theconstraint(15.48)in theabove definitionis degen-
eratebecauseÔ�n´³Úr is empty.% æ'&)(�*+(-,+(/.0*.ç¯éyê#é

Let H�» ÷ s XY>�Zîn/H � r , theconvex closure of H � .[]\àæ^.0_yæåá�ç¯éyê�` H�» ÷ba H .

In thedefinitionof H � , P ô is an auxiliary randomvariableassociatedwith
informationsource× , and Qî» k is anauxiliary randomvariableassociatedwith
thecodeword senton channeln´³�p9q\r . The interpretationsof (15.46)to (15.50)
areasfollows. Theequalityin (15.46)saysthat P ôNp%×�µ Ñ aremutually inde-
pendent,which correspondsto theassumptionthatall theinformationsources
aremutuallyindependent.Theequalityin (15.47)saysthat Q » k is a functionofn�P ô ¿ ×�µ Ù n´³Úr�r and nUQ »���» ¿ n´³��´p�³Úr µ|§ r , which correspondsto therequirement
thatthecodewordreceivedfromchanneln´³%p9qer dependsonlyontheinformation
sourcesgeneratedat node ³ andthecodewordsreceived from the input chan-
nelsatnode³ . Theequalityin (15.48)saysthat n�P ô ¿ ×ÂµØÔ�n´³Úr�r is a functionofnUQ »���» ¿ n´³��(p�³ÚrAµb§ r , which correspondsto therequirementthattheinformation
sourcesto bereceivedat node ³ canbedecodedfrom thecodewordsreceived
from the input channelsat node ³ . The inequalityin (15.49)saysthat theen-
tropy of Qî» k is strictly lessthan º2» k , therateconstraintfor channeln´³�p9q\r . The
inequalityin (15.50)saysthattheentropy of P ô is strictly greaterthan 3 ô , the
rateof informationsource× .

The proof of Theorem15.6 is very tediousandwill be postponedto Sec-
tion 15.7. We note that the sameinner boundhasbeenproved in [187] for
variablelengthzero-errornetwork codes.

In therestof thesection,we casttheregion H©» ÷ in theframework of infor-
mationinequalitieswe developedin Chapter12. Thenotationwewill useis a
slightmodificationof thenotationin Chapter12. Letc sv­dP ô ¿ × µbÑfeYQâ» kÂ¿ n´³�p9q\r¶µ·§t± (15.51)

beacollectionof discreterandomvariableswhosejoint distribution is unspec-
ified, andlet Òtn c rÜs.uAgih¯­?þe±{ñ (15.52)

Then ¨�Ò�n c r�¨¯s.ukj g j�EZo'ñ (15.53)

Let l g be the ¨�Òtn c r�¨ -dimensionalEuclideanspacewith thecoordinatesla-
beledby m'nÜpToëµ|Ò�n c r . Wewill referto l g astheentropy spacefor theset
of randomvariables

c
. A vectorp sznqm^n ¿ o®µbÒ�n c r�r (15.54)
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is saidto beentropic if thereexistsa joint distribution for n�r ¿ r µ c r such
that R n´h ¿ hÕµsoÀr¦stm'n (15.55)

for all o®µbÒtn c r . We thendefineu�vg sv­ p µwl g ¿ p is entropic±{ñ (15.56)

To simplify notationin the sequel,for any nonemptyo pTox� µ®Òtn c r , we
define m n j n^� stm nyn � EFm n � p (15.57)

whereweusejuxtapositionto denotetheunionof two sets.In usingtheabove
notation,wedonotdistinguishelementsandsingletonsof

c
, i.e.,for arandom

variable rDµ c , m^z is thesameas my{ zy| .
To describeH©» ÷ in termsof

u vg , we observe that theconstraints(15.46)to
(15.50)in thedefinitionof H � correspondto thefollowing constraintsin l g ,
respectively: m ��} ù � ôT� Ö 
 s SôT� Ö m^} ù (15.58)m�~	� � j ��} ù � ô����	��»�
-
q��� ~ � � � ����»��-� »?
q����
 s l

(15.59)m ��} ù � ô�������»�
-
 j � ~ � � � ����»��-� »?
q����
 s l
(15.60)º » k 7 m ~	� � (15.61)m'} ù 7 3 ôNñ (15.62)

Thenwehave thefollowing alternative definitionof H � .% æ'&)(�*+(-,+(/.0*.ç¯éyê-�
Let H � be the set of all information rate tuples

2
such

that there exists
p µ u vg which satisfies(15.58)to (15.62)for all × µmÑ andn´³�p9qerAµ·§ .

Although the original definition of H � asgiven in Definition 15.4 is more
intuitive, theregionsodefinedappearsto betotally differentfrom caseto case.
On theotherhand,thealternative definitionof H � above enablestheregion to
bedescribedon thesamefooting for all cases.Moreover, if #u g is anexplicit
innerboundon

u vg , uponreplacing
u vg by #u g in theabove definitionof H � ,

we immediatelyobtainanexplicit innerboundon H » ÷ for all cases.We will
seefurtheradvantageof thisalternative definitionwhenwediscussanexplicit
outerboundon H in Section15.6.

15.5 AN OUTER BOUND
In this section,we prove anouterboundH������ on H . This outerboundis in

termsof
u vg , theclosureof

u vg .
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Let H ����� be thesetof all informationrate tuples

2
such

that there exists
p µ u vg which satisfiesthefollowingconstraintsfor all × µbÑ

and n´³%p9qer¶µØ§ : m ��} ù � ôT� Ö 
 s SôT� Ö m^} ù (15.63)m�~	� � j ��} ù � ô����	��»�
-
q��� ~ � � � ����»��-� »?
q����
 s l
(15.64)m ��} ù � ô�������»�
-
 j � ~ � � � ����»��-� »?
q����
 s l
(15.65)º¾» k 4 m ~	� � (15.66)m } ù 4 3 ô ñ (15.67)

Thedefinitionof H ����� is thesameasthealternative definitionof Hb� (Defi-
nition 15.7)exceptthat

1.
u vg is replacedby

u vg .

2. The inequalitiesin (15.61)and(15.62)arestrict, while the inequalitiesin
(15.66)and(15.67)arenonstrict.

Fromthedefinitionof H � and H������ , it is clearthatH � a H ����� ñ (15.68)

It is easyto verify that theconvexity of
u vg (Theorem14.5) implies thecon-

vexity of H ����� . Also, it is readilyseenthat H ����� is closed.Thenupontaking
convex closurein (15.68),weseethatH�» ÷ s XY>�Zîn/H � r a XY>�Z n/H ����� rÜs H ����� ñ (15.69)

However, it is not apparentthatthetwo regionscoincidein general.This will
befurtherdiscussedin thenext section.[]\àæ^.0_yæåá�ç¯éyê�� H a H������ .
Proof Let

2
be an achievable informationratetuple and ò be a sufficiently

largeinteger. Thenfor any 6�7 l , thereexistsann´ò¦pBn´ÿ�» kÂ¿ n´³%p9qerCµ·§ r�pBn(ûNô ¿ ×Âµ ÑÜr�r (15.70)

codeon ¢ suchthat ò 9<; =?>A@�ÿ�» kiB º¾» k�D 6 (15.71)

for all n´³�p9q\r¶µ·§ , ûNô 4 3¦ô:EF6 (15.72)

for all × µbÑ , and � » B 6 (15.73)

D R A F T September 13, 2001, 6:27pm D R A F T



344 A FIRSTCOURSEIN INFORMATIONTHEORY

for all ³¸µ ü .
Weconsidersuchacodefor afixed 6 andasufficiently large ò . For n´³�p9q\rAµ§ , let Qâ» k s #� » k n´h�ô ¿ ×ÀµbÑ¸r (15.74)

be the codeword senton channel n´³�p9q\r . Since Qî» k is a functionof the infor-
mationsourcesgeneratedat node ³ andthe codewordsreceived on the input
channelsatnode³ ,R nUQî» k ¨^n´h�ô ¿ ×Âµ Ù n´³Úr�r�pBnUQ » � » ¿ n´³ � p�³Úr µØ§ r�rÜs l ñ (15.75)

For ³Üµ ü , by Fano’s inequality(Corollary2.48),wehaveR n´h�ô ¿ × µ·Ô�n´³Úr�¨VQ »��R» ¿ n´³ � p�³ÚrAµ·§ rB o D � »�=�>A@ �� �ôT�����R»�
 ¨ õ ôd¨ �� (15.76)

s o D � » R n´h�ô ¿ ×Âµ·Ô©n´³Úr�r (15.77)B o D 6 R n´h�ô ¿ × µ·Ô�n´³Úr�r�p (15.78)

where(15.77)follows becauseh�ô distributesuniformly on
õ ô and h�ô , × µ|Ñ

aremutuallyindependent,and(15.78)follows from (15.73).ThenR n´h�ô ¿ ×ÂµØÔ�n´³Úr�rs � n�n´h�ô ¿ × µ·Ô�n´³Úr�r�eBnUQ »�� » ¿ n´³ � p�³Úr¶µ·§ r�rD R n´h�ô ¿ × µ·Ô�n´³Úr�¨VQ »��R» ¿ n´³ � p�³Úr¶µ·§ r (15.79)� 
B � n�n´h�ô ¿ × µ·Ô�n´³Úr�r�eBnUQ » � » ¿ n´³ � p�³Úr¶µ·§ r�rD o D 6 R n´h ô ¿ × µ·Ô�n´³Úr�r (15.80)B R nUQ »��²» ¿ n´³ � p�³ÚrAµ § r D o D 6 R n´h�ô ¿ × µ·Ô�n´³�r�r (15.81)� 
B �� S�R»/� »��?
���� =?>A@Üÿ »^»�� �� D o D 6 R n´h�ô ¿ × µ·Ô�n´³Úr�r (15.82)� 
B �� S�R»/� »��?
���� ò¸n(º »^» � D 6�r �� D o D 6 R n´h�ô ¿ × µ·Ô�n´³Úr�r�p (15.83)

where

a) follows from (15.78);

b) follows from Theorem2.43;

c) follows from (15.71).

D R A F T September 13, 2001, 6:27pm D R A F T



Multi-SourceNetworkCoding 345

Rearrangingthetermsin (15.83),weobtainR n´h ô ¿ ×Âµ·Ô©n´³Úr�rB òo�EF6 �� S��»/� »���
q��� n(º »^» � D 6�r D oò �� (15.84)

ª udò S��»/� »���
q��� n(º »^»�� D 6�r (15.85)

for sufficientlysmall 6 andsufficiently large ò . Substituting(15.85)into (15.78),
wehave R n´h�ô ¿ ×Âµ Ô©n´³Úr�¨VQ » � » ¿ n´³ � p�³Úr¶µ §�r

ª ò �� oò D uA6�S��»/� » � 
q��� n(º »^»�� D 6�rU�� (15.86)

s ò:�?»�n´ò¦p�6�r�p (15.87)

where �?»�n´ò¦p�6�r¦s �� oò D uA6�S��»/� » � 
���� n(º »^»�� D 6�rU��ëÓ l
(15.88)

as òØÓ « andthen 6�Ó l
. From(15.71),for all n´³�p9q\rAµØ§ ,ò¸n(º¾» k�D uA6�r 4 =?>A@ n´ÿ�» kfD oBrÜs =?>A@À¨VQî» k ¨ 4 R nUQâ» k r�ñ (15.89)

For all ×Âµ Ñ , from (15.72),R n´h�ô r¦s =?>A@À¨ õ ô?¨�s =?>A@ ö(u ÷?ø ù�ú 4 òàûNô 4 ò¸n�3 ô�EF6�r�ñ (15.90)

Thusfor thiscode,wehave R n´h�ô ¿ × µbÑÜr s SôT� Ö R n´h�ô r (15.91)R nUQî» k ¨^n´h�ô ¿ × µ Ù n´³Úr�r�pBnUQ »�� » ¿ n´³ � p�³Úr µ·§�r�r s l
(15.92)R n´h ô ¿ ×ÂµØÔ�n´³Úr�¨VQ » � » ¿ n´³ � p�³Úr µ·§�r�r B ò:� » n´ò¦p�6�r (15.93)ò¸n(º¾» k"D uA6�r 4 R nUQî» k r (15.94)R n´h�ô r 4 ò¸n�3¦ô:EF6�r�ñ (15.95)

Wenotetheone-to-onecorrespondencebetween(15.91)to (15.95)and(15.63)
to (15.67).By letting P ôCsDh�ô for all ×�µ Ñ , we seethatthereexists

p µ u vgsuchthat m ��} ù � ôT� Ö 
 s SôT� Ö m } ù (15.96)
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-
q��� ~ � � � ����»���� »�
����0
 s l
(15.97)m ��} ù � ô�������»�
-
 j � ~ � � � ����» � � »�
����0
 B ò:� » n´ò¦p�6�r (15.98)ò¸n(º¾» k�D uA6�r 4 m ~	� � (15.99)m'} ù 4 ò¸n�3 ô�EF6�r�ñ (15.100)

By Theorem14.5,
u vg is a convex cone.Therefore,if

p µ u vg , then ò 9<; p µu vg . Dividing (15.96)through(15.100)by ò andreplacingò 9<; p by
p

, wesee
thatthereexists

p µ u vg suchthatm ��} ù � ô�� Ö 
 s Sô�� Ö m } ù (15.101)m ~	� � j ��} ù � ôT�A�	�R»?
�
���� ~ � � � ���R»��-� »�
�����
 s l
(15.102)m ��} ù � ôT�����R»?
�
 j � ~ � � � ���R»��-� »�
�����
 B � » n´ò¦p�6�r (15.103)º2» k"D uA6 4 m ~	� � (15.104)m } ù 4 3 ô EF6Nñ (15.105)

Wethenlet òØÓ « andthen 6�Ó l
to concludethatthereexists

p µ u vg which
satisfies(15.63)to (15.67).Hence,H a H ����� , andthetheoremis proved.

15.6 THE LP BOUND AND ITS TIGHTNESS
In Section15.4,we statedthe inner bound H » ÷ on H in termsof

u vg (the
proof is deferredto Section15.7), andin Section15.5,we proved the outer
bound H �U�d� on H in termsof

u vg . Sofar, thereexistsno full characterization
oneither

u vg or
u vg . Therefore,theseboundscannotbeevaluatedexplicitly. In

this section,we give a geometricalinterpretationof theseboundswhich leads
to anexplicit outerboundon H calledtheLP bound(LP for linear program-
ming).

Let o beasubsetof Ò�n c r . For avector
p µ�l g , letp n s�nqm�z ¿ r µsoÀr�ñ (15.106)

For asubset  of l g , let¡ !T>�¢ n n� ¶r¸sv­ p n ¿ p µs C± (15.107)

betheprojectionof theset   on thecoordinatesm^zÜp�rDµ£o . For asubset  ofl g , define¤ n� ArÜsv­ p µwl g ¿ l B p ª p � for some
p � µs  ± (15.108)

and ¥¤ n� Ar¦sv­ p µwl g ¿ l B p B p � for some
p � µs A±{ñ (15.109)
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A vector
p 4 l

is in

¤ n� Ar if andonly if it is strictly inferior to somevector
p �

in   , andis in

¤ n� ¶r if andonly if it is inferior to somevector
p � in   .

Definethefollowing subsetsof l g :¦ ; s § p µsl g ¿ m ��} ù � ôT� Ö 
 s¨SôT� Ö m^} ù�© (15.110)¦$ª s « p µwl g ¿ m ~�� � j ��} ù � ôT�A�	�R»�
-
���� ~ � � � ����» � � »�
�����
 s l
for all n´³�p9qerCµ·§�¬

(15.111)¦ } s « p µwl g ¿ m ��} ù � ôT������»�
�
 j � ~ � � � ���R»��-� »�
����0
 s l
for all ³�µ ü ¬ (15.112)¦ ~ s « p µwl g ¿ º¾» k 7­m ~�� � for all n´³�p9q\r¶µ·§®¬¾ñ (15.113)

Theset
¦ ; is a hyperplanein l g . Eachof thesets

¦ ª
and
¦ } is the intersec-

tion of a collectionof hyperplanesin l g . Theset
¦ ~ is the intersectionof a

collectionof openhalf-spacesin l g . Thenfrom thealternative definitionofH � (Definition15.7),weseethatH � s ¤ n ¡ !�>�¢ ��} ù � ôT� Ö 
 n u vg°¯ ¦ ; ¯ ¦ ª ¯ ¦ } ¯ ¦ ~ r�r�ñ (15.114)

and H�» ÷ s XY>�Z n ¤ n ¡ !T>�¢ ��} ù � ô�� Ö 
 n u vg ¯ ¦ ; ¯ ¦ ª ¯ ¦ } ¯ ¦ ~ r�r�r�ñ (15.115)

Similarly, weseethatH ����� s ¥¤ n ¡ !�>�¢ ��} ù � ô�� Ö 
 n u vg±¯ ¦ ; ¯ ¦ ª ¯ ¦ } ¯ ¦ ~ r�r�ñ (15.116)

It canbeshown thatif
u vg ¯ n ¦ ; ¯ ¦ ª ¯ ¦ } r is densein

u vg²¯ n ¦ ; ¯ ¦ ª ¯ ¦ } r ,i.e., u vg ¯ n ¦ ; ¯ ¦ ª ¯ ¦ } r¦s u vg ¯ n ¦ ; ¯ ¦ ª ¯ ¦ } r�p (15.117)

then H ����� s H � a XY>�Z n/H � r¦s³H©» ÷ p (15.118)

which implies H » ÷ s³H�������ñ (15.119)

Notethat n ¦ ; ¯ ¦ ª ¯ ¦ } r is aclosedsubsetof l g . However, whileu vg ¯ ¦ a u vgF¯ ¦ (15.120)

for any closedsubset
¦

of l g , it is not in generaltruethatu vg ¯ ¦ s u vg ¯ ¦ ñ (15.121)
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As acounterexample,aswehave shown in theproofof Theorem14.2,
u v} ¯ #¦

is apropersubsetof
u v} ¯ #¦ , where#¦ sv­ p µ u0v} ¿ ³ ;�´ ª s;³ ª ´ } s;³ ;�´ } s l ±¸p (15.122)

andwehave used³ k ´ � to denotem k Eµm k j � .
To facilitateourdiscussion,we furtherdefine³ n ´ n�� stm^nsE°m n j n^� (15.123)

and ³ n ´ n�� j n�� � stm n j n�� � EFm n j n^��n^� � (15.124)

for o pTo � pTo � � µ Òtn c r . Let
u g bethesetof

p µ¶l g suchthat
p

satisfiesall
thebasicinequalitiesinvolving someor all of therandomvariablesin

c
, i.e.,

for all oÛpTo � pTo � � µØÒ�n c r , m'n 4 l
(15.125)m n j n�� 4 l
(15.126)³ n ´ n�� 4 l
(15.127)³ n ´ n � j n � � 4 l ñ (15.128)

We know from Section13.2that
u vg a u g . Thenuponreplacing

u vg by
u g

in thedefinitionof H ����� , we immediatelyobtainanouterboundon H ����� . This
is called the LP bound,which is denotedby H�·)¸ . In otherwords, H�·¹¸ is
obtainedby replacing

u vg by
u g on theright handsideof (15.116),i.e.,H ·)¸ s ¥¤ n ¡ !T>�¢ ��} ù � ô�� Ö 
 n u g ¯ ¦ ; ¯ ¦$ª ¯ ¦ } ¯ ¦ ~ r�r�ñ (15.129)

Sinceall the constraintsdefining H�·¹¸ arelinear, H�·¹¸ canbe evaluatedex-
plicitly.

We now show that the outer bound H�·)¸ is tight for the specialcaseof
single-sourcenetwork coding.Without lossof generality, letÑìs®­¯od±{ñ (15.130)

Thentheinformationsourcerepresentedby h ; is generatedatnodeÒtn�oBr , and
for all ³¸µ ü , Ô�n´³ÚrÜsDÑìsv­¯od±{ñ (15.131)

Considerany 3 ; µºH ����� . Following the proof that H �U�d� is an outerbound
on H in the last section(Theorem15.9), we seethat for any 6F7 l

and a
sufficiently large ò , thereexist randomvariablesQî» k pBn´³�p9qer¾µ|§ which satisfy
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the constraintsin (15.92)to (15.94). Upon specializingfor a singlesource,
theseconstraintsbecomeR nUQ�» � ; 
q� k ¨ h ; r s l

for q ¿ n�Òtn�oBr�p9qerCµ·§ (15.132)R nUQî» k ¨VQ »��²» n´³ � p�³Úr µØ§ r s l
for n´³�p9q\r¶µ·§ (15.133)R n´h ; ¨VQ » � ¿ n´³�p�¼�r¶µØ§ r B ò:����n´ò¦p�6�r for ¼�µ ü (15.134)ò¸n(º¾» k�D uA6�r 4 R nUQî» k r for n´³�p9qerCµ § , (15.135)

where � � n´ò¦p�6�r·Ó l
as 6ØÓ l

and ò Ó « . Moreover, upon specializing
(15.95)for asinglesource,wealsohaveR n´h ; r 4 ò¸n�3 ; EF6�r�ñ (15.136)

Now fix asink node¼ µ ü andconsiderany cut ½ betweennode Òtn�oBr and
node¼ , i.e., Ò�n�oBr µ¾½ and ¼¾ýµ¾½ , andlet§x¿�sv­en´³�p9qerCµ·§ ¿ ³¸µ£½ andq·ýµ£½ë± (15.137)

bethesetof edgesacrossthecut ½ . ThenS��»/� k 
�����À ò¸n(º¾» kfD uA6�r� 
4 S�R»/� k 
q����À R nUQî» k r (15.138)4 R nUQî» kÂ¿ n´³�p9qerCµ·§ ¿ r (15.139)� 
s R nUQî» kÂ¿ n´³�p9qerCµ·§ ¿ or both ³�p9q ýµ²½®r (15.140)4 R nUQî» � ¿ n´³%p�¼�r µØ§ r (15.141)s R nUQî» � ¿ n´³%p�¼�r µØ§ ¨ h ; r D � nUQî» � ¿ n´³�p�¼�r µ·§be�h ; r (15.142)s � nUQî» � ¿ n´³�p�¼�r µ·§be�h ; r (15.143)s R n´h ; r0E R n´h ; ¨VQ » � ¿ n´³�p�¼�r¶µ §�r (15.144)� 
4 R n´h ; r0Eìò:� � n´ò¦p�6�r (15.145)Á 
4 ò¸n�3 ; EF6�r0Eìò:����n´ò¦p�6�r (15.146)s ò¸n�3 ; EF6�EÂ� � n´ò¦p�6�r�r�p (15.147)

where

a) follows from (15.135);

b) follows becauseQ » k , whereboth ³�p9q;ýµt½ , arefunctionsof Q »/� k pBn´³�p9qer©µ§ ¿ by virtueof (15.133)andtheacyclicity of thegraph¢ ;
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c) follows from (15.134);

d) follows from (15.136).

Dividing by ò andletting 6 Ó l
and òØÓ « in (15.147),weobtainS��»/� k 
����yÀ º¾» k 4 3 ; ñ (15.148)

In otherwords, if 3 ; µÃH ����� , then 3 ; satisfiesthe above inequality for ev-
erycut ½ betweennode Òtn�oBr andany sinknode¼ µ ü , which is preciselythe
max-flow boundfor single-sourcenetwork coding.Sinceweknow from Chap-
ter 11 that this boundis bothnecessaryandsufficient, we concludethat H �U�d�
is tight for single-sourcenetwork coding.However, wenotethatthemax-flow
boundwasdiscussedin Chapter11 in themoregeneralcontext thatthegraph¢ maybecyclic.

In fact, it hasbeenproved in [220] that H�·¹¸ is tight for all otherspecial
casesof multi-sourcenetwork codingfor which theachievableinformationre-
gion is known. In additionto single-sourcenetwork coding,thesealsoinclude
themodelsdescribedin [92], [215], [166], [219], and[220]. Since H�·)¸ en-
compassesall Shannon-typeinformationinequalitiesandtheconverseproofs
of theachievableinformationrateregion for all thesespecialcasesdo not in-
volve non-Shannon-typeinequalities,thetightnessof H�·)¸ for all thesecases
is expected.

15.7 ACHIEVABILITY OF Ä » ÷
In this section,we prove the achievability of H�» ÷ , namelyTheorem15.6.

To facilitateour discussion,we first introducea few functionsregardingthe
auxiliary randomvariablesin thedefinitionof Hb� in Definition15.4.

From(15.47),since Qâ» k is a functionof n�P ô ¿ × µ Ù n´³Úr�r and nUQ »���» ¿ n´³ � p�³�rCµ§ r�r , wewriteQî» k s Å » k n�n�P ô ¿ × µ Ù n´³Úr�r�pBnUQ »�� » ¿ n´³ � p�³Úr µØ§ r�r�ñ (15.149)

Sincethegraph ¢ is acyclic, we seeinductively thatall theauxiliary random
variablesQ » k pBn´³�p9qerCµ·§ arefunctionsof theauxiliaryrandomvariablesP ô p%× µÑ . Thuswealsowrite Qâ» k sÆ#Å » k n�P ô ¿ ×ÀµbÑ¸r�ñ (15.150)

Equating(15.149)and(15.150),weobtainÅ » k n�n�P ô ¿ × µ Ù n´³Úr�r�pBnUQ »��^» ¿ n´³ � p�³ÚrAµ·§ r�rÜsÇ#Å » k n�P ô ¿ × µbÑÜr�ñ (15.151)

For ×·µZÔ�n´³Úr , since P ô is a functionof nUQ »��R» ¿ n´³ � p�³Úr�µm§ r from (15.48),we
write P ô�s È �R»?
ô nUQ »��R» ¿ n´³ � p�³�r µ·§ r�ñ (15.152)
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Substituting(15.150)into (15.152),weobtainP ô s³È ��»�
ô nY#Å »���» n�P ôÉ� ¿ × � µ ÑÜr ¿ n´³ � p�³Úr µØ§ r�ñ (15.153)

Theserelationswill beusefulin theproofof Theorem15.6.
Beforewe prove Theorem15.6,we first prove in thefollowing lemmathat

strongtypicality is preservedwhena functionis appliedto avector.Ê�æåá¾á ßDç¯éyê"ç�Ë
Let P�s � n´h|r . IfÌ sën/Í ; p�Í ª p������Bp�Í ÷ r�µ�Î ÷Ï Ð�ÑVÒ p (15.154)

then � n Ì r¦szn/È ; p�È ª p������Bp�È ÷ r�µ�Î ÷Ï } ÑVÒ p (15.155)

where È�»ys � n/Í »�r for o B ³ B ò .

Proof ConsiderÌ µ�Î ÷Ï Ð"ÑVÒ , i.e.,S�ÓÇÔÔÔÔ oò c n/Í0e Ì r:E�Õ n/Í rÖÔÔÔÔ ª­×Nñ (15.156)

SincePës � n´h|r , Õ n/È�r¦s SÓ �AØ�Ù)Ú��ÜÛÝ
 Õân/Íyr (15.157)

for all È µsÞ . On theotherhand,c n/È�e � n Ì r�r�s SÓ ��Ø Ù¹Ú �ÜÛY
 c n/Í�e Ì r (15.158)

for all È µsÞ . ThenS Û ÔÔÔÔ oò c n/È�e � n Ì r�r:E�Õân/ÈårÖÔÔÔÔs S Û ÔÔÔÔÔÔ SÓ ��Ø�Ù)Ú��ÜÛY
�ß oò c n/Í�e Ì r:E�Õân/Í rUà ÔÔÔÔÔÔ (15.159)B S Û SÓ ��Ø�Ù¹Ú���ÛÝ
 ÔÔÔÔ oò c n/Í�e Ì r:EwÕân/Í r ÔÔÔÔ (15.160)

s S Ó ÔÔÔÔ oò c n/Í0e Ì r�E�Õân/Íyr ÔÔÔÔ (15.161)ª ×Bñ (15.162)

Therefore,
� n Ì r�µwÎ ÷Ï } ÑVÒ , proving thelemma.
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Proof of Theorem15.6 Consideraninformationratetuple2 szn�3 ô ¿ × µØÑÜr (15.163)

in H � , i.e., thereexist auxiliary randomvariablesP ô p%×ÛµØÑ and Qâ» k pBn´³�p9qerCµ·§
which satisfy (15.46)to (15.50). We first imposethe constraintthat all the
auxiliaryrandomvariableshavefinite alphabets.Thepurposeof imposingthis
additionalconstraintis to enabletheuseof strongtypicality whichappliesonly
to randomvariableswith finitealphabets.Thisconstraintwill beremovedlater.

Considerany fixed 6�7 l . Wenow constructann´ò¦pBn´ÿ�» k ¿ n´³�p9q\r¶µ·§�r�pBn�3 ô"EF6 ¿ × µbÑÜr�r (15.164)

randomcodeongraph ¢ for sufficiently large ò suchthatò 9<; =?>A@�ÿ�» kCB º¾» k"D 6 (15.165)

for all n´³�p9q\rAµ § , and � » B 6 (15.166)

for all ³¸µ ü . Let × and ×�� besmallpositive quantitiessuchthat× � ª­×Bñ (15.167)

The actualvaluesof × and × � will be specifiedlater. The codingschemeis
describedin thefollowing steps,where ò is assumedto bea sufficiently large
integer.

1. For × µbÑ , by thestrongAEP(Theorem5.2),á ô�âÝã�äs ¨ Î ÷Ï } ù ÑVÒ � ¨ 4 n�oåEµ× � r�ud÷ �?æå��} ù 
 9$ç ù 
 p (15.168)

where è ô Ó l
as × � Ó l

. By letting × � besufficiently small,by virtue of
(15.50),wehave R n�P ô�r0E¶è,ô�7Â3 ôNp (15.169)

and n�oåEF× � r�ud÷ ��æ���} ù 
 9$ç ù 
 7êé'ô�p (15.170)

where é ô s ö(ud÷ �Vë ù 9^ì 
 ú¾sz¨ õ ô ¨�ñ (15.171)

Thenit follows from (15.168)and(15.170)thatá ô�7êé'ô�ñ (15.172)

Denotethevectorsin Î ÷Ï } ù ÑVÒ � by í ô n"�år�pNo B � B á ô .
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2. Arbitrarily partition Î ÷Ï } ù ÑVÒ � into subsetso ; n"×'r�pTo ª n"×dr�p������?pToxî ù n"×'r almost

uniformly, suchthat the sizeof eachsubsetis eitherequalto ï/é 9<;ô á ôñð orö/é 9<;ô á ô�ú . Definea randommappingò ô ¿ ­¯o'p%u\p������dpTé'ô ±¾Ó ­¯o'p%u\p������dp á ô ± (15.173)

by letting ò ôBn�ó"r be an index randomlychosenin o j ù n"×dr accordingto the
uniformdistribution for o B ó ô B é ô .

3. For n´³�p9q\r¶µ·§ , denotethevectorsin Î ÷Ï ~�� � ÑVÒ by ô » k n"�år , o B � B á » k , whereá » k së¨ Î ÷Ï ~�� � ÑVÒ ¨�ñ (15.174)

By thestrongAEP, á » k së¨ Î ÷Ï ~	� � ÑVÒ ¨ B ud÷ �?æå� ~�� � 
�õ ç � � 
 p (15.175)

whereèe» k Ó l
as × Ó l

. Thenby letting × besufficiently small,by virtue
of (15.49),wehave R nUQ » k r D è » k B º » k D 6 (15.176)

andhence u ÷ ��æ�� ~	� � 
-õ ç � � 
 B u ÷ ��ö � � õ ì 
 ñ (15.177)

Thenwecanchooseaninteger ÿ�» k suchthatud÷ ��æ�� ~	� � 
�õ ç � � 
 B ÿ�» k8B ud÷ �?ö � � õ ì 
 ñ (15.178)

Theupperboundabove ensuresthat ÿ�» k satisfies(15.165).

4. Definetheencodingfunction� » k ¿ �ôT�A�	��»�
 õ ô � �»�������»���� »�
���� ­ l pNo'p������dp�ÿ »��R» ± Ó ­ l pNo'p������dp�ÿ » k ± (15.179)

asfollows. Let Í ô betheoutcomeof h�ô . If÷ nqí ô n ò ôBn/Í ô�r�r ¿ ×Àµ Ù n´³Úr�r�pBn/ô »��R» n #� »���» n/Í ô ¿ × µbÑÜr ¿ n´³ � p�³Úr µ·§�r�r�øµ�Î Ï ��} ù � ô����	��»�
-
q��� ~ � � � ����»���� »?
q����
 ÑVÒ p (15.180)

where #� »��²» n/Í ô ¿ ×©µ¹ÑÜr denotesthevalueof
� »��²» asa functionof n/Í ô ¿ ×�µÑ¸r , thenby Lemma15.10,Å » k ÷ nqí ô n ò ôBn/Í ô�r�r ¿ × µ Ù n´³Úr�r�pBn/ô » � » n #� »���» n/Í ô ¿ × µbÑÜr ¿ n´³ � p�³�r µ·§ r�r ø

(15.181)
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is in Î ÷Ï ~	� � ÑVÒ (cf. (15.149)for thedefinitionof Å » k ). Thenlet� » k ÷ n ò ô?n/Í ô�r ¿ ×Àµ Ù n´³Úr�r�pBn #� » � » n/Í ô ¿ ×ÀµbÑ¸r ¿ n´³ � p�³Úr¶µ §�r�ø (15.182)

betheindex ofÅ » k ÷ nqí ô n ò ô n/Í ô r�r ¿ ×Âµ Ù n´³Úr�r�pBn/ô » k n #� »��²» n/Í ô ¿ ×Âµ ÑÜr ¿ n´³ � p�³Úr µØ§ r�r�ø
(15.183)

in Î ÷Ï ~�� � ÑVÒ (which is greaterthanor equalto 1), i.e.,ô » k n #� » k n/Í ô ¿ × µbÑÜr�r¸sÅ » k ÷ nqí ô n ò ô?n/Í ô�r�r ¿ ×Âµ Ù n´³Úr�r�pBn/ô » k n #� »��²» n/Í ô ¿ ×Âµ ÑÜr ¿ n´³ � p�³Úr µØ§ r�r�øÀñ
(15.184)

If (15.180)is notsatisfied,thenlet� » k ÷ n ò ôBn/Í ô�r ¿ ×Àµ Ù n´³Úr�r�pBn #� » � » n/Í ô ¿ ×ÀµbÑÜr ¿ n´³ � p�³Úr¶µ·§�r�ø�s l ñ (15.185)

Note that the lower boundon ÿ�» k in (15.178)ensuresthat
� » k is properly

definedbecausefrom (15.175),wehaveÿ » k 4 u ÷ ��æ�� ~	� � 
-õ ç � � 
 4 ¨ Î ÷Ï ~�� � ÑVÒ ¨�s á » k ñ (15.186)

5. For ³¸µ ü , definethedecodingfunction� » ¿ �»��-����»��-� »�
q��� ­ l pNo �����dp�ÿ »��R» ±¾Ó �ôT������»�
 õ ô (15.187)

asfollows. If #� » � » n/Í ô ¿ × µbÑÜr2ýs l
(15.188)

for all n´³ � p�³Úr µØ§ , andif for all × µ·Ô�n´³Úr thereexists o B óMô B é'ô suchthatÈ ��»�
ô ÷ ô »��²» n #� »���» n/Í ô ¿ × µØÑÜr�r ¿ n´³ � p�³Úr¶µ·§]ø�stí ô n ò ô n�ó ô r�r (15.189)

(cf. thedefinitionof È �R»?
ô in (15.152)andnotethat È �R»?
ô is appliedto avector
asin Lemma15.10),thenlet� » ÷ #� » � » n/Í ô ¿ × µbÑÜr ¿ n´³ � p�³Úr¶µ § ø szn�óMô ¿ ×ÀµØÔ�n´³Úr�r�ñ (15.190)

Notethatif an óMô asspecifiedabove exists,thenit mustbeuniquebecauseí ô n ò ô?n�ó"r�r ýstí ô n ò ôBn�ó � r�r (15.191)
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if ó ýs ó/� . For all othercases,let� » ÷ #� »���» n/Í ô ¿ × µbÑÜr ¿ n´³ � p�³�r µ·§]ø�sën�o'pNo'p������?pNoù ú�û üj ���R»�
 j r�p (15.192)

aconstantvectorin ý ôT�����R»�
 õ ô .
Wenow analyzetheperformanceof this randomcode.Specifically, wewill

show that(15.166)is satisfiedfor all ³Üµ ü . Weclaimthatfor any ×þ7 l , ifnqí ô n ò ôBn/Í ô�r�r ¿ × µbÑÜr µ�Î2÷Ï } ù � ô�� Ö ÑVÒ p (15.193)

thenthefollowing aretrue:

i) (15.180)holdsfor all ³Üµb¥ ;

ii) #� » k n/Í ô ¿ ×ÂµbÑ¸r¾ýs l
for all n´³�p9q\r¶µ·§ ;

iii) ô » k n #� » k n/Í ô ¿ ×Âµ ÑÜr�rÜsÆ#Å » k nqí ô n ò ôBn/Í ô r�r ¿ × µbÑÜr for all n´³�p9q\r¶µ·§ .

Wewill provetheclaimby inductionon ³ , theindex of anode.Wefirst consider
node1, which is thefirst nodeto encode.It is evidentthat­N³ � µØ¥ ¿ n´³ � pNoBrAµ·§ ± (15.194)

is empty. Since n�P ô ¿ ×mµ Ù n�oBr�r is a function of n�P ô ¿ ×mµ ÑÜr , (15.180)
follows from (15.193)via anapplicationof Lemma15.10.Thisprovesi), and
ii) follows by thedefinitionof theencodingfunction

� » k . For all n�o'p9qer�µg§ ,
considerô ; k n #� ; k n/Í ô ¿ × µbÑÜr�r s Å ; k nqí ô n ò ô?n/Í ô�r�r ¿ ×Àµ Ù n�oBr�r (15.195)s #Å ; k nqí ô n ò ô n/Í ô r�r ¿ ×ÀµbÑ¸r�p (15.196)

wherethe first and the secondequality follow from (15.184)and (15.151),
respectively. Thelattercanbeseenby replacingtherandomvariableP ô by the
vector í ô n ò ô?n/Í ô�r�r in (15.151).This provesiii). Now assumethat theclaim is
truefor all nodeq B ³:E¬o for someu B ³ B ¨�¥©¨ , andwe will prove that the
claimis truefor node³ . For all n´³ � p�³�r µ·§ ,ô »��R» n #� »���» n/Í ô ¿ × µbÑÜr�rÜsÇ#Å »��²» nqí ô n ò ôBn/Í ô�r�r ¿ × µbÑÜr (15.197)

by iii) of theinductionhypothesis.Since n�n�P ô ¿ × µ Ù n´³�r�r�pBnUQ »�� » ¿ n´³ � p�³ÚrAµ·§ r�r
is a functionof n�P ô ¿ × µDÑÜr (cf. (15.150)),(15.180)follows from (15.193)
via anapplicationof Lemma15.10,proving i). Again,ii) follows immediately
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from i). For all n´³�p9q\r¶µ·§ , it follows from (15.184)and(15.151)thatô » k n #� » k n/Í ô ¿ ×Âµ ÑÜr�rs Å » k ÷ nqí ô n ò ôBn/Í ô�r�r ¿ × µ Ù n´³Úr�r�pBn/ô »��²» n #� »��²» n/Í ô ¿ × µbÑÜr ¿ n´³ � p�³Úr¶µ·§ r�r�ø
(15.198)s #Å » k nqí ô n ò ôBn/Í ô�r�r ¿ × µbÑÜr�p (15.199)

wherethelastequalityis obtainedby replacingtherandomvariable P ô by the
vector í ô n ò ô?n/Í ô�r�r andtherandomvariable Q »���» by thevector ô »��²» n #� »��²» n/Í ô ¿ ×ÂµÑÜr in (15.151).Thisprovesiii). Thustheclaim is proved.

If (15.193)holds,for ×©µ¹Ô©n´³Úr , it follows from iii) of theabove claim and
(15.153)thatÈ ��»�
ô n/ô »���» n #� »��²» n/Í ô�� ¿ × � µbÑÜr�r ¿ n´³ � p�³�r¶µ § rs È ��»�
ô nY#Å »���» nqí ôÉ� n ò ôÉ� n/Í ô�� r�r ¿ × � µbÑ¸r ¿ n´³ � p�³Úr µ·§�r (15.200)s í ô n ò ô?n/Í ô�r�r�p (15.201)

wherethelastequalityisobtainedby replacingP ôÉ� by í ôÉ� n ò ôÉ� n/Í ô�� r�r in (15.153).
Thenby thedefinitionof thedecodingfunction � » , wehave� » ÷ #� » � » n/Í ô ¿ ×ÂµØÑÜr ¿ n´³ � p�³Úr µ·§ ø szn/Í ô ¿ × µ Ô�n´³Úr�r�ñ (15.202)

Hence,Í ô p%×Ûµ Ô�n´³Úr canbedecodedcorrectly.
Therefore,it sufficesto considertheprobabilitythat(15.193)doesnothold,

sincethis is theonly casefor a decodingerror to occur. For × µgÑ , consider
any o B � ô B á ô , where� ô µso j ù n"×'r for someo B ó ô B é ô . Then��!N­ ò ôBn´h�ô�rÜs.�eô ±s �"! ­ ò ô n´h ô rÜs � ô p�h ô s ó ô ± (15.203)s �"! ­ ò ôdn´h�ô�rÜs �¯ô?¨ h�ô s óMô�±d��!�­Nh�ô¶s ó´ô ± (15.204)s ¨ o j ù n"×dr�¨V9<;�é$9<;ô ñ (15.205)

Since ¨ o j ù n"×'r�¨ is equalto either ï/é 9<;ô á ôTð or ö/é 9<;ô á ô�ú , wehave¨ o j ù n"×'r�¨ 4 ï/é 9<;ô á ô ð 4 é 9<;ô á ô EZo'ñ (15.206)

Therefore,��!�­ ò ôBn´h�ô r¦s.�¯ô�± B on�é 9<;ô á ô�EgoBr�é'ô s oá ô Eµé ô ñ (15.207)

Sinceé ô"ÿ u ÷ ë ù and
á ô"ÿ u ÷ æ���} ù 
 , whereR n�P ô�r�7 3 ô (15.208)
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from (15.50), édô is negligible comparedwith
á ô when ò is large. Thenby the

strongAEP, thereexists è �ô nq× � rf7 l suchthatn�oåEF× � r�u ÷ �?æå��} ù 
 9$ç �ù � Ò � 
-
 B á ô�Eµé'ôAª á ô B u ÷ ��æ���} ù 
�õ ç �ù � Ò � 
�
 p (15.209)

whereè��ô nq×d�MrÜÓ l
as ×d� Ó l

. Therefore,��! ­ ò ôBn´h�ô r¦s.�¯ô�± B n�oåE°× � r 9<; u 9å÷ ��æ���} ù 
 9$ç �ù � Ò � 
�
 ñ (15.210)

Notethatthis lower bounddoesnotdependon thevalueof �eô . It thenfollows
that ��! ­ ò ô?n´h�ô�rÜs.�¯ô ¿ ×Àµ Ñ�±B n�oåE°× � r�9 j Ö j � ô u¹9å÷ ��æ���} ù 
 9$ç �ù � Ò � 
�
 (15.211)

s n�oåE°× � r 9 j Ö j u 9å÷ � ù �?æå��} ù 
 9$ç �ù � Ò � 
-
 (15.212)s n�oåE°× � r�9 j Ö j u 9å÷ n � ù æ���} ù 
 9 � ù ç �ù � Ò � 
 r (15.213)s n�oåE°× � r 9 j Ö j u 9å÷ �?æ���} ù � ôT� Ö 
 9$ç � � Ò � 
-
 p (15.214)

wherethelastequalityfollows from (15.46)withè � nq× � r¦s S ô è �ô nq× � r (15.215)

whichtendsto0as×d� Ó l
. In otherwords,for every n�� ô ¿ × µbÑÜr�µ ý ô Î ÷Ï } ù ÑVÒ � ,��!�­Öí ô n ò ô n´h ô r�rÜs�� ô ¿ × µbÑ�± B n�o)E]× � r�9 j Ö j u¹9å÷ ��æå��} ù � ôT� Ö 
 9$ç � � Ò � 
�
 ñ (15.216)

Let � ô denoteò i.i.d. copiesof the randomvariable P ô . For every � ô µÎ ÷Ï } ù ÑVÒ � , by thestrongAEP,�"!�­�� ô�s�� ô�± 4 u 9å÷ Ï æå��} ù 
-õ�� ù � Ò � 
 Ñ p (15.217)

where	�ôBnq×��MrÜÓ l
as ×�� Ó l

. Thenfor every n�� ô ¿ ×ÂµbÑÜr µ ý ô Î ÷Ï } ù ÑVÒ � ,��! ­�� ô¶s�� ô ¿ × µbÑ�± 4 � ô u¹9å÷ Ï æå��} ù 
�õ�� ù � Ò � 
 Ñ (15.218)

s u 9å÷ n � ù æå��} ù 
-õ � ù � ù � Ò � 
 r (15.219)s u¹9å÷ �?æå��} ù � ô�� Ö 
�õ���� Ò � 
�
 p (15.220)

where 	ânq× � r¦s S ô 	åôBnq× � r¦Ó l
(15.221)

D R A F T September 13, 2001, 6:27pm D R A F T



358 A FIRSTCOURSEIN INFORMATIONTHEORY

as ×d� Ó l
.

For every n�� ô ¿ ×Âµ ÑÜr µ£ý ô Î ÷Ï } ù ÑVÒ � , from (15.216)and(15.220),wehave�"! ­Öí ô n ò ô n´h ô r�rÜs�� ô ¿ ×ÀµbÑ ±s n�oåEF× � r 9 j Ö j u ÷ � ç � � Ò � 
-õ���� Ò � 
�
 u 9å÷ ��æ���} ù � ôT� Ö 
-õ���� Ò � 
-
 (15.222)B n�oåEF× � r�9 j Ö j ud÷ � ç � � Ò � 
-õ���� Ò � 
�
 ��!N­�� ô s�� ô ¿ ×ÂµbÑ ± (15.223)s n�oåEF× � r 9 j Ö j u ÷�
 � Ò � 
 �"! ­�� ô s�� ô ¿ ×Àµ Ñ�±{p (15.224)

where � nq× � r¦s­è � nq× � r D 	ânq× � r�ñ (15.225)

Since �"! ­Öí ô n ò ô n´h ô r�rÜs�� ô ¿ ×ÀµbÑ�±Às l
(15.226)

for all n�� ô ¿ ×Ûµ Ñ¸r ýµ ý ô Î ÷Ï } ù ÑVÒ � , (15.224)is in facttruefor all n�� ô ¿ × µ|ÑÜr¶µn�Þ ÷ô ¿ ×Âµ ÑÜr . By Theorem5.3,��!N­en�� ô ¿ × µbÑÜr2ýµ�Î ÷Ï } ù � ô�� Ö ÑVÒ ± B u¹9å÷�
 � Ò 
 p (15.227)

where � nq×'r�7 l and �¶nq×'r¸Ó l
as × Ó l

. Thenby summingover all n�� ô ¿ ×ÂµÑÜr¾ýµ®Î ÷Ï } ù � ôT� Ö ÑVÒ in (15.224),wehave��!�­enqí ô n ò ô?n´h�ô�r�r ¿ ×ÂµbÑ¸r2ýµ�Î ÷Ï } ù � ôT� Ö ÑVÒ ±B n�oåE°× � r�9 j Ö j ud÷�
 � Ò � 
 ��!�­en�� ô ¿ ×Âµ ÑÜr2ýµ�Î ÷Ï } ù � ôT� Ö ÑVÒ ± (15.228)B n�oåE°× � r 9 j Ö j u 9å÷ � 
 � Ò 
 9�
 � Ò � 
-
 ñ (15.229)

Since ×�� ª­× (cf. (15.167)),wecanlet ×d� besufficiently smallsothat�¶nq×dr�E � nq× � rf7 l (15.230)

and the upperboundin (15.229)tendsto 0 as ò Ó « . Thus, when ò is
sufficiently large,for all ³¸µ ü ,� » B ��!�« nqí ô n ò ô?n´h�ô�r�r ¿ × µØÑÜr¾ýµwÎ ÷Ï } ù � ôT� Ö ÑVÒ ¬ B 6�ñ (15.231)

Hence,we have constructeda desiredrandomcodewith theextraneouscon-
straintthattheall theauxiliary randomvariableshave finite alphabets.

We now show that when someof the auxiliary randomvariablesdo not
have finite supports1, they canbe approximatedby oneswith finite supports
while all the independenceand functional dependenceconstraintsrequired

1Theserandomvariablesneverthelessareassumedto have finite entropies.
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continueto hold. Supposesomeof theauxiliary randomvariablesP ô�p%× µmÑ
and Q » k pBn´³�p9q\r¾µ|§ do not have finite supports.Without lossof generality, as-
sumethat P ô take valuesin thesetof positive integers.For all × µ Ñ , definea
randomvariableP �ô n��Ør which takesvaluesin��� sv­¯o'p%u\p������dp�� ± (15.232)

suchthat ��!�­dP �ô n��Ør¦s.� ± s �"! ­dP ô s.� ±�"!�­dP ôCµ ��� ± (15.233)

for all �°µ ��� , i.e., Pþ�ô n��Ør is a truncationof P ô up to � . It is intuitively clear
that

R n�Pþ�ô n��Ør�r�Ó R n�P ô r as ��Ó « . Theproof is givenin Appendix15.A.
Let Pþ�ô n��Ør�p%×ÂµbÑ bemutuallyindependentsothatthey satisfy(15.46)with

all the randomvariablesin (15.46)primed. Now constructrandomvariablesQx�» k n��Ør inductively by lettingQ �» k n��Ør¦s³Å » k n�n�P �ô n��Ør ¿ × µ Ù n´³Úr�r�pBnUQ �»�� » n��Ør ¿ n´³ � p�³Úr¶µ·§ r�r (15.234)

for all n´³�p9q\rbµë§ (cf. (15.149)). Then P �ô n��Ør�p%×èµ Ñ and Q �» k n��Ør�pBn´³%p9qer µ§ satisfy (15.47)and (15.48) with all the randomvariablesin (15.47)and
(15.48)primed. Usingtheexactly thesameargumentfor P �ô n��Ør , we seethatR nUQ �» k n��Ør�rÜÓ R nUQ » k r as � Ó « .

If P ô�p%×ÂµbÑ and Qâ» k pBn´³�p9qerCµ·§ satisfy(15.49)and(15.50),thenthereexists� 7 l suchthat º¾» k 7 R nUQâ» k r D � (15.235)

and R n�P ô�r:E � 7Â3¦ô�ñ (15.236)

Thenfor sufficiently large � , wehaveº2» k 7 R nUQâ» k r D � 7 R nUQ �» k n��Ør�r (15.237)

and R n�P �ô n��Ør�rf7 R n�P ô�r0E � 7 3 ô ñ (15.238)

In otherwords, P �ô n��Ør�p%×gµ Ñ and Q �» k n��Ør�pBn´³�p9q\r µz§ , whosesupportsare
finite, satisfy(15.49)and(15.50)with all therandomvariablesin (15.49)and
(15.50)primed.

Therefore,we have proved that all information rate tuples
2

in H � are
achievable. By meansof a time-sharingargumentsimilar to theonewe used
in theproofof Theorem9.12,weseethatif

2 � ; 
 and
2 � ª 
 areachievable,then

for any rationalnumber� between0 and1,2 s�� 2 � ; 
 D n�oåE�� r 2 � ª 
 (15.239)
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is alsoachievable.As theremarkimmediatelyafterDefinition15.3assertsthat
if
2 � � 
 , � 4 o areachievable,then2 sI=�J�K�ML8N 2 � � 
 (15.240)

is also achievable, we seethat every
2

in XY>�Zîn/H � r is achievable. In other
words, H�» ÷ s XY>�Zîn/H � r a H·p (15.241)

andthetheoremis proved.

APPENDIX 15.A: APPROXIMA TION OF RANDOM VARI-
ABLES WITH INFINITE ALPHABETS

In this appendix,we prove that ����� �ù �� "!#!%$&����� ù ! as  '$)( , wherewe assumethat����� ù !�*+( . For every  �,.- , definethebinaryrandomvariable/ �� "!�0 1 - if � ù%2  3
if � ù%4  .

(15.A.1)

Consider ����� ù !50 687S 9;: Ú�<�=;> � ù 0@?�ACBEDGF <�=H> � ù 0.?�A6 IS9H: 7KJ Ú <L=;> � ù 0@?�ACBMDNF <L=H> � ù 0@?�APO (15.A.2)

As  Q$'( , 6 7S 9H: Ú <�=H> � ù 0.?�ARBMDNF <L=;> � ù 0@?�AS$'����� ù !TO (15.A.3)

Since ����� ù !�*+( , 6 IS9H: 7KJ ÚU<L=H> � ù 0@?�ALBEDNF <L=;> � ù 0@?�AS$ 3 (15.A.4)

as ?V$W( . Now consider����� ù !0 ����� ùGX / �� "!#!ZY\[]��� ù�^ / �� "!#! (15.A.5)0 ����� ù X / �� "!L0_-`! <L=;> / �� "!�0a-bAKYc����� ù X / �� d!�0 3 Ae <�=;> / �� d!�0 3 AKY\[]��� ù ^ / �� "!#! (15.A.6)0 ����� �ù �� "!#! <L=T> / �� d!f0a-`AgY\����� ùbX / �� "!�0 3 !e <�=;> / �� d!�0 3 AKY\[]��� ù�^ / �� "!#!TO (15.A.7)

As  h$i( , ��� / �� "!#!S$ 3
since <L=H> / �� "!j0k-`Al$m- . This implies []��� ù ^ / �� "!#!n$ 3

because []��� ùb^ / �� "!#! 2 ��� / �� "!#!TO (15.A.8)
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In (15.A.7),we furtherconsider����� ù X / �� d!L0 3 ! <�=;> / �� d!�0 3 A0 6 IS9H: 7KJ Ú <�=;> � ù 0.?�ACBEDGF <�=;> � ù 0@?�A<�=;> / �� d!f0 3 A (15.A.9)

0 6 IS9H: 7KJ ÚU<�=;> �ZoK0.?�AP��BMDNF <L=;> �Zog0@?�A6lBEDGF <L=;> / �� "!�0 3 Ab! (15.A.10)0 6 IS9H: 7KJ Ú � <L=�> �ZoK0@?�ARBEDGF <�=;> �Zog0.?�AN!Y�p IS9H: 7KJ ÚU<�=H> �ZoK0@?�A�q�BEDGF <L=H> / �� "!�0 3 A (15.A.11)

0 6 Ir9H: 7KJLs � <L=�> �ZoK0@?�ARBEDGF <�=;> �Zog0.?�AN!Y <L=;> / �� "!�0 3 ARBEDGF <�=;> / �� d!f0 3 APO (15.A.12)

As  t$u( , the summationabove tendsto 0 by (15.A.4). Since <L=;> / �� "!d0 3 Av$ 3
,<L=;> / �� "!�0 3 ARBEDGF <�=;> / �� d!f0 3 AS$ 3

. Therefore,�����Zo X / �� d!f0 3 ! <�=H> / �� "!�0 3 AS$ 3xw (15.A.13)

andweseefrom (15.A.7)that �����zyo �� d!#!f${����� o ! as  Q$h( .

PROBLEMS
1. Considerthefollowing network.

[
X
1
X
2
]
 [
X
1
X
2
]
 [
X

|

1
X

|

2
]
 [
X
1
]
 [
X
1
]


X

|

1
X

|

2

}

1

2

~

2


2

~

1
 2
 1
 1

2

~

1
 1


a) Let �n� be the rateof informationsource��� . Determineandillustrate
themax-flow bounds.

b) Are themax-flow boundsachievable?
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c) Is superpositioncodingalwaysoptimal?

2. RepeatProblem1 for the following network in which thecapacitiesof all
theedgesareequalto 1.

[
X

�

1
X

�

2
]
 [
X
1
X
2

� ]
[
X
1
]


X
1
X
2


[
X
1
]


3. Considera disk arraywith 3 disks. Let ��� , �\� , and �\� be 3 mutually
independentpiecesof informationto beretrieved from thedisk array, and
let �n� , ��� , and ��� be the datato be storedseparatelyin the 3 disks. It is
requiredthat ��� canberetrievedfrom ��� , �������b�C�b� , �\� canberetrieved
from ��� � �N�L��� , �d�Q�����\��� , and � � canberetrievedfrom ��� � �N� � �N� � � .
a) Prove thatfor �S�h���b�C�b� ,R �����#�z� R �����G�K� R �����b� ���G�N�
b) Prove thatfor ���������c�k� ,R �����`� ���G�K� R ��� � � ���G��  R ���\�x�g� R �����;�N� � � �������\�x�N�
c) Prove that R ���%�P�N�����N���Z� �������\�x�z� R ���\�x�N�
d) Prove thatfor �S�h���b�C�b� . R �����¡��  R �����G�N�
e) Prove thatR �����#�g� R ��� � �V k� R �����G�g� R ���\�x�g� R �����;�N� � � �������\�x�N�
f) Prove that�Z�����¢���¤£%�¥�¢���¤£��¦ ¢§ R �����U�K�Q� R ���\���K� R ���\�x�N�
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where�S�h���b�C�b� and

�K¨©�ª��« �K�©� if ���©�c�k��K�©��¬�� if ���©�c­k�
for �"�Q�b�¡�c��� .

g) Prove thatR ���%�N�g� R �������g� R �������V �� R �����G�g� �� R ���\�x�g� R ���\�x�N�
Partsd) to g) give constraintson

R ���%�G� , R ������� , and

R ������� in termsofR ��� � � , R ��� � � , and

R ��� � � . It wasshown in Rocheetal. [166] thatthese
constraintsarethetightestpossible.

4. Generalizethesetupin Problem3 to ® disksandshow that¯r �¤°%�
R ��� � �V ¢® ¯r± °%�

R ��� ± �² �
Hint: Use the inequalitiesin Problem13 in Chapter2 to prove that for³ �µ´R�����P¶P¶P¶��`®t¬¢� ,¯r�¤°%�

R �����#�·  ¸g® ¹r± °%�
R ��� ± �² � ®º ¯¹;» ��¼½ r¾g¿MÀ ¾%À ° ¹;» �
R ��� ¾ � �������\���P¶P¶P¶���� ¹ �³ �Á�

by inductionon ³ , whereÂ is a subsetof ÃÄ���b�C�P¶P¶P¶��`®�Å .
5. DeterminetheregionsÆv�ÈÇ , Æ+ÉTÊxË , andÆvÌCÍ for thenetwork in Figure15.13.

6. Show thatif thereexistsan��¸j�x��Î � �ÐÏÑ���`�¡�C�ÓÒÕÔ��N�x�×Ö ¹ Ï ³ Òa�z��� (15.A.14)

codewhichsatisfies(15.71)and(15.73),thentherealwaysexistsan��¸j�x��Î � �ÐÏÑ���`�¡�C�ÓÒÕÔ��N�x�×ÖRØ¹ Ï ³ Òa�z��� (15.A.15)

codewhichsatisfies(15.71)and(15.73),whereÖ Ø¹ �¢Ö ¹ for all ³ Òa� . Hint:
usea randomcodingargument.
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364 A FIRSTCOURSEIN INFORMATIONTHEORY

HISTORICAL NOTES
Multilevel diversity codingwas introducedby Yeung[215], whereit was

shown that superpositioncoding is not always optimal. Rocheet al. [166]
showedthatsuperpositioncodingis optimalfor symmetricalthree-level diver-
sity coding. This resultwasextendedto ®  &� levels by YeungandZhang
[219]with apainstakingproof. Hau[92] studiedall theonehundredconfigura-
tionsof a three-encoderdiversitycodingsystemsandfoundthatsuperposition
is optimalfor eighty-sixconfigurations.

YeungandZhang[220] introducedthedistributedsourcecodingmodeldis-
cussedin Section15.2.2which subsumesmultilevel diversitycoding.There-
gions Ù%ÚÇ and ÙgÇ previously introducedby Yeung[216] for studyinginforma-
tion inequalitiesenabledthemto obtaininnerandouterboundson thecoding
rateregion for avarietyof networks.

Distributedsourcecodingis equivalentto multi-sourcenetwork codingin a
two-tier acyclic network. Recently, theresultsin [220] have beengeneralized
to anarbitraryacyclic network by Songetal. [187], onwhichthediscussionin
this chapteris based.KoetterandM ÛÜ dard[112] have developedanalgebraic
approachto multi-sourcenetwork coding.
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Chapter16

ENTROPY AND GROUPS

Thegroupis thefirst majormathematicalstructurein abstractalgebra,while
entropy is themostbasicmeasureof information.Grouptheoryandinforma-
tion theory are two seeminglyunrelatedsubjectswhich turn out to be inti-
matelyrelatedto eachother. This chapterexplainsthis intriguing relationbe-
tweenthesetwo fundamentalsubjects.Thosereaderswhohave noknowledge
in grouptheorymayskip this introductionandgodirectly to thenext section.

Let ��� and �\� beany two randomvariables.ThenR �����U�K� R ���\�x�V  R ���������\�x�N� (16.1)

which is equivalentto thebasicinequalityÝ ��� ��Þ � � �V ¢´R� (16.2)

Let ß beany finite groupand ßª� and ß�� besubgroupsof ß . Wewill show in
Section16.4that �àßc���àß �%á ß � �C W�àß � ���àß � �â� (16.3)

where �àßc� denotesthe order of ß and ß �ãá ß � denotesthe intersectionofßª� and ß�� ( ß�� á ß"� is alsoa subgroupof ß , seeProposition16.13). By
rearrangingtheterms,theabove inequalitycanbewrittenasä¤å]æ �àßc��àßª��� � ä¤å]æ �àßc��àß"�Ä�   ä¤å]æ �àßc��àßª� á ß��Z� � (16.4)

By comparing(16.1)and(16.4),onecaneasilyidentify theone-to-onecorre-
spondencebetweenthesetwo inequalities,namelythat ��� correspondsto ßd� ,�ã�ç���b� , and ���������\�x� correspondsto ßª� á ß�� . While (16.1) is true for any
pair of randomvariables� � and � � , (16.4)is truefor any finite group ß and
subgroupsßª� and ß�� .
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366 A FIRSTCOURSEIN INFORMATIONTHEORY

Recallfrom Chapter12 thattheregion Ù%ÚÇ characterizesall informationin-
equalities(involving ¸ randomvariables). In particular, we have shown in
Section14.1thattheregion Ù ÚÇ is sufficientfor characterizingall unconstrained
informationinequalities,i.e., by knowing Ù ÚÇ , onecandeterminewhetherany
unconstrainedinformationinequalityalwaysholds. Themainpurposeof this
chapteris to obtain a characterizationof Ù ÚÇ in termsof finite groups. An
importantconsequenceof this resultis a one-to-onecorrespondencebetween
unconstrainedinformationinequalitiesandgroupinequalities.Specifically, for
everyunconstrainedinformationinequality, thereis acorrespondinggroupin-
equality, andvice versa.A specialcaseof this correspondencehasbeengiven
in (16.1)and(16.4).

By meansof thisresult,unconstrainedinformationinequalitiescanbeproved
by techniquesin grouptheory, anda certainform of inequalitiesin groupthe-
ory canbeproved by techniquesin informationtheory. In particular, theun-
constrainednon-Shannon-typeinequalityin Theorem14.7correspondsto the
groupinequality�àßª� á ß��Z� � �àßª� á ßdèÄ� � �àß�� á ßdèÄ� � �àß"� á ß��]���àß�� á ßdèÄ��W�àßª�����àß�� á ß"�]���àß"�Ä� � �àß"èZ� � �àß�� á ß"� á ß"è]� è �àß�� á ß"� á ßdèÄ�â� (16.5)

whereß"� aresubgroupsof afinite group ß , �n�é���b�C�b�C��§ . Themeaningof this
inequalityandits implicationsin grouptheoryareyet to beunderstood.

16.1 GROUP PRELIMIN ARIES
In this section,we presentthe definition and somebasicpropertiesof a

groupwhichareessentialfor subsequentdiscussions.ê\ë�ìCíïîgíñðgí�ò%îÁóÄôKõ#ó
A groupis a setof objectsß togetherwith a binaryoper-

ation on theelementsof ß , denotedby “ ö ” unlessotherwisespecified,which
satisfythefollowing four axioms:

1. ClosureFor every ÷ , ø in ß , ÷�öÓø is alsoin ß .

2. Associativity For every ÷ , ø , ù in ß , ÷"ö"�#øjöÓù��z�é�×÷�öÓøP�göVù .
3. Existenceof IdentityThereexistsanelementú in ß such that ÷¦ö�úd�Áúzö�÷�Á÷ for every ÷ in ß .

4. Existenceof InverseFor every ÷ in ß , there existsan elementø in ß such
that ÷"öãøã�ÁøjöÓ÷��Áú .ûdü�ò¥ýÑò%þxí¤ðgí×ò¥îµóÄôKõ¤ÿ

For anygroup ß , theidentityelementis unique.

Proof Let ú and ú Ø be both identity elementsin a group ß . Since ú is an
identityelement, ú Ø ö ú¦�ÁúZ� (16.6)
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andsinceú Ø is alsoanidentityelement,ú Ø öãúd�Áú Ø � (16.7)

It follows by equatingthe right handsidesof (16.6)and(16.7) that ú � ú Ø ,
which impliestheuniquenessof theidentityelementof a group.ûdü�ò¥ýÑò%þxí¤ðgí×ò¥îµóÄôKõ �

For everyelement÷ in a group ß , its inverseis unique.

Proof Let ø and ø Ø beinversesof anelement÷ , sothat÷"öãøã�ÁøjöÓ÷��Áú (16.8)

and ÷"öãøNØf�ÁøNØ]öÓ÷��ÁúZ� (16.9)

Then ø � øzöÓú (16.10)� øzöd�×÷�öãø Ø � (16.11)� �#øzöÓ÷L�KöãøNØ (16.12)� úVö ø Ø (16.13)� øNØ�� (16.14)

where(16.11)and (16.13) follow from (16.9) and (16.8), respectively, and
(16.12)is by associativity. Therefore,theinverseof ÷ is unique.

Thus the inverseof a group element ÷ is a function of ÷ , and it will be
denotedby ÷�� � .ê\ë�ìCíïîgíñðgí�ò%îÁóÄôKõ��

Thenumberof elementsof a group ß is called theorder
of ß , denotedby �àßc� . If �àßc�%��� , ß is calleda finite group,otherwiseit is
calledan infinitegroup.

Thereis an unlimited supply of examplesof groups. Somefamiliar ex-
amplesare: the integersunderaddition, the rationalsexcluding zero under
multiplication,andthesetof real-valued � ½ � matricesunderaddition,where
additionandmultiplication refer to the usualadditionandmultiplication for
realnumbersandmatrices.In eachof theseexamples,theoperation(addition
or multiplication)playstheroleof thebinaryoperation“ ö ” in Definition16.2.

All theabove areexamplesof infinite groups.In this chapter, however, we
areconcernedwith finite groups.In thefollowing, wediscusstwo examplesof
finite groupsin details.
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368 A FIRSTCOURSEIN INFORMATIONTHEORY�
	���
¦ý�� ë�óÄôKõ�������ò������ ò�ÿ������%í¤ðgí×ò¥î��
Thetrivial groupconsistsofonly

the identity element.Thesimplestnontrivial group is the group of modulo2
addition.Theorderof thisgroupis 2, andtheelementsare Ãx´R����Å . Thebinary
operation,denotedby “ � ,” is definedby following table:

+ 0 1
0 0 1
1 1 0

Thefour axiomsof a groupsimplysaythatcertainconstraintsmusthold in the
abovetable. Wenowcheck thatall theseaxiomsaresatisfied.First,theclosure
axiomrequiresthatall theentriesin thetableareelementsin thegroup,which
is easilyseento bethecase. Second,it is requiredthat associativityholds.To
thisend,it canbecheckedin theabovetablethat for all ÷ , ø , and ù ,÷"�Á�#øz� ù��z�é�×÷"��øP�g� ù�� (16.15)

For example, ´¦�Á�H�V�µ�x�z�µ´¦��´ª�µ´R� (16.16)

while �×´¦�µ�x�¥�µ�¦�h�����l�µ´R� (16.17)

which is the sameas ´�� �H�d�é�x� . Third, the element0 is readily identified
astheuniqueidentity. Fourth, it is readilyseenthat an inverseexistsfor each
elementin thegroup.For example, theinverseof 1 is 1, because���µ�l�µ´R� (16.18)

Thustheabovetabledefinesa groupof order2. It happensin thisexamplethat
the inverseof each elementis theelementitself, which is not true for a group
in general.

We remarkthat in thecontext of a group,theelementsin thegroupshould
be regardedstrictly assymbolsonly. In particular, oneshouldnot associate
groupelementswith magnitudesaswe do for realnumbers.For instance,in
theaboveexample,oneshouldnot think of 0 asbeinglessthan1. Theelement
0,however, is aspecialsymbolwhichplaystheroleof theidentityof thegroup.

We alsonoticethat for the groupin the above example, ÷\��ø is equaltoøÓ�Á÷ for all groupelements÷ and ø . A groupwith this propertyis calleda
commutativegroupor anAbeliangroup1.�
	���
¦ý�� ë�óÄôKõ¤ô��;ûdëfü�

��ð �Lðgí�ò%î"!cü�ò��gý#�

Considera permutationof the
componentsof a vector $ � �&% � �'% � �P¶P¶P¶��'%�(�� (16.19)

1TheAbeliangroupis namedaftertheNorwegianmathematicianNielsHenrikAbel (1802-1829).
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givenby )+* $-, �é�&%/.10 �32 �'%/.10 ��2 �P¶P¶P¶x�'%/.10 ( 2 �N� (16.20)

where ) ÏRÃÄ���b�C�P¶P¶P¶��'4 Å65 ÃÄ���b�C�P¶P¶P¶��'4CÅ (16.21)

is a one-to-onemapping. Theone-to-onemapping
)

is calleda permutation
on ÃÄ���b�C�P¶P¶P¶��'4CÅ , which is representedby) �é� ) �H�x�N� ) �#�Z�N�P¶P¶P¶]� ) �&4Ä���N� (16.22)

For twopermutations
) � and

) � , define
) �Lö ) � asthecompositefunctionof

) �
and

) � . For example, for 4��µ§ , suppose) �V�é�#�C������§L�b�Z� (16.23)

and ) � �é�H����§L�b�C�b�Z�N� (16.24)

Then
) �nö ) � is givenby) � ö ) � �H�x� � ) � � ) � �H�x��� � ) � �H�x� � �) �nö ) ���#�Z� � ) �x� ) �Z�#�Z��� � ) ����§ � � �) �nö ) ���#�Z� � ) �x� ) �Z�#�Z��� � ) ���#�Z� � �) �nö ) ����§ � � ) �x� ) �Z��§ ��� � ) ���#�Z� � §L� (16.25)

or ) �nö ) � � �#�C�b�C������§ �N� (16.26)

Thereadercaneasilycheck that) � ö ) � � ��§L�����b�C�b�Z�N� (16.27)

which is different from
) �nö ) � . Therefore, theoperation “ ö ” is not commuta-

tive.
Wenowshowthat thesetof all permutationson ÃÄ���b�C�P¶P¶P¶��'4 Å andtheoper-

ation“ ö ” forma group,calledthepermutationgroup.First, for twopermuta-
tions

) � and
) � , sinceboth

) � and
) � are one-to-onemappings,sois

) �Sö ) � .
Therefore, theclosure axiomis satisfied.Second,for permutations

) � , ) � , and) � , ) �nö�� ) ��ö ) �x�U���H� � ) ��� ) ��ö ) �]���;��� (16.28)� ) ��� ) �Z� ) �Z���;����� (16.29)� ) �¥ö ) �]� ) �Z���;��� (16.30)� � ) �nö ) �x�Kö ) �����H� (16.31)

for �+�é�"�74 . Therefore, associativityis satisfied.Third, it is clear that the
identity mapis the identity element.Fourth, for a permutation

)
, it is clear
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370 A FIRSTCOURSEIN INFORMATIONTHEORY

that its inverse is
) � � , the inversemappingof

)
which is definedbecause

)
is one-to-one. Therefore, thesetof all permutationson ÃÄ���b�C�P¶P¶P¶��'4CÅ and the
operation “ ö ” forma group.Theorderof thisgroupis evidentlyequalto �&498â� .ê\ë�ìCíïîgíñðgí�ò%îÁóÄôKõ;:

Let ß bea group with operation “ ö ,” and � bea subset
of ß . If � is a group with respectto the operation “ ö ,” then � is called a
subgroupof ß .ê\ë�ìCíïîgíñðgí�ò%îÁóÄôKõ�<

Let � bea subgroupof a group ß and ÷ beanelementofß . Theleft cosetof � with respectto ÷ is theset ÷ªö"�'�tÃx÷�ö ³ Ï ³ Òµ��Å .
Similarly, theright cosetof � with respectto ÷ is theset � ö ÷��WÃ ³ ö ÷�Ï ³ Ò_��Å .

In the sequel,only the left cosetwill be used. However, any resultwhich
appliesto the left cosetalso appliesto the right coset,and vice versa. For
simplicity, ÷"ö � will bedenotedby ÷L� .ûdü�ò¥ýÑò%þxí¤ðgí×ò¥îµóÄôKõ�=

For ÷�� and ÷C� in ß , ÷f�G� and ÷C�P� areeitheridenticalor
disjoint. Further, ÷f�G� and ÷ �x� are identicalif andonly if ÷f� and ÷C� belongto
thesameleft cosetof � .

Proof Suppose÷f�b� and ÷C��� arenot disjoint. Thenthereexistsanelementø
in ÷ � � á ÷ � � suchthat øã�µ÷��nö ³ �V�µ÷C�zö ³ ��� (16.32)

for some³ � in � , �n�h���b� . Then÷f�V�é�×÷ ��ö ³ ���gö ³ � �� �µ÷ �zö"� ³ ��ö ³ � �� ���µ÷ ��ö?>G� (16.33)

where >d� ³ � ö ³ � �� is in � . We now show that ÷ � �A@ ÷ � � . For anelement÷��nö ³ in ÷f�G� , where³ Ò_� ,÷ � ö ³ �é�×÷ � öB>��Kö ³ �µ÷ � öd�&>¥ö ³ �j�µ÷ � öDC%� (16.34)

whereCÕ�E>¥ö ³ is in � . This impliesthat ÷f�Sö ³ is in ÷C��� . Thus, ÷f�G�F@�÷C�x� .
By symmetry, ÷ �x�G@&÷��N� . Therefore,÷��G�W� ÷C��� . Hence,if ÷f�N� and ÷ ���
arenot disjoint, thenthey areidentical. Equivalently, ÷f�b� and ÷ ��� areeither
identicalor disjoint. Thisprovesthefirst partof theproposition.

We now prove the secondpart of the proposition. Since � is a group, it
containsú , the identity element.Thenfor any groupelement÷ , ÷a��÷�ö¦ú is
in ÷L� becauseú is in � . If ÷f�b� and ÷ �x� are identical, then ÷f� Òh÷f�G� and÷ �dÒÕ÷C��� �µ÷f�G� . Therefore,÷�� and ÷ � belongto thesameleft cosetof � .

To prove the converse,assume÷ � and ÷ � belongto the sameleft cosetof� . Fromthefirst partof theproposition,we seethata groupelementbelongs
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to oneandonly oneleft cosetof � . Since ÷f� is in ÷��G� and ÷ � is in ÷C��� , and÷ � and ÷ � belongto the sameleft cosetof � , we seethat ÷ � � and ÷ � � are
identical.Thepropositionis proved.ûdü�ò¥ýÑò%þxí¤ðgí×ò¥îµóÄôKõ#óIH

Let � bea subgroupof a group ß and ÷ beanelement
of ß . Then � ÷L� �R�)�à� � , i.e., thenumbers of elementsin all theleft cosetsof �
are thesame, andthey are equalto theorderof � .

Proof Considertwo elements÷Ðö ³ � and ÷Ðö ³ � in ÷Ðö � , where ³ � and ³ � are
in � suchthat ÷dö ³ ���µ÷�ö ³ ��� (16.35)

Then ÷ � � öd�×÷�ö ³ �N� � ÷ � � ö"�×÷�ö ³ ��� (16.36)�×÷ � � öã÷R�Kö ³ � � �×÷ � � öV÷R�¥ö ³ � (16.37)ú�ö ³ � � úVö ³ � (16.38)³ � � ³ ��� (16.39)

Thuseachelementin � correspondsto a uniqueelementin ÷R� . Therefore,� ÷R� �Ä� �à� � for all ÷vÒaß .

We arejust onestepaway from obtainingthecelebratedLagrange’s Theo-
remstatedbelow.JLKgëfò%üKë�
ióÄôKõ#ó�óM�'N+��O%ü/�%î�O%ë�P¤þ�JQKgëfò%üKë�
R�

If � is a subgroupof ß , then�à� � divides �àßv� .
Proof Since ÷ Ò�÷R� for every ÷�ÒÁß , every elementof ß belongsto a left
cosetof � . Thenfrom Proposition16.9,we seethat thedistinct left cosetsof� partition ß . Therefore�àßc� , thetotalnumberof elementsin ß , is equalto the
numberof distinct cosetsof � multiplied by thenumberof elementsin each
left coset,which is equalto �à� � by Proposition16.10. This implies that �à� �
divides �àßv� , proving thetheorem.

The following corollary is immediatefrom the proof of Lagrange’s Theo-
rem.S ò%ü�ò��I�T�%üIU'óÄôKõ#óÄÿ

Let � bea subgroup of a group ß . Thenumberof dis-
tinct left cosetsof � is equalto

À VSÀÀ W�À .
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16.2 GROUP-CHARACTERIZABLE ENTROPY
FUNCTIONS

Recallfrom Chapter12 that theregion Ù%ÚÇ consistsof all theentropy func-
tions in the entropy spaceXcÇ for ¸ randomvariables. As a first step to-
wardestablishingtherelationbetweenentropy andgroups,we discussin this
sectionentropy functionsin Ù ÚÇ which canbe describedby a finite group ß
andsubgroupsß � �Nß � �P¶P¶P¶��Nß Ç . Suchentropy functionsaresaidto begroup-
characterizable. The significanceof this classof entropy functionswill be-
comeclearin thenext section.

In thesequel,wewill makeuseof theintersectionsof subgroupsextensively.
Wefirst prove thattheintersectionof two subgroupsis alsoasubgroup.ûdü�ò¥ýÑò%þxí¤ðgí×ò¥îµóÄôKõ#ó �

Let ß � and ß � besubgroupsof a group ß . Then ß ��áß"� is alsoa subgroupof ß .

Proof It sufficestoshow that ßª� á ß�� togetherwith theoperation“ ö ” satisfyall
theaxiomsof a group.First, considertwo elements÷ and ø of ß in ßª� á ß"� .
Sinceboth ÷ and ø are in ß�� , �×÷vöÐøU� is in ß�� . Likewise, �×÷vö�øP� is in ß"� .
Therefore,÷\ödø is in ß ��á ß � . Thusthe closureaxiom holdsfor ß ��á ß � .
Second,associativity for ßª� á ß"� inherits from ß . Third, ßª� and ß"� both
containthe identity elementbecausethey aregroups.Therefore,the identity
elementis in ßª� á ß"� . Fourth,for anelement÷+Òaßd� , sinceß"� is agroup,÷�� �
is in ßd� , ��� ���b� . Thusfor anelement÷ÕÒ ßª� á ß�� , ÷ � � is alsoin ßª� á ß"� .
Therefore,ß�� á ß"� is agroupandhenceasubgroupof ß .S ò%ü�ò��I�T�%üIU'óÄôKõ#óY�

Let ßª�P�Nß����P¶P¶P¶��NßdÇ be subgroupsof a group ß . Thená Ç�¤°%� ß"� is alsoa subgroupof ß .

In therestof thechapter, we let Z�Ç��hÃÄ���b�C�P¶P¶P¶���¸SÅ anddenoteá �\[ ± ßd� byß ± , where² is anonemptysubsetof Z�Ç .N�ë�
6
]�{óÄôKõ#óI�
Let ß � besubgroupsof a group ß and ÷ � beelementsof ß ,��Ò ² . Then

� á �\[ ± ÷Ä�¡ßd���Z� « �àß ± � if ^ �\[ ± ÷Ä��ßd�D_�E`´ otherwise.
(16.40)

Proof For the specialcasewhen ² is a singleton,i.e., ² � Ã���Å for some��ÒaZ�Ç , (16.40)reducesto � ÷ �¡ßd�H�Ä� �àßd�`�â� (16.41)

whichhasalreadybeenprovedin Proposition16.10.
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Figure16.1. Themembershiptablefor afinite group d andsubgroupsd s and dfe .
Let ² be any nonemptysubsetof Z�Ç . If ^ �&[ ± ÷ �¡ßd�d�g` , then(16.40)is

obviously true. If ^ �&[ ± ÷ �¡ßd�h_�i` , thenthereexists %QÒj^ �\[ ± ÷Ä��ßd� suchthat
for all ��Ò ² , %@�µ÷ �Lö ³ �;� (16.42)

where ³ �nÒ ßd� . For any ��Ò ² andfor any kvÒ_ß ± , consider%�ö?k\�é�×÷ ��ö ³ ���KöDk\�µ÷Ä��ö"� ³ �LöBkL�N� (16.43)

Sinceboth ³ � and k arein ß"� , ³ �göRk is in ßd� . Thus %@öRk is in ÷Ä��ßd� for all�¦Ò ² , or %völk is in ^ �\[ ± ÷Ä��ßd� . Moreover, for k��'k Ø Ò�ß ± , if %cö]kÕ�7%vömk Ø ,
then kÕ�Ak Ø . Therefore,eachelementin ß ± correspondsto a uniqueelement
in ^ �&[ ± ÷ � ß � . Hence, � án�&[ ± ÷ � ß � �]�8�àß ± �â� (16.44)

proving thelemma.

The relationbetweena finite group ß andsubgroupsßª� and ß�� is illus-
tratedby themembership table in Figure16.1. In this table,anelementof ß
is representedby a dot. Thefirst columnrepresentsthesubgroupßª� , with the
dotsin thefirst columnbeingtheelementsin ßª� . Theothercolumnsrepresent
the left cosetsof ß�� . By Proposition16.10,all the columnshave the same
numberof dots. Similarly, the first row representsthe subgroupß�� andthe
otherrows representthe left cosetsof ß � . Again, all therows have thesame
numberof dots.

Theupperleft entryin thetablerepresentsthesubgroupß�� á ß�� . Thereare�àßª� á ß���� dotsin thisentry, with oneof themrepresentingtheidentityelement.
Any otherentryrepresentstheintersectionbetweenaleft cosetof ßª� andaleft
cosetof ß � , andby Lemma16.15,thenumberof dotsin eachof theseentries
is eitherequalto �àßª� á ß��]� or zero.
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Figure16.2. A two-dimensionalstrongtypicality array.

Sinceall thecolumnhave thesamenumbersof dotsandall therows have
thesamenumberof dots,wesaythatthetablein Figure16.1exhibitsaquasi-
uniformstructure.We have alreadyseena similar structurein Figure5.1 for
thetwo-dimensionalstrongjoint typicality array, which we reproducein Fig-
ure16.2.In thisarray, when ¸ is large,all thecolumnshaveapproximatelythe
samenumberof dotsandall therowshave approximatelythesamenumberof
dots. For this reason,we saythat the two-dimensionalstrongtypicality array
exhibits an asymptoticquasi-uniformstructure. In a strongtypicality array,
however, eachentry cancontainonly onedot, while in a membershiptable,
eachentrycancontainmultipledots.

Onecanmake a similar comparisonbetweena strongjoint typicality array
for any ¸� �� randomvariablesandthe membershiptablefor a finite group
with ¸ subgroups.Thedetailsareomittedhere.JLKgëfò%üKë�
ióÄôKõ#óÄô

Let ßd�;���ãÒuZ�Ç besubgroupsof a group ß . Then v�Ò�XcÇ
definedby w ± � ä¤å]æ �àßc��àß ± � (16.45)

for all nonemptysubset² of Z�Ç is entropic, i.e., v Ò Ù ÚÇ .
Proof It suffices to show that thereexists a collectionof randomvariables�������\���P¶P¶P¶�����Ç suchthat x ��� ± �z� ä�å]æ �àßc��àß ± � (16.46)

for all nonemptysubset² of Z�Ç . Wefirst introduceauniformrandomvariabley
definedon thesamplespaceß with probabilitymassfunctionz|{ Ã y �Á÷�Åd� ��àßc� (16.47)

D R A F T September 13, 2001, 6:27pm D R A F T



EntropyandGroups 375

for all ÷+Òaß . For any �zÒ}Z�Ç , let randomvariable��� bea functionof
y

such
that � � �µ÷Lß � if

y �µ÷ .
Let ² bea nonemptysubsetof Z�Ç . Since ���Ó��÷ �#ß"� for all �"Ò ² if and

only if
y

is equalto someølÒ áS�\[ ± ÷ � ß � ,z+{ Ã����¥�µ÷ �¡ßd�nÏ]��Ò ² Å � �'^ �&[ ± ÷ �¡ßd����àßc� (16.48)

� ~ À V/�LÀÀ VSÀ if ^ �&[ ± ÷ � ß � _��`´ otherwise
(16.49)

by Lemma16.15. In otherwords, �����;���ÕÒ ² � distributesuniformly on its
supportwhosecardinality is

À VSÀÀ V/�RÀ . Then(16.46)follows and the theoremis
proved.ê\ë�ìCíïîgíñðgí�ò%îÁóÄôKõ#ó :

Let ß beafinitegroupand ß � �Nß � �P¶P¶P¶x�Nß Ç besubgroups
of ß . Let v bea vectorin XvÇ . If

w ± � ä�å]æ À VSÀÀ V � À for all nonemptysubsets² ofZ�Ç , then ��ß��Nß��U�P¶P¶P¶��NßdÇL� is a groupcharacterizationof v .

Theorem16.16assertsthat certainentropy functionsin ÙnÚÇ have a group
characterization.Theseare called group-characterizable entropy functions,
which will be usedin the next sectionto obtaina groupcharacterizationof
theregion Ù ÚÇ . We endthis sectionby giving a few examplesof suchentropy
functions.�
	���
¦ý�� ë�óÄôKõ#óI<

Fix any subset� of Z@��� ÃÄ���b�C�b� Å and definea vectorv Ò�X+� by w ± � « ä�å]æ � if ² á �F_�E`´ otherwise.
(16.50)

We now showthat v has a group characterization. Let ßu� Ãx´R����Å be the
groupof modulo2 additionin Example16.5,andfor �S�h���b�C�b� , let

ß"�K��« Ãx´CÅ if �zÒ��ß otherwise.
(16.51)

Thenfor a nonemptysubset² of Z@� , if ² á �E_�A` , there existsan � in ² such
that � is alsoin � , andhencebydefinition ß � �WÃx´CÅ . Thus,ß ± ����&[ ± ß � �'Ãx´CÅZ� (16.52)

Therefore, ä�å]æ �àßv��àß ± � � ä�å]æ �àßc��MÃx´CÅC� � ä�å]æ � � � ä�å]æ �C� (16.53)
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If ² á �a��` , then ßd�g��ß for all ��Ò ² , andß ± � ��&[ ± ß"�K��ß�� (16.54)

Therefore, ä¤å]æ �àßc��àß ± � � ä¤å]æ �àßc��àßc� � ä�å]æ � �µ´R� (16.55)

Thenweseefrom(16.50),(16.53),and(16.55)thatw ± � ä¤å]æ �àßc��àß ± � (16.56)

for all nonemptysubset² of Z@� . Hence, ��ß��Nßª���Nß����Nß"��� is a groupcharac-
terizationof v .�
	���
¦ý�� ë�óÄôKõ#óI=

This is a generalizationof the last example. Fix anynon-
emptysubset� of Z�Ç anddefinea vector v�Ò�XvÇ byw ± � « ä�å]æ � if ² á �"_�E`´ otherwise.

(16.57)

Then ��ß��Nßª���Nß����P¶P¶P¶x�NßdÇR� is a group characterizationof v , where ß is the
groupof modulo2 addition,and

ß"�K� « Ãx´CÅ if �zÒ��ß otherwise.
(16.58)

By letting ���7` , v��W´ . Thusweseethat ��ß��Nßª���Nß����P¶P¶P¶��NßdÇL� is a group
characterizationof theorigin of XcÇ , with ß{��ß����{ß"� �W¶P¶P¶C��ß"Ç .�
	���
¦ý�� ë�óÄôKõ¤ÿ�H

Definea vector v Ò�X+� asfollows:w ± �E�a���g�`� ² �â�b�Z�N� (16.59)

Let � bethegroupof modulo2 addition, ß{��� ½ � , andß�� � Ã �×´R�`´Ä�N�x�H���`´Ä�bÅ (16.60)ß�� � Ã �×´R�`´Ä�N�x�×´R���x�bÅ (16.61)ß � � Ã �×´R�`´Ä�N�x�H�����x�bÅZ� (16.62)

Then ��ß��Nßª���Nß����Nß���� is a groupcharacterizationof v .
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16.3 A GROUP CHARACTERIZA TION OF � ÚÇ
We have introducedin the lastsectiontheclassof entropy functionsin Ù ÚÇ

which have a groupcharacterization.However, an entropy function vWÒµÙ ÚÇ
maynot have a groupcharacterizationdueto thefollowing observation. Sup-
posevQÒ Ù ÚÇ . Thenthereexistsa collectionof randomvariables�������\���P¶P¶P¶x���Ç suchthat

w ± � x ��� ± � (16.63)

for all nonemptysubset² of Z�Ç . If ��ß��Nß��U�P¶P¶P¶��NßdÇL� is a groupcharacteriza-
tion of v , then x ��� ± �j� ä�å]æ �àßc��àß ± � (16.64)

for all nonemptysubsetof Z Ç . Sinceboth �àßc� and �àß ± � areintegers,
x ��� ± �

mustbe the logarithmof a rationalnumber. However, the joint entropy of a
setof randomvariablesin generalis notnecessarilythelogarithmof arational
number(seeCorollary2.44). Therefore,it is possibleto constructanentropy
function v Ò Ù ÚÇ whichhasnogroupcharacterization.

Although v�Ò.Ù ÚÇ doesnot imply v hasagroupcharacterization,it turnsout
that thesetof all v¢Ò Ù%ÚÇ which have a groupcharacterizationis almostgood
enoughto characterizetheregion Ù ÚÇ , aswewill seenext.ê\ë�ìCíïîgíñðgí�ò%îÁóÄôKõ¤ÿgó

Definethefollowing region in XvÇ :� Ç��'Ã�v�Ò�XcÇvÏ�v hasagroupcharacterizationÅZ� (16.65)

By Theorem16.16,if vµÒ�XvÇ hasa groupcharacterization,then vµÒ�ÙnÚÇ .
Therefore,

� Ç�@)Ù ÚÇ . We will prove asa corollary of the next theoremthatù���¸�� � ÇL� , theconvex closureof
� Ç , is in factequalto Ù ÚÇ , theclosureof Ù%ÚÇ .JLKgëfò%üKë�
ióÄôKõ¤ÿ�ÿ

For any v ÒÕÙ ÚÇ , there existsa sequenceÃ�� 0 ( 2 Å in
� Ç such

that
ä ��� ('�L� �( � 0 ( 2 �Ev .

We needthe following lemmato prove this theorem. The proof of this
lemmaresemblestheproof of Theorem5.9. Nevertheless,wegive a sketchof
theproof for thesake of completeness.N�ë�
6
]�{óÄôKõ¤ÿ �

Let � be a randomvariable such that ��� � ��� and the
distribution Ã'�S�&%��bÅ is rational, i.e., �n�&%�� is a rational numberfor all %�Ò�� .
Without lossof generality, assume�n�&%�� is a rationalnumberwith denominator� for all % ÒM� . Thenfor 4Ð� � �b� � �b� � �P¶P¶P¶ ,ä ���(��h� �4 ä�å]æ 4 8��� �&4��n�&%�����8 � x ���©�N� (16.66)
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Proof Applying Lemma5.10,wecanobtain�4 ä � 498�a� �&4��n�&%K����8� ¬ r � �n�&%K� ä ���n�&%K�g� 4 ���4 ä �g�&4 �µ�x�n¬ ä �B4 (16.67)

� xa� ���©�¥� �4 ä �B4 �¡ ���� �4�¢ ä �� ���� �4-¢ � (16.68)

Thisupperboundtendsto
x � ���_� as 4L5£� . Ontheotherhand,wecanobtain�4 ä � 498�a� �&4��n�&%K����8  ¬ r �  ¤�S�&%��g� �4 ¢ ä �� ¤�n�&%K�g� �4 ¢ ¬ ä �B44 � (16.69)

Thislowerboundalsotendsto
xa� ���©� as 4L5£� . Thentheproofis completed

by changingthebaseof thelogarithmif necessary.

Proof of Theorem 16.22 For any v�ÒÕÙnÚÇ , thereexistsacollectionof random
variables���P���\���P¶P¶P¶�����Ç suchthatw ± � x ��� ± � (16.70)

for all nonemptysubset ² of Z�Ç . We first considerthe specialcasethat��� � �j�¡� for all ��Ò�Z Ç andthe joint distribution of � � ��� � �P¶P¶P¶���� Ç is ra-
tional. We want to show that thereexists a sequenceÃ�� 0 ( 2 Å in

� Ç suchthatä ��� (��h� �( � 0 ( 2 �Ev .
Denote

� �&[ ± ��� by � ± . For any nonemptysubset² of Z�Ç , let ¥ ± be the
marginal distribution of � ± . Assumewithout lossof generalitythat for any
nonemptysubset² of Z Ç andfor all ÷vÒM� ± , ¥ ± �×÷L� is a rationalnumberwith
denominator� .

For each4Ð� � �b� � �b� � �P¶P¶P¶ , fix asequence$�¦D§ � �&% ¦D§1¨ �P�'% ¦D§T¨ ���P¶P¶P¶�% ¦?§I¨ ( �
where for all ��� ���b�C�P¶P¶P¶��'4��F% ¦?§T¨ � � �&%f� ¨ � Ï���Ò©Z�ÇR�¢Òª� ¦D§ , such
that «��×÷K� $ ¦ § � , the numberof occurrencesof ÷ in sequence

$ ¦ §
, is equal

to 4I¥ ¦ § �×÷L� for all ÷ÁÒ¬� ¦ § . The existenceof sucha sequenceis guaran-
teedby that all the valuesof the joint distribution of � ¦D§ arerationalnum-
berswith denominator� . Also, we denotethesequenceof 4 elementsof � ± ,�&% ± ¨ ���'% ± ¨ ���P¶P¶P¶�% ± ¨ ( � , where % ± ¨ � � �&%Ñ� ¨ � Ï���Ò ² � , by

$ ± . Let ÷ Òj� ± . It is
easyto checkthat « �×÷�� $ ± � , thenumberof occurrencesof ÷ in thesequence$ ± , is equalto 4I¥ ± �×÷R� for all ÷vÒ­� ± .
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Let ß bethegroupof permutationson ÃÄ���b�C�P¶P¶P¶��'4CÅ . ThegroupG depends
on 4 , but for simplicity, we do not statethis dependency explicitly. For any�zÒ®Z�Ç , define ß"�K�WÃ ) ÒaßhÏ )+* $ � , � $ �;ÅZ�
where )+* $ � , �é�&% � ¨ .T0 �32 �'% � ¨ .10 ��2 �P¶P¶P¶��'% � ¨ .10 ( 2 �N� (16.71)

It is easyto checkthat ß"� is asubgroupof ß .
Let ² beanonemptysubsetof Z�Ç . Thenß ± � ��&[ ± ß � (16.72)

� ��&[ ± Ã ) Ò ßéÏ )+* $ � , � $ �TÅ (16.73)� Ã ) ÒaßéÏ )+* $ � , � $ � for all ��Ò ² Å (16.74)� Ã ) ÒaßéÏ )+* $ ± , � $ ± ÅZ� (16.75)

where )+* $ ± , �é�&% ± ¨ .T0 �32 �'% ± ¨ .10 ��2 �P¶P¶P¶��'% ± ¨ .T0 ( 2 �N� (16.76)

For any ÷cÒM� ± � definetheset¯+° � �×÷L�z�'ÃN�cÒ©ÃÄ���b�C�P¶P¶P¶��'4CÅ�ÏT% ± ¨ � �Á÷�ÅZ� (16.77)¯+° � �×÷L� containsthe “locations” of ÷ in
$ ± . Then

)+* $ ± , � $ ± if andonly if
for all ÷vÒM� ± , �\Ò ¯+° � �×÷L� implies

) ��� �ÓÒ ¯+° � �×÷L� . Since� ¯+° � �×÷R�P�Z�E«��×÷K� $ ± �j�±4I¥ ± �×÷L�N� (16.78)�àß ± �Z� ²³ [1´ � �&4T¥ ± �×÷R����8 (16.79)

andtherefore �àßc��àß ± � � 498� ³ [1´ � �&4I¥ ± �×÷L����8 � (16.80)

By Lemma16.23, ä ���(��h� �4 ä¤å]æ �àßc��àß ± � � x ��� ± �z� w ± � (16.81)

Recallthat ß andhenceall its subgroupsdependon 4 . Define � 0 ( 2 byµ 0 ( 2± � ä�å]æ �àßv��àß ± � (16.82)
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for all nonemptysubset² of Z�Ç . Then � 0 ( 2 Ò � Ç andä ���(��h� �4 � 0 ( 2 �Ev�� (16.83)

Wehavealreadyprovedthetheoremfor thespecialcasethat v is theentropy
functionof acollectionof randomvariables���P���\�]�P¶P¶P¶�����Ç with finite alpha-
betsanda rationaljoint distribution. To completetheproof, we only have to
notethatfor any vQÒ Ù%ÚÇ , it is alwayspossibleto constructa sequenceÃ�v 0�¶ 2 Å
in Ù ÚÇ suchthat

ä ��� ¶ �L� v 0�¶ 2 �·v , where v 0�¶ 2 is the entropy function of a

collectionof randomvariables� 0¸¶ 2� ��� 0¸¶ 2� �P¶P¶P¶x��� 0�¶ 2Ç with finite alphabetsand
a rationaljoint distribution. This canbeprovedby techniquessimilar to those
usedin Appendix15.A togetherwith the continuity of the entropy function.
Thedetailsareomittedhere.S ò%ü�ò��I�T�%üIU'óÄôKõ¤ÿ � ù¤��¸�� � Ç �j� Ù ÚÇ .
Proof First of all,

� Ç¹@{Ù ÚÇ . By takingconvex closure,we have ù¤��¸�� � ÇR�6@ù���¸��×ÙnÚÇ � . By Theorem14.5, Ù ÚÇ is convex. Therefore,ù¤��¸��×Ù%ÚÇ �Ó� Ù ÚÇ , andwe
have ù¤��¸�� � ÇR�}@ Ù ÚÇ . On the otherhand,we have shown in Example16.19
that the origin of X Ç hasa groupcharacterizationandthereforeis in

� Ç . It
thenfollows from Theorem16.22that Ù ÚÇ @ ù���¸�� � ÇL� . Hence,we conclude
that Ù ÚÇ � ù¤��¸�� � ÇL� , completingtheproof.

16.4 INFORMA TION INEQUALITIES AND GROUP
INEQUALITIES

Wehaveprovedin Section14.1thatanunconstrainedinformationinequalityº¼» v  k´ (16.84)

alwaysholdsif andonly ifÙ ÚÇ @ÁÃ�v�Ò�XvÇcÏ º » v  ¢´CÅZ� (16.85)

In otherwords,all unconstrainedinformationinequalitiesarefully character-
izedby Ù ÚÇ . Wealsohave provedat theendof thelastsectionthat ù¤��¸�� � ÇR�z�Ù ÚÇ . Since

� Ç®@¢Ù ÚÇ @ Ù ÚÇ , if (16.85)holds,then� Ç}@ÁÃ�v Ò¹XcÇcÏ º�» v  ¢´CÅZ� (16.86)

On theotherhand,if (16.86)holds,since Ã�v ÒMXcÇ�Ï º » v  µ´CÅ is closedand
convex, by takingconvex closurein (16.86),weobtainÙ ÚÇ � ù���¸�� � ÇL�D@ÁÃ�v Ò�XcÇvÏ º » v  ¢´CÅZ� (16.87)

Therefore,(16.85)and(16.86)areequivalent.
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Now (16.86)is equivalenttoº » v� ¢´ for all v Ò � Ç . (16.88)

Sincev�Ò � Ç if andonly if w ± � ä¤å]æ �àßc��àß ± � (16.89)

for all nonemptysubset² of Z�Ç for somefinite group ß andsubgroupsß��U�ß"���L¶P¶P¶��NßdÇ , we seethatthe inequality(16.84)holdsfor all randomvariables�����à�\����¶P¶P¶��à��Ç if andonly if theinequalityobtainedfrom (16.84)by replacingw ± by
ä�å]æ À VSÀÀ V � À for all nonemptysubset² of Z�Ç holdsfor all finite group ß

andsubgroupsßª�P�Nß�����¶P¶P¶x�NßdÇ . In otherwords,for everyunconstrainedinfor-
mationinequality, thereis a correspondinggroupinequality, andvice versa.
Therefore,inequalitiesin information theory can be proved by methodsin
grouptheory, and inequalitiesin grouptheorycanbe proved by methodsin
informationtheory.

In the restof the section,we explore this one-to-onecorrespondencebe-
tweeninformationtheoryandgroup theory. We first give a group-theoretic
proofof thebasicinequalitiesin informationtheory. At theendof thesection,
wewill giveaninformation-theoreticproof for thegroupinequalityin (16.5).ê\ë�ìCíïîgíñðgí�ò%îÁóÄôKõ¤ÿ��

Let ßª� and ß�� besubgroupsof a finitegroup ß . Defineßª�%ö ß��ã�WÃx÷"öÓølÏZ÷vÒaß�� and ø¦Òaß"��ÅZ� (16.90)ß��jödß"� is in generalnot a subgroupof ß . However, it canbeshown thatß � ö ß � is asubgroupof ß if ß is Abelian(seeProblem1).ûdü�ò¥ýÑò%þxí¤ðgí×ò¥îµóÄôKõ¤ÿfô
Let ßª� and ß�� besubgroupsof a finitegroup ß . Then�àßª�nöãß"�Z�Z� �àßª�����àß"�Ä��àßª� á ß"�Z� � (16.91)

Proof Fix �×÷f�U�`÷C�x�vÒ{ßª� ½ ß�� , Then ÷��Vö"÷ � is in ß��Vö�ß"� . Considerany�#ø����bøG���VÒaß�� ½ ß"� suchthatøx�nöãøG�ã�Á÷��nöÓ÷C��� (16.92)

Wewill determinethenumberof �#øx���bøG�x� in ß�� ½ ß"� whichsatisfiesthis rela-
tion. From(16.92),wehaveø � �� öd�#øx�nöãøG�P� � ø � �� ö"�×÷��nöV÷C�x� (16.93)�#ø � �� öãø � �göÓø � � ø � �� öÓ÷ � öÓ÷ � (16.94)øG� � ø � �� öÓ÷��%öÓ÷C��� (16.95)
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Then ø � öÓ÷ � �� �Áø � �� öÓ÷ � ö��×÷ � öÓ÷ � �� �z�Áø � �� öÓ÷ � � (16.96)

Let ½ bethiscommonelementin ß , i.e.,½\�ÁøG��öÓ÷ � �� ��ø � �� öV÷f��� (16.97)

Since ø � �� öã÷ � Ò ß � and ø � öÓ÷ � �� Ò©ß � , ½ is in ß �ná ß � . In otherwords,for
given �×÷f���`÷C�x�VÒ ßª� ½ ß"� , if �#øx���bøN�x�ÓÒaßª� ½ ß�� satisfies(16.92),then �#øx���bøN�x�
satisfies(16.97)for some½+Òaßª� á ß"� . Ontheotherhand,if �#øx�P�bøN�x�ÓÒaßª� ½ ß��
satisfies(16.97)for some½+Òaß�� á ß"� , then(16.96)is satisfied,whichimplies
(16.92).Therefore,for given �×÷����`÷C�x��Òaßª� ½ ß�� , �#øx���bøG���VÒaß�� ½ ß"� satisfies
(16.92)if andonly if �#ø � �bø � � satisfies(16.97)for some½�Òaß �%á ß � .

Now from (16.97),weobtainø��x�¾½��z� �¾½ÐöÓ÷ � �� � � � (16.98)

and øG�]�¾½�����½ÐöÓ÷C��� (16.99)

wherewehave written øx� and øG� as øx���¾½�� and øG�Z�¾½�� to emphasizetheir depen-
denceon ½ . Now consider½��¿½ Ø Ò ßª� á ß�� suchthat�#øx���¾½��N�bøG�Ä�¾½����z�é�#øx���¾½ Ø �N�bøG�Z�¾½ Ø ���N� (16.100)

Since ø��x�¾½��z��ø����¾½ Ø � , from (16.98),wehave�¾½ÐöÓ÷ � �� � � � �é�¾½CØÄöÓ÷ � �� � � � � (16.101)

which implies ½\�E½CØï� (16.102)

Therefore,each½+Òaßª� á ß"� correspondsto auniquepair �#øx�U�bøG�x�VÒ_ßª� ½ ß��
whichsatisfies(16.92).Therefore,weseethatthenumberof distinctelements
in ß��nöãß"� is givenby

�àß � öãß � �Z� �àß�� ½ ß"�Z��àß�� á ß"�Z� � �àß��x���àß��Z��àßª� á ß��Z� � (16.103)

completingtheproof.JLKgëfò%üKë�
ióÄôKõ¤ÿ�:
Let ß � �Nß � , and ß � besubgroupsof a finitegroup ß . Then�àß��]���àß��¡���Ä�C W�àß��¡�]���àß����Ä�â� (16.104)
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Proof Firstof all,ßª�¡� á ß���� �h��ßª� á ß��P� á ��ß"� á ß"���z�{ßª� á ß"� á ß�� ��ßª�¡����� (16.105)

By Proposition16.26,wehave

�àßª�¡��öãß"���Ä�]� �àßª�¡�Ä���àß"���Z��àßª�¡���Ä� � (16.106)

It is readilyseenthat ßª�¡�zö ß"��� is asubsetof ß"� , Therefore,

�àß��¡�zö ß"���Z�Z� �àß �¡� ���àß ��� ��àß��¡���Ä� �W�àß��Ä�â� (16.107)

Thetheoremis proved.S ò%ü�ò��I�T�%üIU'óÄôKõ¤ÿ�<
For randomvariables���P���\� , and �\� ,Ý ����� Þ �\�Ä� �\�x�V ¢´R� (16.108)

Proof Let ßª�U�Nß"� , and ß"� besubgroupsof afinite group ß . Then�àß"�Ä���àßª�¡���Ä�  h�àßª�¡�Z���àß"���Ä� (16.109)

by Theorem16.27,or �àßv� ��àß �¡� ���àß ��� �   �àßv� ��àß � ���àß �¡��� � � (16.110)

This is equivalenttoä�å]æ �àßc��àß��¡�Z� � ä�å]æ �àßc��àß����Ä�   ä�å]æ �àßv��àß"�Z� � ä�å]æ �àßc��àßª�¡���Z� � (16.111)

Thisgroupinequalitycorrespondsto theinformationinequalityx ���������\�x�K� x ���\�����\����  x ���\�x�g� x ���������\�����\�x�N� (16.112)

which is equivalentto Ý ����� Þ �\�Ä� �\�x�V ¢´R� (16.113)

Theabove corollaryshows thatall thebasicinequalitiesin informationthe-
ory hasa group-theoreticproof. Of course,Theorem16.27is alsoimplied by
the basicinequalities. As a remark,the inequality in (16.3) is seento be a
specialcaseof Theorem16.27by letting ß�� ��ß .
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Wearenow readytoprovethegroupinequalityin (16.5).Thenon-Shannon-
typeinequalitywehaveprovedin Theorem14.7canbeexpressedin canonical
form as x �����G�K� x ���������\�x�¥��� x ���\�x�¥��� x ����è���l§ x ��� � ��� � ��� è �g� x ��� � ��� � ��� è �� � x �����x���\�x�g� � x �����x����è��g��� x ���\������è��� x ���\�����\�x�g� x ���\������è��N� (16.114)

whichcorrespondsto thegroupinequalityä�å]æ �àßv��àß��x� � ä�å]æ �àßc��àß��¡�]� ��� ä�å]æ �àßv��àß��Z� ��� ä�å]æ �àßv��àß"è ��l§ ä�å]æ �àßv��àß��¡�Hè � � ä�å]æ �àßc��àß"���HèÄ�� � ä�å]æ �àßv��àß �¡� � ��� ä�å]æ �àßv��àß ��è � ��� ä¤å]æ �àßv��àß �Hè � � ä�å]æ �àßc��àß ��� �� ä�å]æ �àßv��àß"�Hè � � (16.115)

Uponrearrangingtheterms,weobtain�àßª� á ß��Z� � �àßª� á ßdèÄ� � �àß�� á ßdèÄ� � �àß"� á ß��]���àß�� á ßdèÄ��'�àßª�����àß�� á ß"�Z���àß"�Z� � �àßdèÄ� � �àß�� á ß"� á ßdèÄ� è �àß�� á ß"� á ßdèÄ�â� (16.116)

which is thegroupinequalityin (16.5).Themeaningof this inequalityandits
implicationsin grouptheoryareyet to beunderstood.

PROBLEMS
1. Let ßª� and ß�� besubgroupsof a finite group ß . Show that ßª�zölß�� is a

subgroupif ß is Abelian.

2. Let Àg� and Àf� begroupcharacterizableentropy functions.

a) Prove that Á_�¿Àg�z�"Á.�¤Àf� is groupcharacterizable,where Á_� and Á.�
areany positive integers.

b) For any positive realnumbers÷f� and ÷C� , constructasequenceof group
characterizableentropy functions� 0¸¶ 2 for ½c�é���b�C�P¶P¶P¶�� suchthatä �;�¶ �h� � 0¸¶ 2��� � 0¸¶ 2 ��� � v��� vÓ��� �
wherev_�µ÷f�¿ÀK�%� ÷C�ÂÀf� .
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3. Let ��ß��Nßª�P�Nß����P¶P¶P¶��NßdÇL� be a group characterizationof À&Ò ÙnÚÇ , whereÀ is the entropy function for randomvariables�������\���P¶P¶P¶x����Ç . Fix any
nonemptysubset² of Z�Ç , anddefinev byw�Ã �jÄ ±TÅ Ã ¬ÆÄ ±
for all nonemptysubsets� of Z Ç . It can easily be checked that

w�Ã �x ��� Ã � � ± � . Show that �×®Õ�`®.�x�`®c���P¶P¶P¶x�`®\Ç�� is a groupcharacterization
of v , where® ��ß ± and ® � �{ß ��á ß ± .

4. Let ��ß��Nßª�P�Nß"���P¶P¶P¶x�Nß"ÇR� bea groupcharacterizationof ÀkÒQÙ%ÚÇ , where À
is theentropy functionfor randomvariables� � ��� � �P¶P¶P¶x��� Ç . Show thatif��� is a functionof ��� � Ï��cÒ ² � , then ß ± is asubgroupof ßd� .

5. Let ß��U�Nß����Nß"� besubgroupsof afinite group ß . Prove that�àßc���àßª� á ß�� á ß"�Z� �  W�àß�� á ß"�Z���àß"� á ß������àß�� á ß"�Z�â�
Hint: Usetheinformation-theoretic approach.

6. Let vQÒ�Ù%Ú� betheentropy functionfor randomvariables��� and �\� such
that

w �n� w �l� w �¡� , i.e. ��� and �\� areindependent.Let ��ß��Nß��P�Nß"��� bea
groupcharacterizationof v , anddefineamappinḡ ÏRß � ½ ß � 5uß by¯ �×÷Ñ�bøP�z�µ÷"öãø��
a) Prove that the mapping

¯
is onto, i.e., for any elementùaÒ'ß , there

exists �×÷Ñ�bøU�ãÒ ßª� ½ ß�� suchthat ÷döÓø �Áù .
b) Prove that ßª�%ö ß"� is agroup.

7. Denotean entropy function v ÒWÙ Ú� by � w � � w � � w �¡� � . Constructa group
characterizationfor eachof thefollowing entropy functions:

a) v � �é� ä�å]æ �C�`´R� ä�å]æ �Z�
b) v%� �é�×´R� ä�å]æ �C� ä�å]æ �Z�
c) v%� �é� ä�å]æ �C� ä�å]æ �C� ä¤å]æ �Z� .

Verify that Ù � is theminimalconvex setcontainingtheabove threeentropy
functions.

8. Denotean entropy function v5ÒiÙ Ú� by � w � � w � � w � � w �¡� � w ��� � w �¡� � w �¡��� � .
Constructa groupcharacterizationfor eachof thefollowing entropy func-
tions:

a) vz���é� ä�å]æ �C�`´R�`´R� ä�å]æ �C�`´R� ä�å]æ �C� ä�å]æ �Z�
b) v%� �é� ä�å]æ �C� ä�å]æ �C�`´R� ä¤å]æ �C� ä�å]æ �C� ä�å]æ �C� ä�å]æ �Z�
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c) v%� �é� ä�å]æ �C� ä�å]æ �C� ä¤å]æ �C� ä�å]æ �C� ä�å]æ �C� ä¤å]æ �C� ä�å]æ �Z�
d) v è �é� ä�å]æ �C� ä�å]æ �C� ä¤å]æ �C� ä�å]æ §L� ä�å]æ §L� ä¤å]æ §L� ä�å]æ § � .

9. Ingletoninequality Let ß beafiniteAbeliangroupand ß � �Nß � �Nß � , and ß è
besubgroupsof ß . Let ��ß��Nßª�P�Nß"���Nß����Nßdèx� beagroupcharacterizationofÀ , where À is the entropy function for randomvariables���U���\�Z���\� , and��è . Prove thefollowing statements:

a) � ��ß �ná ß � �gö"��ß �%á ß è �P�C�W�àß �%á ��ß � ö ß è �P�
Hint: Show that ��ßª� á ß��P�Kö���ßª� á ßdèx�D@µßª� á ��ß"�zö ß"èx� .

b) �àß � ö ß � öãß è �C� �àßª�����àß"�zö ß"èZ���àß�� á ß"� á ß"èZ��àß�� á ß"�Z���àßª� á ß"èÄ� �
c) �àß��¥ö ß"�zöãß"�zö ß"èZ�R� �àßª�nö ß��jöãß"èÄ���àß"��öãß"��öãß"èÄ��àß � öãß è � �
d) �àß��%ö ß"�zö ß��jö ßdèÄ�� �àß������àß"�Ä���àß"�Z���àß"è ���àßª� á ß"� á ß"èÄ���àß"� á ß"� á ß"èÄ��àß�� á ß"�Z���àßª� á ßdèZ���àß"� á ß��]���àß�� á ßdèÄ���àß"� á ßdèZ� �
e) �àß�� á ß"�Z���àßª� á ßdèZ���àß"� á ß��]���àß�� á ßdèÄ���àß"� á ßdèZ�� �àß��Z���àßdè ���àßª� á ß��Z���àßª� á ß"� á ß"èÄ���àß"� á ß�� á ßdèZ�â�
f) x ��� �¡� �¥� x ��� ��è �¥� x ��� ��� �K� x ��� �Hè �K� x ��� �Hè �  x ���\�x�¥� x ����è��g� x �����¡�x�g� x �����¡�Hè��g� x ���\���Hè��N�

where
x �����¡�Hè�� denotes

x ���������\������è�� , etc.

g) Is the inequality in f) implied by the basicinequalities?And doesit
alwayshold?Explain.

The Ingletoninequality[99] (seealso[149]) wasoriginally obtainedasa
constrainton therankfunctionsof vectorspaces.Theinequalityin e) was
obtainedin the samespirit by Chan[38] for subgroupsof a finite group.
The inequalityin f) is referredto asthe Ingletoninequalityfor entropy in
theliterature.(SeealsoProblem7 in Chapter14.)

D R A F T September 13, 2001, 6:27pm D R A F T



EntropyandGroups 387

HISTORICAL NOTES
Theresultsin thischapteraredueto ChanandYeung[40], whosework was

inspiredby a one-to-onecorrespondencebetweenentropy andquasi-uniform
arrayspreviouslyestablishedby Chan[38] (alsoChan[39]). Romashchenko et
al. [168] have developedaninterpretationof Kolmogorov complexity similar
to thecombinatorialinterpretationof entropy in Chan[38].
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